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Introduction

Relaxation, homogenization, and T'-convergence problems for functionals
with linear growth (for example, area-type integrals) often lead to the following
question: given a bounded open subset Q of RY and a functional F(u, A),
depending on a function » : Q — R and on an open subset A of Q, is it
possible to give an integral representation of F'?

If F(u,-) is a measure on Q and F(u,A) = F(v,A) whenever u — v is
constant on A, then it is known that, under very mild additional assumptions,
there exists a convex integrand f : Q x R¥Y — R such that for every open subset
A of Q and for every function u in the Sobolev space W1!(Q), one can write

Flu, 4) = / 1@, Vu(@)dz,
A

where Vu denotes the gradient of u (see the papers [17], [30], [13], [12], [9],
[10], [2] and the books [5] and [8]).

These results are still not satisfactory for many applications, since all
existence theorems for functionals with linear growth involve the space BV (Q)
of functions u € LIIOC(Q) whose distributional gradient Du is an RY-valued Radon
measure with bounded variation in Q. Therefore, it is necessary to extend the
above representation to functions u which are not in the Sobolev space W 1!(Q).
This problem includes the particular case of the integral representation on BV (Q)
of the lower semicontinuous envelope J of the functional

/ J(z, Vu@)dz  if ue WH(Q),
(0.1) Ju, A) =14

+00 if w e BV Q\Wh1(Q),

whose properties were studied in [31] under very general hypotheses on the
integrand j. When j does not depend on z, an integral representation of J
on BV (Q) is given in [24] (see also [33], Section 5, for a similar problem
on BD(Q)). More generally, when j(z,z) is convex in z and satisfies suitable
continuity assumptions with respect to z, it is known (see [22] and [15]) that
for every u € BV (Q) the lower semicontinuous envelope J of J can be written
as

T(u, 4) = / (@, Va(@))ds + / Jool@, val(@))| D,

A A

where |D?u| is the variation of the singular part of the measure Du with respect
to the Lebesgue measure £V, Vu is the density of the absolutely continuous
part, v, is the Radon-Nikodym derivative of the measure Du with respect to
its variation |Du|, and j.(z, 2) is the recession function of j(z,z) with respect
to z.
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Let us remark that the general case where j(z,z) is just measurable in z
and convex in z cannot be treated using the methods of [22] and [15]. The
main difficulty, when dealing with a general lower semicontinuous functional F
on BV (Q), is that F(-, A) is not uniquely determined by its restriction to any
subspace of BV (Q) consisting of smooth functions.

In this paper, denoting by B(2) the s-field of all Borel subsets of Q, we
consider functionals F': BV (Q) x B(Q) — [0, +oo[ such that:

(H1) for every u € BV (Q) the set function F(u, -) is a Borel measure on Q;

(H2) for every open subset A of Q the function F(-,A) is convex and
Lﬁéw —1)(Q)-lower semicontinuous on BV (Q);

(H3) there exist a real constant 4 and a bounded Radon measure o on Q such
that

0< F(u,B) < a(B)+7n / | Du|
B

for every u € BV (Q) and for every B € B(Q).

Our main result (Theorem 5.1) is that, under hypotheses (H1), (H2) and
(H3) there exist a positive Radon measure p on Q and two Borel functions f,
h:Q xRN — [0, +oco[ such that for every u € BV(Q) and for every B € B(Q)
we have

02) F(u, B) = / F@, Y ule)dp + f h(z, (@) D3ul,
B B

where |Djul| is the variation of the singular part of measure Du with respect
to u, and V,u is the density of the absolutely continuous part with respect
to w. Moreover, for every z € Q, f(z,-) is convex and h(z, -) is positively
homogeneous of degree one on RY.

When F is the LYM®-D(Q)-lower semicontinuous envelope J of the
functional J introduced in (0.1), then y is the Lebesgue measure and f and h
can be computed explicitly in terms of j (Theorem 4.1). Then the necessary and
sufficient conditions for the L¥®™-D(Q)-lower semicontinuity of J on W(Q),
found in [21], follow easily from the equality f =j (Theorem 4.4).

In the last section we consider the problem of the integral representation
of I'-limits of functionals with linear growth, extending to BV (Q2) part of the
results of [17]. We prove that, under some natural conditions, the I'-limit F°
can be written in the form (0.2). An explicit example shows that the measure
p might be different from the Lebesgue measure £V. Finally, we determine a
wide class of I'-convergence problems for which the integral representation of
the T-limit can be obtained with p =LV,
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1. - Preliminaries

In this section we fix the notation and recall the main properties of
measures and functions of bounded variation. Then we discuss some results
of [3] and [4] about the duality between functions of bounded variation and
bounded vector fields with divergence in L¥(Q). This will allow us to study
some properties of 1-homogeneous integrands.

1.1. - Measures and functions of bounded variation

Let Q be a bounded open subset of RV, let B(Q) be the o-field of all
Borel subsets of Q, let A(2) be the family of all open subsets of Q, and let
Ac(Q) be the family of all open subsets of Q with a Lipschitz boundary such
that A CC Q, i.e., A is relatively compact in Q.

A Borel measure on  is a countably additive set function p : B(Q) —
] — 00, +00] such that u(®) = 0. Each positive Radon measure on Q will be
identified with the corresponding positive Borel measure u, which satisfies
w(K) < +oo for every compact subset K of Q. A real valued Radon measure
on Q is the difference of two positive Radon measures on Q and an R*-valued
Radon measure on Q will be identified with an n-tuple of real valued Radon
measures on Q. The total variation of a scalar or vector measure u will be
denoted by |u|. The Lebesgue measure on RN will be denoted by £V and the
(N — 1)-dimensional Hausdorff measure by HY-!.

For any bounded positive Radon measure y on Q, B,(Q) is the o-field of
all y-measurable subsets of Q. A closed valued multifunction ® : Q — R" is said
to be p-measurable if the set ®(C) = {x € Q : ®(z) N C #0} is p-measurable
for every closed subset C of R". For the general properties of measurable
multifunctions we refer to [14], Chapter III.

If (®;)ic; is an arbitrary family of closed-valued u-measurable
multifunctions from € into R", there exists a closed-valued p-measurable
multifunction ® : Q — P(R"®) with the following properties (see [34], Proposition
14):

1)  for every ¢ € I we have ®@;(x) C ®(z) for u-a.e. z € Q;

i) if ¥:Q — R" is a closed-valued u-measurable multifunction such that for
every 1 € I, @;(z) C ¥(z) for p-ae. z € Q, then ®(z) C ¥(z) for p-a.e.
z € Q.

This multifunction @ is unique up to u-equivalence and will be denoted
by

(1.1) D(z) = u- ess sup P;(x).

el

The space CK¥Q,R") (k = 0,1,...,00) is the set of all R*-valued func-
tions of class C* with compact support in Q, while C*(Q,R") is the set of
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all R*-valued functions of class C* in Q whose derivatives up to order k are
uniformly continuous in Q. By CJ(Q,R") we denote the space of all continuous
functions u : Q — R™ such that the set {z € Q : |u(z)| > t} is compact in
Q for every t > 0. It is a Banach space with the norm |[|ul|g = 111623(|u(z)|.
The dual of CJ(Q,R") is the space M¥Q,R™) of all R*-valued Radon measures
with bounded total variation on , endowed with the norm ||u||ps = |u|(Q).

The duality pairing is given by (u,9) = | @du. The weak* topology on

MYQ,R") is defined as the weakest topologygon M¥Q,R*) for which the maps

u — | @du are continuous for every ¢ € CJ(Q,R"). In other words, a net
Q

() in MP(Q,R™) converges weakly to p if and only if / pdup, — / pdu for

every p € CJ(Q,R™).

If n =1, the previous spaces will be indicated by C’é“(Q), C’"(Q), ClQ)
and M%(Q). The cone of all bounded positive Radon measures on Q will be
denoted by M%(Q).

Given p € MYQ,R") and v € M5(Q), we have a unique Lebesgue
decomposition u = p, + ps, Where u, is absolutely continuous and y, is singular
with respect to v. The density of u, with respect to v will be indicated by

Z—Z and will be called the Radon-Nikodym derivative of u with respect to v.
From the above definition it follows immediately that Z—Z = Cg;" v-a.e. in Q

and u(B) = / % dv + us(B) for every B € B(Q).

B

The space BV () of functions of bounded variation is defined as the
space of all functions u € Llloc(Q) whose distributional gradient Du belongs to
MB(Q,RY). The total variation |Du| of the measure Du on a set B € B(Q) will

be indicated, as usual, by | |Du|. Accordingly, the integral of a Borel function

B
f : B —» R with respect to the measure |Du| will be denoted by / f|Dul.

B
Similar notation is used for the integrals with respect to the vector measure
Du. Given p € M%(Q) and u € BV(Q), the singular part of the measure Du

. oo d
with respect to u will be indicated by Dju. Moreover we set V,u = dDu and

dDu a
Uy = dDu| Therefore ,

/Du:/ V,‘udu+/ vu|Djul
B B

B

for every B € B(Q). If p is the Lebesgue measure, Dju and V,u will be denoted
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by D®u and Vu respectively. The Sobolev space Wh!(Q) is, by definition, the
set of all functions u € BV (Q)NL'(Q) such that Du < LV, i.e. Du is absolutely
continuous with respect to the Lebesgue measure. For the general properties of
BV (Q) we refer to [23], [32], [35] and [26].

It is well known that BV (QQ) is contained in LY "1)(9) and that, if Q

loc

has a Lipschitz boundary, then BV (Q) is contained in L¥/®¥-D(Q) and

(1.2) 1(151{ ”u — t”LN/(N—I) <c / ID'U,I Yu € BV (Q),
Q

where the constant ¢ depends only on Q (see [26], Section 6.1.7).
The following proposition gives a useful characterization of the measures
of M*Q,RM) which are gradients of functions of BV (Q).

PROPOSITION 1.1. The set {Du : u € BV(Q)} is closed in the weak*
topology of MY(Q,RN). Moreover, for every u € MYQ,RY) the following
conditions are equivalent:

(i) there exists u € BV (Q) such that = Du in Q;
(ii) / wdu =0 for every p € CP(Q,RN) with divp =0 in Q.
Q

PROOF. Let us prove first that £ = {Du : u € BV(Q)} is closed in the
weak* topology of Mb(Q,RY). By the Krein-Smulian theorem (see [19], Theorem
V.5.7) it is enough to show that the intersection of £ with every closed ball
in M*Q,RY) is weakly*-closed. Since the weak* topology is metrizable on
any closed ball of M®Q,RY), it is enough to prove that £ is sequentially
weakly*-closed. Let (u,) be a sequence in £ which converges to some measure
p in the weak* topology of M®(Q,RM). Then, for every n € N, there exists
u, € BV (Q) such that y, = Du,. Let A € A(Q). By adding, if necessary, a
constant to u,, we may assume (see (1.2)) that

Junllvo- < [ 1Dl = cllanl
Q

and, since (u,) is bounded in M®(Q,RY), there exists a subsequence of (uy)
which converges to some function u, weakly in LY/ ®¥-D(A). It is then easy to
check that u|,4 is the gradient of u, in the distributional sense on A. Repeating
this argument for every A € A.(Q), we can construct v € LfgéN _I(Q) such
that g = Du. This shows that p € £ and proves that £ is weakly*-closed in
ME(Q,RY).

Let us prove now the equivalence between (i) and (ii). Since / wpDu =

Q

- / udiv pdz for every u € BV(Q) and for every ¢ € C(Q,RY), it is clear

Q
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that (i) implies (ii).
Assume now (ii) and let A € Ac(Q). Using the standard approximation
technique by convolutions, we can prove that

(1.3) /tpdu=0 Vo € CUAQ,RY), divp=0in Q, p =0 in Q\A.

Q
By the previous part of the proof the set €4 = {Du : u € BV(A)} is
weakly*-closed in M®(A,RY). Therefore, by the Hahn-Banach Theorem, if
pla & €4, then there exists 3 € CI(A,RY) such that / ¥»du#0 and / %Du =0

4 A
for every u € BV (A). If ¢ is the function defined by ¢ =1 on A and ¢ =0
on Q\A4, then ¢ € CAQ,RY),

(1.4) [ = ! b0,

Q

and / pDu = / ¥Du =0 for every u € BV (Q). By taking u € CZ(Q) we get
Q

divep =0 in thé4 sense of distributions in Q, hence (1.4) contradicts (1.3). This
proves that u|4 € 4. Therefore, for any A € Ac(Q) there exists uy € BV (A)
such that y = Duy in A. This allows us to construct u € LIIOC(Q) such that
= Du in the sense of distributions in Q. O

1.2. - Duality and divergence theorem: the space X(2)

In order to obtain a good duality pairing involving BV (Q), we introduce
the Banach space

X(Q) = {o € L®(Q,RY) : dive € LY(Q)}
endowed with the norm ||o||x = ||¢||z~ + ||dive]|zy. The weak* topology") on

(1) The Banach space X(Q) is (isometric to) the dual of the Banach space Y/Z, where
Y=L'(QRY)xL¥®¥-D@) endowed with the norm ||,u)lly=max{||¢|l,i, [lull,mw-n}, and Z is the
closure in Y of the vector space {(Vuu):ueCP(@)}. In fact, it is easy to check that Z={(s,divo):
sEX(Q)}CL*QRV)x LY (@)=Y*, and that z+ (endowed with the dual norm ||(e,£)ly+=|lo ||zeo +||fl| v ) IS
isometric to (v/2)* (see [19], Exercise I1.4.18(b)). Denoting the Z-equivalence class of (,u)eY by
[%,u], the isometry ¢—®, between x () and (Y/2)* is defined by

D, ([9,u)= f Yodo+ f udivodz Vo eX(Q), VpeL (QRY), Vue LN/WV-)(Q).
Q Q

Having identified X(Q) with (v/2)*, the corresponding weak* topology is defined as the weakest
topology on x(©) for which the maps oc—®, ([+,u]) are continuous for every yeL'(Q,R") and for every
ueLNN-D(Q).
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X(Q) is defined as the weakest topology on X(2) for which the maps

0»—»/¢adw+/ udivedz
Q

Q

are continuous for every ¢ € L'(Q,R") and for every u € LN/V-D(Q). In other
words, a net (o;) in X(Q) converges weakly* to ¢ if and only if

on — o weakly* in L®°(Q,RV), divey, — dive weakly in LY(Q).

