
ANNALI DELLA

SCUOLA NORMALE SUPERIORE DI PISA
Classe di Scienze

GUY BOUCHITTÉ

GIANNI DAL MASO
Integral representation and relaxation of convex local
functionals on BV (Ω)

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4e série, tome 20,
no 4 (1993), p. 483-533
<http://www.numdam.org/item?id=ASNSP_1993_4_20_4_483_0>

© Scuola Normale Superiore, Pisa, 1993, tous droits réservés.

L’accès aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique l’accord avec
les conditions générales d’utilisation (http://www.numdam.org/legal.php). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=ASNSP_1993_4_20_4_483_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/


Integral Representation and Relaxation
of Convex Local Functionals on BV(03A9)

GUY BOUCHITTÉ - GIANNI DAL MASO

Contents

Introduction

1. Preliminaries

1.1. Measures and functions of bounded variation

1.2. Duality and the divergence theorem: the space 
1.3. Homogeneous integrands

2. Representation with respect to a given measure
2.1. Representation of the absolutely continuous part of a local functional
2.2. Representation of the duality pairing
2.3. Integral representation on 

3. Representation of the conjugate functional

4. Representation of the relaxed functional

5. The main representation theorem

6. Integral representation of r-limits

References

Acknowledgements

A provisional draft of this paper was written during a visit of the first
author to the International School for Advanced Studies (SISSA) of Trieste in
May-June 1989. The final version was completed during a visit of the second
author to the Université de Toulon et du Var in April 1991. The authors wish
to thank these institutions for the support in the preparation of this paper.

Pervenuto alla Redazione il 27 Aprile 1991 e in forma definitiva il 16 Febbraio 1993.



484

Introduction

Relaxation, homogenization, and r-convergence problems for functionals
with linear growth (for example, area-type integrals) often lead to the following
question: given a bounded open subset Q of and a functional F(u, A),
depending on a function u : ’1 ~ R and on an open subset A of ’1, is it

possible to give an integral representation of F?
If F(u, ~ ) is a measure on Q and F(u, A) = F(v, A) whenever u - v is

constant on A, then it is known that, under very mild additional assumptions,
there exists a convex integrand f : Q x R such that for every open subset
A of S2 and for every function u in the Sobolev space Wl,’(Q), one can write

where Vu denotes the gradient of u (see the papers [17], [30], [13], [12], [9],
[10], [2] and the books [5] and [8]).

These results are still not satisfactory for many applications, since all
existence theorems for functionals with linear growth involve the space BV(Q)
of functions u E whose distributional gradient Du is an RI-valued Radon
measure with bounded variation in Q. Therefore, it is necessary to extend the
above representation to functions u which are not in the Sobolev space 
This problem includes the particular case of the integral representation on BV(Q)
of the lower semicontinuous envelope J of the functional

whose properties were studied in [31] under very general hypotheses on the
integrand j. When i does not depend on x, an integral representation of J
on is given in [24] (see also [33], Section 5, for a similar problem
on BD(Q)). More generally, when j (x, z) is convex in z and satisfies suitable
continuity assumptions with respect to x, it is known (see [22] and [15]) that
for every u E BV(Q) the lower semicontinuous envelope J of J can be written
as

where is the variation of the singular part of the measure Du with respect
to the Lebesgue measure tN, Vu is the density of the absolutely continuous
part, vu is the Radon-Nikodym derivative of the measure Du with respect to
its variation IDul, and z) is the recession function of j(x, z) with respect
to z.
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Let us remark that the general case where j(x, z) is just measurable in x
and convex in z cannot be treated using the methods of [22] and [15]. The
main difficulty, when dealing with a general lower semicontinuous functional F
on BV(Q), is that F(’, A) is not uniquely determined by its restriction to any
subspace of consisting of smooth functions.

In this paper, denoting by B (SZ) the a-field of all Borel subsets of Q, we
consider functionals F : BV(Q) x 8(’1) ~ [0, +cxJ[ [ such that:

(HI) for every u E BV(Q) the set function F(u, - ) is a Borel measure on Q;

(H2) for every open subset A of Q the function F( ~ , A) is convex and

semicontinuous on BV(Q);

(H3) there exist a real constant i and a bounded Radon measure a on Q such
that

for every u E and for every B E B(Q).

Our main result (Theorem 5.1) is that, under hypotheses (HI), (H2) and
(H3) there exist a positive Radon measure p on t2 and two Borel functions f,
h : Q x [0, +oo [ such that for every u E BV(Q) and for every B E B (S2)
we have

where is the variation of the singular part of measure Du with respect
to /1, and V,u is the density of the absolutely continuous part with respect
to Moreover, for every x c Q, f (x, ~ ) is convex and is positively
homogeneous of degree one on R~.

When F is the semicontinuous envelope J of the
functional J introduced in (0.1), then p is the Lebesgue measure and f and h
can be computed explicitly in terms of j (Theorem 4.1). Then the necessary and
sufficient conditions for the semicontinuity of J on Wl,’(Q),,
found in [21], follow easily from the equality f = j (Theorem 4.4).

In the last section we consider the problem of the integral representation
of r-limits of functionals with linear growth, extending to BV(Q) part of the
results of [17]. We prove that, under some natural conditions, the r-limit F
can be written in the form (0.2). An explicit example shows that the measure
ti might be different from the Lebesgue measure ~. Finally, we determine a
wide class of r-convergence problems for which the integral representation of
the r-limit can be obtained with it = BC~.
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1. - Preliminaries

In this section we fix the notation and recall the main properties of
measures and functions of bounded variation. Then we discuss some results
of [3] and [4] about the duality between functions of bounded variation and
bounded vector fields with divergence in This will allow us to study
some properties of 1-homogeneous integrands.

1.1. - Measures and functions of bounded variation

Let ’1 be a bounded open subset of R~, let be the u -field of all
Borel subsets of Q, let be the family of all open subsets of ’1, and let

be the family of all open subsets of Q with a Lipschitz boundary such
that A cc Q, i.e., A is relatively compact in Q.

A Borel measure on Q is a countably additive set function ii : B (S2) -~
] - oo, +oo] such that /~(0) = 0. Each positive Radon measure on Q will be
identified with the corresponding positive Borel measure It, which satisfies

J-l(K)  +oo for every compact subset K of Q. A real valued Radon measure
on 0 is the difference of two positive Radon measures on Q and an R7-valued
Radon measure on Q will be identified with an n-tuple of real valued Radon
measures on Q. The total variation of a scalar or vector measure A will be
denoted by 1J-l1. The Lebesgue measure on will be denoted by and the

(N - l)-dimensional Hausdorff measure by HN-1.
For any bounded positive Radon measure J-l on SZ, Bp,(’1) is the u -field of

all tt-measurable subsets of Q. A closed valued multifunction C : Q 2013 is said
to be &#x3E;-measurable if the set 1&#x3E;-(0) = {x E : nO #=0} is ii-measurable
for every closed subset C of Rn. For the general properties of measurable
multifunctions we refer to [14], Chapter III.

If is an arbitrary family of closed-valued a-measurable
multifunctions from SZ into there exists a closed-valued a-measurable
multifunction C : S~ ~ with the following properties (see [34], Proposition
14):

i) for every i E I we have C for J-l-a.e. x E SZ;

ii) if T : Q R" is a closed-valued tt-measurable multifunction such that for
every i c I, C for E Q, then C for 
x E ’1.

This multifunction (D is unique up to 1L-equivalence and will be denoted
by

The space (K = 0,1, ... , oo) is the set of all Rn-valued func-
tions of class Ck with compact support in Q, while is the set of
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all Rn-valued functions of class C~ in Q whose derivatives up to order k are
uniformly continuous in S~. By C8(Q, Rn) we denote the space of all continuous
functions u : S2 -~ R7 such that the set {x E Q : lu(x)1 &#x3E; t} is compact in
SZ for every t &#x3E; 0. It is a Banach space with the norm Ilullco = max 0 xEQ

The dual of 08(Q, Rn) is the space Rn) of all R7 -valued Radon measures
with bounded total variation on S2, endowed with the norm 11,UIIMb = 
The duality pairing is given by (p., cp) = f The weak* topology on

a

Mb (K2, Rn) is defined as the weakest topology on Rn) for which the maps

IL cpdp. are continuous for every p E In other words, a net

Q

(ith) in R7) converges weakly to ti if and only if f cpdP.h -+ for

every p E ~ ~_
If n = I, the previous spaces will be indicated by 

and The cone of all bounded positive Radon measures on SZ will be
denoted by M b (K2).

Given it E and v E we have a unique Lebesgue
decomposition 1L = where is absolutely continuous and J-ls is singular
with respect to v. The density of lz,, with respect to v will be indicated by
2013 and will be called the Radon-Nikodym derivative of with respect to v.

in SZFrom the above definition it follows immediately that dv = v-a.e. in Qy a d

and B - + B for eve B E 8(0.). 
v v

B 
The space BV(Q) of functions of bounded variation is defined as the

space of all functions u E whose distributional gradient Du belongs to
M b (g2, The total variation I of the measure Du on a set B E B(’1) will
be indicated, as usual, by Accordingly, the integral of a Borel function

B

f : B -; R with respect to the measure I Du I will be denoted by 
B

Similar notation is used for the integrals with respect to the vector measure
Du. Given &#x3E; E and /~ E BV(Q), the singular part of the measure Du

with respect to p. will be indicated by D5u. Moreover we set Vuu = 20132013 and
dDu 

d,u

. Therefore I*

for every B E B(’1). If a is the Lebesgue measure, D~u and V,u will be denoted
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by Dsu and Vu respectively. The Sobolev space W 1’ 1 (SZ) is, by definition, the
set of all functions u E such that Du « ,GN, i.e. Du is absolutely
continuous with respect to the Lebesgue measure. For the general properties of
BV(’1) we refer to [23], [32], [35] and [26].

It is well known that is contained in and that, if S2

has a Lipschitz boundary, then BV(’1) is contained in and

where the constant c depends only on Q (see [26], Section 6.1.7).
The following proposition gives a useful characterization of the measures

of which are gradients of functions of BV(Q).

