Bounding suprema of canonical processes via convex hull *

Rafal Latala

Abstract

We discuss the method of bounding suprema of canonical processes based on the
inclusion of their index set into a convex hull of a well-controlled set of points. While
the upper bound is immediate, the reverse estimate was established to date only for
a narrow class of regular stochastic processes. We show that for specific index sets,
including arbitrary ellipsoids, regularity assumptions may be substantially weakened.

1 Formulation of the problem

Let X = (X1,...,X,) be a centered random vector with independent coordinates. To
simplify the notation we will write

X, = (t,X) = ZtiXi for t = (t1,...,t,) € R
)

Our aim is to estimate the expected value of the supremum of the process (X¢)ier, i.e. the
quantity
bx(T):=EsupX;, T C R" nonempty bounded.

teT
There is a long line of research devoted to bounding bx(T') via the chaining method (cf.
the monograph [11]). However chaining methods do not work well for heavy-tailed random
variables. In this paper we will investigate another approach based on the convex hull
method.

First let us discuss an easy upper bound. Suppose that there exists tg, t1,... € R™ such

that

T —tp C conv{tt;: i> 1} (1)

then for any u > 0,

Esup X; = Esup X; 4, < Esup|Xy,| < u+ Y EIXy|T(x, ju)-
teT teT i>1 i>1
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Indeed the equality above follows since X;_;, = X; — X3, and EX;, = 0 and all inequal-
ities are pretty obvious. To make the notation more compact let us define for nonempty
countable sets S C R"”

Mx(S) = iI;fO |:U+ZE|X75|I{|XHZU} s Mx(S) = inf {m > 0: ZE|Xt|I{|Xt|Zm} < m}
tesS tes

It is easy to observe that
My (S) < Mx(S) < 2Mx(S). (2)

To see the lower bound let us fix u > 0 and set m = u + > ;5 E[X¢[I{|x,|>v) then

2 EIXiTxzmy < DBl xi g < m.
tes tes

S0 Mx(s) < m. For the upper bound it is enough to observe that for u > MX(S) we have

2tes BIXel x>0y <
We have thus shown that

bx(T) < Mx(S) <2Mx(S) if T —toC conv(SU—S). (3)

Remark 1. The presented proof of (3) did not use independence of coordinates of X, the
only required property is mean zero.

Main question. When can we reverse bound (3) — what should be assumed about variables
X; (and the set T') in order that

T —ty Cconv(SU—-S) and Mx(S) < EsupX; (4)
teT

for some tg € R™ and nonempty countable set S C R"™?

Remark 2. It is not hard to show (see Section 3 below) that Mx(S) ~ Emax;|X;,| =
bx(SU—=S)if S = {t1,...,tx} and variables (X3,); are independent. Thus our main
question asks whether the parameter bx (7)) may be explained by enclosing a translation
of T into the convex hull of points +t; for which variables X;, behave as though they are
independent.

Remark 3. The main question is related to Talagrand conjectures about suprema of positive
selector processes, c.f. [11, Section 13.1], i.e. the case when 7' C R?} and P(X; € {0,1}) = 1.
Talagrand investigates possibility of enclosing 7" into a solid convex hull, which is bigger
than the convex hull. On the other hand we think that in our question some regularity
conditions on variables X; is needed (such as 4 + 0 moment condition (10), which is clearly
not satisfied for nontrivial classes of selector processes).



—+

Remark 4. i) In the one dimensional case if a = inf7, b = supT, then T' C [a,b] =
b

a+b
2

b—a
2

b
by, (T) = Emax{aX1,bX;} — %EXl +E

= e = i (57))

so this case is trivial. Thus in the sequel it is enough to consider n > 2.

ii) The set V := conv(S U —S) is convex and origin-symmetric. Hence if T = —T and
T—ty C VthenT+tg = —(—T—ty) = —(T'—to) C Vand T C conv((T—to)U(T+tg)) C V.
Thus for symmetric sets it is enough to consider only g = 0.

iii) Observe that bx (conv(T")) = bx(T") and T — t¢ is a subset of a convex set if and only
if conv(T') — t¢ is a subset of this set. Moreover, if T'—T C V then T'—ty C V for any
to € V and bx(T — T) = bx(T) + bX(*T) = bX(t) + b,)((T). So if X is symmetric it is
enough to consider symmetric convex sets 7.

