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5.5 Coarea Formula for BV functions
Next we relate the variation measure of f and the perimeters of its level sets.

NOTATION For f:U — R and t € R, define

Er={zeU]| f(z) > t}.

LEMMA 1
If f € BV(U), the mapping

t— |IBEI(U)  (teR)

is L'-measurable.

PROOF  The mapping
(2,6) = X (2)

is (L™ x L')-measurable, and thus, for each ¢ € C!(U; R"), the function
t— div<pd:c=/xsdiv<pdx
E, v ™

is £'-measurable. Let D denote any countable dense subset of C!(U;R™).
Then

t OENU) = sup /diwdz
pep VE
lel<1

is £'-measurable. |

THEOREM 1 COAREA FORMULA FOR BV FUNCTIONS
Let f € BV(U). Then
(i) Ey has finite perimeter for L' a.e. t € R and
(i) ||IDFIU) = [ZIOE|(U) dt.
(iii) Conversely, if f € L'(U) and

/ IOE|(U) dt < oo,

— 00

then f € BV (U).
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REMARK Compare this with Proposition 2 in Section 3.4.4. |
PROOF Let ¢ € CH(U;R™), |¢| < 1.

L. Claim #1: [, fdivpdz = [ (sz div p d:c) dt
Proof of Claim #1: First suppose f > 0, so that

f(z)=/oooxEt(:c)dt (a.e. z € U).

/fd.wdx_/u</0°°xE :c)dt)dlwp( ) dz
/ow (/UXE () div o(z) dz ) dt
(o)

0
f@= [ p@-na

/deivcp dr = /U (/_OOO(XE‘(x) -1) dt) div p(z) dz
- /_ Om ( /U (xp, (@) — 1)div p(a) dm) dt
=/_0°° (Ltdivwdx) dt.

For the general case, write f = f+ + (—f).
2. From Claim #1 we see that for all ¢ as above,

Thus

Similarly, if f <0,

whence

/fdiwdxs/ IOE|(U) dt.
U

- 00
Hence

s < | ~ OE(U) dt. *)

- 00

3. Claim #2: Assertion (ii) holds for all f € BV (U) N C*=(U).
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Proof of Claim #2: Let
mmE/' wﬂa=/ D] da.
U-E. {(r<t)

Then the function m is nondecreasing, and thus m’ exists L' a.e., with

/ wmmg/wna. (%)
—00 U
Now fix any —oo < t < 0o, 7 > 0, and define n: R — R this way:
0 ifs<t
— t
n(s) = sr ift<s<t+r
1 ifs>t+r.
Then
1
- ft<s<t+r
n(s)=4 T
0 ifs<t or s>t+r.

Hence, for all ¢ € C}(U;R"),

- / n(f(2))div e dz / o (f(£))Df - ¢ dz
U U
1

—/ Df - dzx. (% * %)
T JE~Eu4r

Now

r

m(t+r)-m(t) _ 1 _

!

=_/ \Df| dz
T JE~Eeyr

1

—/ Df-pdx
T Et—E¢4r

=—LMﬂﬂMwa by (i + ).

v

For those t such that m/(t) exists, we then let r — 0:

m'(t) > -/ divpdz  L"ae.t.
Eq
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Take the supremum over all ¢ as above:
OE|(U) < m'(t),

and recall (»x) to find

[ noswy ar < [ 10114 = ips1@).

This estimate and () complete the proof.
4. Claim #3: Assertion (ii) holds for each function f € BV(U).

Proof of Claim #3: Fix f € BV (U) and choose {fx}22, as in Theorem 2 in
Section 5.2.2. Then

fi— f in L'(U) as k — oo.
Define

Ef ={z € U| fi(z) > t}.

Now

o0 max{ f(z),fx(x)}
| e = xp@ldi= | dt = |fule) - f(o)];
—o00 t min{ f(z),fx(x)}

consequently,

J ) = s = [ ([ o=, 0] a2 e

Since fr — f in L'(U), there exists a subsequence which, upon reindexing by
k if needs be, satisfies

Xpe = X, in LY(U), for L' ae. t.
Then, by the Lower Semicontinuity Theorem,
[0E||(U) < l}cminfllaEl‘ll(U).
—00

Thus Fatou’s Lemma implies

o0

o0
/ OEIU) dt < timint / IOEX(U) dt

- — 00

Il

Jim (IDf(V)
IDAIW).

This calculation and () complete the proof. |

Il