PROPOSITION 1.1. The set u E is closed in the weak*

topology of Moreover, for every tt E the following
conditions are equivalent:

(i) there exists u E BV(Q) such that 1L = Du in Q;

PROOF. Let us prove first that e = {Du : u E is closed in the
weak* topology of By the Krein-Smulian theorem (see [19], Theorem
V.5.7) it is enough to show that the intersection of e with every closed ball
in is weakly*-closed. Since the weak* topology is metrizable on

any closed ball of it is enough to prove that £ is sequentially
weakly*-closed. Let be a sequence in e which converges to some measure

IL in the weak* topology of Then, for every n G N, there exists
un E such that Dun. Let A E Ac(Q). By adding, if necessary, a
constant to un, we may assume (see (1.2)) that

and, since is bounded in there exists a subsequence of (un )
which converges to some function UA weakly in It is then easy to
check that is the gradient of UA in the distributional sense on A. Repeating
this argument for every A E Ac(L2), we can construct u E such

that tz = Du. This shows that tt E e and proves is weakly*-closed in

Let us prove now the equivalence between (i) and (ii). Since =

Q

- udivcpdx for every u E BY(S2) and for every cp E Cc-(Q, R:N), it is clear

Q
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that (i) implies (ii).
Assume now (ii) and let A E Using the standard approximation

technique by convolutions, we can prove that

By the previous part of the proof the set tA = { Du : u e is

weakly* -closed in Therefore, by the Hahn-Banach Theorem, if

III A V CA, then there exists 0 E COO (A, such that f 1/Jdp. fO and 1/JDu = 0
A A

for every u E BV(A). If p is the function defined on A and p = 0
on SZBA, then p E JRN),

and = 1/JDu = 0 for every u E BY(S2). By taking u E we get
S2, A

div Sp = 0 in the sense of distributions in Q, hence (1.4) contradicts (1.3). This
proves that E eA. Therefore, for any A E Ac(’1) there exists uA E BV(A)
such that J-l = DUA in A. This allows us to constmct u E such that

J-l = Du in the sense of distributions in Q. D

1.2. - Duality and divergence theorem: the space X(’1)

In order to obtain a good duality pairing involving BV(Q), we introduce
the Banach space

endowed with the norm Ilullx The weak* topology(’) on

~l~ The Banach space X(Q) is (isometric to) the dual of the Banach space Y/z, where
endowed with the norm I and z is the

closure in Y of the vector space In fact, it is easy to check that 
and that zl (endowed with the dual norm is

isometric to (Ylz)* (see [19], Exercise IL4.18(b)). Denoting the z-equivalence class of by
the isometry Ul-+Pu between x(o) and Y/z&#x3E;* is defined by

Having identified with (Y / Z)*, the corresponding weak* topology is defined as the weakest

topology on for which the maps are continuous for every and for every
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is defined as the weakest topology on X(Q) for which the maps

are continuous for every 0 E L1(Q,RN) and for every u E In other

words, a net in converges weakly* to or if and only if

If we identify X(Q) with the subspace {(~, div u ) : u E of x

then the weak* topology of X(Q) coincides with the product of the
weak* topology of and the weak topology of Therefore, the
weak* topology of X(Q) is metrizable on all bounded subsets of X(Q), and, by
the Banach-Alaoglu Theorem, all bounded weakly*-closed subsets of X(Q) are
weakly*- sequentially compact.

We now consider the notion of normal trace for vector fields u E X((Q).
For HN-1-a.e x G 8Q we denote by the outer unit normal to Q at x. The

following proposition is proved in [3], Section 1.

PROPOSITION 1.2. Assume that S2 has a Lipschitz boundary. Then for every
Q in there exists a unique function [u . in LllN-1 (aSZ) such that

We can extend the previous identity to functions u E BV(’1) by giving
a meaning to the integral (0- . Du), which defines a duality product between

0

J9V(Q) and X(~). For every u E J3V(Q) and for every a~ E X(Q) we define a
measure «(1 . Du) by setting

The following proposition collects some properties of the measure (u - Du)
proved in [3].

PROPOSITION 1.3. For every u E BV(Q) and for every a E X(Q) formula
(1.6) defines a Radon measure on S2,’ denoted by (u - Du), which is absolutely
continuous with respect to IDul. Moreover

(i) for every B E B (S2) we have f I (a - Du) I  where c 

B B
and the left-hand side denotes the variation of the measure (u - Du) on
the set B;
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(ii) for every u E BV (SZ) the linear operator a t---+ is sequentially
dIDul

continuous from X(Q) into when both spaces are endowed with
the weak* topology; 

ID

(iii) for every y~ E u E BV(i2), a E X (SZ) one has (pu - Du) = y~(~ ~ Du)
and (a - D(pu)) = Du) + uu as measures in ’1;

(iv) for every u E BV(’1) and for every a E X(S2) the function is the

Radon-Nikodym derivative of the measure (u - Du) with respect to the

Lebesgue measure;

(v) if Q E then Du) = f (1 Du for every u E BV (12) and for
B B

every B E B(K2);

(vi) if Q has a Lipschitz boundary, then one has

for every u E BV(’1) and for every u E X(Q).

From assertion (iv) of Proposition 1.3 we deduce that a vu is the

Radon-Nikodym derivative of (u - Du) with respect to IDul when u E 
I d b.. f 

( ’ 
h I . dIn order to obtain a representation of 

dlDul 
in the general case, we introducep 

didul 
g

the following definition (see [4], Definition (2.9)).

DEFINITION 1.4. For every E X(Q) let Sz x R be the Borel
function defined by

I and is the cylinder

REMARK 1.5. It follows immediately from the definition that is

positively 1-homogeneous with respect to z. Moreover, for every (x, z) E 
we have and (x, z), provided p E 
and p &#x3E; 0 on Q.

The following proposition is proved in [4].

PROPOSITION 1.6. For every u E BV(Q) and for every u E X(S2) we have
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Moreover for x E SZ and for z = the upper limits in (1.7) are
actually limits.

The following lemma will be used in the next section.

LEMMA 1.7. Let A E Ac(Q) and let u be an element of X(Q) such that
u = 0 on QBA. Then, for every u E BV(Q) the measure (a - Du) is

identically zero on QBA, hence = 0 blank space IDul-a.e. on 92BA.
PROOF. Since a = 0 a.e. on ’1BA, we have div Q - 0 in the sense of

distributions on As div a E LN (Q) and we get diva = 0
.eN -a.e. on f2BA. Therefore, it follows immediately from (1.5) that [u . 1/ A] = 0
HN-1-a.e. on 8A. Let u E BV(’1) and y~ E O¿(Q). If we apply Proposition 1.3(vi)
with Q replaced by A and u replaced by pu, by (1.6) and by Proposition 1.3(iii)
we obtain

which implies that the measure (7 ’ Du) is identically zero on The
conclusion follows now from Proposition 1.6. D

1.3. - Homogeneous integrands

A homogeneous integrand is, for us, a Borel function h : Q x 

] - oo, +oo], satisfying the following conditions:

(a) tz) = th(x, z) for every x E S2, z &#x3E; 0;

(b) there exists a negative constant c E R, such that h(x, z) 2 clzl I for every

In what follows, we shall use a partial order between integrands. Given
two homogeneous integrands, we define the relations h1;S h2 and h, - h2 by
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If the inequality in (1.8) (resp. the equality in (1.9)) occurs only on

some Borel subset B of K2, we shall write h1;S h2 on B (resp. hi - h2 on B).

In the following proposition we associate a homogeneous integrand hK
with any subset K of X(Q).

PROPOSITION 1.8. Let K be a subset of X(Q). Then there exists a

homogeneous integrand hK such that:

(i) q~ C hK for E K;

(ii) if h is a homogeneous integrand such that q~ C h for E K, then

hK  h.

Moreover, for every u E BV(’1) we have

If h’ is another homogeneous integrand satisfying (i) and (ii), then h’ - hK.
Finally, if D is countable and sequentially weakly*-dense in K, and hD is

defined by

then hD - hK.

PROOF. Since X(Q) is a countable union of compact metrizable subsets,
we can choose a countable subset D of K which is sequentially weakly*-dense
in K. Let hD be the homogeneous integrand defined by ( 1.11 ), let Q E K, and
let u E BV(Q). Since D is sequentially weakly*-dense in K, there exists a

sequence (un) in D converging to a weakly* in X(Q). By Proposition 1.3(ii)
and 1.6 the sequence (qun(x, vu)) converges to in the weak* topology of

Since qUn (x, :5 hD(x, 1/n) IDul-a.e. in Q, we get  

in SZ. As this inequality holds for every u E BV(’1), we have qu  hD

for every u E K. If h is a homogeneous integrand such that q  h for every
u E K, then h(x,1/u) in Q for every a E D. By (I,ll) this
implies that h(x, vu) IDul-a.e. in Q, hence hD  h. This shows that

hD satisfies conditions (i) and (ii) and proves the existence of hK.
If h’ is another homogeneous integrand satisfying (i) and (ii), then h’  hK

and hK  h’, hence h’ - hK. In particular, since hD satisfies (i) and (ii), we

have hD - hK.
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If u E BV(Q), then the inequality

is a consequence of (i). Since the opposite inequality is trivial for hD, ( 1.10)
follows from the equivalence hD - hK. D

We conclude this section with a technical lemma which will be very useful
in Section 4.

LEMMA 1.9. Let A E let K and K’ be two subsets of X(Q) with
K’ C K, and let h and h’ be the corresponding homogeneous integrands.
Suppose that a = 0 LN -a.e. on QBA for every u E K’ and that Sp~ E K’ for
every u c K and for with 0  1. Then h’ - hA, where
hA(x, z) = h(x, z) if x E A, and hA(x, z) = 0 if x E QBA.