Notation. Letters ¢, C' will denote absolute constants which value may differ at each
occurence. For two nonnegative functions f and g we write f 2> g (or g < f) if g < Cf.
Notation f ~ g means that f 2> g and g = f. We write ¢(«), C'(«) for constants depending
only on a parameter « and define accordingly relations 2., <., ~a-

Organization of the paper. In Section 2 we present another quantity mx(S), defined
via L,-norms of (X¢):cg, and show that for regular variables X; it is equivalent to Mx (S).
We also discuss there the relation of the convex hull method to the chaining functionals. In
Section 3 we show that for 7' = B} the bound (3) may be reversed for arbitrary independent
X1,...,Xp and S ={eq,...,e,}. Section 4 is devoted to the study of ellipsoids. First we
show that for T' = B and symmetric p-stable random variables, 1 < p < 2, one cannot
reverse (3). Then we prove that under 4 4+ ¢ moment condition our main question have the
affirmative answer for 7' = Bj and more general case of ellipsoids. We extend this result
to the case of linear images of By-balls, ¢ > 2 in Section 5. We conclude by discussing
some open questions in the last section.

2 Regular growth of moments.
In this section we consider variables with regularly growing moments in a sense that

[ Xillop < af|Xillp < oo for p>1, (5)

where | X, = (E\X|p)1/p.
For such variables we will prove that there is alternate quantity equivalent to Mx (S),
namely
mX(S) := inf Sl;p Hth Hlog(e—i-i)'

where the infimum runs over all numerations of S = {t;: 1 <i< N}, N < 0.



It is not hard to check (cf. Lemma 4.1 in [7]) that (5) yields
[ Xill2p < Co()[| Xellp  for p>1 (6)
and as a consequence we have for p > 0,
P(IXi| > el Xellp) < e P(IXi| = ()| Xillp) > min{ea(), e}, (7)

where the first bound follows by Chebyshev’s inequality and the second one by the Paley-
Zygmund inequality.

Proposition 5. Suppose that X; are independent r.v’s satisfying condition (5). Then
Mx(S) ~a mx(S)

Proof. Let S = {t;: 1<i < N} and m :=sup; [| Xy, [[iog(e+i)- Then for u > 1,

N N
SOR(X] > wm) < STP(Xe| > 0l X loggern) < D u o,

seS i=1 =1
Therefore
o0
S EIX | x,ezmy = D (eQm]P’(|Xs| > e?m) + m/ P(| X, > um)du)
sES s€S e

IA
3
M) =

(e2—210g(6+i)+/00 u—log(e+i)du>
1 e?

((e + i)_2<e2 + log(e—i—lz)—1>) < 100m,

which shows that Mx (S) < 100mx (S) (this bound does not use neither regularity neither
independence of X;).

To establish the reverse inequality let us take any m > 2Mx (S) > Mx(S) and enumer-
ate elements of S as ti,t2,... in such a way that that i — P(|X,| > m) is nonincreasing.
By the definition of M x(S) we have

<.
Il

IA
3

-
Il
—

N N

1
> P(Xy| > m) < EZE!XtiUﬂxt”zm} <1
=1 i=1

In particular it means that P(|X;,| > m) < 1/i. By (7) this yields that for ¢ > 1/ca(cv)
1 X¢; llog(iy < m/c1(a). Since log(e +1i)/log(i) < 2 for i > 3 we have || Xy, |liog(eti) < C(a)m
for large i. For i < max{3,1/ca()} it is enough to observe that log(e + i) < 25 so

1Xe, lhog(eiy < Co(@)E|X,| < Co(a) @ Mx(S).

This shows that || Xy, [liog(e+i) Sa ™ for all i and therefore mx (S) Sa Mx(S).



2.1 ~x-functional

The famous Fernique-Talagrand theorem [3, 10] states that suprema of Gaussian processes
may be estimated in geometrical terms by ~s-functional. This result was extended in
several directions. One of them is based on the so-called vx functional.