If we identify X(Q) with the subspace {(o, dive):0o € X(Q)} of L®(Q,RN) x
LN (Q), then the weak* topology of X(Q) coincides with the product of the
weak* topology of L*(Q,RY) and the weak topology of LY (Q). Therefore, the
weak* topology of X () is metrizable on all bounded subsets of X(€2), and, by
the Banach-Alaoglu Theorem, all bounded weakly*-closed subsets of X() are
weakly*- sequentially compact.

We now consider the notion of normal trace for vector fields ¢ € X(Q).
For HV-l-a.e z € 9Q we denote by vq(z) the outer unit normal to Q at z. The
following proposition is proved in [3], Section 1.

PROPOSITION 1.2. Assume that Q has a Lipschitz boundary. Then for every
o in X(Q), there exists a unique function [0 - vq] in Ly ,(0Q) such that

(1.5) / [0 - voludHN ! = / udiveds + / oVudz  Vue C{Q).
aQ Q

We can extend the previous identity to functions » € BV (Q) by giving
a meaning to the integral / (¢ - Du), which defines a duality product between

Q
BV (Q) and X(Q2). For every v € BV (Q2) and for every ¢ € X(Q) we define a
measure (o - Du) by setting

(1.6) /w(o-Du)=—/ qudivadz—/ uoVeodr Vo € CLQ).
Q Q Q

The following proposition collects some properties of the measure (¢ - Du)
proved in [3].

PROPOSITION 1.3. For every u € BV (Q) and for every ¢ € X(Q) formula
(1.6) defines a Radon measure on Q, denoted by (¢ - Du), which is absolutely
continuous with respect to |Du|. Moreover

(i) for every B € B(R2) we have f |(o - Du)| < c/ |Dul|, where ¢ = ||o]|L~

B B
and the left-hand side denotes the variation of the measure (¢ - Du) on
the set B;
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d(o - Du)
d|Du|
continuous from X(Q) into LTBuI(Q)' when both spaces are endowed with

the weak* topology;

(iii) for every ¢ € C'(Q), u € BV(Q), 0 € X(Q) one has (po - Du) = (o - Du)
and (o - D(pu)) = (o - Du) + uo Vdz as measures in Q;

(iv) for every u € BV (Q) and for every o € X(Q) the function cVu is the
Radon-Nikodym derivative of the measure (¢ - Du) with respect to the
Lebesgue measure;

(ii) for every u € BV (Q) the linear operator ¢ — is sequentially

(v) ifo € CY(Q,RN), then /(a - Du) =/ o Du for every u € BV(Q) and for
B

every B € B(Q),
(vi) if Q has a Lipschitz boundary, then one has

/[o-l/g]udHN_1 =/(0 -Du)+/ udivedx
aQ Q

Q

for every u € BV (Q) and for every ¢ € X(Q).

From assertion (iv) of Proposition 1.3 we deduce that oy, is the
Radon-Nikodym derivative of (¢ - Du) with respect to |Du| when u € WhH1(Q).
d(a'—]';u) in the general case, we introduce
the following definition (see [4], Definition (2.9)).

In order to obtain a representation of

DEFINITION 1.4. For every ¢ € X(Q) let ¢, : Q x RY — R be the Borel
function defined by

1
1.7 . (z,2) =limsup limsup ————— / o(y)zdy,
(L7 g (,2)=limsup limsup Ces ) W)edy
r'pzyg

where ¢ = z/|z| and C, ,(z,¢) is the cylinder
Crp(@,$) = {y €RY 1 |(y — 2)¢| <7, |y — @) — [y — 2)5]¢| < p}.

REMARK 1.5. It follows immediately from the definition that g,(z,2) is
positively 1-homogeneous with respect to z. Moreover, for every (z, z) € QxRY
we have |¢,(z,2)| < |2|||o ||z~ and gy, (z, 2) = (2)g, (, 2), provided o € C1(Q)
and ¢ > 0 on Q.

The following proposition is proved in [4].

PROPOSITION 1.6. For every u € BV (Q) and for every ¢ € X(2) we have
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d(o - Du)

—d—llw =¢,(z,v) |Dul-a.e. in Q, ie.,

/(a - Du) =/ 4o (z, V)| Du| Yu € BV (Q).
B B

Moreover for |Dul-a.e. z € Q and for z = v,(z) the upper limits in (1.7) are
actually limits.

The following lemma will be used in the next section.

LEMMA 1.7. Let A € Ac(Q) and let ¢ be an element of X(QQ) such that
o0 =0 LN-a.e on Q\A. Then, for every u € BV(Q) the measure (o - Du) is
identically zero on Q\A, hence g,(z,v,) =0 blank space |Du|-a.e. on Q\A.

PROOF. Since ¢ = 0 a.e. on Q\A, we have dive = 0 in the sense of
distributions on Q\A. As dive € LV(Q) and LN(AA) = 0, we get dive =0
L£N-ae. on Q\A. Therefore, it follows immediately from (1.5) that [0 - v4] =0
HN-l.ae.on 9A. Let u € BV(Q) and p € CL(Q). If we apply Proposition 1.3(vi)
with Q replaced by A and u replaced by pu, by (1.6) and by Proposition 1.3(iii)
we obtain

/go(a'Du)=——/ u(pdivadz—/ uo Vdz
Q Q

Q
=—/ u<pdivadz—/ uanoda::/ ©(o - Du),
A A A

which implies that the measure (¢ - Du) is identically zero on Q\A. The
conclusion follows now from Proposition 1.6. a
1.3. - Homogeneous integrands

A homogeneous integrand is, for us, a Borel function h : Q x RV —
] — oo, +00], satisfying the following conditions:

(@) h(z,tz) =th(z,z) for every z € Q, zeRY, t > 0;

(b) there exists a negative constant ¢ € R, such that h(z,z) > c|z| for every
reQ, ze RV,

In what follows, we shall use a partial order between integrands. Given
two homogeneous integrands, we define the relations h; < h, and h; ~ hy by

(1.8) hi1 < hy & Vu € BV(Q), hi(z,v,) < hy(z,vy,) |Dul-a.e. in Q,

(1.9 hi ~ hy & Yu € BV (Q), hi(z,vy) = ha(z, 1) ]Du]-a.e. in Q.
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If the inequality in (1.8) (resp. the equality in (1.9)) occurs only |Du|-a.e. on
some Borel subset B of Q, we shall write h; ShZ on B (resp. hy ~ h; on B).

In the following proposition we associate a homogeneous integrand hg
with any subset K of X(Q).

PROPOSITION 1.8. Let K be a subset of X(Q). Then there exists a
homogeneous integrand hg such that:

(1) g, <hg for every 0 € K;

(i) if h is a homogeneous integrand such that q, < h for every ¢ € K, then
hK < h.

Moreover, for every u € BV (Q) we have

(1.10) hx(z,v,) = |Dul|-ess sup g, (z,vy) |Dul-a.e. in Q.
ceK

If W is another homogeneous integrand satisfying (i) and (ii), then h' ~ hg.
Finally, if D is countable and sequentially weakly*-dense in K, and hp is
defined by

(1.11) hp(z, z) = sup ¢, (z, 2),
g€D

then hp ~ hg.

PROOF. Since X(Q) is a countable union of compact metrizable subsets,
we can choose a countable subset D of K which is sequentially weakly*-dense
in K. Let hp be the homogeneous integrand defined by (1.11), let ¢ € K, and
let w € BV(Q). Since D is sequentially weakly*-dense in K, there exists a
sequence (o) in D converging to ¢ weakly* in X(Q). By Proposition 1.3(ii)
and 1.6 the sequence (g,,(z,1,)) converges to ¢,(z,v,) in the weak* topology of

‘I’Bu](Q). Since g,,(z, 1) < hp(z,vy) |Dul-a.e. in Q, we get g, (z,v,) < hp(z,vy)
|Dul-a.e. in Q. As this inequality holds for every u € BV (Q), we have g, <hp

for every ¢ € K. If h is a homogeneous integrand such that g, < h for every

o € K, then g,(z,v,) < h(z,v,) |Dul-a.e. in Q for every o € D. By (1.11) this
implies that hp(z,v,) < h(z,v,) |Dul-a.e. in Q, hence hp Sh' This shows that

hp satisfies conditions (i) and (ii) and proves the existence of hg.
If 1’ is another homogeneous integrand satisfying (i) and (ii), then A' < hg

and hyx < h', hence h' ~ hg. In particular, since hp satisfies (i) and (ii), we

have hp ~ hg.
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If u € BV(Q), then the inequality

hk(z,vy,) > |Dul-esssup g,(z, V) |Dul-a.e. in Q
ceK

is a consequence of (i). Since the opposite inequality is trivial for hp, (1.10)
follows from the equivalence hp ~ hg. O

We conclude this section with a technical lemma which will be very useful
in Section 4.

LEMMA 19. Let A € Ac(Q), let K and K' be two subsets of X(Q) with
K' C K, and let h and h' be the corresponding homogeneous integrands.
Suppose that 0 =0 LN-a.e. on Q\A for every ¢ € K' and that po € K' for
every ¢ € K and for every ¢ € CL(A) with 0 < ¢ < 1. Then h' ~ hy, where
ha(z,2) =h(z,2z) if £ € A, and hs(z,2) =0 if z € Q\A.

PROOF. By Lemma 1.7 and by (1.10) we have h' ~ 0 on Q\A. Since
K' C K, it is obvious that h' <h on A. To prove the opposite inequality, let

A’ be an open set with A' CC A and let ¢ € Cl(A) with ¢ =1 on A’ and
0< o<1 on A. For every ¢ € K we have po € K' and, by Remark 1.5, we
have g, (z, z) = gy, (z, 2) for every z € A' and for every z € RY¥. By (1.10) this
implies h(z,v,) < K'(z,v,) |Dul-ae. in A', for every u € BV(Q). Since A’ is
an arbitrary open set with A' CC A, we obtain h(z,v,) < h'(z,v,) |Dul-a.e. in
A, which gives hgh’ on A. |

2. - Representation with respect to a given measure

Let F: BV(Q) x B(Q) — [0, +oo[ be a functional satisfying the hypotheses
(H1), (H2) and (H3) considered in the Introduction. Our aim in this section is to
give an integral representation of F(u, B) for those functions u of BV (Q) whose
gradient Du is absolutely continuous with respect to a prescribed measure p.

Throughout this section we fix a measure yu € M%(Q), with £V < u, and
we consider the space W,''(Q) defined by

2.1 Wi'(Q) = {u € BV(Q) : Du < p}.

As the Lebesgue measure in absolutely continuous with respect to u, the space
W1(Q) is not trivial, because of the inclusion W''(Q) C W, "/(Q) (that justifies
our assumption on u).

We shall also use the closed-valued multifunction E, : Q — P(RY) defined
(see (1.1)) by

2.2) E,(z) = p-esssup{V ,u(z)}.
ueBV(Q)
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Recall that, by definition, E, is the smallest closed-valued p-measurable
multifunction such that V,u(z) € E,(z) for p-a.e. z € Q for every u € BV(Q).
An easy way to construct E, is to choose a countable subset D of BV (Q2) such
that the set {V,u : u € D} is dense in the subspace &, = {V,u:u € BV(Q)}
of L},(Q,RY). Then one easily checks that

(2.3) E,(z) =cl{V, u(z) : u € D} for p-ae. z €Q,

where cl denotes the closure in RV. Since €, is a linear space, we may assume
that the set D is closed under finite linear combinations with rational coefficients.
Therefore (2.3) shows that E,(z) is a linear subspace of RN for p-ae. € Q.
By taking « linear one easily checks that

(2.4) E,z)=R"  for LN- ae. z€ Q.

REMARK 2.1. When p is the Lebesgue measure LV, then E,(z) = RV
for p-a.e. z € Q. Let us underline the fact that this is not true for a general
p € M8(Q). For instance, if

wB)=LYB)+H""{(BNZ) VBe BEQQ),

where X is a smooth hypersurface in RY, then E,(z) =RY for p-ae. z € Q\X
and E,(z) = {tv(z) : t € R} for p-ae. z € QNZ, where v(z) is a unit vector
normal to X at z.

We shall use the following result due to G. Alberti.

THEOREM 2.2. Let y € MY(Q), with LY < p, and let ¢ € L,(Q,R") be a
function such that (z) € E,(z) for p-a.e. x € Q. Then there exists u € BV ()
such that V,u =1 p-a.e. in Q.

PROOF. See [1], Theorem 2.12. O

2.1. - Representation of the absolutely continuous part of a local functional

We now prove a general integral representation theorem for the absolutely
continuous part (with respect to p) of a Lipschitz continuous local functional.
This result will be used to study the Radon-Nikodym derivative (with respect to
w) of the duality measure (¢ - Du) defined by (1.6) (Section 2.2), and to obtain
an integral representation of the functional F' on the space W,-'(Q) introduced
in (2.1) (Section 2.3).

THEOREM 2.3. Let u € MY(Q), with LN < p, and let G : BV (Q) x B(Q) —
R be a functional with the following properties:

(@) G(0,B)=0 for every B € B(Q);
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(b) there exists a constant ¢ > 0 such that |G(u, B)—G(v,B)| < ¢ / | Du—Dw|
for every u, v € BV (Q) and for every B € B(Q); B
(¢) G(u,-) is a Borel measure on Q for every u € BV (Q).

For every uw € BV(Q) let G,(u,-) be the absolutely continuous part of
the measure G(u, -) with respect to pu. Then there exists a Borel integrand
7 QxRN SR such that

i) j(z,0)=0 for p-a.e. z€Q;
(i) for p-a.e. x € Q and for every z, z € RN we have |j(z,2) — j(z,z)| <
¢|pz(21) — pz(22)|, where p, denotes the orthogonal projection on E,(z);

(iii) for every u € BV (Q) and for every B € B(Q2) we have

Gatu, B) = [ 52,V
B

If ' is another B,(Q) x B(RN)-measurable integrand satisfying (i), (ii) and (iii),
then j(z, ) =j'(z, -) on RN for p-a.e. x € Q. If G(-, A) is convex (resp. linear)
for every open subset A of Q, so is the function j(z, -) for u-a.e. x € Q.

PROOF. From (b) we obtain

|Ga(u, B) — Go(v, B)| < ¢ / |Vuu—Vyoldp  Yu, ve BV(Q),
(2.5) B

VB € B(Q). -
Using (a), we obtain also |G,(u,B)| <¢c / |V, uldp for every u € BV (Q) and

B
for every B € B(2). Therefore, by the Radon-Nikodym Theorem, for every
u € BV(Q) there exists f, € L}‘(Q) such that

- (2.6) Go(u, B) =/ fudp VB € B(Q).
B

By localization, (2.5) implies that for every u, v € BV (Q) we have
2.7 | fu(@) — fo(@)| < |V, ul(z) — V, ()] for p-ae. z € Q.
Choose now a countable subset D of BV (Q) containing 0 such that the set
{Vuu :u e D} is L,(Q,RY)-dense in the set £, = {V,u : u € BV(Q)} and,

consequently,

2.8) E,(z) =cl{V, u(z) : u € D} for py-a.e. z € Q.