PROOF. By Lemma 1.7 and by (1.10) we have h’ - 0 on QBA. Since
K’ C K, it is obvious that h’  h on A. To prove the opposite inequality, let

A’ be an open set with A’ C c A and let ~p E with y~ = I on A’ and
0  y~  I on A. For every a c K we have K’ and, by Remark 1.5, we
have = qcpu(x, z) for every x E A’ and for every z By (I. 10) this
implies h(x, vu) :5 h’(x,1/u) IDul-a.e. in A’, for every u E BV(Q). Since A’ is
an arbitrary open set with A’ c c A, we obtain  in

A, which gives h  h’ on A. D

2. - Representation with respect to a given measure

Let F : BV(Q) x B(Q) 2013~ [0, +oo be a functional satisfying the hypotheses
(HI), (H2) and (H3) considered in the Introduction. Our aim in this section is to
give an integral representation of F(u, B) for those functions u of BV(Q) whose
gradient Du is absolutely continuous with respect to a prescribed measure ti.

Throughout this section we fix a measure p E Nt(Q), with « IL, and
we consider the space defined by

As the Lebesgue measure in absolutely continuous with respect to tz, the space
is not trivial, because of the inclusion C (that justifies

our assumption on 
We shall also use the closed-valued multifunction E, : S2 --&#x3E; defined

(see ( 1.1 )) by
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Recall that, by definition, EJi- is the smallest closed-valued iz-measurable
multifunction such that C for J-l-a.e. x E S2 for every u E BV(Q).
An easy way to construct E~ is to choose a countable subset D of such
that the set C D} is dense in the subspace ~,~ _ E jBV(Q)}
of Then one easily checks that

where cl denotes the closure in Since ep, is a linear space, we may assume
that the set D is closed under finite linear combinations with rational coefficients.
Therefore (2.3) shows that is a linear subspace of R~ for J-l-a.e. x E SZ.
By taking u linear one easily checks that

REMARK 2.1. When J-l is the Lebesgue measure then E(x) - R
for J-l-a.e. x E Q. Let us underline the fact that this is not true for a general
J.L E Nt(Q). For instance, if

where I is a smooth hypersurface in then = for J-l-a.e. x E S2BE
and E,,(x) = {tv(x) : t E for J-l-a.e. x E Q n i, where v(x) is a unit vector
normal to I at x.

We shall use the following result due to G. Alberti.

THEOREM 2.2. Let jA E with LN  it, and E be a

function such E for J-l-a.e. x E Q. Then there exists u E BV(Q)
such that V,u = 1j; J-l-a.e. in Q.

2.1. - Representation of the absolutely continuous part of a local functional

We now prove a general integral representation theorem for the absolutely
continuous part (with respect to J-l) of a Lipschitz continuous local functional.
This result will be used to study the Radon-Nikodym derivative (with respect to
1L) of the duality measure (~ ~ Du) defined by (1.6) (Section 2.2), and to obtain
an integral representation of the functional F on the space introduced
in (2.1) (Section 2.3).

THEOREM 2.3. Let ti E Nt(Q), with Ll « a, and let G : BV(Q) x B (SZ) --~
R be a functional with the following properties:

(a) G(O, B) = 0 for every B E B(Q) ;
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(b) there exists a constant c &#x3E; 0 such that I G(u, B) - G(v, B) ~  
for every u, v E BV (0) and for every B E B(Q); B

(c) G(u,.) is a Borel measure on Q for every u E BV(Q).

For every u E BV(’1) let Ga(u, ~ ) be the absolutely continuous part of
the measure G(u, .) with respect to Then there exists a Borel integrand
j : K2 x l~ such that

(i) = 0 for J-l-a.e. x E ’1;

(ii) for 1-i-a.e. x E S2 and for every zl, z2 E we have Ij(x, zl ) - j (x, z2)1 
p~(z2) ~, where px denotes the orthogonal projection on 

(iii) for every u E BV(Q) and for every B E B (Q) we have

If j’ is another B,(Q) x integrand satisfying (i), (ii) and (iii),
then j (x, ~ ) = j’(x, ~ ) on for J-l-a.e. x E SZ. If G( ~ , A) is convex (resp. linear)
for every open subset A of Q, so is the function j (x, ~ ) for p-a. e. x E Q.

PROOF. From (b) we obtain

Using (a), we obtain also I G,, (u, B) 15 for every u E and

B
for every B E B (SZ). Therefore, by the Radon-Nikodym Theorem, for every
u E there exists fu E Ll(i2) such that

By localization, (2.5) implies that for every u, v E BV(Q) we have

Choose now a countable subset D of BV(Q) containing 0 such that the set

IV u : u C D} is in the set ep, = C and,
consequently,
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As D is countable, there exists M C Q, with = 0, such that (2.7) and
(2.8) hold for every x e and for every (u, v) E D x D. Moreover we may
assume that is a linear subspace of for every x E SZBM.

For every 6 &#x3E; 0 consider the function Q x -~] - oo, +oo] defined
by

and define

(note that z) is decreasing in 6).
Since D is countable and (x, z) H pz(z) is x B (R’)-measurable, (see

[14], Theorem 111.41), the integrand j~ is B,(Q) x 
Let us prove that for every u E D we have

By (2.8) we have V,,u(x) E EJj(x), hence for every x E

SZBM. This implies, by the definition (2.9) of ’l/Ju,8, that = fu(x)
for every x E and for every 6 &#x3E; 0, hence

On the other hand (2.7) and (2.9) imply that for any v E D we have

V Jju(x)) &#x3E; cb for every x E QBM. Therefore, the definition

(2.10) of j~ gives &#x3E; fu(x) for every x E QBM, which, together
with (2.12), yields (2.11).

Let us prove that j~ satisfies conditions (i), (ii) and (iii). Since 0 E D,

by (2.6) and (2.11) we obtain for every B E B(Q).
Condition (i) follows now from (a). B

Let us prove (ii). For every x E QBM and for every z E by (2.9) and
(2.10) there exists a sequence in D such that

Let us apply (2.13) with z = zi and z = Z2- Then there exist two sequences (un)
and (vn ) in D such that
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By (2.7) we also have which, together
with (2.14) and (2.15), gives (ii).

By (2.6) and (2.11) we have

Let now u E BV(K2). Since V,u E ?~ and D is dense in 6,,, there exists a

sequence (un) in D such that converges to V,u in L1(’1, Since, by
(2.16),

the representation formula (iii) for u is a consequence of the continuity property
of Ga and stated in (2.5) and (ii).

Since j satisfies (i) and (ii), there exist a Borel inte2rand i : 0 x R

and a Borel set N C Q, with = 0, such that j,,(x, z) = j(x, z) for every
x E and for every z E This implies that j satisfies conditions (i), (ii)
and (iii).

Let j’ be another B,(Q) x B(RN)-measurable integrand satisfying (i), (ii)
and (iii). Then there exists M’ C Q, with 1L(M’) = 0, such that for every
x E we have

Then, using the continuity of ~(~’) and ~(~ -) and the density of 
u E D} in one gets j (x, z) = j’(x, px(z)) = j’(x, z) for every
x E and for every z E RN.

Assume now that G( ~ , A) is convex on BV(Q) for every open subset
A of S2. Since G(u, .) is a bounded Radon measure, for every u E BV(Q)
and for every B E B(Q) we have G(u, B) = inf{G(u, A) : A open, B C A}.
Therefore G,,(.,B) is convex on BV(Q) for every B E By (ii), (iii),
and by localization, there exists M" C Q, with = 0, such that j(x, .) is
continuous on RN for every x E S2BM" and

Hence, by continuity, j(x, .) is convex on EJj(x) for every x E S2BM". The
convexity on follows from the fact that j(x, z) by (ii).

If G( . , A) is linear, we just apply the above argument to G and -G. D
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2.2. - Representation of the duality pairing

We now give the application of Theorem 2.3 to the duality pairing (u . Du)
between X (S2) and BV(’1) defined in Section 1.2.

PROPOSITION 2.4. Let ~c E M b (Q) with LN Then for every u E X(Q)
there exists a unique u, E such that:

Moreover the lifting operator (1 p, is sequentially continuous from the weak*
topology of X(Q) into the weak* topology of Ll (Q, and one has:

PROOF. Let a E X(Q) and consider the functional G : BV(Q) x B (S2) -&#x3E; R

defined by G(u, B) = f (a - Du). Clearly G satisfies conditions (a) and (c) of
B

Theorem 2.3 and condition (b) with c (see Proposition 1.3(i)). Then
there exists a Borel integrand j : Q x R~ 2013~ R which satisfies conditions (i), (ii)
and (iii) of Theorem 2.3. Since G(., B) is linear on BV(Q) for every B E B(Q)
(see (1.6)), the last assertion of Theorem 2.3 implies that there exists a Borel
function Q - such that j(x, z) = u Jj(x)z for J.L-a.e. x E Q and for every
z E Using condition (ii) of Theorem 2.3 we get u,(x)z = for tt-a.e.
x Ei Q and for every z E which implies (a), and also I  c 

for ~- a.e. x E Q, which proves (i). Equality (b) follows from condition (iii) of
Theorem 2.3.

Let Q~ be another element of which satisfies (a) and (b). Then
the integrand j’(x, z) - satisfies conditions (i), (ii) and (iii) of Theo-
rem 2.3, hence j’ (x, - ) = j (x, - ) on for E ’1, which yields 
J-l-a.e. in Q.

Let us prove (ii). By (b) and by Proposition 1.3(i), for every u E 
we have

for every B E B (0) such that f I D’u I = 0. If u E C 1 (SZ, I1N ), one has (see
B
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Proposition 1.3(v)) (a - Comparing with (2.17)
B B B

and using localization one gets

Since this holds for every u E BV(Q), we choose a countable subset D of
BV(’1) such that the set E D} is dense in E,(z) for J-l-a.e. x E Q.

By applying (2.18) we obtain is orthogonal to E,(z) for 
x E Q. Together with (a), this gives (ii).

Take now u E ~V~~(Q). By Proposition 1.3(iv) and by (2.17), for every
Q E X(Q) and for every B E B(Q) we have

Thus, using localization again, we get (~ - u,)Vu = 0 .eN -a.e. in Q for every
u E W1,1(’1). Taking u affine, we finally obtain u £N -a.e. in Q, that is

(iii).
By Proposition 1.3(iii) we have = J-l-a.e. in for

every u E BV(Q). As in the case of (2.18), this implies that 
is orthogonal to for E Q. Together with (a), this gives (iv).