For a nonempty subset T' C R™ we define

vx(T) :=infsup Y~ Ay x(An (1)),
teT 1=

where the infimum runs over all increasing sequences of partitions (Ay),>0 of T' such
that Ag = {T} and |A,| < N, := 22" for n > 1, A,(t) is the unique element of A,
which contains ¢ and A, x(A) denotes the diameter of A with respect to the distance
dp(s,t) := || Xs — X¢l|on.

It is not hard to check that bx(7T) < vx(T). The reverse bound was discussed in [6],
where it was shown that it holds (with constants depending on 5 and \) if

1 Xillp < BgllXin and [ Xillxp > 2] Xillp for all i and p > ¢ > 2. (8)

Moreover the condition [|Xl[, < B2]|X;lly is necessary in the i.i.d. case if the estimate
vx(T) < Cbx(T) holds with a constant independent on n and 7" C R™.

The next result may be easily deduced from the proof of [6, Corollary 2.7], but we
provide its proof for the sake of completeness.

Proposition 6. Let X; be independent and satisfy condition (5) and let T' be a nonempty
subset of R™ such that yx(T) < co. Then there exists set S C R™ such that for any tg € T,
T—toCcT—TCconv(SU=S) and Mx(S) <mx(S) Sa vx(T).

Proof. Wlog (since it is only a matter of rescaling) we may assume that IEXZ-2 =1.
By the definition of vx(7') we may find an increasing sequence of partitions (.4,,) such
that Ag = {T}, |A;| < N; for j > 1 and

[e.e]
sup Y Ay x(An(t)) < 2x(T). 9)
teT =5
For any A € A, let us choose a point 7,(A) € A and set m,(t) := 7, (An(t)).

Let My, := 37 o Nj forn =0,1,... (we put No := 1). Then log(M,+2) < 27+l Notice
that there are |A,| < N, points of the form 7, (t) — m,—1(t), t € T. So we may define sy,
M,y <k < M,,n=1,2,... as some rearrangement (with repetition if |A,| < N,) of
points of the form (7, (t) —mn—1()) /| X, 0) = Xm0 lont1, £ € T Then || X, [liog(ite) < 1
for all £ > 1.

Observe that

[t = mn(®)ll2 = [1X: = Xr ) ll2 < B2, x(An(t)) < An x(An(t)) =0 for n — occ.



For any s,t € T we have my(s) = mo(t) and thus

s—t= lim (my(s) — m,(t)) = lim (Z(ﬂ'k(s) —7r—1(8)) = Y (mr(t) — Wk_l(t))> .

n—oo n—oo
k=1 k=1

This shows that
T —-T C Rconv{zLs,: k> 1},

where

R:= qujﬁzzdn—%l Tn(t), Tn-1(t)) < QSung”“ x(An-1(t))
te te

< C(a supZAn 1,x(An-1(t)) < 2C(a)yx (1),

el

where the second inequality follows by (6). Thus it is enough to define S := {Rsp: k >
1}. O

Remark 7. Proposition 6 together with the equivalence bx (1) ~q . 7x(T') shows that the
main question has the affirmative answer for any bounded nonempty set 7' if symmetric
random variables X; satisfy moment bounds (5). We strongly believe that the condition
| Xillap = 2]|.X||p is not necessary — equivalence of bx(7") and the convex hull bound was
established in the case of symmetric Bernoulli r.v’s (P(X; = £1) = 1/2) in [1, Corollary 1.2].
However to treat the general case of r.v’s satisfying only the condition ||.X;||, < 5§||Xin
one should most likely combine vy functional with a suitable decomposition of the process
(Xt)ter, as was done for Bernoulli processes.