INTEGRAL REPRESENTATION AND RELAXATION OF CONVEX LOCAL ETC. 497

As D is countable, there exists M C Q, with u(M) = 0, such that (2.7) and
(2.8) hold for every z € Q\M and for every (u,v) € D x D. Moreover we may
assume that E,(x) is a linear subspace of RY for every z € Q\M.

For every 6 > 0 consider the function 3,5 : Q x RV —] — 00, +o0] defined
by

i z -V 6,
(2.9) Yus(@, 7) = {fu(z) if £ € Q\M and |p,(2) — V,u(z)| <

otherwise,
and define j, : Q xRV - R by

(2.10) Ju(@, z) = supinf ¥, 5(z,2) = liminf 1, s(x,2)
6>0 ueD 6—0, ueD
(note that 1, s5(z, 2) is decreasing in 6).
Since D is countable and (z, 2) — p;(2) is B,(Q) X B(RN)-measurable, (see
[14], Theorem IIl.41), the integrand j, is B,(Q) x B(RY)-measurable.
Let us prove that for every u € D we have

2.11) Ju@, V,u@) = fu@) Ve Q\M.

By (2.8) we have V,u(z) € E,(z), hence p,(V,u(z)) = V,u(z) for every =z €
Q\M. This implies, by the definition (2.9) of 9,4, that ¢, s(z, V,u(z)) = fu(z)
for every z € Q\M and for every § > 0, hence

(2.12) Ju@, V,u@) < ful@) Yz Q\M.

On the other hand (2.7) and (2.9) imply that for any v € D we have
Pos(@, Vyu(x)) > fu(@) — b for every z € Q\M. Therefore, the definition
(2.10) of j, gives ju(z,V,u(z)) > fu(z) for every z € Q\M, which, together
with (2.12), yields (2.11).

Let us prove that j, satisfies conditions (i), (ii) and (iii). Since 0 € D,
by (2.6) and (2.11) we obtain G,(0,B) = /j,,(z,O)dp, for every B € B(Q).
Condition (i) follows now from (a). B

Let us prove (ii). For every z € Q\M and for every z € R, by (2.9) and
(2.10) there exists a sequence (u,) in D such that

(2.13) V uun(z) = pi(2), Jun (@) = Ju(z, 2).

Let us apply (2.13) with z = z; and z = 2;. Then there exist two sequences (u,,)
and (v,) in D such that

(2.14) Ipz(zl) - Pz(Z2)| = nh—»r?o Ivuun(m) - V,/Un(z)l,

(2.15) |Ju(z, 21) — Ju(z, 22)| = Jlim | fun (@) — fo,(2)|.
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By (2.7) we also have |f, (z) — f,, ()| < ¢|V,un(z) — V,va(z)|, which, together
with (2.14) and (2.15), gives (ii).
By (2.6) and (2.11) we have

(2.16) Go(u, B) =/ Ju(z, V,u)dp Vu € D, VB € B(Q).
B

Let now u € BV(Q). Since V,u € €, and D is dense in &,, there exists a
sequence (u,) in D such that (V,u,) converges to V,u in L.(Q,R"). Since, by
(2.16),

G.(uy,, B) = / Ju(®@, Vyun)dp VB € B(Q), Vn € N.
B

the representation formula (iii) for » is a consequence of the continuity property
of G, and j, stated in (2.5) and (ii).

Since j, satisfies (i) and (ii), there exist a Borel integrand j : Q X RV 5 R
and a Borel set N C Q, with u(N) = 0, such that j,(z,2) = j(z,2) for every
z € Q\N and for every z € RV. This implies that j satisfies conditions (i), (ii)
and (iii).

Let ;' be another B,(Q2) x B(RM)-measurable integrand satisfying (i), (ii)
and (iii). Then there exists M' C Q, with u(M') = 0, such that for every
z € Q\M' we have

J(z, V,u(x) = j'(z, V,u(z)) Yu € D,
li(z, 21) — j(z, 21)| < ¢|pa(21) — pa(22)] V21, 2 €RV,
|7'(x, 21) — j'(z, 22)| < e|pa(z1) — pu(22)] V21, 2 €RN.

Then, using the continuity of j(z-) and j'(z, -) and the density of {V u(z) :
u € D} in E,(z), one gets j(z,2) = j(z,p.(2) = j'(z,p.(2)) = j'(z,2) for every
z € Q\M' and for every z € RV.

Assume now that G(-,A) is convex on BV (Q2) for every open subset
A of Q. Since G(u, -) is a bounded Radon measure, for every u € BV (Q)
and for every B € B(Q2) we have G(u,B) = inf{G(u, A) : A open, B C A}.
Therefore G,(-,B) is convex on BV (Q) for every B € B(Q). By (ii), (iii),
and by localization, there exists M" C Q, with w(M") =0, such that j(z, -) is
continuous on RY for every z € Q\M" and

j (z, V u(x) ; V u(x)

1.
> < 5 /(@ Vyu()
+ %f(m, V,w(z)  VzeQ\M", Yu, veD.

Hence, by continuity, j(z, -) is convex on E,(z) for every z € Q\M". The
convexity on R¥ follows from the fact that j(z, 2) = j(z,p,(2)) by (ii).
If G(-,A) is linear, we just apply the above argument to G and —G. O
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2.2. - Representation of the duality pairing

We now give the application of Theorem 2.3 to the duality pairing (¢ - Du)
between X(Q2) and BV (QQ) defined in Section 1.2.

PROPOSITION 2.4. Let u € MY(Q) with LN < p. Then for every o € X(Q)
there exists a unique o, € LY(Q,RY) such that:

(@) ou(x) € Ey(z) for p-ae x€Q;
d(c - Du)
(b) an

Moreover the lifting operator o — o, is sequentially continuous from the weak*
topology of X() into the weak™ topology of Ly (L, RY) and one has:

=0,V,u p-ae. in Q for every u € BV (Q).

) Noullzy < llollz for every o € X(Q);

(i) 0u(x)=p:(0(x)) for p-a.e. T € Q and for every o € CY(Q,RN);

(i) o,=0 LN-a.e in Q for every ¢ € X(Q);

(iv) (po), =0, p-a.e. in Q for every ¢ € C 1(Q) and for every ¢ € X(Q);
(v) if A€ A(RQ) and 0 =0 LN-a.e. on Q\A, then ¢, =0 p-a.e. on Q\A.

PROOF. Let ¢ € X(Q2) and consider the functional G : BV (Q) x B(Q) — R
defined by G(u, B) = / (6 - Du). Clearly G satisfies conditions (a) and (c) of

Theorem 2.3 and congition (b) with ¢ = ||o||z~ (see Proposition 1.3(i)). Then
there exists a Borel integrand j : Q x RY — R which satisfies conditions (i), (ii)
and (iii) of Theorem 2.3. Since G(-, B) is linear on BV (Q2) for every B € B(Q2)
(see (1.6)), the last assertion of Theorem 2.3 implies that there exists a Borel
function ¢, : Q — RY such that j(z,2) = 0,(z)z for p-ae. z € Q and for every
z € RV. Using condition (ii) of Theorem 2.3 we get ¢ w(@)2 = 0 ,(x)p,(2) for p-a.e.
z € Q and for every z € RN, which implies (a), and also |o,(z)| < ¢ = ||o ||~
for u- a.e. z € Q, which proves (i). Equality (b) follows from condition (iii) of
Theorem 2.3.

Let ¢, be another element of LY(CQ, RY) which satisfies (a) and (b). Then
the integrand j'(z,2) = 0, (z)z satisfies conditions (i), (ii) and (iii) of Theo-
rem 2.3, hence j'(z, -) = j(z, -) on R¥ for p-ae. z € Q, which yields o}, =0,
p-a.e. in Q.

Let us prove (ii). By (b) and by Proposition 1.3(i), for every u € BV ()
we have

2.17) /(0-Du)=/ 0,V udp
B

B

for every B € B(Q) such that / |Du| = 0. If 0 € CY(Q,RY), one has (see
B
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Proposition 1.3(v)) / (0 - Du) = / oDy = / oV, udu. Comparing with (2.17)
B

B B
and using localization one gets

(2.18) ocVyuu=0,V,u p-ae. in Q.

Since this holds for every u € BV (), we choose a countable subset D of
BV (Q) such that the set {V, u(z) : u € D} is dense in E,(z) for p-ae. z € Q.
By applying (2.18) we obtain that o(z) — o ,(z) is orthogonal to E,(z) for p-a.e.
z € Q. Together with (a), this gives (ii).

Take now u € Wh(Q). By Proposition 1.3(iv) and by (2.17), for every
o € X(Q) and for every B € B(2) we have

/aVudz=/(a -Du)=/ a“V“udu=/ o, Vudz.
B B B B

Thus, using localization again, we get (¢ —o0,)Vu =0 LN-a.e. in Q for every
u € WHY(Q). Taking u affine, we finally obtain ¢ =0, LN-ae. in Q, that is
(iii).

By Proposition 1.3(iii) we have (¢0),V,u = po,V,u p-ae. in Q\A for
every u € BV (Q). As in the case of (2.18), this implies that (¢0),(x)— ()0 .(x)
is orthogonal to E,(z) for u-a.e x € Q. Together with (a), this gives (iv).

If A€ Ac(Q) and 0 = 0 LN-ae. on Q\A4, then (¢ - Du) = 0 on Q\A
by Lemma 1.7. This implies 0,V,u =0 p-a.e. in Q\A for every u € BV(Q).
Choosing a countable subset D of BV (Q) such that the set {V,u(z) : u € D}
is dense in E,(z) for p-a.e. z € Q\A, we obtain that ¢,(z) is orthogonal to
E,(z) for p-ae. z € Q\A. Together with (a), this gives (v).

Let us prove, finally, that the lifting operator ¢ +— o0, is sequentially
continuous. Consider a sequence (¢") converging weakly* to ¢ in X(Q). Then
(¢™) is bounded in L*(Q,RY) and, by (i), (¢7) is bounded in LP(Q,RY).
Passing, if necessary, to a subsequence, we can suppose that (¢);) converges to
some function ¢ € L€, RM) in the weak* topology of L€, RM). Now we
have to prove that ¥ =0, p-a.e. in Q. First, we observe that, by condition (a),
we have

0= / % — p)lo T — / [ — pa($)lpdp = f % — pa()Pdp,
Q Q Q

hence ¥ (z) € E,(z) for u-a.e. x € Q. Thanks to Proposition 1.3(ii), we have

(2.19) /(a" - Du) — / (0 - Du) Yu € BV(Q), VB € B(Q).
B B
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If B € B(Q) is such that / |Dju| =0, by Proposition 1.3() we have also
B

(2.20) /(0" . Du)=/ UL‘V,,udu, /(o . Du)=/ o,V udy,
B B B B

hence

2.21) /(0" - Du) —»/ PV udp.
B B

As the limits in (2.19) and (2.21) are equal, by (2.20) and by localization we
obtain ¢,V ,u =¥V, u p-ae. in Q. Since this is true for any v € BV(Q), one
deduces as before that i(z) — ¢,(x) is orthogonal to E,(z) for p-ae. z € Q.
Since both #(z) and o,(x) belong to E,(z) for p-ae. z € Q, this gives g, =1
p-a.e. in Q. O

We are now in a position to prove that the multifunction E,, introduced
in (2.2), is the smallest closed-valued p-measurable multifunction such that
V,u(z) € E,(z) for p-ae. z € Q and for every u € W,'(Q), where W, "'(Q) is
the space defined by (2.1).

PROPOSITION 2.5. Let p € MYQ), with LY < p. Then: E,(z) =

p-esssup {V, u(z)}.
S ()]

PROOF. Let us consider the closed-valued multifunction E,’l 1 Q —» RV
defined (see (1.1)) by

E, () = p- esssup {V, u(z)}.
weW, Q)

We want to prove that Ej(z) = E,(z) for p-ae. z € Q. Recall that, by
definition, EL is the smallest closed-valued p-measurable multifunction such
that V,u(z) € E|(z) for p-ae. z € Q for every u € W, (Q). As in the case of
E,, we can prove that EL(“”) is a linear subspace of RV for p-a.e. z € Q, and
that E(z) =R for LV-ae. z € Q.

As W, '(Q) C BV(Q), we have E,(z) C E,(z) for p-ae. z € Q, thus we
have only to prove that E,(z) C EL(z) for p-ae. z € Q. By the Projection
Theorem (see [14], Theorem II1.23) the set M = {z € Q : E,(z)\E, () #0} is
p-measurable. Our aim is to prove that u(M)=0.

By the Measurable Selection Theorem (see {14], Theorem II1.22) there
exists a y-measurable function ¢ : Q — RV such that ¥(z) € E,(z) for p-ae.
z € Q and 9(z) € E,(2)\E, () for p-ae. z € M. Replacing, if necessary, ¥ by
¥/|%|, we may assume that ¢ € L2(Q,RY).

Let p, and p, be the orthogonal projections on E,(z) and E,(x)
respectively. We want to prove that pl(¥(z)) = ¢¥(z) for p-ae. z € Q, which




502 G. BOUCHITTE - G. DAL MASO

implies that ¢(z) € E) () for p-ae. z € Q, hence u(M)=0. To prove this fact,
it is enough to show that the function p/ (1)) — ¢ belongs to the linear subspace
F={oy:0 € X(Q), dive =0} of LY(Q,RY). Indeed, if pl()) — 1 € 7, then
there exists ¢ € X(Q) such that p,(¥(z)) = P(@) +ou(x) for p-ae. z € Q.
Since p!. is the identity for £L¥-a.e. z € Q, by Proposition 2.4(iii) we have
¥ =pL() =P+o, =p+0 LN-ae. in Q, hence 0 =0 LV-a.e. in Q, which implies
0, =0 p-ae. in Q (Proposition 2.4(i)). Therefore p/(1(z)) = ¥(z) + 0 ,(z) = P(z)
for py-a.e. r € Q.