If A e Ac(2) and u = 0 on then (a - Du) = 0 on S2BA
by Lemma 1.7. This implies = 0 /.L-a.e. in K2BA for every u E BV(Q).
Choosing a countable subset D of BV(Q) such that the set E D}
is dense in for J.L-a.e. x E SzBA, we obtain that is orthogonal to
E,(z) for J-l-a.e. x E Together with (a), this gives (v).

Let us prove, finally, that the lifting operator a ’2013~~ is sequentially
continuous. Consider a sequence converging weakly* to a in X(Q). Then

is bounded in and, by (i), (Un) is bounded in 

Passing, if necessary, to a subsequence, we can suppose that (Q ~ ) converges to
some function 0 E in the weak* topology of Now we
have to prove that ~ = u p, J-l-a.e. in Q. First, we observe that, by condition (a),
we have

hence E E,,(x) for Q. Thanks to Proposition 1.3(ii), we have
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If B E is such that f ID’ul = 0, by Proposition 1.3(i) we have also
B

hence

As the limits in (2.19) and (2.21) are equal, by (2.20) and by localization we
obtain = in Q. Since this is true for any u E BV(Q), one
deduces as before that (1 Jj(x) is orthogonal to for E f2.
Since both and ~,~(x) belong to E,,(x) for E S~, this gives 
J-l-a.e. in ’1. D

We are now in a position to prove that the multifunction E,, introduced
in (2.2), is the smallest closed-valued J-l-measurable multifunction such that

C for E Q and for every u E Wl,’(Q), where is
the space defined by (2.1). !

PROPOSITION 2.5. Let /~ E Nt(Q), with « Then: ~(2:) = 
p- ess sup 

PROOF. Let us consider the closed-valued multifunction E’ : Q - R~
defined (see ( 1.1 )) by

We want to prove that E)(z) = EJj(x) for Q. Recall that, by
definition, E) is the smallest closed-valued p-measurable multifunction such
that e E(x) for j.l-a.e. x c K2 for every u E W1(SZ). As in the case of
E,, we can prove that E~(x) is a linear subspace of for x E Q, and
that E~(x) = for E Q.

As C BV(Q), we have E~(x) C EJj(x) for E SZ, thus we
have only to prove that EJj(x) C E~(x) for j.l-a.e. x E S2. By the Projection
Theorem (see [14], Theorem 111.23) the set M = {x E Q : is

~-measurable. Our aim is to prove that = 0.

By the Measurable Selection Theorem (see [14], Theorem 111.22) there
exists a ti-measurable function ’if; : Q such that E for j.l-a.e.
x E SZ and E for j.l-a.e. x e M. Replacing, if necessary, 0 by
1/J /11/J1, we may assume that 0 E L~(Q, 

Let px and pi be the orthogonal projections on EJj(x) and E~(x)
respectively. We want to prove that p~(~(x)) _ for j.l-a.e. x e Q, which
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implies that E E~(x) for E Q, hence = 0. To prove this fact,
it is enough to show that the function p~(~) - ~ belongs to the linear subspace
~ = (u, : u E X(Q), div u = 0} of Ll (Q, Indeed, if p~(~) - ~ E f, then
there exists a E X(Q) such that p~(~(x)) - + u,,(x) for x E Q.
Since pi is the identity for ,GN-a.e. x E Q, by Proposition 2.4(iii) we have
1/J = 1/J +u Jj = 1/J +u £N -a.e. in Q, hence a = 0 .eN -a.e. in Q, which implies
u, = 0 in Q (Proposition 2.4(i)). Therefore + o~,~(x) _ 
for j.l-a.e. x E Q.

In order to prove that E ~, we first show that 7 is closed
in the weak* topology of By the Krein-0160mulian theorem (see [19],
Theorem V 5.7) it is enough to show that the intersection of 7 with every closed
ball in is weakly*-closed. Since the weak* topology is metrizable
on any closed ball of it is enough to prove that 7 is sequentially
weakly*-closed. Let (un) be a sequence in 7 such that (ul) converges to some
function a in the weak* topology of As.e ~ /~, the sequence
(un) converges to u also in the weak* topology of Since = 0

for every n E N, we have divu = 0, hence u E and () converges to
u weakly* in X(Q). By the continuity of the lifting operator u ~ (Pro-
position 2.4), the sequence (u)) converges to u, in the weak* topology of

This gives u = a. in S2, hence E ~’, and proves that 7 is
closed in the weak* topology of LI(K2, 

Suppose now, by contradiction, that ~. Then, by the
Hahn-Banach Theorem, there exists v E such that

and 0 for every u E X(S2) with 0. In particular, if

0

(1 E and div (1 = 0, we have (1 E for

j.l-a.e. x E S2 (Proposition 2.4(ii)), hence

This implies, by Proposition 1.1, that there exists u E such that
for j.l-a.e. x E Q. Since E E~(x), we have

E~(x) for j.l-a.e. x E Q. Being E~(x) C E,,(x), we conclude that
= px(v(x)) for j.l-a.e. x E Q. As E we have 1jJ(x)

for x E Q, hence
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which contradicts (2.22). This shows that pz(~) - ~ E 7 and proves that

1f;(x) for E Q, and hence = 0. Therefore EJj(x) C 
for E ’1, and the proposition is proved. D

The following proposition makes precise the link between Q,~(x) and the
function introduced in Definition 1.4.

PROPOSITION 2.6. E Nt(Q), with .eN « j.l. Then the following
properties hold:

(i) for every (1 E X(Q) and for E Q

(ii) if hl, h2 : Q X RN -] - oo, +00] are homogeneous integrands such that
h2 on some Borel subset B of Q, then

for j.l-a.e. x E B.

PROOF. Let u E X(Q). As i7,u in S~, by Proposition 1.6
and 2.4(b) we have

for every u E and for every B C B (SZ) with ID’ul = 0. Therefore
B

j.l-a.e. in Q. Let M be the set of all points x E ’1 such
that there exists z E E,(z) with By the Projection Theorem
(see [14], Theorem 111.23), the set M is ti-measurable. By the Measurable
Selection Theorem (see [14], Theorem 111.22) there exists a ii-measurable
function 0 : Q 2013~ RI such that ~(:r) E ~(~) for G M and

for j.l-a.e. x E M. Replacing, if necessary, ’0 by 
we may assume that ~ By Theorem 2.2 there exists u E BV(Q)
such that V,u = 1/J in Q. This implies that q(1 (x, j.l-a.e. in
M. As u,V,u in Q, we conclude that j.l(M) = 0, which
proves (i).

To prove (ii), we observe that, under our hypotheses on hi and h2, we
have

for every u E BV(Q) and for every B’ E B(K2) with B’ C B and ID’ul = 0;
a’

hence = j.l-a.e. in B. The conclusion follows now, as in
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the previous case, using the Measurable Selection Theorem and Theorem 2.2.
D

Let K be a subset of X(Q) and let hK be the homogeneous integrand
associated with K (Proposition 1.8). According to ( 1.1 ), we can consider the
closed-valued it-measurable multifunction [Jj : Q ~ JRN defined by

and its support function h,~ : Q x -&#x3E;] - oo, +oo] defined by

The following proposition shows the connection between hK and h,.
PROPOSITION 2.7. Let ti E with LN « j.l, let K be a subset of

X(’1), let hK be the homogeneous integrand associated with K according to
Proposition 1.8, and let hp, be the homogeneous integrand defined in (2.23).
Then for 1L-a.e. x E SZ we have

where p~ denotes the orthogonal projection on 

PROOF. Let us fix a countable subset D of K such that D is sequentially
dense in K for the weak* topology of X(SZ) and {~~ : (1 E D} is dense in

{(1 p, : (1 E K} for the strong topology of Let us define

By Proposition 1.8 we have hD - hK. Therefore, by Proposition 2.6, for 
we obtain

By the definition of r~ we have = E D} for j.l-a.e. x E Q,
hence

for E Q. Recalling that o~~(x) E we deduce from Proposition 2.6
that
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for j.l-a.e. x E Q. The conclusion follows now from (2.24), (2.25), (2.26). 0

2.3. - Integral representation on 

We prove now a representation theorem for the functional F on the space
introduced in (2.1 ).

THEOREM 2.8. Let a, j.l E with a + L N « u, and let F :

BV(Q) x B(Q) - [0, +oo [ be a functional satisfying the hypotheses (H 1 ), (H2)
and (H3) considered in the introduction. Then there exists a Borel integrand
j : Q x R:N --+ [0, +oo [ such that

(i) j (x, ~ ) is convex on for j.l-a.e. x E S2;

(ii) for 1L-a. e. x E SZ and for every z E RN we have j(x, z) = j(x, where

Px denotes the orthogonal projection on the linear space defined in
(2.2);

(iii) for every u E and for every B E B(Q) we have

(iv) for -a. e. x E 0. and for every z E we have 0  j(x, (x)+îlzl.( ) .f .f _ ( ) _ 
d 

( )

If j’ : SZ x [0, +oo[ is another x integrand
satisfying (i), (ii) and (iii), then j(x, -) = j’(x, ~ ) on RN for j.l-a.e. x E ’1.

PROOF. For every A E let us consider the recession function of

F( ~ , A) defined by

(existence of the limit follows from the convexity assumption (H2)). It is
well-known (see [27], Theorem 8.5) that

hence F(u, A)  F(v, A) + v, A) for every u, v E But, by (H3),

we obtain 0  v, A)  Dv 1. Thus, interchanging u and v and
A

extending the inequalities to all B orel sets thanks to (HI), we can write

(2.29) F(v, B) (  ~y E VB E 8(0.).
B
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Let us consider the functional G : BV(Q) x 8(’1) ~ R defined by
G(u, B) = F(u, B) - F(O, B). Since G satisfies the hypotheses of Theorem 2.3,
there exists a Borel integrand g : S2 x R such that for x EE K2

where G~(u, ~ ) is the absolutely continuous part of the measure G(u, ~ ) with
respect to Since G( . A) is convex on BV(Q) for every A E A(Q), the function
g(x, ~ ) is convex on for 1L-a.e. x E Q.