3 Toy case: /;-Ball
Let us now consider a simple case of T'= B} = {t € R": ||t||; < 1}. Let
1
ug := inf {u > 0: IP’(max|Xi\ > u) < f}.
i 2

Since
P(max|X;| > u) > = mln{ ZP|X\>U}

we get

o OOl
E sup X; = E max Xi:/ ]P’maxX>udu> u—l—/ P(1X;| > uw)du
By max |Xi 0 (e Xl 2 0) " ; (1l =

1 1
,u0+ Z/ P(1X;| > w)d §u0+§ZE(|Xi|—uo)+.
=1



Therefore
n n
2uo + Y EIXi|T(jx, 15200y < 200 +2 ) E(Xi| —uo)y < 4E sup Xy,
i=1 i=1 teBy

so that Mx({e;: @ < n}) < 4Esup;cpn Xy, where (€i)i<n is the canonical basis of R™.
Since B} C conv{zey,...,%e,} we get the affirmative answer to the main question for
T = B}

Proposition 8. If T' = B} then estimate (4) holds for arbitrary independent integrable
r.v’s Xi,..., X, with S = {e1,...,en} and ty = 0.

4 Case II. Euclidean balls

Now we move to the case T' = BY. Then sup,cr(t,z) = |z|, where |z| = ||z]|2 is the
Euclidean norm of x € R"™.

4.1 Counterexample

In this subsection X = (Xj, Xo,...,X},), where X} have symmetric p-stable distribution
with characteristic function ¢x, (t) = exp(—|t|?) and p € (1,2). We will assume for conve-
nience that n is even. Let G be a canonical n-dimensional Gaussian vector, independent
of X. Then

T T 7'['
BIX| = BxEqy [31(X,6)| = |/ TBoExI(X, G}l = | [FEGIGIEIX:

~p E|Gllp ~ (EI|G|5)! P ~ n/?.

Observe also that for u > 0, P(|X1| > u) ~, min{l, u™P}, so
E| X1 x,)>u} ~p umin{l,u"P} + / min{1,v P}dv ~, min{1,u' P}, u >0

and
EIXe Igx, 50y = IEIpEI X1 x5 0e),3 ~p in{ [[E]p, o' P[E]E}, w >0, t € R™.

Hence .
D OIEE SpuP for u> Mx(S).
tesS

Suppose that By C conv(SU—S) and Mx(S) ~ My (S) < co. We may then enumerate
elements of S as (tx)N_,, N < oo in such a way that (||t]|,)2_, is nonincreasing. Obviously



n (otherwise conv(S U —S) would have empty interior). Take u > M x(S) and set
span({tx: k <n/2}). Then |[tx||h < CpuP/n for k > n/2. Thus

o =
v

1
B} c wom(SU—8) C E + comv({£ty: k>n/2}) C E+ (%) “uBn.

Let ' = E+ and Pr denotes the ortogonal projection of R™ onto the space F. Then
dimF = dimF = n/2 and

Cpo\1/p
BYNF = Pp(BY) C (ﬁ’) uPp(BP).

In particular

n n Cp\1/p n n
=2 vl By N F) < (=2)uvoly 5 (Pe(By)).

By the Rogers-Shephard inequality [8] and inclusion Bf  n'/ p=1/ QBI’} we have

n) volo(B3) — _ ., vol,(By) < (Cn-Vrynl2.

L, /2(Pr(B))) <
volu/a(Pr(By)) < <n/2 vol, o(Bp N E) — VOln/2(”1/271/pB§mE)

This shows that u >, n?P~1/2. Thus Mx(S) =, n*?~1/2 > n'/? ~, bx(BY) and our
question has a negative answer in this case.

4.2 4+ 6 moment condition

In this part we establish positive answer to the main question in the case 7' = B3 under
the following 4 + § moment condition

Fre@slrcon (EX)YT < AEX)V? <00 i=1,...,n. (10)

The restriction r < 8 is just for convenience. The following easy consequence of (10)
will be helpful in the sequel.

Lemma 9. Suppose that X1, ..., X, are independent mean zero r.v’s satisfying condition
(10). Then for any 1 <p<r,

n
H ZuiXi
i—1

~x HZU,X = (ZuEX) (11)
P i=1 i=1

and

1/2

1<i<j<n 1<i<j<n 1<i<j<n



Proof. Since it is only a matter of scaling wlog we may and will assume that IE’,Xi2 =1 for
all 4.