In order to prove that pl () — ¢ € 7, we first show that 7 is closed
in the weak* topology of L(L, RY). By the Krein-Smulian theorem (see [19],
Theorem V.5.7) it is enough to show that the intersection of 7 with every closed
ball in Lj’f(Q,RN ) is weakly*-closed. Since the weak* topology is metrizable
on any closed ball of LP(Q,RY), it is enough to prove that 7 is sequentially
weakly*-closed. Let (¢™) be a sequence in 7 such that (¢™) converges to some
function ¢ in the weak* topology of Lff(Q,RN ). As .Cj# < u, the sequence
(o™) converges to ¢ also in the weak* topology of L*®(Q,RY). Since dive™ =0
for every n € N, we have dive = 0, hence ¢ € X(Q) and (¢") converges to
o weakly* in X(Q). By the continuity of the lifting operator ¢ — o, (Pro-
position 2.4), the sequence (o) converges to o, in the weak* topology of
Le(Q, RM). This gives ¢ =0, p-ae. in Q, hence ¢ € 7, and proves that 7 is
closed in the weak* topology of L(Q,RY).

Suppose now, by contradiction, that p,(¢¥) — ¢ & F. Then, by the
Hahn-Banach Theorem, there exists v € L,,(Q,RY) such that

(2.22) [ pwwant [ voau
Q

Q

and / ouvdp = 0 for every ¢ € X(Q) with dive = 0. In particular, if

Q
o € CHQ,RY) and dive = 0, we have ¢ € X(Q) and ¢,(z) = p,(c(z)) for
u-a.e. z € Q (Proposition 2.4(ii)), hence

/ opg(v)dp = / ps(0)vdp = / vdp = 0.
Q Q Q

This implies, by Proposition 1.1, that there exists u € W,'(Q) such that
Vuu(z) = py(v(z)) for p-ae. z € Q. Since V,u(z) € EL(I)’ we have
p(v(z)) € E,"(z) for py-a.e. r € Q. Being EL(z) C E,(z), we conclude that
p,(v(z)) = p,(v(z)) for p-ae. z € Q. As P(z) € E,(x), we have p,(¥(z)) = ¥(z)
for p-a.e. T € Q, hence

/ pL()vdp = / Yp,(v)du = / Yp,(v)dp = / Yvdy,
Q Q Q

Q
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which contradicts (2.22). This shows that p,()) — ¢ € F and proves that
P, (P(x)) = P(z) for p-a.e. z € Q, and hence u(M) = 0. Therefore E,(z) C EL(z)
for p-a.e. z € Q, and the proposition is proved. a

The following proposition makes precise the link between o,(x) and the
function g, (z, ) introduced in Definition 1.4.

PROPOSITION 2.6. Let u € M%(Q), with LY < u. Then the following
properties hold:

(i) for every ¢ € X(Q) and for p-a.e. x € Q
gs(z,2) = 0,4(x)2 Vz € E (z);

@) if by, by : QxRN —] — 00, +00] are homogeneous integrands such that
hy ~ hy on some Borel subset B of Q, then

hi(z, 2) = hy(z, 2) Vz € Ey(x)
for p-a.e. T € B.

PROOF. Let 0 € X(Q). As v,|V, u| =V, u p-ae. in Q, by Proposition 1.6
and 2.4(b) we have

/q,,(m, V,,u)du=/(a ~Du)=/ 0,V udy
B

B B

for every u € BV (Q) and for every B € B(QQ) with / |Dju| = 0. Therefore

¢z, Vyu) =0,V,u p-ae in Q. Let M be the set ofB all points z € Q such
that there exists z € E,(z) with g,(z,2)#0,(z)z. By the Projection Theorem
(see [14], Theorem III.23), the set M is p-measurable. By the Measurable
Selection Theorem (see [14], Theorem II1.22) there exists a p-measurable
function ¥ : Q — RY such that ¢(z) € E,(z) for p-ae. £ € M and
4o (z, P(x)) #0 u(z)P(x) for p-ae. x € M. Replacing, if necessary, ¢ by 9/|¢],
we may assume that ¢ € Ljf(Q,RN ). By Theorem 2.2 there exists u € BV (Q)
such that V,u =4 p-ae. in Q. This implies that g,(z, V,u)#0,V, u p-ae. in
M. As ¢, (z,V,u) = 0,V,u p-ae. in Q, we conclude that p(M) = 0, which
proves (i).

To prove (ii), we observe that, under our hypotheses on h; and h,, we
have

/hl(z,Vuu)du=/ ha(z, V, u)du
B B

for every u € BV(Q) and for every B' € B(Q) with B' C B and / |DZ“| =0;

BI
hence hi(z,V,u) = ho(z, V,u) p-ae. in B. The conclusion follows now, as in
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the previous case, using the Measurable Selection Theorem and Theorem 2.2.
O

Let K be a subset of X(Q) and let hx be the homogeneous integrand
associated with K (Proposition 1.8). According to (1.1), we can consider the
closed-valued p-measurable multifunction T* : Q — RV defined by

() = p-esssup {0 ,(2)},
geK

and its support function h, : Q x RY —] — oo, +oc] defined by
(2.23) hu(z, z) = sup{zz* : 2" € T¥(z)}.

The following proposition shows the connection between hx and h,.

PROPOSITION 2.7. Let pu € M4(Q), with LY < u, let K be a subset of
X(Q), let hg be the homogeneous integrand associated with K according to
Proposition 1.8, and let h, be the homogeneous integrand defined in (2.23).
Then for u-a.e. x € Q we have

hu(z,2) = hg(z,ps(2)) VzeRY,

where p, denotes the orthogonal projection on E,(z).

PROOF. Let us fix a countable subset D of K such that D is sequentially
dense in K for the weak* topology of X(Q) and {¢, : ¢ € D} is dense in
{0, :0 € K} for the strong topology of LL(Q,R"). Let us define

hp(z, z) = sup q,(z, 2) Vz e Q, VzeRV.
ceD

By Proposition 1.8 we have hp ~ hg. Therefore, by Proposition 2.6, for u-a.e.
z € Q we obtain

(2.24) hx(z,p:(2)) = hp(z, pz(2)) = sup g,(z, p;(2)) VzeRM.

oeD

By the definition of I'* we have I'*(z) = cl{o,(z) : ¢ € D} for p-ae. z € Q,
hence

(2.25) hu(z,z) = sup o ,(z)z Vze RV

geD

for u-a.e. z € Q. Recalling that o,(z) € E,(z), we deduce from Proposition 2.6
that

(2.26) 0u(x)z = 0 ,4(2)ps(2) = ¢, (, p2(2)) VzeRY, Vo €D
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for py-a.e. z € Q. The conclusion follows now from (2.24), (2.25), (2.26). [

2.3. - Integral representation on W’}’I(Q)

We prove now a representation theorem for the functional F' on the space
W,1(Q) introduced in (2.1).

THEOREM 2.8. Let o, u € MY(Q), with o+ LN < u, and let F :
BV (Q) x B(Q) — [0, +oo[ be a functional satisfying the hypotheses (H1), (H2)
and (H3) considered in the introduction. Then there exists a Borel integrand
7 : QxRN = [0, +oo[ such that

i) Jj(z, ) is convex on RN for p-a.e. T € Q;

(i) for p-a.e. x € Q and for every z € RN we have j(z,z) = j(z, p:(2)), where
p; denotes the orthogonal projection on the linear space E,(z) defined in
(2.2);

(iii) for every w € W' (Q) and for every B € B(Q) we have

P, B) = [ j(o, Vs
B

. d
(iv) for p-a.e. z € Q and for every z € RY we have 0 < j(z,z) < d—z (z)+9]z|.

If 7/ : QxRN — [0,+00[ is another B,(Q) x B(RN)-measurable integrand
satisfying (i), (ii) and (iii), then j(z,-)=j'(z,-) on RY for p-ae z € Q.

PROOF. For every A € A(Q) let us consider the recession function of
F(., A) defined by

(2.27) Fo(u, A) = tlim

+00

F(tu, A)
t

(existence of the limit follows from the convexity assumption (H2)). It is
well-known (see [27], Theorem 8.5) that

(2.28) Fo(u,Ay= sup [F(v+u,A) — F(v, A)],
vEBV(Q)

hence F(u, A) < F(v, A) + Foo(u — v, A) for every u, v € BV (L2). But, by (H3),
we obtain 0 < Fo(u—v,4) <~ / | Du — Dv|. Thus, interchanging » and v and

4 .
extending the inequalities to all Borel sets thanks to (H1), we can write

(2.29) |F(u,B)— F(v,B)| < v / |Du — Do| Yu, v € BV(Q), VB € B(Q).
B
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Let us consider the functional G : BV (Q) x B(Q2) — R defined by
G(u,B) = F(u, B) — F(0, B). Since G satisfies the hypotheses of Theorem 2.3,
there exists a Borel integrand g : Q x RY — R such that for y-a.e. z € Q

(2.30) g(z,0) =0,

(2.31) lg(z, 21) — g(z, )| < V|pe(21) — pa(z2)] V21, 2 €RY,

(2.32) G.(u, B) =/ g(z, V,wdp Yu € BV (Q), VB € B(Q),
B

where G,(u, -) is the absolutely continuous part of the measure G(u, -) with
respect to u. Since G(- A) is convex on BV (Q) for every A € A(L2), the function
g(z, -) is convex on RV for p-ae. z € Q.

From (2.29), by taking v = 0, one deduces that |G(u, B)| < v / |Dul,
B

hence G(u, -) = G,(u, -) on B(Q) as soon as u belongs to W;*I(Q). So, according
to (2.32), we can write

(233) F@,B)= / g9(z,Vyu)du+ FO,B)  YueW,'(Q), VB € B(Q).
B

From (H3) it turns out that the measure F'(0, -) is absolutely continuous with
respect to «; therefore there exists a functions a € L}‘(Q), with 0 < a(z) < d_a (z)

"
for p-a.e. z € Q, such that

(2.34) F(©,B) = / ady VB € B(Q).
B
Define j : QxRY — R by j(z, 2) = g(z, 2)+a(z). Then (iii) is a consequence

of (2.33) and (2.34). The convexity of j(z, -) follows from the convexity of
g(z, -). Property (ii) is a consequence of (2.31) and (iv) follows from (2.30),

(2.31) and from the inequality a < d_a u-a.e. in Q.

The uniqueness of j can be proved as in Theorem 2.3, using now
Proposition 2.5. O

3. - Representation of the conjugate functional

In this section we prove a representation formula for the conjugate of an
integral functional defined on the space W,}’I(Q) introduced in Section 2. Let
€ MY(Q), with LN < pu, and let j : Q x RY — [0,+00[ be a Borel function
such that:



INTEGRAL REPRESENTATION AND RELAXATION OF CONVEX LOCAL ETC. 507

(1) for p-a.e. z € Q the function j(z, -) is convex on RY;

(J2) for p-ae. z € Q and for every z € RY we have j(z, 2) = j(z, p,(2)), where
p; denotes the orthogonal projection on the linear space E,(z) defined in
(2.2);

(J3) there exist y € R and a € L,(Q) such that 0 < j(z,2) < a(z) + 7|z| for
p-a.e. z € Q and for every z € RV,

Note that, if p is the Lebesgue measure, then condition (J2) is always satisfied
by (2.4).
We define the functional J, : BV(Q) x B(€2) — [0, +o0] by

/ Jz, Vywdu i ue Wh(Q),
(3.1) Juu,B)=% 5

+00 otherwise,

and the conjugate functional Jj; : LN (Q) x A(Q) —] — o0, +00] by

(3.2) Ji(f, A) = sup { / fudz — Ju(u, A) : uw € BV(Q)N LN/N-I(Q)} )
Q

Note that, since V,u(z) € E,(z) for p-ae. z € Q, the functional J, depends
only on the values of j(z, -) on E,(z). For this reason, the definition of j(z, 2)
for z ¢ E,(z) is irrelevant. Our convention (J2) simplifies the statements of
Proposition 3.1 and of Theorem 4.4.

For every A € A(Q) let j4 : Q x RV — [0, +o0o[ be the functional defined
by

J(z, 2) if re A,

(3.3) Ja(z,2) = {0 if zeQ\A,

and let j}(z,2*) be the conjugate function of j4(z,z) with respect to z. An easy
computation shows that

j*(@,z*) ifze€Aand 2* €RY,
(3.4) Ja(@,2) =40 if z€ Q\A and 2* =0,
+00 if z € Q\A and 2* #0,

where j*(x,z*) is the conjugate function of j(z,z) with respect to z. Since
j(z,2) = j(z,ps(2)) for p-ae. z € Q and for every z € RY, we have
Ja(x, z*) = j*(z, 2*) = +oo for p-ae. z € Q and for every z* € E,(z).

Our aim in this section is to prove the following proposition, which will
be used in the representation theorem of Section 4.
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PROPOSITION 3.1. Let p € M(Q), with LN <« p, and let j: Q x RV —
[0, +oo[ be a Borel function satisfying hypotheses (J1), (J2) and (J3). Then for
every f € LN(Q) and for every A € A.(Q) we have

Ju(f,4) = min / Jalz,0,)du,
Q

where K; 4= {0 € L®(Q,RV): —dive = f in Q, ¢ =0 LN-a.e. in Q\A} and
o, is given by Proposition 2.4. As usual, we make the convention min () = +oo.

PROOF. let A : D(A) C LNNV-1(Q) — L,(Q,RY) be the unbounded closed
linear operator defined by

(3.5) DA =WH@NL"™'Q),  Au=V,uVueW,' (@ nLVN(Q),

and let A* : L(€, RY) D D(A*) — LM(Q) be the adjoint operator. It follows
immediately from the definition that for every (g, f) € L(€, RM) x LN(Q) we
have

(B6) Agq=f& / qV yudp = / fudz  YueWw,'@Qn LYV Q).
Q Q

Note that every regular function ¢ € C}(Q,RY) belongs to D(A*) and satisfies
A*p = —divep. Note also that the range R(A) of A is closed in L.(Q,RY) by
Proposition 1.1.

For every A € A(Q) let J, : LL(Q, R¥) — [0, +oo[ be the convex function
defined by

Ja(v) = / Ja(z,v)dp.
Q

Let G4 : LY/®¥-D(Q) — [0,+00] be the convex function defined by
Ja(Aw) = J,(u, A) if u € D(A),

+00 otherwise.