From (2.29), by taking v = 0, one deduces that 
B

hence G(u, . ) = G,,(u, .) on B(Q) as soon as u belongs to W~ ~ 1 (S2). So, according
to (2.32), we can write

From (H3) it turns out that the measure F(o, ~ ) is absolutely continuous with

respect to a ; therefore there exists a functions a E L~,(Q), with 0  
for j.l-a.e. x E Q, such that 

’ 

~ - 

a/~

Define j : z) = g(x, z)+a(x). Then (iii) is a consequence
of (2.33) and (2.34). The convexity follows from the convexity of

). Property (ii) is a consequence of (2.31) and (iv) follows from (2.30),

( 2.31 ) and from the inequality a  da -a.e. in S2.
a/

The uniqueness of j can be proved as in Theorem 2.3, using now
Proposition 2.5. D

3. - Representation of the conjugate functional

In this section we prove a representation formula for the conjugate of an
integral functional defined on the space introduced in Section 2. Let

~ E with and let j : Q x [0, +oo [ be a Borel function
such that:
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(Jl) for j.l-a.e. x the function j (x, ~ ) is convex on 

(J2) for E Q and for every z E we have j(x, z) = j (x, p~ (z)), where
p~ denotes the orthogonal projection on the linear space defined in

(2.2);

(J3) there exist -1 E R and a E L~(Q) such that 0  j (x, z)  for

j.l-a.e. x E Q and for every z E R~.

Note that, if ii is the Lebesgue measure, then condition (J2) is always satisfied
by (2.4).

We define the functional J, : BV (Q) x B (Q) - [o, +oo] ] by

and the conjugate functional J* : x ~(S2) -~] - 00, +00] I by

Note that, since E for j.l-a.e. x E SZ, the functional J, depends
only on the values of j (x, ~ ) on EJj(x). For this reason, the definition of j(x, z)
for z V is irrelevant. Our convention (J2) simplifies the statements of
Proposition 3.1 and of Theorem 4.4.

For every A E A(’1) let jA : Q x [0, +cxJ[ [ be the functional defined
by

and let jA(x, z*) be the conjugate function of jA(x, z) with respect to z. An easy
computation shows that

where j*(x, z*) is the conjugate function with respect to z. Since
for and for every z we have

jA(x, z*) = j*(x, z*) = +oo for j.L-a.e. x E S2 and for every z* f/:. 
Our aim in this section is to prove the following proposition, which will

be used in the representation theorem of Section 4.
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PROPOSITION 3. l. Let j.l E with and 

[0, +oo [ be a Borel function satisfying hypotheses (Jl), (J2) and (J3). Then for
every f E and for every A E we have

where K f,A = fU E -divu = f in Q, a = 0 .eN-a.e. in and

is given by Proposition 2.4. As usual, we make the convention min 0 = +00.

PROOF. let A : D(A) C L1(Q,RN) be the unbounded closed
linear operator defined by

and let A* : D(A*) - be the adjoint operator. It follows

immediately from the definition that for every (q, f ) E x LN (’1) we
have

Note that every regular function E RN) belongs to D(A*) and satisfies
= Note also that the range R(A) of A is closed in by

Proposition 1.1.
For every A E A (Q) let JA : [0, +cxJ[ [ be the convex function

defined by 
-

Let GA : - [0,+oo] ] be the convex function defined by

Finally, let JA : L~°(S2, I~N) -~] - oo, +oo] and GÀ: LN(SZ) -~] - cxJ, +cxJ] be the
conjugate functions of JA and GA respectively. As = (see (3.2)),
by a classical theorem of Convex Analysis (see [29], Theorem 19) we have

with the convention that the min 0 = +oo. By the Rockafellar Conjugation
Theorem (see [28]), we have
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hence

Let us consider the set Hf,A of all functions q E D(A*), with A* q = f, such
that q(x) = 0 for E and q(x) C EJj(x) for j.l-a.e. x E ~. Recalling
that jA(x, z*) = +oo for z* f0 for j.l-a.e. x E SZBA, and that z*) = +oo for
z* ¢ for E Q, from (3.7) it follows that

The conclusion is now a consequence of the following lemma, which
explains the link between the set Hf,A and the set Kf,A considered in the
statement of the proposition. D

LEMMA 3.2. Let A be the operator defined by (3.5) and let A* be the
adjoint operator. Given f E L N (Q) and A E ~1(SZ), let K f,A and Hf,A be the
sets defined in the statement and in the proof of Proposition 3.1 respectively. If
A E then H f,A = Q E 

PROOF. Let us fix f E and A E As(92). If u E K f,A, then by Propo-
sition 2.4(v) we have = 0 for j.l-a.e. x E and by Proposition 2.4(a)
we have E for e Q. To prove that e Hf,A, it remains
to show that E D(A*) and A*u Jj = f. For every u E the measure

(o~ ~ Du) is absolutely continuous with respect to tz (Proposition 1.3(i)), hence

(u - Du) (Proposition 2.4(b)). By Lemma 1.7 the measure

0 0

(a - Du) is identically zero on QBA. Let p E with cp = 1 on A. Being
u vp = 0 and =divu £GN-a.e. in Q, from (1.6) it follows that

By (3.6) this implies that (1 p, E D(A*) and ~1*Q,~ - -div (1 = f. Therefore

E Hf,A whenever a E Kf A.
Conversely, let q E H f,A and let (1 = q .eN -a.e. in Q. Then u E Loo(Q, 

and u = 0 .eN -a.e. in SzBA. By (3.6) for every E we have
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hence -divu = f in Q. Together with the previous remarks, this shows that
u E K f,A. In order to prove that q = (1 p, in S~, it is enough to show that the
function q - u, belongs to the linear subspace f = { : E X(Q), div 1/; = 0}
of L’(i2, RN). Indeed, if q - (1 p, E ~, then there exists 0 E X(Q) such that
q = (1 p, + 1/;p, j.l-a.e. in S2. Since 1/;p, = 1/; ,GN-a.e. in Q (Proposition 2.4(iii)) and
,GN G it, we have (1 = q = = u+0 .eN -a.e. in Q, hence 0 = 0 £N -a.e. in Q,
which implies 1/;p, = 0 j.l-a.e. in L2 (Proposition 2.4(i)). Therefore q = = 

j.l-a.e. in Q.

Suppose now, by contradiction, that q - ~,~ f) ~. Since 7 is closed in
the weak* topology of L"o(K2,R:"") (see the proof of Proposition 2.5), by the
Hahn-Banach Theorem there exists v E L1(Q, such that

and = 0 for every 0 e X(Q) with div 0 = 0. If 0 E O (0., and

Q 

div1/; = 0, then we have 0 E and 1/;p, = j-l-a.e. in Q (Proposi-
tion 2.4(ii)), where p~ is the orthogonal projection on the linear space 
Therefore

for every 0 E Cd (Q, RN) with div 1/; = 0. This implies, by Proposition 1.1, that
there exists u E such that = for J.L-a.e. x E Q. Since

= q(x) for x and A*q = f, from (3.6) we obtain

Being a E Kf,A and = for x e Q (Proposition 2.4(a)), by
(3.8) we have

Putting (3.10) and (3.11 ) together, we obtain a contradiction to (3.9). This shows
that q - (1 p, C 7 and proves that q = a, in Q. Therefore, for every q E H f,A
there exists a E K f,A such that q = a, j.l-a.e. in Q. 0

The proof of Proposition 3.1 is now complete. D
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4. - Representation of the relaxed functional

In this section we prove the integral representation formula (0.2) for
the lower semicontinuous envelope of an integral functional defined on the

space introduced in (2.1). Let ft E with .eN « ti, let

j : Q x [0,+oo[ [ be a Borel function satisfying conditions (Jl), (J2)
and (J3) of Section 3, and let 3, : (BV (Q) n x .~(SZ) -~ [0, +oo[ be
the functional defined by

where J, is the integral functional introduced in (3.1 ). It is well-known that
for every A E the function J~( ~ A) is the greatest 
semicontinuous function less than or equal to J,~( ~ , A).

The integrands f and h which will appear in the integral representation
(0.2) of J, can be described explicitly in terms of the integrand j and of the
convex subset K of X(S2) defined by

where (1 Jj is given by Proposition 2.4 and j*(x, z*) is the conjugate function of
j(x, z) with respect to z. Note that, as j*(x, z*) &#x3E; -a(x), the integral in (4.2)
makes sense for every (1 E X(Q).

Let rw : ’1 be the closed-valued tz-measurable multifunction defined
(see ( 1.1 )) by

and let h : Q x 2013] - 00, +00] be its support function, defined by

Note that, for j.l-a.e. x E Q, the convex set is contained in the closure of
the essential domain of j * (x, ~ ), which, by (J2), is contained in linear subspace
EJj(x) defined by (2.2).

We are now in a position to introduce the integrands f and h which will
appear in the integral representation of J, .

Let f : Q x [, +cxJ[ [ be the B,,(Q) x B (e)-measurable function
defined by
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and let h be the homogeneous integrand associated with K according to

Proposition 1.8. Using the fact that /(~)  .f(~) = ./(~), ~’*(~,0)  0
and C E,,(x) for SZ, we obtain that

for and for every z E R~, where pz denotes the orthogonal
projection on As j*(x, 0)  0, we have 0 E K. Since j*(x, z*) = +oo for

I &#x3E; " by Proposition 2.4(iii) we  i for every a E K. Therefore,
( 1.11 ) and Remark 1.5 imply that we can choose h in its equivalence class (see
(1.9)) so that

Let f~ : Q x [0, +cxJ[ [ be the recession function of f, defined by

As j* (x, z*) &#x3E; -a(x), from (4.5) we obtain

Since h,(x, -) is positively 1-homogeneous, we conclude that

Let D be a countable subset of K such that : (1 G D) is dense in
E K} for the strong topology of By the definition of

we have = E D} for E S2, where cl denotes the
closure in Therefore, for x E Q we obtain

For every a E D and for J.L-a.e. x we have r~(:r), hence, by (4.5),

 +oo j.l-a.e. in Q by (4.2), taking the limit as t tends to +oo
we get foo(x, z) 2 U,,(x)z for j.L-a.e. x and for every z E Taking (4.10)
into account, we obtain z), which, together with (4.9), gives

z) = h,(z, z) for and for every z c Therefore Proposition
2.7 gives
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for j.l-a.e. x E S2 and for every z E 
We are now in a_position to state the integral representation theorem for

the relaxed functional 

THEOREM 4.1. Let 1L E with LN C ~c, let j : Q x [0, +oo [
be a Borel function satisfying conditions (Jl), (J2) and (J3 ) of Section 3, and let

be the functional defined by (4.1 ). Then for every u E BV(Q) n and

for every A E A(Q) we have

where f is defined by (4.5) and h is the homogeneous integrand associated
(according to Proposition 1.8) with the set K defined by (4.2).