Rosenthal’s inequality [9] gives for 2 < p < r (recall that r € (4, 8], so constants below
do not depend on )

H Zn:uiXZ ~ (ZE|uiXi|2)1/2 + (ZE|uiXip)l/p ~A (Z )1/2 (Z |Uz’p) "
~(Zu)”

%

To estimate ||S||, for 1 < p < 2 and S = > ; u;X; it is enough to note that ||S|; <
1/3, o112/3 1/3, o112/3
1Sl < IISll2 and ISz < [S122ISIF ~x IS5 IS I, s 1Sy ~ [1S]le-
To prove the last part of the assertion we will use the hypercontractive method. Observe
that for a real number u there exists 6 € [0, 1] such that

r—1 - .
" 04 guy =202 Ly + @l Loy

<1+ ru+r22m 30 4 27"

(I+u)" < (1+ru—|—

Hence (note that A > 1, EX; = 0, EX? = 1 and E|X;|" < \")

Ju]”

2
+2_4T\u\r§1+%+ <1+max{2 2 ]u]r}

1 2
—uX) <14p29r3 Y .

E(1
( + 32 1024

Since
(EQ + uX;)?)7? = (1 +u?)/? > 1+max{2 u?, Jul" }

we get [|1 + s3xuXi|lr < ||1 + uX;|2 for any u € R and the hypercontractivity method (cf.
[5, Theorem 6.5.2]) yields (12) for p = r. The case 1 < p < r may be obtained in the same
way as in the proof of (11). O
Observe that (10) implies that Var(X?) < (A — 1)(EX?)?, so Var(|X[?) < Y ,(\?
)(EX?)? < (A\* — 1)(E|X|?)2. This yields that E|X|* < M(E|X|?)? and (E|X|?)!/?
NE|X|.
The next fact is pretty standard, we prove it for completeness.

Lemma 10. For any k there exists T C BY with |T| < 5% such that B C 2conv(T).

Proof. Let T be the maximal %—Separated set in B§, the standard volumetric argument
shows that |T'| < 5%. We have B C T + $B5 C conv(T) + 3 B5, so B C 2conv(T). O

The next lemma comes from [4].



Lemma 11. For any 1 < k < n there exists T C By with |T| < %”5k such that By C

24/ 2conv(T).

Proof. Let | = [n/k] < 2n/k and R" = F; @ --- @ F} be an orthogonal decomposition of
R™ into spaces of dimension at most k. By Lemma 10 we can find T; C Ba(F;) := By N F;
such that By(F;) C 2conv(T};) and |Tj| < 5%. Let T := J,.;T;- Then T C BY and
T| <15k < 25k,

Fix now = € Bj and x; denotes its orthogonal projection on F;. Observe that

il < VI(X al?) < VA

i<l i<l
Therefore
x C \ﬂconv{o, Hle e ﬁ} C \/ZCOHV(UBQ(FZ‘)) c 2Vlconv(T).
e i i<l

Lemma 12. Let Y be a vector uniformly distributed over S"~'. Then

. tl 201t +nu?) ., n
EI<Y,t>|f{<y,t>|zu}Smm{\/%,(‘nu)e YR e R, w0,

Proof. Observe that (Y,t) is distributed as |¢t|Y;. Hence
Bl O vo1zap = HEYLyij2u/e)-

We have E|Y;| < (E[Y1]?)/2 = n=1/2. Moreover P(Y; > v) < exp(—nv?/2) for v > 0 (cf.
[12]). Therefore

o0

o0
ElYi[Iy; >uy < uP([Y1] > ) +/ P(|Y1] > v)dv < 2ue™™ /2 4 2/ e 2 qu

u u

< 2ue /2 49 / T nijag, _ 20000 g

w U nu
O

Now we are able to show that (4) holds for ' = Bj under 4 + § moment condition.
Proposition 13. Let X1,..., X, be independent centered r.v’s with variance 1 satisfying

condition (10). Then there exists S C R™ such that |S| < 10n2, BY C conv(S) and
Mx(S) Sra v~y E[X| = bx(B3).