Ga(w) = {

Finally, let Jj : L(Q,RY) —] — 00, +00] and G% : LY (Q) —] — o0, +00] be the
conjugate functions of J4 and G4 respectively. As Ju(f, A) = G (f) (see (3.2)),
by a classical theorem of Convex Analysis (see [29], Theorem 19) we have

Ji(f, A) = Gy(f) =min{Ji(¢9) : g€ DIA"),A’q=f}  VfeLVQ),

with the convention that the min @ = +co. By the Rockafellar Conjugation
Theorem (see [28]), we have

Ti(@) = / i@ adu  Vge LEQRY),
Q



INTEGRAL REPRESENTATION AND RELAXATION OF CONVEX LOCAL ETC. 509

hence

G.7)  Ji(f,A)=min { / Ja(, @)y g € DY), A'g = f} Vi€ LN @).
Q

Let us consider the set Hy 4 of all functions ¢ € D(A*), with A*q = f, such
that g(z) =0 for p-a.e. z € Q\A, and g(z) € E (z) for p-a.e. z € Q. Recalling
that jj(z,z*) = +oo for z*#0 for u-a.e. z € Q\A, and that jji(z,2z*) = +oo for
z* & E (z) for p-ae. z € Q, from (3.7) it follows that

A= min [ Gieods Ve lt@,
QGHI‘A
Q

The conclusion is now a consequence of the following lemma, which
explains the link between the set H;4 and the set K;,4 considered in the
statement of the proposition. |

LEMMA 3.2. Let A be the operator defined by (3.5) and let A* be the
adjoint operator. Given f € LN(Q) and A € AQ), let K 7,4 and Hy 4 be the
sets defined in the statement and in the proof of Proposition 3.1 respectively. If
A € A(Q), then Hf,A = {a“ 0 € Kf,A}.

PROOF. Let us fix f € LN(Q) and A € A(Q). If ¢ € K 4, then by Propo-
sition 2.4(v) we have ¢, (z) = 0 for p-a.e. z € Q\A, and by Proposition 2.4(a)
we have o,(z) € E (z) for p-ae. z € Q. To prove that o, € Hy 4, it remains
to show that o, € D(A*) and Ao, = f. For every u € W,'(Q) the measure
(¢ - Du) is absolutely continuous with respect to u (Proposition 1.3(i)), hence

0,Vyudp = | (0 - Du) (Proposition 2.4(b)). By Lemma 1.7 the measure

Q Q
(0 - Du) is identically zero on Q\A. Let ¢ € CL(Q) with ¢ =1 on A. Being
oVep =0 and pdive =dive £V-ae. in Q, from (1.6) it follows that

/a,,V,,udy:/(a-Du):/ p(@ - Du) =
Q

(3.8) ¢ @

—/ u<pdivadz=—/ udivedz.
Q Q
By (3.6) this implies that o, € D(A*) and A*c, = —dive = f. Therefore
o, € Hy 4 whenever 0 € Kj 4.

Conversely, let g€ Hy 4 and let ¢ =g LN-ae. in Q. Then o € L®(Q,RY)
and ¢ =0 LN-a.e. in Q\A. By (3.6) for every p € C'(Q) we have

/0V<pdm=/ qV,ﬁpdu:/ fedz,
Q

Q Q
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hence —dive = f in Q. Together with the previous remarks, this shows that
0 € K 4. In order to prove that ¢ =0, p-a.e. in Q, it is enough to show that the
function ¢ — ¢, belongs to the linear subspace 7 = {9, : ¢ € X(Q), divy = 0}
of L2(Q,RY). Indeed, if ¢ — 0, € 7, then there exists ¢ € X(Q) such that
g=0,+v, p-ae. in Q. Since ¥, =1y LN-ae. in Q (Proposition 2.4(iii)) and
LY < p, wehave 0 =g =0,+¢, =0+ LV-ae.in Q, hence 9 =0 LV-ae. in Q,
which implies 9, = 0 p-a.e. in Q (Proposition 2.4(i)). Therefore g =0,+v, =0,
p-a.e. in Q.

Suppose now, by contradiction, that ¢ — o, ¢ 7. Since 7 is closed in
the weak* topology of L;‘f(Q,RN ) (see the proof of Proposition 2.5), by the
Hahn-Banach Theorem there exists v € L,(Q,RY) such that

3.9) /quu#/ ouvdp
Q

Q

and / Yuvdp = 0 for every ¢ € X(Q) with divy = 0. If ¢ € CH(Q,RY) and

Q
divy = 0, then we have ¢ € X(Q) and ¢, = p,(v) p-ae. in Q (Proposi-
tion 2.4(ii)), where p, is the orthogonal projection on the linear space E,(z).
Therefore

/¢P1(U)d,u=/ pm(d))vdu:/ Yuvdp =0
Q Q

Q

for every ¢ € CL(Q,RN) with divy = 0. This implies, by Proposition 1.1, that
there exists u € W,'(Q) such that V,u(z) = p,(v(z)) for p-ae. z € Q. Since
p:(q(z)) = g(z) for uy-a.e. z € Q and A*q = f, from (3.6) we obtain

(3.10) /quu=/ qu(v)d/L:/qV,,udp:/fuda:.
Q Q Q Q

Being ¢ € Ky 4 and p,(o,(z)) =0 ,(z) for p-a.e. z € Q (Proposition 2.4(a)), by
(3.8) we have

(3.11) /fudz=/ U#V,,uduzfa,,pz(v)du=/ ouvdp.
Q Q Q Q

Putting (3.10) and (3.11) together, we obtain a contradiction to (3.9). This shows
that g—o, € 7 and proves that g =0, p-a.e. in Q. Therefore, for every ¢ € Hy 4
there exists ¢ € Ky 4 such that ¢ =0, p-ae. in Q. O

The proof of Proposition 3.1 is now complete. O
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4. - Representation of the relaxed functional

In this section we prove the integral representation formula (0.2) for
the lower semicontinuous envelope of an integral functional defined on the
space W,''(Q) introduced in (2.1). Let p € ML(Q), with LN < p, let
J: QxRY — [0,+00[ be a Borel function satisfying conditions (J1), (J2)
and (J3) of Section 3, and let J, : (BV(Q)N LY®-D(Q)) x A(Q) — [0, +oo[ be
the functional defined by

Ju(u, A) = inf{lim inf J,(un, A) :u, € BV(Q) N LV/V-D(Q),
n—oo
4.1)
U, — u in LN/(N"D(Q)},

where J, is the integral functional introduced in (3.1). It is well-known that
for every A € A(Q) the function J,(-A) is the greatest LN/V-D(Q)-lower
semicontinuous function less than or equal to J,(-, A).

The integrands f and h which will appear in the integral representation
(0.2) of J, can be described explicitly in terms of the integrand j and of the
convex subset K of X(Q) defined by

“4.2) K= {a € X(Q): / JH(z,0.)dp < +oo} ,
Q

where ¢, is given by Proposition 2.4 and j*(z,2*) is the conjugate function of
j(z,z) with respect to z. Note that, as j*(z,2*) > —a(z), the integral in (4.2)
makes sense for every ¢ € X(Q).

Let T* : Q — RY be the closed-valued p-measurable multifunction defined
(see (1.1)) by

“3) () = p-ess sup {0,(2)},
[£3:¢

and let b, : Q x RY —] — 00, +00] be its support function, defined by
4.4) hu(z, z) = sup{zz" : 2" € T*(z)}.

Note that, for p-a.e. z € Q, the convex set I'*(z) is contained in the closure of
the essential domain of j*(z, - ), which, by (J2), is contained in linear subspace
E,(z) defined by (2.2).

We are now in a position to introduce the integrands f and h which will
appear in the integral representation of J,.

Let f: QxRN — [0,+00[ be the B.(Q) x B(RY)-measurable function
defined by

(45) f(fl?, Z) = Ssup [ZZ* - j*(za Z*)]a

z*el(z)
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and let h be the homogeneous integrand associated with K according to
Proposition 1.8. Using the fact that f(z,2) < j**(z,2) = j(z,2), j*(z,0) < 0
and I'*(z) C E,(z) for p-a.e. x € Q, we obtain that

(4.6) 0 < f(z,2) = f(z,p.(2)) < a(z) +|2|

for y-ae. = € Q and for every z € RY, where p, denotes the orthogonal
projection on E,(z). As j*(z,0) < 0, we have 0 € K. Since j*(z,2*) = +oo for
|2*| > v, by Proposition 2.4(iii) we have ||o ||z~ < v for every ¢ € K. Therefore,
(1.11) and Remark 1.5 imply that we can choose & in its equivalence class (see
(1.9)) so that

4.7 0< h(z,2) <qlz| VzeQ, VzeRY.
Let foo : Q x RY — [0, +0o[ be the recession function of f, defined by

[, t2)

(4.8) foolz,2) = lim £

As j*(z,2z*) > —a(zx), from (4.5) we obtain

f(z,2) < sup [22" +a(x)] = h,(z, 2) + a(z).
2*el(z)

Since h,(z, -) is positively 1-homogeneous, we conclude that
(4.9) fool@,2) < hy(z,z2) VreQ, VzeRV.

Let D be a countable subset of K such that {s, : ¢ € D} is dense in
{0, : 0 € K} for the strong topology of L(Q,RY). By the definition of
I'*(z) we have T'*(z) = cl{o,(z) : 0 € D} for p-a.e. z € Q, where cl denotes the
closure in RY. Therefore, for u-a.e. x € Q we obtain

(4.10) hu(z, z) = sup o ,(z)z Vze RN,
oeD

For every 0 € D and for u-a.e. z € Q we have o,(z) € I'*(z), hence, by (4.5),
f@ta) o §(@0u()

- VzeQ, VzeRY, V¢t > 0.

ou(z)2
Since j*(z,0,) < +oo p-a.e. in Q by (4.2), taking the limit as ¢ tends to +oo
we get foo(z,2) > o, (x)z for p-ae. € Q and for every z € RY. Taking (4.10)
into account, we obtain fo(z,2) > h,(z,2), which, together with (4.9), gives
foo(®, 2) = hy(z, 2) for p-ae. z € Q and for every z € RY. Therefore Proposition
2.7 gives

(4.11) foo(T, 2) = hy(z, 2) = h(z, ps(2))
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for u-a.e. z € Q and for every z € RY.
We are now in a position to state the integral representation theorem for
the relaxed functional J,.

THEOREM 4.1. Let p € MY(Q), with LN < u, let j : Q x RN — [0,+0o[
be a Borel function satisfying conditions (J1), (J2) and (J3) of Section 3, and let

T, (BV(Q) N LVN-1(Q)) x A(Q) — [0, +oo[

be the functional defined by (4.1). Then for every u € BV(Q)N LYN-1(Q) and
for every A € A(Q) we have

4.12) I u(u, A)=/ f(z,V”u)du+/ h(z, vy(z))| D,ul,
A A

where f is defined by (4.5) and h is the homogeneous integrand associated
(according to Proposition 1.8) with the set K defined by (4.2).

EXAMPLE. Take p = £V and let Q; and Q, be two open subsets of Q such
that £ = 9Q; UJQ, is a smooth (N — 1)-dimensional hypersurface. Denoting by
v the unit normal to X pointing outwards from Q; to Q,, we have for every
u € BV(Q) and every B € B(Q) that Du(EN B) = (uy — u;)vHY~1(ZN B) where
u; and wu, are the traces in L'(Z) of u|g, and u|g,.

Having in mind the model of two homogeneous media separated by
an interface, we consider convex functions j; and j» on RN such that
0 < ji(z) <~y(1+]z|) =1,2) and define:

J1(2) if z € Q,
]2(2) if z e Qz,

/ J(z, Vu(z))dz if w e Wh(Q),
E(w)=J,(u,Q) =1 5

+00 otherwise.

j(z,2)={

A quite easy computation yields that the homogeneous integrand defined by
Proposition 1.8 can be taken as:

(j’i)oo(z) if re Qia

mea={ = !
(]1)00 A (]2)00(2) if zeX.

From Theorem 4.1 one gets:

Ba= Y [ i(Vu@ds+ [ GaD*w)
Q;

=29

+/ U)o A (2)oo(@(uz — uy)dHN 1.
>
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Note that a similar result holds in case of vector-valued functions u € BV (Q,RY)
and can be applied to heterogeneous elasto-plastic materials.

To prove the theorem, we need the notions of C!-stability and
C'-inf-stability introduced in the following definition.

DEFINITION 4.2. Given a measure A € M%(Q) and a set H of A-measurable
functions from Q into RY, we say that H is C'-stable if for every finite family
(u;)ier of elements of H and for every family (o;);er of non-negative functions
of C'(Q) such that Z;o; = 1 in Q, we have that Z;o;u; belongs to H. In the
case n = 1, we say that H is C'-inf-stable if, under the same conditions for
(u;);er and (o), there exists uw € H such that u < X;a;u; A-a.e. in Q.

Note that C! stability implies convexity.

LEMMA 4.3. Let A € M%(Q), let K be a C'-stable set of A\-measurable
functions from Q into RN, and let f : QxRY —]+00,+00 be a By(Q) x BRN)-
measurable function such that f(x, -) is convex on RN for M-a.e. x € Q. Suppose
that f(z,u) € L)(Q) for every u € K and let T(z) = A-esssup {u(z)} (see (1.1))

ueK

and g(z) = zélll(f;) f(z,2). Then

(4.13) inf/f(z,u)dA:/gd)\.
ueK
Q Q
Moreover
4.14) inf f(x,2) = A-essinf f(z, u(zx)) A-a.e. in Q.
zel'(z) ueK

If H is a C'-inf-stable subset of L(Q), then

4.15) inf/ud)\=/wd)\,
ueH
Q Q

where w = A-essinf u.
ueH

PROOF. For (4.13) and (4.14) see [7], Theorem 1. Equality (4.15) is an easy
consequence. Indeed, let us consider the subset K of L}\(Q) obtained by taking
all convex combinations of elements of H whose coefficients are functions of
CY(Q). From the definition of C'-inf-stability one has

inf ud) = inf | ud).

ueH ueK
Q Q

As K is C'-stable, we may apply (4.13) with f(z, 2) = z for every (z,2) € QxR.
If v is A-measurable and v < u X-a.e. in Q for every u € H, then we have also
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v <u A-ae. in Q for every u € K, hence

A-essinf u = A-essinf u A-a.e. in Q,
ueK ueH

and the conclusion follows from (4.13) and (4.14). O

PROOF OF THEOREM 4.1. Let us prove that for every A € A(Q) we have
(4.16) Ju(u, A) = sup{J,(u, A") : A' € A4.(Q), A’ cC A}.

Let A€ A(Q) and let € > 0. Then there exists a compact subset C of A such
that

4.17) / adp +~ / |Dul < e.

A\C A\C
Using Proposition 4.16 and Theorem 6.1 of [16], we obtain
(4.18) Ju(u, A) < Ju(u, A") + J u(u, A\C)

for every A' € A.(Q) such that C C A’ cC A. Since, by (J3),

jﬂ(u,A\C)S / ady + v / | Dul,
A\C A\C
(4.16) follows from (4.17) and (4.18). Therefore, it is enough to prove the
theorem when A € A.(Q).