EXAMPLE. Take p = and let S~1 and SZ2 be two open subsets of Q such
that E = 8Qi U is a smooth (N - 1)-dimensional hypersurface. Denoting by
v the unit normal to 1: pointing outwards from SZ1 to 5~2, we have for every
u E BV(Q) and every B E B (SZ) that Du(1:n B) = where

U1 1 and u2 are the traces in L1(L) of ulo, and 
Having in mind the model of two homogeneous media separated by

an interface, we consider convex functions j1 and j2 on such that
0  + (i = 1, 2) and define:

A quite easy computation yields that the homogeneous integrand defined by
Proposition 1.8 can be taken as:

From Theorem 4.1 one gets:
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Note that a similar result holds in case of vector-valued functions u E BV(Q, 
and can be applied to heterogeneous elasto-plastic materials.

To prove the theorem, we need the notions of C1-stability and

C 1-inf stability introduced in the following definition.

DEFINITION 4.2. Given a measure ,.X E Mb (Q) and a set H of a-measurable
functions from Q into we say that H is C1-stable if for every finite family
(ui)iEI of elements of H and for every family of non-negative functions
of such that 1 in Q, we have that belongs to H. In the
case n = I, we say that H is if, under the same conditions for
(ui)iEI and there exists u E H such that u  Liaiui A-a,e, in Q.

Note that C1 stability implies convexity.

LEMMA 4.3. Let A E Nt(Q), let K be a C1-stable set of A-measurable
functions from Q into RN, and let f : Q x --] + oo, +oo be a BA (K2) x B(RN)-
measurable function such that f(x, . ) is convex on for "x-a.e. x E Q. Suppose
that every u E K and let (see (1.1))

u K
and g(x) = inf f (x, z). Then 

ueK

Moreover

If H is a subset of L1 (Q), then

where w = A-ess inf u.

PROOF. For (4.13) and (4.14) see [7], Theorem 1. Equality (4.15) is an easy
consequence. Indeed, let us consider the subset K of L1 (’1) obtained by taking
all convex combinations of elements of H whose coefficients are functions of
C1 (’1). From the definition of C 1-inf stability one has

As K is C1-stable, we may apply (4.13) with f (x, z) = z for every (x, z) E Q X R .
If v is A-measurable and v  u A-a.e. in Q for every u E H, then we have also
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v  u A-a.e. in Q for every u c K, hence

and the conclusion follows from (4.13) and (4.14). D

PROOF OF THEOREM 4.1. Let us prove that for every A E we have

Let A E A (0) and let e &#x3E; 0. Then there exists a compact subset C of A such
that

Using Proposition 4.16 and Theorem 6.1 of [16], we obtain

for every A’ E such that C C A’ cc A. Since, by (J3),

(4.16) follows from (4.17) and (4.18). Therefore, it is enough to prove the
theorem when A E 

By Proposition 3.1, for every f E LN(Q) and for every A E we

have 
,

where in Q, u = 0 £N -a.e. in and jA is

defined by (3.3). Let us fix u E BV(Q) n LN/(N-1)(Q) and A E Ac(Q). Since
J,,(u, A) = J~*(u, A) (see [29], Theorem 5), we have

If u E X(SZ) and u = 0 in then [u - 1/Q] = 0 HN-1-a.e. on aA (see

(1.5)). This implies that, if f = then f E and fudx =f (a - Du)
Q Q
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(see Proposition 1.3(vi) and Lemma 1.7). Therefore, we can eliminate f in the
supremum and we obtain

where KA = Q E 0 in  

u

Note that, since j*(x, z*) &#x3E; -a(x), the integral is well-defined

0

(possibly +00) for every u E (see 3.4)). In particular j*(x, (1 p,) E Ll(K2) for
every (1 E KA. By Proposition 2.4((iii) and (v)) we have

Since j(x, z) &#x3E; 0, one checks easily that j* (x, 0)  0. Using Proposition 2.4(iv)
and the convexity ), it is easy to prove that pa E KA for every
u E K and for every p E C§(A) with 0  ~p  1. Since KA C K and u = 0
£N -a.e. on for every E KA, from Lemma 1.9 we obtain that, if h is
the homogeneous integrand associated with K, then the homogeneous integrand
associated with KA is equivalent to the function hA defined by hA(X, z) = h(x, z),
if x e A, and hA(x, z) = 0, if x E QBA. Therefore, Proposition 1.8 yields

Let be the multifunction defined by = if x E A,
and ri(z) = 101, if x E QBA. Using Proposition 2.4(iv) it is easy to see that

Finally, let fA : Q x [0,+oo[ be defined by fA(x, z) = f (x, z), if x E A,
and fA(x, z) = 0, if x E ’1BA, where f is given by (4.5). By (3.4) it is easy to
see that

Since the set E KA} is C1-stable (see Proposition 2.4(iv)), by Lemma 4.3
and by (4.21) we have
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Let us consider now the I D-1 IL u 1. Clearly I Du ~ A, hence
(u - Du) « A for every a E X(Q) (Proposition 1.3(i)). Let M be a Borel subset
of Q such that j.l(M) = 0 and = 0. Thanks to Proposition 1.6 and
2.4 we can write

Let Tu : KA - be the operator defined by

and let H = KAI. Notice that, by (4.19),

If (ui)iEI is a finite subset of H and is a family of non-negative functions
of such that = I in Q, then u = belongs to KA and = 

in Q (see Proposition 2.4(iv)). Therefore, by the convexity of ),
we have

On the other hand, by Remark 1.5 we have

From (4.24) and (4.25) it follows that H is C 1-inf-stable. Let

By Lemma 4.3 and by (4.23) we have gda. By (4.20) and
0

(4.22) we have g A-a.e. on and g = -hA(x,1/u) A-a.e. on
M, hence 

- -

By the definition of fA and hA, the last equality is equivalent to (4.12). D

We conclude this section with a lower semicontinuity theorem on Wl,’(K2),
which extends the results for obtained in [21]. We recall that IF,4 is the
closed valued ti-measurabf&#x26; multifunction defined by (4.3) and that j* (x, z*) is
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the conjugate function of j(x, z) with respect to z. The (effective) domain of a
convex function g : i will be denoted by dom g, and the closure of a
subset A of will be denoted by cl A.

THEOREM 4.4. Let j.l E with LN « ,u, and let j : Q x [0, +00 [
be a Borel function satisfying conditions (Jl), (J2) and (J3) of Section 3, and
let J : [0, +oo [ be the functional defined by

Then the following conditions are equivalent:

(i) J is semicontinuous on 

(ii) )) = r~ (x) for j.l-a.e. x E Q;

(iii) domj*(x, .) 9 for 1L-a.e. x E Q;

(iv) j(x, z) = sup [zz* - j*(x, z*)] for j.l-a.e. x E SZ and for every z ERN;

(v) there exists a countable subset D of X (SZ) such that

and

for E ’1.

PROOF. (i) ~ (iv). If J is semicontinuous on 
then J(u) = for every u E By

Theorem 4.1 this implies that

where f is the function defined by (4.5). As f (x, z)  j ** (x, z) = j(x, z), we
obtain j(x, V,u) = f (x, V,u) ti-a.e. in Q for every u E w,,,,,(K2) 
Let D be a countable subset of such that u E D}
is dense in E W~ ~ 1 (SZ) } for the strong topology of By
Proposition 2.5 we have = clf V,,u(x) : u E D} for x E ’1. Since
the functions /(~, ’) and j (x, ~ ) are continuous, and for every u E D we have

= V,,u(x)) for E Q, we conclude that j(x, z) = f (x, z)
for E Q and for every z E By (J2) and (4.6), the same equality
holds for every z E This concludes the proof of (iv).
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(iv) ~ (i). Let f be the function defined by (4.5). If (iv) holds, then
j (x, z) - f (x, z) for j.l-a.e. x and for every z E Therefore, using
Theorem 4.1 we get J(u) = Q) for every u n 

and, by (4.1), this implies that J is semicontinuous on

LN/(N-1)(Q). .
(ii) ~ (iii). Recall that, by the definition of we have C

cl(domj*(x, .)) for j.l-a.e. x E Q.

(iii) ~ (iv). For every x E Q, let XA(x, be the indicator function of
defined by z*) = 0 if z* E and z*) = +oo if z* tI 

Then (iii) can be written as

while (iv) can be written as

Since j(x, .), j*(x, .) and are convex and lower semicontinuous on
conditions (4.26) and (4.27) are equivalent.
(iii) ~ (v). By the definition of there exists a countable subset D

of K such that E D} is dense in for j.l-a.e. x E Q. From (iii)
and from the definition of K it follows that the set E D} is dense
also in domj*(x, .) for E Q.

We recall that the relative interior of a convex subset A of denoted

by ri A, is defined as the interior of A in the relative topology of the affine hull
of A. For every x e Q we set D(x) = E D} n ri(domj*(x, . )). Then
D(x) is dense in ri(domj*(x, )) for E Q. As the restriction 
is continuous on ri(domj*(x, )) (see [27], Theorem 10.1), we obtain

(see [27], Corollary 12.2.2), hence

which proves (v).

(v) # (iv). If (v) holds, E for j.l-a.e. x c 0 and for every
a E D. Therefore

for j.l-a.e. x E S2. As j(x, z) = j**(x, z), the opposite inequality is trivial. D
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5. - The main representation theorem

In this section we prove an integral representation theorem for a functional

satisfying the following hypotheses:

(HI) for every u E the set function F(u, . ) is a Borel measure on Q;

(H2) for every A E the function F(., A) is convex and 
semicontinuous on BV(Q);

(H3) there exists -1 E R and a C such that

for every u E BV(’1) and for every B E B (0).