10



Proof. By the Rosenthal inequality [9] we have (recall that r € (4, 8]),

n n 1/2 n 2/r
IXE =l =21 (X varxd) "+ (D EIXZ-1172)
i=1 /2 i=1 =1
<\ 02 42/ < 9p1/2,
Therefore

EIX|T x5 vamy < BV2(XE =) xps amy < V2PTPE(XP —n)2 < C(A)nw‘(?"/“-)

13

By Lemma 11 (applied with & = ¢(r)logn) there exists ti,...,ty such that Bf C

conv{ty,...,tx}, N < 10nY/?+7/8 and |t;| < C(r)y/n/logn, 1 < i < N. Let U be the

random rotation (uniformly distributed on O(n)) then Ut; is distributed as [t;|Y, where YV
has uniform distribution on $"~!. Thus by Lemma 12,

EvEx (X, Uti) | I x, vtz = ExEy [V, 16 X)) Iy 51 x) >0}

< Emin { [l X| 2]t X + nu?) e I |
= N nu
til At +20% 2y

< Ut xzvam +

u

Recall that |t;| <, \/n/logn so for sufficiently large C(r) we get by (13),
EvEx (X, Ut I x v scmvm < COOnTAti| +n72 < C(r, \nt/27/4,

As a consequence there exists U € O(n) such that

N
S CEXX, Ut Iy vmg 500y vm < NC(r, Ant/27/4 < 10C(r, Nn! =78 (14)
i=1
Thus if we put S := {Uty,...,Utn} we will have conv(S) = Uconv{ty,...,tx} D BY and
M (8) < C'(r, )y,
O

4.3 Ellipsoids

We now extend the bounds from the previous subsection to the case of ellipsoids, i.e. sets
of the form

— {t )’
8::{t€R”: Yot 31}, (15)
i1 %
where u1, ..., u, is an orthonormal system in R"™ and ai,...,a, > 0.

11



Observe that

sup(t, ) =
tef

n
Z CL? <l’, u’i>2
=1

To treat this case we will need the following Lemma.

Lemma 14. Let X = (Xy,...,X,), where X; are independent mean zero and variance
one r.v’s satisfying 4 + & condition (10).
i) For any ai,...,a, >0 and any o.n. vectors ui, ..., U,
n 1/2 n 1/2 n 1/2
E(D af(Xu)?) "~y (B adX,u?) = (Yat) "
k=1 k=1 k=1

it) For any n X n matriz B,

2/r

(EUBXP —1BI%s)"?) " < COIBTBIL.

In particular for any linear supspace E C R™ od dimension k € {1,...,n},
2/r
(E(]PEX]Q - k)’"/2> < C(NKY2.

Proof. Part i) follows from Lemma 9.
To show part ii) let B = (bij)gszl, e1,€a,...,¢e, be the canonical basis of R™ and let

n
04,5 ‘= Zbl:ile = <B€i,B€j>, 1 < i,j <n.
Then

1B - HBHHSHT/Q—HZX2—1>UH+ S XX

1<i#j<n
< H Z(Xf = Do
i=1
Applying Rosenthal’s inequality we get

H Zn:(Xf - 1)0"i,i 5 (Zn:Var(Xf)aZ > (Z]E . 1“/2 7n/2>2/7“
=1 " i=1
S () s (o) <o ar)”
i=1

=1 i=1

r/2

.t H XiXjoi,j
1<i#j<n

12



Hypercontractive method (as in the proof of Lemma 9) yields

‘2 - (Zgzj)lm'
1#]

‘ T

H ZXinffi,j 2 S H ZXinUz’,j
i#] i#]

Finally

n

(So2) "+ (X e)

i=1 i#j

1/2 1/2
<2(Yo3) " = 2B Bllus.
i7j

Now we state and prove the main result of this section.

Theorem 15. Let Xi,..., X, be independent centered r.v’s satisfying the condition (10)
and let T be an ellipsoid in R™. Then there exists S C R™ such that |S| < 10n?, T C
conv(S) and

Mx(S) Sep bx (T).

Proof. Since it is only a matter of scaling we may and will assume that EX 22 =1 for all i.
Let T = € be an ellipsoid of the form (15). Then the first part of Lemma 14 yields

n 1/2
EsupXt=E<Za%<X,Uk>2> ~A
te€ P

By homogenity we may assume that Y j_; a2 = 1.
Define

Io={i: 27" Y <a; <278, g o= ||, Ji={k€Z: I, #0}, Ep:=spanfu;:ic I}}.