By Proposition 3.1, for every f € LV(Q) and for every A € Ac(Q) we
have

5t A= min [ i@, 0du
Q

where K;4= {0 € X(Q): —dive = f in Q, ¢ =0 LN-ae. in Q\A} and jy is
defined by (3.3). Let us fix u € BV(Q)N LYN-D(Q) and A € A(Q). Since
Ju(u, A) = J;*(u, A) (see [29], Theorem 5), we have

Ju(u, A) = sup L fudz—J;(f,A)]

fel¥ Q)

= sup max /fudz—/j;;(z,a,,)du .
feL¥ @) "€Kra J

If o € X(Q) and 0 =0 LN-ae. in Q\A, then [0 -vq] =0 HV"'-ae. on 0A (see
(1.5)). This implies that, if f = —dive, then f € LV(Q) and / fudz = / (6-Du)
Q Q
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(see Proposition 1.3(vi) and Lemma 1.7). Therefore, we can eliminate f in the
supremum and we obtain

(4.19) Ju(u, A) = sup [/ (o -Du)—/ j;(m,au)du] ,

€Ky Q

where K4 = {0 € L®(Q,RY) : ¢ =0 LN-ae. in Q\4, /]’;}(z,a,‘)du < +oo}.
Q
Note that, since j*(z,2*) > —a(zx), the integral / Ja(z,0)dp is well-defined

Q
(possibly +oo) for every o € X(Q2) (see 3.4)). In particular j*(z,0,) € LL(Q) for
every o € K,. By Proposition 2.4((iii) and (v)) we have

Ky={0 € X(Q):0,=0 p-ae. in Q\A4, / Ja(z,0)du < +oo}.
Q

Since j(z,z) > 0, one checks easily that j*(z,0) < 0. Using Proposition 2.4(iv)
and the convexity of j*(z,-), it is easy to prove that o € K, for every
o € K and for every ¢ € Cl(A) with 0 < ¢ < 1. Since K4 C K and ¢ =0
LN-ae. on Q\A for every ¢ € K4, from Lemma 1.9 we obtain that, if h is
the homogeneous integrand associated with K, then the homogeneous integrand
associated with K4 is equivalent to the function k4 defined by h(z, 2) = h(z, 2),
if z € A, and ha(z,2) =0, if z € Q\A. Therefore, Proposition 1.8 yields

(4.20) ha(z,v,) = |Du|-esssup g,(z,vy) |Dul-a.e. in Q.

0EK,

Let T’ : Q —» RV be the multifunction defined by I'y(z) = T*(z), if z € 4,
and I',(z) = {0}, if = € Q\A. Using Proposition 2.4(iv) it is easy to see that

4.21) I'y(z) = p-esssup {o,(z)} u-a.e. in Q.

c€Ky

Finally, let f4 : Q x RV — [0,+0o[ be defined by f4(z,2) = f(z,2), if z € A,
and fa(z,2) =0, if z € Q\A, where f is given by (4.5). By (3.4) it is easy to
see that

fa(z,z)= sup [zz" — ji(z,2")] Vz e Q, VzeRV.
z*el ()

Since the set {0, : ¢ € K4} is C!-stable (see Proposition 2.4(iv)), by Lemma 4.3
and by (4.21) we have

(4.22) —falz,V,u) = p- esgli{nf Ualz,0.) — 0,V ,ul p-a.e. on Q.
gEK,
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Let us consider now the measure A =y + |Djul|. Clearly |Du| < A, hence
(6 - Du) < X for every o € X(2) (Proposition 1.3(i)). Let M be a Borel subset
of Q such that u(M) =0 and |D;u|(Q\M) = 0. Thanks to Proposition 1.6 and
2.4 we can write

d(o - Du) _ {a,,V,,u A-a.e. on Q\M,
d»

4 (z,vy) A-a.e. on M.
Let T, : K4 — L1(Q) be the operator defined by

Ja(@,0,) —0,V,u on Q\M,
Tu(o) = {

4 (z,v,) on M,
and let H = {Tu(s) : 0 € K4}. Notice that, by (4.19),

(4.23) Ju(u, A) = — inf /Tu(a)d)\.
ceKy
Q

If (¢%)ics is a finite subset of H and (of),c; is a family of non-negative functions
of C'(Q) such that Z;o; = 1 in Q, then ¢ = Z;a's" belongs to K4 and o, = ;oo
p-a.e. in Q (see Proposition 2.4(iv)). Therefore, by the convexity of jj(z, -),
we have

(4.24) T.(0) < Zid'T,(6%)  Mae. in Q\M.

On the other hand, by Remark 1.5 we have

(4.25) T.(0) < Zia'T,(c")  lae. in M.
From (4.24) and (4.25) it follows that H is C!-inf-stable. Let

g = M-essinf Ty(o).
(43N

By Lemma 4.3 and by (4.23) we have I,(u, A) = — / gd). By (4.20) and

Q
(4.22) we have g = —fa(z,V,u) A-ae. on Q\M and g = —hy(z,v,) A-ae. on
M, hence
J u(u, A)=j fA(m,V”u)du+/ ha(z, v,)| Djul.
Q Q
By the definition of f4 and hg4, the last equality is equivalent to (4.12). |
We conclude this section with a lower semicontinuity theorem on WJ’I(Q),

which extends the results for W"!(Q) obtained in [21]. We recall that T* is the
closed valued u-measurable multifunction defined by (4.3) and that j*(z,z*) is
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the conjugate function of j(z,z) with respect to z. The (effective) domain of a
convex function g : R¥ — R will be denoted by domg, and the closure of a
subset A of RV will be denoted by cl A.

THEOREM 4.4. Let p € M5(Q), with LN < p, and let j : QxRN — [0, +oo[
be a Borel function satisfying conditions (J1), (J2) and (J3) of Section 3, and
let J: W, (Q) — [0,+ool be the functional defined by

J(u):/j(z,V#u)du.

Q

Then the following conditions are equivalent:

(i) J is LN™=-D(Q)-lower semicontinuous on W}'(Q) N LNN-1(Q);

(i) cl(domj*(z, -)) =T*(z) for u-a.e. x € Q;

(iii)) domj*(z, -) C I'*(z) for p-a.e. x €

(iv) j(z,2)= sup [zz* — j*(z,2*)] for p-ae. x € Q and for every z € RY;
2*€TH(z)

(v) there exists a countable subset D of X(Q) such that

/ J(z,0,)dp < +o00 Yo € D
Q

and

J(@,z) =sup[0,(2)z — j*(z,0,(x)]  VzeRY
ogeD

for u-a.e. x € Q.

PROOF. (i) = (iv). If J is LY/®-D(Q)-lower semicontinuous on Wl @n
LN¥N=D(Q), then J(u) = J,(u,Q) for every u € Whi(Q) n LN/~ 1>(Q) By
Theorem 4.1 this implies that

/ J(@, V,u)dy = / f@,Vywdp  Yue W@ n LNN-D@),
Q

where f is the function defined by (4.5). As f(z,2) < j*(z,2) = j(z,2), we
obtain j(z,V,u) = f(z,V,u) p-ae. in Q for every u € WHi(Q) n LV/V-1(Q).
Let D be a countable subset of W11(Q) N LN/ ¥-D(Q) such that {V,,u u € D}
is dense in {V,u:ue W) 1(Q)} for the strong topology of L.(Q,RY). By
Proposition 2.5 we have E,‘(z) = cl{V, u(z) : u € D} for p-ae. z € Q. Since
the functions f(z, -) and j(z, -) are continuous, and for every uw € D we have
J(, V,u(@)) = f(z, V,yu(z)) for p-ae. z € Q, we conclude that j(z,2) = f(z, 2)
for p-ae. z € Q and for every z € E,(z). By (J2) and (4.6), the same equality
holds for every z € RY. This concludes the proof of (iv).
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(iv) = (i). Let f be the function defined by (4.5). If (iv) holds, then
Jj(x,2) = f(z,2) for p-ae. z € Q and for every z € RVN. Therefore, using
Theorem 4.1 we get J(u) = J,(u,Q) for every u € Wh'(Q) n LNN-1(Q),
and, by (4.1), this implies that J is LY/®-D(Q)-lower semicontinuous on
W, Q) N LN/WN-D(Q).

(i) & (iii)). Recall that, by the definition of I'*(z), we have I'*(z) C
cl(dom j*(z,-)) for u-a.e. z € Q.

(iii) ¢ (iv). For every z € Q, let x,(z, -) be the indicator function of
I'*(z), defined by x,(z,z*) =0 if 2* € T*(z), and x,(z, z*) = +oo if 2* & ().
Then (iii) can be written as

(4.26) I, ) =7, )+ xulz, +) for py-ae. z € Q,
while (iv) can be written as
4.27) J@, ) ="z, )+ xulz, )" for y-ae. z € Q.

Since j(z,-), j*(z,-) and x,(=z, -) are convex and lower semicontinuous on
RY, conditions (4.26) and (4.27) are equivalent.

(iii) = (v). By the definition of I'*(z) there exists a countable subset D
of K such that {o,(z): 0 € D} is dense in I'*(z) for p-a.e. z € Q. From (iii)
and from the definition of K it follows that the set {o,(z) : ¢ € D} is dense
also in dom j*(z, -) for p-a.e. z € Q.

We recall that the relative interior of a convex subset A of RY, denoted
by ri A, is defined as the interior of A in the relative topology of the affine hull
of A. For every z € Q we set D(z) = {0,(z) : 0 € D} Nri(dom j*(z, -)). Then
D(z) is dense in ri(dom j*(z, -)) for y-a.e. z € Q. As the restriction of j*(x, -)
is continuous on ri(dom j*(z, -)) (see [27], Theorem 10.1), we obtain

sup [2z* — j*(z,2")] = sup [[zz* — j*(z,2")] = J* (=, 2)
z*eD(z) z*eri(dom j*(z, - ))

(see [27], Corollary 12.2.2), hence

JM(=x,2) = sup [22" — j*(z,2")] < sup[o,(2)z — j* (z,0,())]
z*eD(x) oceD

<7, 2) = j(g, 2),

which proves (v).
(v) = (@iv). If (v) holds, then ¢ ,(z) € T*(z) for p-a.e. z € Q and for every
o € D. Therefore

j@,2) < sup [22° - j*(z,2")]  VzeRM
z*el*(z)

for py-a.e. z € Q. As j(x, 2) = j**(z, 2), the opposite inequality is trivial. O
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5. - The main representation theorem

In this section we prove an integral representation theorem for a functional
F : BV(Q) x B(Q) — [0, +oo[

satisfying the following hypotheses:

(H1) for every u € BV (Q) the set function F(u, -) is a Borel measure on Q;

N,

(H2) for every A € A(Q2) the function F'(-,A) is convex and Lloé(N_l)(Q)-lower

semicontinuous on BV (Q);
(H3) there exists y € R and a € M%(Q) such that

0< F(u,B) < a(B)+~ / | Du|
B

for every u € BV (Q2) and for every B € B(Q).

THEOREM 5.1. Assume that the functional F : BV (Q) x B(Q) — [0, +oo
satisfies hypotheses (H1), (H2) and (H3). Then there exist a measure p € M%(Q),
with a+ LN < p, and two Borel functions f, h: Q x RN — [0, +oo[ such that

(i) for u-a.e. x € Q the function f(x, ) is convex on RN and satisfies
d
0< f(z,2) = f(z,p:(2)) < d—Z— @+1]2]  VzeRY,

where p, denotes the orthogonal projection on the linear space E,(x)
defined in (2.2);

(ii) for every x € Q the function h(z, -) is positively 1-homogeneous on RN
and

0 < h(z, 2) < 4|7| vz eRY;
(iii) for p-a.e. z € Q we have
foo(@,2) = b(z,pe(2))  VzERY,

where fo, is the recession function of f with respect to z defined in (4.8);
(iv) for every uw € BV (Q) and for every B € B(Q) we have

Fu,B)= [ @ ,u@du+ [ e n@)Dial
B B

We begin with some lemmas concerning the conjugate functional F* :
LY(Q) x A(Q) —] — 00, +o0] defined by

(5.1)  F*(f,A) =sup { / fudz — F(u, A) : w € BV(Q)N LN/(N‘”(Q)} .
Q
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LEMMA 5.2. Assume that F satisfies (H1), (H2) and (H3). Then

feL¥

(5.2) F(u,A)= sup [/ fudz—F*(f,A)],
Q

for every u € BV(Q)N LNN-1(Q) and for every A € A(Q).

PROOF. Given A € A(Q), let @ : LY/P¥-1D(Q) — [0, +00] be the convex
function defined by

Fu,A) if ue BV(Q)n LY/N-1(Q),

+00 otherwise,

(5.3) D(u) = {

and let ®* : LV(Q) —] — 0o, +00] be the conjugate function of ®. Then ®*(f) =
F*(f, A) for every f € LN(Q) and ®(u) = ®**(u) at every u € L¥NV-D(Q)
where ® is lower semicontinuous (see [29], Theorem 5). The conclusion
follows now from the fact that ® is lower semicontinuous at each point u
of BV(Q) N LNN-1(Q). O

FollovsLing an ideg from [6], we construct now a measure p in order to
obtain F' = J,, where J, is the functional defined by (4.1).

LEMMA 5.3. Assume that F satisfies (H1), (H2) and (H3). Then for every
countable subset D of A(Q) there exists a measure p € M4(Q), with a+ LN < p,
such that

(5.4) F*(f, A) = sup { / fudz — F(u, A) :u € W' (Q)N LN/N-I(Q)}
Q

for every f € LN(Q) and for every A € D.

PROOF. Let A € D. By the definition (5.1), F*(-, A) is the supremum of a
family of continuous functions on L¥(Q). Since LN(Q) is a separable Banach
space, by the Lindelof property this supremum is reached by taking a countable
subfamily. Doing this for every element A of the countable set D, we finally
obtain the existence of a sequence (uy) in BV (Q) N LY/ ¥-D(Q) such that

(5.5  F*(f,A)=sup / furds — Flug, A) Vf e L¥(Q), VA e D.
keN |J
~1
Let ¢ = 27% / | Duy| and let p € M8(Q) be the measure defined
Q

by u = a+ LV + Zgex|Dug|. Then (5.4) follows from (5.5), noticing that
up € WhH(Q) N LY WV-D(Q) for every k € N. O
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LEMMA 5.4. Assume that F satisfies (H1), (H2) and (H3). Then there exist a
measure p € M(Q), with a+L"N < p, and a Borel function j : QxRN — [0, +oo,

satisfying conditions (J1), (J2) and (J3) of Section 3 with a(z) = Z—Z(z), such
that for every u € BV(Q)N LYN-)(Q) and for every A € A(Q) we have

(5.6) F(u, A) = J ,(u, A),

where J,, is defined by (4.1).