THEOREM 5.1. Assume that the functional F : BV (Q) x B (S2) --~ [0, +oo [
satisfies hypotheses (H 1 ), (H2) and (H3). Then there exist a measure IL E M b (12),
with a + L N « j.l, and two Borel functions f, h : Q x [0, +oo[ [ such that

(i) for p-a. e. x E ’1 the function I(x, .) is convex on RN and satisfies

where Px denotes the orthogonal projection on the linear space 
defined in (2.2);

(ii) for every x E ’1 the function is positively 1-homogeneous on 
and

(iii) for 1L-a.e. x E S2 we have

where f 00 is the recession function of f with respect to z defined in (4.8);
(iv) for every u E BV(Q) and for every B E B(Q) we have

We begin with some lemmas concerning the conjugate functional F* :
LN (’1) x -~] - oo, +oo] defined by
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LEMMA 5.2. Assume that F satisfies (H 1 ), (H2) and (H3). Then

for every u E BV(’1) n LN/(N-1)(Q) and for every A E .4 (U).
PROOF. Given A E A(Q), let (D : LN~(N-1)(SZ) -~ [0, +00] be the convex

function defined by

and let 1&#x3E;* : ~] - oo, +oo] be the conjugate function of 1&#x3E;. Then ~*( f ) _
F* ( f , A) for every f E LN (’1) and ~(u) - ~** (u) at every u E LN/(N-1)(’1)
where (D is lower semicontinuous (see [29], Theorem 5). The conclusion
follows now from the fact that C is lower semicontinuous at each point u
of BV(’1) n El

Following an idea from [6], we construct now a measure ti in order to
obtain F = J,, where J, is the functional defined by (4.1 ).

LEMMA 5.3. Assume that F satisfies (HI), (H2) and (H3). Then for every
countable subset D of A (Q) there exists a measure ti E M b (0), with « ~u,
such that

for every f E and for every A E D.

PROOF. Let A E D. By the definition (5 .1 ), F*(’ A) is the supremum of a
family of continuous functions on Since is a separable Banach
space, by the Lindelof property this supremum is reached by taking a countable
subfamily. Doing this for every element A of the countable set D, we finally
obtain the existence of a sequence in BV(Q) n such that

Let and let ti E .M(Q) be the measure defined

by a + .eN + Then (5.4) follows from (5.5), noticing that

Uk n LN/(N-1)(Q) for every 
- 

1:1
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LEMMA 5.4. Assume that F satisfies (H 1 ), (H2) and (H3). Then there exist a
measure IL E with a+£N « IL, and a Borel function j : [0, +oo [,

satisfying conditions J 1 (J2) and (J3) of Section 3 with a(x) = da (x), such
that for every u E BV (Q) n and for every A E A(Q) we have

where J~ is defined by (4.1 ).

PROOF. Let D be a countable subset of Ac(Q) with the following density
property: for every pair (~4.1,~2) ~ x .~ (S2), with A 1 C C A2, there exists
A c D such that A CC A C C A2-

Thanks to Lemma 5.3 there exists some measure It c with
a + « 11, such that (5.4) holds for every f E and for every A c D.

By Theorem 2.8, there exists a Borel function j : Q x -~ [0, +too[, satisfying
conditions (Jl), (J2) and (J3) of Section 3 with a(x) = da (z), such that( )~ ( ) ( ) ( ) 

d 
( )

Therefore, by (5.4), F* ( f , A) = J~(/, A) for every f E and for every A E ~,
where J~ is the functional definition by (3.2). Since J~( ~ , A) - J~(-,~4) on
BV(Q) n LN/(N-1)(Q) (see [29], Theorem 5), from Lemma 5.2 we obtain that
(5.6) holds for every u E BV(Q) n and for every A The
extension of this equality to the general case A E follows from the fact
that both F(u, ~ ) and J,(u, . ) are measures (see (HI) and (4.12)) and from the
density property of P. D

PROOF OF THEOREM 5.1. By Theorem 4.1 and Lemma 5.4, for every
u E n and for every A E we have

where f is defined by (4.5) and h is~ the homogeneous integrand associated with
the set K defined by (4.2). Conditions (i), (ii) and (iii) follow from (4.6), (4.7)
and (4.11). The extension of this representation formula to the case u E BV(Q)
follows from the locality property (2.29). The extension to an arbitrary B E B (Q)
is a trivial consequence of the fact that F(u, ~ ) is a Borel measure (hypothesis
(H 1 )).

In general, the function f defined by (4.5) is not Borel measurable, but it
can be replaced by a Borel function, still denoted by f, which coincides with
the previous one for E ’1 and for every z E (the existence of such
a function follows easily from the fact that f is BJj(Q)-measurable in x and
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continuous in z). After this modification, the pair f, h satisfies all conditions
of the theorem. D

The following corollary deals with the case of positively I-homogeneous
functionals.

COROLLARY 5.5. Assume that the functional F : BV (Q) x B (K2) ---* [0, +oo [
satisfies the hypotheses (H 1 ), (H2) and (H3), and that for every A the

function F(., A) is positively 1 -homogeneous on BV(’1). Then there exist a
Borel function h : K2 x [0, +oo[ satisfying the inequalities

such that is positively 1-homogeneous on RN for every x E Q and

for every u E BV(Q) and for every B E B(Q).

PROOF. Since F satisfies hypotheses (HI), (H2) and (H3), there exist
a measure it E Nt(Q), with a +.eN « it, and two Borel functions f,
h : Q x ), [0,+oo[ [ satisfying conditions (i), (ii), (iii) and (iv) of Theo-
rem 5.1. From (Hl ) and from our hypotheses it follows that F( ~ , B) is positively
1-homogeneous on BV(Q) for every B E B(Q). By Theorem 5.1 (iv) we have

for every t &#x3E; 0, for every u E BV(Q), and for every B E B(Q) with = 0.

B

Therefore, for every u E we have f (x, = t f (x, for j.l-a.e.
x c Q. Arguing as in the last part of the proof of Theorem 2.3, we can prove
that the function f (x, ~ ) is positively 1-homogeneous on for j.l-a.e. x E Q.
As (Theorem 5 .1 (i)), we conclude that f (x, ~ ) is positively
1-homogeneous on for j.l-a.e. x E Q. Therefore, from Theorem 5.1(iii) we
obtain that f (x, z) - h(x, for j.l-a.e. x E Q and for every z E As

for j.l-a.e. x E Q, using Theorem 5.1(iv) we get

for every u E BV(Q) and for every B E B(Q). Since V,u in

Q, (5.7) follows from the homogeneity of h. D



524

In Theorem 5.1 the measure tz depends on the functional F, as well as the
functions f and h. We consider now the problem of the integral representation
with respect to a prescribed measure A.

THEOREM 5.6. Assume that the functional F : BV (Q) x 13 (12) -* [0, +oo [
satisfies hypotheses (H1), (H2) and (H3), and let A E enjoy a + ,GB « a.
Then the following conditions are equivalent:

(i) for every B E B (SZ) with A(B) = 0 the function F( ~ , B) is positively
1-homogeneous on BV(’1);

(ii) there exist two Borel functions f, h : Q x [0, +oo [ which satisfy
conditions (i), (ii), (iii) and (iv) of Theorem 5.1 with 1L = À.

PROOF. It is clear that (ii) implies (i). Conversely, if (i) holds, then there
exist a measure /~ C with a + « j.l, and two Borel functions g,
h : [0, +cxJ[ [ satisfying conditions (i), (ii), (iii) and (iv) of Theorem 5.1
(here g plays the role of f ). It is not restrictive to assume also that A « /~ (see
the proof of Lemma 5.3). Let M be a Borel subset of Q such that A(M) = 0
and = 0, where j.ls is the singular part with respect to A. By our
hypotheses (i), for every B E B(Q), with B C M, we have

for every t &#x3E; 0 and for every u E BV(Q). As in Corollary 5.5, this implies
that the function g(x, ~ ) is positively 1-homogeneous on R~ for x e M.
Therefore, from Theorem 5.1(iii) we obtain that g(x, z) = h(x, px (z)) for j.l-a.e.
x E M and for every z E R!~’. As Vlu(x) E E,~(x) for x using
Theorem 5.1(iv) we get

for every u E BV(Q) and for every B E B(Q). Let us define f : [0, +oo [
by

Then, for A-a.e. x E ’1 the function g(x, ~ ) is convex on As A « It,

we have 
dp. 

1 )..-a.e. in 0. and - 
da da 

)..-a.e. in S2 hence
dli dA dii dA dA 

’
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0  x z  da (x) + z for A-a.e. x c Q and for every z G R:N. Moreover,

being V,u = dA dA &#x3E;-a,e, in Q and 
dA 

&#x3E; 0 &#x3E;-a,e, in Q and 
dA 

&#x3E; 0 A-a,e.VAU 2013 -a.e. in S2 and 2013 &#x3E; 0 -a.e. in 2 and -7- &#x3E; 0 A-a.e.g dtz d&#x3E;
in Q, we have Ea(x) = EI(x) for A-a.e. x e Q. Therefore the recession function
fw satisfies fw(x, z) = for A-a.e. x c K2 and for every z E where

p2, denotes the orthogonal projection on the linear space 
Let us fix u c and let N be a Borel subset of Q, with M C N, such

that A(N) = 0 and = 0. Being A « ti, we have = 0. As

S N M = 0 and a N M = 0, we also have N M = 0. /I u = = 0 and = 0, we also = 0. Since V,,u = 

ti-a.e. in V,,u in Q, from (5.8) we obtain 
d&#x3E;

which proves (ii). 0

The following corollary describes a situation where Theorem 5.6. can be
applied.

COROLLARY 5.7. Assume that the functional F : BV (0) x B (S~) ~ [0, +oo [
satisfies hypotheses (HI), (H2) and (H3). Let (3, À E with a + {3 + LN « À.
Assume, in addition, that

for every u, v E BV(’1) and for every A E A(Q). Then there exist two Borel
functions f, h : S2 x [0, +oo [ which satisfy conditions (i), (ii), (iii) and
(iv) of Theorem 5.1 with ti = A.