Then
1<) m27 <4, (16)

In particular J is a subset of nonnegative integers.
We claim that for any positive sequence (cj)ies such that ), 0122 <1,

EC Conv( U ck2_kB£’“), where Bg’“ = By N E}.
keJ

Indeed, let Ppx := Zie[k (x,u;)u; be the projection of x onto Ej, then

Pk.%‘
| Pyl

r = Z 6;12k|Pkl‘|Ck2_k
keJ

13



and for x € &,

\2
Sl < [Y o2 [Soinaps [ Y3 R <
keJ keJ keJ keJ icly, a;

Let us for a moment fix £ € J. By Lemma 11 (applied with & = ¢(r)logny) there
exists t1,...,tn, € Ej such that ng C conv{ty,...,tn,}, Nk < 10n,1€/2+T/8 and [t;| <
C(r)y/ni/log(ng). Let U be the random rotation of Ej (uniformly distributed on O(E}))
then Ut; is distributed as [t;]Y, where Y has uniform distribution on S* := S"~1 N Ey.
Thus by Lemma 12,

EuEx (X, Uti) | I{(x,ut:)[>u}
= BxEy (Y, [t:| Pe, X) 11y, t: Pr, X) >}
til | Pe, X| 2(ti]*Pg, X|* + niu?) efnkuQ/@ltilf“lPEkXP)}
N nEu
Atl® 20 2,
u

< Emin{

[t
S \/ﬁE|PEkX|I{\PEkX|2\/2nk} +

We have

E|Pg, X|1(ipy, x[>yamry < V2E(PeX[* =) 2L p, x>y
< V2P PE(|Pp X2 — i) < C P,
where the last bound follows by Lemma 14. Recall that |t;| <, +/nk/lognyg, thus for
sufficiently large C'(r) we get

—r/4 — —r/4
EvEx[(X, Ut) | L x,ue)=coryvm < C(A)ny, Pt +ng? < Clr, 2>

As a consequence there exists U € O(E}) such that

Ng
S Ex X, Ut Iy vnyscmymmy < NeClr N> <100(r, Any 7%,
=1

Define S = {tk,la e ,th\/k} = {Utl, ey UtNk}- Then COHV(Sk) = UCOIlV{tl, e ,tNk} D)
Bl Ny < 10n,**7/® < 1002 and

Ny,
D Ex (X 1) Ly 200 vy < Olr Mm%
=1
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Set ¢, 1= 2F+2(2% 4 ny)~1/2. By (16) we get Y ke c,f <1, so

EC COIlV( U ck2_kB2[k) C conv({er2 Fty it k€ J,i < Ni}) := conv(S).
keJ

5| =3" N <3 10m} < 10(2 k) — 1002

keJ keJ keJ

We have

Moreover,

> Els, X x)zacm)y = D2 CkZE\ teyis X)L {2y (11,0, X)[24C(r)}
€8 keJ

§Z4(2k+n WZE\ this X {040, X) >0 ) iR}
keJ

<> 4@ + )" 1/20(r An, 18
keJ

<4C(r, ) 2(2’“ 4 nk)l/?—?“/8 <4C(r,)\) Z ok(1/2-7/8)
keJ k>0
<C'(rN),

which shows that Mx (S) ~ Mx(S) Sar 1~ bx(E).

5 Case III. (7-balls, 2 < ¢ < o0

It turns out that results of the previous sections may be easily applied to get estimates in
the case when 7' = By is the unit ball in /7 and ¢ € (2, 00]. In the whole section by ¢’ we
will denote the Holder dual of ¢, i.e. ¢ = qfql, 2<g<ooand ¢ =1 for g= 00

Proposition 16. Let X1,..., X, be independent centered r.v’s with variance 1 satisfying
condition (10). Then there exists S C R™ such that |S| < 10n?, B} C conv(S) and

Mx(S) Spa n'9 ~y bx (BD).