PROOF. Let D be a countable subset of A.(Q2) with the following density
property: for every pair (A;, 4;) € A(Q) x A(Q), with A; CC A,, there exists
A e D such that A CC A CC A,.

Thanks to Lemma 5.3 there exists some measure p € M4(Q), with
a+ LN < p, such that (5.4) holds for every f € L¥(Q) and for every A € D.
By Theorem 2.8, there exists a Borel function j : Q x RV — [0, +ool, satisfying

conditions (J1), (J2) and (J3) of Section 3 with a(z) = Z—Z (z), such that
F(u,A)= / j@, Vywdp = Ju(u, A)  Yue W, (Q).
A

Therefore, by (5.4), F*(f, A) = J;(f, A) for every f € L¥(Q) and for every A € D,
where J; is the functional definition by (3.2). Since 7u(-,A) = J;*(-,A) on
BV (Q) N LYN-D(Q) (see [29], Theorem 5), from Lemma 5.2 we obtain that
(5.6) holds for every u € BV(Q) N LY¥-D(Q) and for every A € D. The
extension of this equality to the general case A € A(Q) follows from the fact
that both F(u, -) and 7,,(u, -) are measures (see (H1) and (4.12)) and from the
density property of D. O

PROOF OF THEOREM 5.1. By Theorem 4.1 and Lemma 5.4, for every
u € BV(Q)N LYN-D(Q) and for every A € A(Q) we have

F(u,A)=/ f(=z, Vﬂu)du+/ h(z,yu(a:))|D;u|,
A

A

where f is defined by (4.5) and h is the homogeneous integrand associated with
the set K defined by (4.2). Conditions (i), (ii) and (iii) follow from (4.6), (4.7)
and (4.11). The extension of this representation formula to the case u € BV (Q)
follows from the locality property (2.29). The extension to an arbitrary B € B(Q)
is a trivial consequence of the fact that F(u, -) is a Borel measure (hypothesis
(H1)).

In general, the function f defined by (4.5) is not Borel measurable, but it
can be replaced by a Borel function, still denoted by f, which coincides with
the previous one for u-a.e. z € Q and for every z € RV (the existence of such
a function follows easily from the fact that f is B,(€2)-measurable in z and
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continuous in z). After this modification, the pair f, h satisfies all conditions
of the theorem. |

The following corollary deals with the case of positively 1-homogeneous
functionals.

COROLLARY 5.5. Assume that the functional F : BV (Q) x B(Q) — [0, +oo[
satisfies the hypotheses (H1), (H2) and (H3), and that for every A € A(Q) the
function F(-,A) is positively 1-homogeneous on BV (Q). Then there exist a
Borel function h: Q x RN — [0,+oo[ satisfying the inequalities

0< hz,2)<Alz] VzeQ, VzeRY

such that h(z, -) is positively 1-homogeneous on RN for every z € Q and

5.7 F(u,B) = / h(z, v, (z))| Dul
B

for every uw € BV(Q) and for every B € B(Q).

PROOF. Since F satisfies hypotheses (H1), (H2) and (H3), there exist
a measure u € MY(Q), with a + LY <« p, and two Borel functions f,
h: Q xRV — [0,+00[ satisfying conditions (i), (i), (iii) and (iv) of Theo-
rem 5.1. From (H1) and from our hypotheses it follows that F'(-, B) is positively
1-homogeneous on BV (Q2) for every B € B(Q). By Theorem 5.1(iv) we have

/ (@, tV u(x)dp = F(tu, B) =tF(u,B) =1 / f(z, V,ulz)dp
B B

for every t > 0, for every u € BV (Q), and for every B € B(Q) with / |Djul = 0.

B
Therefore, for every u € BV (Q) we have f(z,tV u(z)) =t f(z, V u(z)) for p-a.e.
z € Q. Arguing as in the last part of the proof of Theorem 2.3, we can prove
that the function f(z, -) is positively 1-homogeneous on E,(z) for p-a.e. z € Q.
As f(z,2) = f(z,p;(2)) (Theorem 5.1(i)), we conclude that f(z, -) is positively
1-homogeneous on RY for p-ae. r € Q. Therefore, from Theorem 5.1(iii) we
obtain that f(z,z) = h(z,p.(2)) for p-ae. z € Q and for every z € RY. As
V,u(z) € Ey(z) for p-ae. z € Q, using Theorem 5.1(iv) we get

F(u,B):/ h(z,Vu(x))dp+/ h(m,uu(:z:))|DZu|
B B

for every u € BV(Q) and for every B € B(Q). Since v,|V,u| =V, u p-ae. in
Q, (5.7) follows from the homogeneity of h. a
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In Theorem 5.1 the measure u depends on the functional F', as well as the
functions f and h. We consider now the problem of the integral representation
with respect to a prescribed measure ).

THEOREM 5.6. Assume that the functional F : BV (Q) x B(Q2) — [0, +oo[
satisfies hypotheses (H1), (H2) and (H3), and let )\ € Mﬁ(Q) enjoy a+ L8 < )\
Then the following conditions are equivalent:

(i) for every B € B(Q) with A(B) = 0 the function F(-,B) is positively
1-homogeneous on BV (Q);

(ii) there exist two Borel functions f, h : Q x RY — [0, +oo[ which satisfy
conditions (i), (ii), (iii) and (iv) of Theorem 5.1 with u = A.

PROOF. It is clear that (ii) implies (i). Conversely, if (i) holds, then there
exist a measure p € M4(Q), with a+ LY <« u, and two Borel functions g,
h: QxRN — [0,+o0o[ satisfying conditions (i), (ii), (iii) and (iv) of Theorem 5.1
(here g plays the role of f). It is not restrictive to assume also that A\ < u (see
the proof of Lemma 5.3). Let M be a Borel subset of Q such that A(M) =0
and ps;(Q\M) =0, where u, is the singular part of p with respect to A\. By our
hypotheses (i), for every B € B(Q2), with B C M, we have

/g(z,tV“u(z))du+/ h(z,Vu(z))ItD;ul

B B

=t/ g(z, V”u(z))du+t/ h(z, vy(x))| Djul

B B

for every t > 0 and for every u € BV (Q). As in Corollary 5.5, this implies
that the function g(z, -) is positively 1-homogeneous on RY for u-a.e. z € M.
Therefore, from Theorem 5.1(iii) we obtain that g(z, z) = h(z, p;(2)) for u-a.e.
z € M and for every z € R¥. As V, u(z) € E,(z) for p-ae. z € Q, using
Theorem 5.1(iv) we get

F(u,B) = / 9(z, V u(z))dp + / h(z, V ju(z))dp

B\M BAM
(5.8)

+/ h(z, Vu(z))lD;ul
B

for every u € BV (Q) and for every B € B(Q). Let us define f : QxRN — [0, +oo[
by

fx,2)=¢g (z, % (1)z> %’f ().

Then, for X-ae. z € Q the function g(z,-) is convex on RY. As X < u,
we have Qd—'u =1 Xae. in Q and _ad_u = d—a A-a.e. in Q, hence
dp d\ e dp d\ ~ dX h ’
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0< f(z,2) < Z—(;(z)+~/|z| for M-a.e. z € Q and for every z € RY. Moreover,

being V,u = V,\ug—)‘— p-a.e. in Q and gﬁ > 0 p-a.e. in Q and Z—)‘ > 0 X-ae.

I

in Q, we have E,\(x‘L)L= E,(z) for A-a.e. z € Q. Therefore the recesgon function
foo satisfies foo(z, 2) = h(z, p)(2)) for A\-ae. z € Q and for every z € RN, where
p;\, denotes the orthogonal projection on the linear space E)(z).

Let us fix u € BV (Q), and let N be a Borel subset of Q, with M C N, such
that A(N) =0 and |D5u|[(Q\N) =0. Being A < p, we have |Dju|(Q\N) = 0. As
ps(N\M) =0 and A\(N\M) =0, we also have u(N\M) = 0. Since V,u = Vu %
p-ae. in Q\M and v,|V, u| = V,u p-ae. in Q, from (5.8) we obtain

F(u,B)= / f(z, Vyu(z))dX + / h(z, vy (2))|V yuldp
B BNN

+ / h(z, vu(2))| D, u|
BON

= / f(z, Viu(z))dA + / h(z, vy(z))|Du|
B

BNN

=/ f(z,V,\u(z))d)\+/ h(z,V“(:E))IDiuI,
B

B
which proves (ii). O

The following corollary describes a situation where Theorem 5.6. can be
applied.

COROLLARY 5.7. Assume that the functional F : BV (Q) x B(Q) — [0, +oo[
satisfies hypotheses (H1), (H2) and (H3). Let 8, A € MY(Q), with o+ f+ LN < A
Assume, in addition, that

5.9 Fu+v,A) < F(u, A) + F(v, A) + B(A)
for every u, v € BV(Q) and for every A € A(Q). Then there exist two Borel

functions f, h: Q x RYN — [0,+00[ which satisfy conditions (i), (ii), (iii) and
@iv) of Theorem 5.1 with u= M.

PROOF. For every A € A(Q) let F(-,A) be the recession function of
F(-, A) defined in (2.27). By (2.28) and (5.9) we have

F(u, A) — a(A) < Foo(u, A) < F(u, A) + B(A)

for every u € BV (Q) and for every A € A(Q). Using the fact that F(u, -) is a
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bounded Radon measure, for every B € B(£2) we obtain
F(u,B) — a(B) < inf{ Foo(u, A) : A€ A(Q), B C A} < F(u, B) + B(B).
If A\(B) =0, then a(B) = 3(B) =0, hence
F(u,B) =inf{F(u,A): A€ A(Q),B C A}.

As Fy(-,A) is positively 1-homogeneous for every A € A(Q), we obtain that
F(-,B) is positively 1-homogeneous on BV (Q) for every B € B(Q) with
A(B) = 0. The conclusion follows now from Theorem 5.6. O

REMARK 5.8. It is clear from the proofs that all the results of this section
still hold if we replace BV (Q) by BV (Q)N L'(Q), or by BV(Q)N LY/ V-1(Q),
both in the hypotheses (H1), (H2) and (H3) and in the statements of the
theorems. Moreover, the széw_l)(ﬂ)-lower semicontinuity of F'(-,A) was used
only to prove the lower semicontinuity of the functional defined by (5.3) at
each point of BV(Q) N LY¥-D(Q). Therefore, it may be replaced by the
LN/N=-D(Q)-lower semicontinuity of F(-,A) on BV (Q) N LY¥-D(Q), or by
any stronger assumption, like, for instance, L'(Q)-lower semicontinuity on
BV (Q) N LY(Q).

6. - Integral representation of I'-limits

In this section we prove an integral representation theorem for I'-limits
of area-type functionals. Let us begin by recalling the definition of I'-limit (see
[18]). Given a metric space M, we say that a sequence of functions F,, : M — R
is T-convergent in M to a function F': M — R if both the following conditions
are satisfied for every u € M:

(a) for every sequence (u,) converging to u in M we have F(u) <
liminf F,(u,);

n—0oo

(b) there exists a sequence (v,) converging to u in M such that F(u)
lim F, (v,).

n—00

This notion of convergence is called also epi-convergence, because it is
equivalent to the convergence, in the sense of Kuratowski, of the epigraph
of the functions F,. Together with other similar notions, I'-convergence has
been used by several authors to investigate asymptotic properties of variational
problems. We refer to the book [5] for a general treatment of this subject and
for a wide bibliography on related topics.

Let j, : Q@ x R¥ — [0,+0o[ be a sequence of (possibly non-convex) Borel
functions such that

6.1)  y|z| <julz,2) < al@)+72l2|  VnEN, VzeQ, VzeRY,
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where the function a € L'(Q) and the constants v; and v,, with 0 < v; < 72,
are independent of n. Let us consider the corresponding integral functionals
Jo : LNQ) x A(Q) — [0, +00] defined by

/ Jn(x, Vu)dz if u|s € WH(4),
(6.2) Ju(u, A) = § %

+00 otherwise.

A general compactness result about I'-limits of integral functionals, whose
main ideas go back to [17], states that there exist a subsequence of (J,), still
denoted by (J,), and a functional J : L'(Q) x A(Q) — [0, +oo], such that for
every A € A(Q):

(6.3) Ju(+,A) T-converges to J(-,A) in L'(Q),

(6.4) J(u, A) =sup{J(u,A"): A' € AQ),A' cC A} Vue L (Q),

(6.5) o1 / |Du| < J(u, A) S/ adz + ¥, / | Du| Vu e L'(Q),
A A A

with the usual convention that / |Du| = 400 if u|s & BV(A) (see [23],

Definition 1.1). For the proof we réfer to [9] (see, in particular, Proposition 2.4,
Theorem 3.8, and the first lines of the proof of Theorem 4.3). The same result
can be obtained also by a slightly different argument, similar to the proof of
(4.16), based on Proposition 4.16 and Theorem 6.1 of [16].

The following theorem provides an integral representation of J. It can be
considered as an extension to BV (Q) of some of the results of [17].

THEOREM 6.1. Let (j,) be a sequence of Borel integrands satisfying (6.1)
and let (J,) be the corresponding sequence of integral functionals defined by
(6.2). Assume that (6.3) holds for every A € A(Q). Then there exist a measure
p € MY(Q), with LV < u, and two Borel functions f, h: Q x RY — [0, +o00],
such that

(i) for p-a.e. x € Q the function f(z,-) is convex on RN and satisfies
d N

£ (z) + 722 vz e RV,

dy
where p, denotes the orthogonal projection on the linear space E,(x)
defined in (2.2);

(i) for every x € Q the function h(z, -) is positively 1-homogeneous on RN
and

M|z £ f(z,2) = f(z,p:(2)) < a(x)

|z < h(z,2) < 72|72 vz e RY;

(iii) for p-a.e. x € Q we have
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foo(, 2) = h(z, ps(2)) Vz e RY,

where fo, is the recession function of f with respect to z defined in (4.8);
(iv) for every A € A(Q) and for every u € L'(Q) we have
/ f(z,V,,u(z))d,u+/ h(z, v, (x))| Duyul if ul4 € BV(A),
J(u, A) = A A

+00 otherwise.

PROOF. Let F : (BV(Q) N L'(Q)) x B(Q) — [0,+oc0[ be the functional
defined by

(6.6) F(u,B) =inf{J(u,A): A€ A(Q),B C A}.
Since J(u, -) is increasing on A(Q), we have
(6.7) J(u, A) = F(u, A) Yu € BV(Q)NLY(Q), VA € A(Q).