PROOF. For every A E A(Q) let be the recession function of

F( . , A) defined in (2.27). By (2.28) and (5.9) we have

for every u E BV(Q) and for every A E .~ (SZ). Using the fact that F(u, .) is a
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bounded Radon measure, for every B E B(Q) we obtain

If A(B) = 0, then a(B) _ ,Q(B) = 0, hence

As is positively 1-homogeneous for every A E A (Q), we obtain that
is positively 1-homogeneous on BV(Q) for every B E B(Q) with

A(B) = 0. The conclusion follows now from Theorem 5.6. D

REMARK 5.8. It is clear from the proofs that all the results of this section
still hold if we replace by BV(Q) n L1(Q), or by BV(’1) n 
both in the hypotheses (HI), (H2) and (H3) and in the statements of the

theorems. Moreover, the semicontinuity of F( ~ , A) was used
only to prove the lower semicontinuity of the functional defined by (5.3) at

each point of n Therefore, it may be replaced by the

semicontinuity of F( - , A) on BV(i2) n or by
any stronger assumption, like, for instance, semicontinuity on
BV(Q) n L1(Q).

6. - Integral representation of r-limits

In this section we prove an integral representation theorem for r-limits
of area-type functionals. Let us begin by recalling the definition of r-limit (see
[18]). Given a metric space M, we say that a sequence of functions Fn : M - R
is r-convergent in M to a function F : M - R if both the following conditions
are satisfied for every u E M:

(a) for every sequence (un) converging to u in M we have F(u) 
lim inf Fn(un) ;
n-·oo

(b) there exists a sequence (vn) converging to u in M such that F(zt) =
lim Fn(vn).
n-·oo

This notion of convergence is called also epi-convergence, because it is

equivalent to the convergence, in the sense of Kuratowski, of the epigraph
of the functions Fn. Together with other similar notions, r-convergence has
been used by several authors to investigate asymptotic properties of variational
problems. We refer to the book [5] for a general treatment of this subject and
for a wide bibliography on related topics.

Let jn : Q x [0,+oo[ be a sequence of (possibly non-convex) Borel
functions such that
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where the function a E and the constants 71 and ~2. with 0  11  ’12,
are independent of n. Let us consider the corresponding integral functionals
Jn : L’(Q) x .~ (S~) -i [0, +00] defined by

A general compactness result about r-limits of integral functionals, whose
main ideas go back to [17], states that there exist a subsequence of (Jn), still
denoted by (Jn), and a functional J : x ~4(SZ) -~ [0,+oo], such that for
every A E 

with the usual convention that f IDul ( = +oo if BV(A) (see [23],
A

Definition 1.1 ). For the proof we refer to [9] (see, in particular, Proposition 2.4,
Theorem 3.8, and the first lines of the proof of Theorem 4.3). The same result
can be obtained also by a slightly different argument, similar to the proof of
(4.16), based on Proposition 4.16 and Theorem 6.1 of [16].

The following theorem provides an integral representation of J. It can be
considered as an extension to BV(Q) of some of the results of [ 17] ..

THEOREM 6.1. Let be a sequence of Borel integrands satisfying (6.1 )
and let (Jn) be the corresponding sequence of integral functionals defined by
(6.2). Assume that (6.3) holds for every A E A(Q). Then there exist a measure
it E with L N « j.l, and two Borel functions f, h : S2 X [0, +00],
such that

(i) for tz-a. e. x E Q the function f (x, ~ ) is convex on and satisfies

where Px denotes the orthogonal projection on the linear space 
defined in (2.2);

(ii) for every x E Q the function hex, .) is positively 1-homogeneous on RN
and

(iii) for j.l-a.e. x we have
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where 100 is the recession function of f with respect to z defined in (4.8);

(iv) for every A E and for every u E L 1 (SZ) we have

PROOF. Let F : (BV(’1) n L 1 (SZ)) x B(Q) - [0, +oo [ be the functional
defined by

Since J(u, .) is increasing on .~4 (SZ), we have

Moreover, it is possible to prove that:

(6.8) for every u E BV(’1) n the set function F(u, . ) is a Borel measure
on Q;

(6.9) for every A E the function F(’,~4) is convex and L1(Q)-lower
semicontinuous on BV(Q) n L1(Q);

(6.10) for every u E BV(’1) n L I (K2) and for every B E B (SZ) we have

Property (6.8) is proved in [9], Theorem 3.8. Since J(u, ~ ) satisfies (6.4),
property (6.8) follows also from Theorems 4.18 and 6.1 of [ 16] . The L1(’1)-lower
semicontinuity of F( ~ , A) is a consequence of (6.7) and of a general property
of r-limits (see [18], Proposition 1.8, or [5], Theorem 2.1). 

-

We now prove the convexity of F( - , A) . For every A E let j,, ( - , A)
be the greatest L1(Q)-lower semicontinuous function less than or equal to

Jn( ~ A). It can be proved that there exists a Borel function fn(x, z), convex
in z, such that

for every A E and for every u E L1(Q) with UIA E (see [10],
Corollary 2.3). See also [20], Chapter X, and [25] for similar results under

slightly different hypotheses on jn (x, z). Let Fn : L 1 (SZ) x .~ (S2) -~ [0, +oo] be
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defined by

Since, for every A E ~l (S2), -j, ( - , A) r-converges to J( ~ , A) in L I (K2) (see [18],
Proposition 1.11, or [5], Corollary 2.7), and j,,(.,A)  F,,(.,A) !~ Jn ( ~ , A),
by comparison we conclude that F,,(.,A) r-converges to J( ~ , A) in L1(Q).
Since jp~(’, j4) is convex, and convexity is preserved by r-limits, we obtain
that J(’,A) is convex on L1(Q), hence F(.,A) is convex on 
and the proof of (6.9) is complete.

Finally (6.10) is an easy consequence of (6.5) and (6.6).
By Theorem 5.1 and Remark 5.8, from (6.8), (6.9) and (6.10) it follows

that there exist ti, f and h satisfying conditions (i), (ii) and (iii) of Theorem 5.1,
such that

for every u E and for every B E B(Q). The additional inequalities
involving required in Theorem 6.1 are an easy consequence of (6.10). If
we take B = A E in (6.11 ), by (6.7) we obtain

for every u E We now prove that (6.12) holds under the weaker
assumption u~A E BV(A).

Let A E A (Q) and let u e L 1 (Q) with E BV (A). For every A’ E A (Q)
with A’ CC A there exists v E BV(Q) n Ll(S2) such that v = u a.e. on A’. By
the definition of r-limit, we have J(u, A’) = J(v, A’). Moreover V,u = 
vu = vv, and D~u = D~v on A’. Therefore (6.12) implies that

By (6.4) the same equality holds with A’ replaced by A. This proves (iv) in
the case E BV(A). If BV(A), then (6.5) implies that J(u, A) = +oo.D

In Theorem 6.1 the assumption that Jn is an integral functional is not
essential. It can be replaced by more qualitative hypotheses as, for instance, the
following set of assumptions:

(6.13) if u, v E L1(Q), A E .~ (SZ), and u = v a.e. on A, then = A);
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(6.14) for every u E L1(Q) the set function J,,,(u, .) is the restriction to A(Q)
of a Borel measure on Q;

(6.15) there exist two constants ’/1, ~2 E]0,+oo[ and a function a E such
that

where +oo whenever BV (A).
A

By using Proposition 4.16 and Theorem 6.4 of [16], we can still prove that
there exist a subsequence of (Jn) and a functional J : L’(K2) x .~(S2) ~ [0, +00]
such that (6.3), (6.4) and (6.5) hold for every A E ,~(S~2). Moreover, by Theorem
4.18 and 6.4 of [16], one obtains that J(u, .) is the restriction to of
a Borel measure on Q. Repeating, with obvious modifications, the proof of
Theorem 6.1, we obtain the following result:

THEOREM 6.2. The conclusions (i), (ii), (iii) and (iv) of Theorem 6.1 hold
for an arbitrary sequence of functionals (Jn) satisfying (6.3), (6.13), (6.14) and
(6.15).

REMARK 6.3. Condition (6.15) in Theorem 6.2 can be replaced by the
following assumptions:

With these modifications, Theorem 6.2 includes Theorem 6.1.

The following example shows that, in general, we cannot take A = LN in
the integral representation of r-limits provided by Theorem 6.1.

EXAMPLE 6.4. Let N = I and Q =] - I, I[. Let us consider a convex

function g : R - [0, +oo[ such that

An example is given by 1 + Let = I for Ixl &#x3E; 1 /n,
and = n/2 for Ixl  1 /n. Then the integrand jn : Q x R - [o, +oo [, defined
by g(z/an(x))an(x), is convex in z and, by (6.16), it satisfies the

inequalities
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If an is the Radon measure on S2 given by A,,(B) = f andx, then the integral
functional In defined by (6.2) can be written as B

The sequence (an) converges in the weak* topology of to the measure
A = 8 + .e 1, where 6 denotes the Dirac mass at the origin. Therefore, the results
of [11] ] (see also [6]) show that Jn( . , A) r-converges to J( ~ , A) in L 1 (0) for
every A E A (0), where

goo being the recession function of g.
Suppose, by contradiction, that J can also be represented as in Theo-

rem 6.1 with &#x3E; = £ 1, that is to say

Let w e BV(Q) be the function defined by w(x) = 0 for x  0, and w(x) = 1 for
x &#x3E; 0. For every t &#x3E; 0 from (6.18) we get J(tw, Q) = g(t), while (6.19) yields
J(tw, Q) = ct, with c = h(O, 1). This implies that g(t) = ct for every t &#x3E; 0, which
contradicts (6.17).

The following theorem describes a situation where the r-limit can be

represented by an integral with ~ _ .eN. Note that the additional hypothesis on
is always satisfied if 11 = ~2 in (6.1).

THEOREM 6.5. In addition to the hypotheses of Theorem 6.1, assume that
for every n E N

where b E Ll (Q) is a function independent of n. Then there exist two Borel

functions f, h : Q x [0, +oo] which satisfy conditions (i), (ii), (iii) and
(iv) of Theorem 6.1 with it = .eN.

PROOF. It is easy to see that under our hypotheses we have
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Since this inequality is preserved by r-convergence, we obtain

The conclusion follows now from (6.7) and from Corollary 5.7. D
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