Proof. Since ¢ € (1,2], condition (10) yields || X;]lq ~x | Xillag ~x [|Xill2 = 1 and hence
(EHXHQq )1/(2q EHXHq )1/‘1 Therefore

/N1 / /
bx(By) = E sup {t, X) = B Xy ~x (BIX[7)"" ~a 7
q

Holder’s inequality implies By C n'/2=14By = pl/7=1/2B2 and the assertion easily
follows from Proposition 13. O
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Now let us consider the case of linear transformation of (f-ball, i.e. T'= AB]. Next
simple lemma shows how to estimate bx (7).

Lemma 17. Let X = (Xy,...,X,), where X; are independent mean zero and variance
one r.v’s satisfying 4 + 9 condition (10). Then for any n x n matriz A and 2 < q¢ < co we
have

bx(AB]) = barx(B)) ~n (3 14ed?)

i=1

Proof. Observe that

/

sup (X,t) = sup (AT X, ) <Z| (AT X, e; |q) = (En:|<X, Aei>|ql>1/q/.

teABD teBp

Condition (10) (see Lemma 9) implies that

10X, Aesdllag ~x (X, A€y ~x (X, Aes)lz = | Aes].
Hence || SUPteABr (X, M l2gr ~x |l SUD¢c ABp (X, t)[ly and

n - N1/

bx(aBy) = || sup (X0~ || s 0|~ (D 14el)
teAB? 1 teAB? q =1
O

As in the proof of Proposition 16 we may include linear image of By into ellipsoid with
the comparable bx-bound and deduce from Theorem 15 the following more general result.

Theorem 18. Let Xi,...,X, be independent centered r.v’s satisfying condition (10) and
let T = ABZ] for some 2 < g < 0o and an n X n matrix A. Then there exists S C R™ such
that |S| < 10n?, T C conv(S) and

Mx (S) < bx (T).

Proof. Since it is only a matter of scaling we may and will assume that IEXZ2 =1 for all i.
By Lemma 17 it is enough to show that

S) <r <i |Aei|Q’)1/q,.
i=1

By homogenity we may assume that > | |Ae;|? = 1. Case ¢ = 2 was treated in Theorem
15, so we may assume that ¢ > 2, i.e. ¢’ < 2. Moreover, we may assume that Ae; # 0 for
all 4.
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Let \; := |Ae;|'=7/2. Observe that if t € B” then by Holder’s inequality
// q
i itif* < (i |ti|q)2/q<zn: |Aiy2q/(q—2>)‘q*2>/q
=1 =1 i=1
= () (S el) M <
i=1 i=1

This shows that D™'B}' C Bf, where D := diag(dy,...,d,) and d; := |Ae;|7/2~1. Hence
AB!' C ADB and

bx(ADBL) ~» (zn: \ADei|2>l/Q _ (zn: |Aei|q'>1/2 ~1

i=1 i=1

We get the assertion applying Theorem 15 for the ellipsoid ADBY .

6 Concluding remarks and open questions

We have shown that the main question has the affirmative answer in the case T' is an
ellipsoid (or more general linear image of £7-ball, 2 < g < n) if X; are independent mean
zero r.v’s satisfying the 4 + 0 moment condition (10). The following questions are up to
our best knowledge open.

e Does (4) holds for T' = By, 1< g <2and X; satisfying 4 + ¢ moment condition?

e John’s theorem states that for any convex symmetric set 7" in R™ there exists an
ellipsoid € such that &€ C T C /n€. Hence Theorem 15 implies that under 4 + §
condition (10) one may find finite set S such that 7' C conv(S U —S) and Mx(S) <
C(r,\)y/nbx(T). We do not whether one may improve upon /n factor for general
sets T'.

e Are there heavy-tailed random variables X; such that (4) holds for arbitrary set T
(for heavy-tailed r.v’s approach via chaining functionals described in Subsection 2.1
fails to work)?

e Let X; be heavy-tailed symmetric Weibull r.v’s (i.e. symmetric variables with tails
exp(—t"), 0 < r < 1). Bogucki [2] was able to obtain two-sided bounds for bx (7") with
the use of random permutations (which may be eliminated if 7' is permutationally
invariant). We do not know if the convex hull method works in this case.
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