Moreover, it is possible to prove that:

(6.8) for every u € BV(Q)N L'(Q) the set function F(u, -) is a Borel measure
on Q;

(6.9) for every A € A(Q) the function F(-,A) is convex and L'(Q)-lower
semicontinuous on BV (Q) N L'(Q);

(6.10) for every u € BV(Q)N L'(Q) and for every B € B(Q) we have

71/]Du|§F(u,B)$/adz+72/ | Duj.
B B B

Property (6.8) is proved in [9], Theorem 3.8. Since J(u, -) satisfies (6.4),
property (6.8) follows also from Theorems 4.18 and 6.1 of [16]. The L!(Q)-lower
semicontinuity of F(-,A) is a consequence of (6.7) and of a general property
of I'-limits (see [18], Proposition 1.8, or [5], Theorem 2.1).

We now prove the convexity of F(-, A). For every A € A(Q) let J,(-, A)
be the greatest L'(Q)-lower semicontinuous function less than or equal to
Jn(- A). It can be proved that there exists a Borel function f,(z,z), convex
in z, such that

Tn(u, A) = / fo(z, Vu)dz
A

for every A € A(Q) and for every u € LY(Q) with u|, € WH(A4) (see [10],
Corollary 2.3). See also [20], Chapter X, and [25] for similar results under
slightly different hypotheses on j,(z,z). Let F, : L'(Q) x A(Q) — [0,+c0] be
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defined by
/ fulz, Vu)dz if ulq € WhHi(4),
Fo(u,A) = A
+00 otherwise.

Since, for every A € A(Q), J.(-,A) T'-converges to J(-,A) in L'(Q) (see [18],
Proposition 1.11, or [5], Corollary 2.7), and J,(-,A) < F,(-,A) < Ju(-,A),
by comparison we conclude that F,(-,A) I'-converges to J(-,A) in L'(Q).
Since F,(-,A) is convex, and convexity is preserved by I'-limits, we obtain
that J(-, A) is convex on L!(Q), hence F(-,A) is convex on BV (Q)N L'(Q)
and the proof of (6.9) is complete.

Finally (6.10) is an easy consequence of (6.5) and (6.6).

By Theorem 5.1 and Remark 5.8, from (6.8), (6.9) and (6.10) it follows
that there exist x, f and h satisfying conditions (i), (ii) and (iii) of Theorem 5.1,
such that

(6.11) F(u,B)=/ f(z, V”u(x))du+/ h(z, vy (x))| Dyul
B B

for every u € BV(Q)NL'(Q) and for every B € B(Q). The additional inequalities
involving ~;|z| required in Theorem 6.1 are an easy consequence of (6.10). If
we take B = A € A(Q) in (6.11), by (6.7) we obtain

(6.12) J(u, A)=/ f(z,V”u(z))du+/ h(z,uu(m))]DZu[
A

A

for every u € BV(Q)N L'(Q). We now prove that (6.12) holds under the weaker
assumption u|4 € BV (A).

Let A € A(Q) and let u € L'(Q) with u|4 € BV(A). For every A’ € A(Q)
with A’ CC A there exists v € BV(Q)N LY(Q) such that v = u a.e. on A'. By
the definition of I'-limit, we have J(u,A’) = J(v, A"). Moreover V,u = Vv,
vy =y, and Dju = Djv on A'. Therefore (6.12) implies that

J(u, A')=/ f(z,V,,u(z))dp,+/ h(z,yu(z))|Df‘u|.
AI

AI

By (6.4) the same equality holds with A’ replaced by A. This proves (iv) in
the case u|4 € BV(A). If u|4 € BV (A), then (6.5) implies that J(u, A) = +oo0.(]

In Theorem 6.1 the assumption that J, is an integral functional is not
essential. It can be replaced by more qualitative hypotheses as, for instance, the
following set of assumptions:

(6.13) if u, ve LY(Q), A € A(RQ), and u =v a.e. on A, then J,(u, A) = J,(v, A);
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(6.14) for every u € L'(Q) the set function J,(u, -) is the restriction to A(Q)
of a Borel measure on Q;

(6.15) there exist two constants ~;, ¥, €]0,+oo[ and a function a € L!(Q) such
that

o / | Dul| SJn(u,A)S/ ad:c+'yz/ | Dul Vue LY(Q), VA € AQ),
A A A

where / | Du| = +oo0 whenever u|4 & BV (A).
A

By using Proposition 4.16 and Theorem 6.4 of [16], we can still prove that
there exist a subsequence of (J,) and a functional J : L'(Q) x A(Q) — [0, +oo]
such that (6.3), (6.4) and (6.5) hold for every A € A(Q2). Moreover, by Theorem
4.18 and 6.4 of [16], one obtains that J(u, -) is the restriction to A(Q) of
a Borel measure on Q. Repeating, with obvious modifications, the proof of
Theorem 6.1, we obtain the following result:

THEOREM 6.2. The conclusions (i), (i), (iii) and (iv) of Theorem 6.1 hold
for an arbitrary sequence of functionals (J,) satisfying (6.3), (6.13), (6.14) and
(6.15).

REMARK 6.3. Condition (6.15) in Theorem 6.2 can be replaced by the
following assumptions:

ol / |Vuldz < J,(u, A) S/(a+f72|Vu|)dz if ulq € WhH(4),
A A

Jo(u, Ay =+00  if ul4 € WHI(A).

With these modifications, Theorem 6.2 includes Theorem 6.1.

The following example shows that, in general, we cannot take u = LV in
the integral representation of I'-limits provided by Theorem 6.1.

EXAMPLE 64. Let N =1 and Q =] — 1,1[. Let us consider a convex
function g : R — [0, +oo[ such that

(6.16) |z] < g(2) < 2|2| VzeR,
(6.17) g(tz) #tg(2) Vz > 0,Vt > 0.

An example is given by g(z) = |z| — 1 + /1 +|z|%. Let a,(z) =1 for |z| > 1/n,
and an(z) =n/2 for |z| < 1/n. Then the integrand j, : Q x R — [0, +oo[, defined
by Jjn(z,2) = g(z/an(z))an(z), is convex in z and, by (6.16), it satisfies the
inequalities

|z| < jn(z, 2) < 2|2| Ve Q, VzeR.
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If A, is the Radon measure on Q given by \,(B) = / andz, then the integral
functional J, defined by (6.2) can be written as B

/ g(Vauwdd,  if uls € W)(A),
Jn(u7 A) = A

+00 otherwise.
The sequence (\,) converges in the weak* topology of M®(Q) to the measure
A=6+ L', where § denotes the Dirac mass at the origin. Therefore, the results

of [11] (see also [6]) show that J,(-,A) I'-converges to J(-,A) in L(Q) for
every A € A(Q), where

/ g(V,\u)d/\+/ Joo(V)| D3 if ul4 € BV (4),
(6.18) Ju,A)= 4 4 4
+00 otherwise,

doo being the recession function of g.
Suppose, by contradiction, that J can also be represented as in Theo-
rem 6.1 with u= L', that is to say

J(u, A) = / f(z, Vu(z))dz +/ h(z, vy(z))| D*u| Yu € BV (Q),
(6.19) A A
VA € A(Q).

Let w € BV (Q2) be the function defined by w(z) =0 for z < 0, and w(z) =1 for
z > 0. For every t > 0 from (6.18) we get J(tw, Q) = g(¢), while (6.19) yields
J(tw, Q) = ct, with ¢ = h(0, 1). This implies that g(¢) = ¢t for every ¢ > 0, which
contradicts (6.17).

The following theorem describes a situation where the I'-limit can be
represented by an integral with u= L£V. Note that the additional hypothesis on
(Jn) is always satisfied if v, =~, in (6.1).

THEOREM 6.5. In addition to the hypotheses of Theorem 6.1, assume that
for every n € N

(@, 21+ 22) < Ju(@, 21) + Jn(@, 22) +b(z)  Vz €Q, Va1, n €RY,
where b € L'(Q) is a function independent of n. Then there exist two Borel
functions f, h: QxRN — [0,+00] which satisfy conditions (i), (i), (iii) and
(iv) of Theorem 6.1 with u= LV.

PROOF. It is easy to see that under our hypotheses we have

Jn(u+v,A) < Ju(u, A) + Jp(v, A) +/ bdz Yu, v € L'(Q), VA € AQ).
A
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Since this inequality is preserved by I'-convergence, we obtain

Ju+v,4) < J(u, A) + J(v,A)+/ bdz  Vu, ve LY(Q), VA € A(Q).
A

The conclusion follows now from (6.7) and from Corollary 5.7. O

(1]

(2]

(3]

(4]

[5]

[6]

(7]
(8]
(9]
(10]
[11]
[12]
[13]
[14]
(15]

(16]

REFERENCES

G. ALBERTI, Rank one properties for derivatives of functions with bounded variation.
Proc. Roy. Soc. Edinburgh Sect. A, to appear.

G. ALBERTI - G. BUTTAZZO, Integral representation of functionals defined on Sobolev
spaces. Composite media and homogenization theory, 1-12 Birkhéuser, Boston, 1991.
G. ANZELLOTTI, Pairing between measures and bounded functions and compensated
compactness. Ann. Mat. Pura Appl. (4) 135 (1983), 293-318.

G. ANZELLOTTI, Traces of bounded vectorfields and the divergence theorem. Preprint
Univ. Trento, 1983.

H. ATTOUCH, Variational convergence for functions and operators. Pitman, London,
1984.

G. BOUCHITTE, Représentation intégrale de fonctionelles convexes sur un espace de
mesures. 1I. Cas de 1’épi-convergence. Ann. Univ. Ferrara Sez. VII (N.S.) 33 (1987),
113-156.

G. BOUCHITTE - M. VALADIER, Integral representation of convex functionals on a
space of measures. J. Funct. Anal. 80 (1988), 398-420.

G. BUTTAZZO, Semicontinuity, relaxation and integral representation problems in the
calculus of variations. Pitman Res. Notes in Math., Longman, Harlow, 1989.

G. BUTTAZZO - G. DAL MASO, T-limits of integral functionals. J. Analyse Math. 37
(1980), 145-185.

G. BuUTTAZZO - G. DAL MASO, Integral representation and relaxation of local func-
tionals. Nonlinear Anal. 9 (1985), 515-532.

G. BUTTAZZO - L. FREDDI, Functionals defined on measures and applications to non
equi-uniformly elliptic problems. Ann. Mat. Pura Appl. (4) 159 (1991), 133-149.

L. CARBONE - C. SBORDONE, Some properties of T-limits of integral functionals.
Ann. Mat. Pura Appl. (4) 122 (1979), 1-60.

M. CARRIERO - E. PASCALI, T'-convergenza di integrali non negativi maggiorati da
funzionali del tipo dell’area. Ann. Univ. Ferrara Sez. VII (N.S.) 24 (1978), 51-64.
C. CASTAING - M. VALADIER, Convex analysis and measurable multifunctions. Lecture
Notes in Math. 580, Springer-Verlag, Berlin, 1977.

G. DAL MASO, Integral representation on BV (Q) of T-limits of variational integrals.
Manuscripta Math. 30 (1980), 387-416.

G. DAL MASO - L. MODICA, A general theory of variational functionals. Topics in
functional analysis (1980-1981), 149-221, Quaderni Scuola Norm. Sup. Pisa, Pisa,
1981.



[17]
(18]
(19]
[20]
(21]
(22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]
(30]
(31]
(32]

(33]
(34]

[35]

INTEGRAL REPRESENTATION AND RELAXATION OF CONVEX LOCAL ETC. 533

E. DE GIORGI, Sulla convergenza di alcune successioni di integrali del tipo dell’area.
Rend. Mat (6) 8 (1975), 277-294.

E. DE GIORGI - T. FRANZONI, Su un tipo di convergenza variazionale. Atti Accad.
Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 58 (1975), 842-850, and Rend. Sem.
Mat. Brescia 3 (1979), 63-101.

N. DUNFORD - J.T. SCHWARTZ, Linear operators. Interscience, New York, 1957.

I. EKELAND - R. TEMAM, Convex analysis and variational problems. North-Holland,
Amsterdam, 1976.

A. GAVIOLI, Necessary and sufficient conditions for the lower semicontinuity of certain
integral functionals. Ann. Univ. Ferrara Sez. VII (N.S.), 34 (1988), 219-236.

M. GIAQUINTA - G. MODICA - J. SOUCEK, Functionals with linear growth in the
calculus of variations. 1. Comment. Math. Univ. Carolin. 20 (1979), 143-156.

E. GIUSTI, Minimal surfaces and functions of bounded variation. Birkhduser, Boston,
1984.

C. GOFFMAN, J. SERRIN, Sublinear functions of measures and variational integrals.
Duke Math. J. 31 (1964), 159-178.

P. MARCELLINI - C. SBORDONE, Semicontinuity problems in the calculus of variations.
Nonlinear Anal. 4 (1980), 241-257.

V.G. MAZ'YA, Sobolev spaces. Springer-Verlag, Berlin, 1985.

R.T. ROCKAFELLAR, Convex Analysis. Princeton University Press, Princeton, 1970.
R.T. ROCKAFELLAR, Convex integral functionals and duality. Contributions to
Nonlinear Functional Analysis, 215-236. Academic Press, New York, 1971.

R.T. ROCKAFELLAR, Conjugate duality and optimization. CBMS-NSF Regional Conf.
Ser. in Appl. Math. 16, SIAM, Philadelphia, 1974.

C. SBORDONE, Su alcune applicazioni di un tipo di convergenza variazionale. Ann.
Scuola Norm. Sup. Pisa. Cl. Sci. (4) 2 (1975), 617-638.

J. SERRIN, On the definition and properties of certain variational integrals. Trans.
Amer. Math. Soc. 101 (1961), 139-167.

L.M. SIMON, Lectures on geometric measure theory. Proc. of the Centre for Mathe-
matical Analysis (Canberra), Australian National University, 3, 1983.

R. TEMAM, Problémes mathematiques en plasticité. Gauthier-Villars, Paris, 1983.
M. VALADIER, Multi-applications measurables a valeurs convexes compactes. J. Math.
Pures Appl. 50 (1971), 265-297.

AL VOLPERT - S.I. HUDJAEV, Analysis in classes of discontinuous functions and
equations of mathematical physics. Martinus Nijhoff Publishers, Dordrecht, 1985.

Mathématiques

Université de Toulon et du Var
BP 132

83957 La Garde Cedex
(France)

S.IS.S.A.
Via Beirut, 4
34014 Trieste
(Italy)



