Normative Comparison of Multiwinner Election Rules
Research Outline
Piotr Skowron

Abstract
A multiwinner election rule is a formal process for selecting a subset of candidates based on the preferences
of voters. A number of different scenarios can be expressed in the framework of multiwinner elections; the
examples include: shortlisting candidates for an interview, electing a group of representatives for a society (e.g.,
a country’s parliament or a university senate), choosing locations for public facilities in a city, or designing a
targeted advertising campaign. While all these scenarios can be described by the same abstract framework, they
might call for fundamentally different election rules. It is important to be able to match these peculiar applications
with rules that would be most appropriate for them. This motivates our study of tools that could allow the decisionmaker to compare different election rules in a principled way. We propose several strategies that can be used to
obtain a better understanding of the nature of various multiwinner rules.
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Introduction, Motivation, and Impact

Multiwinner elections form an abstract model for selecting a subset of candidates (referred to as a committee), based
on the preferences of a population of voters. We use the term “candidates” in the most general meaning; candidates
can correspond to humans, facilities, objects, items, etc. A number of real-life scenarios fit this abstract model [30].
Naturally, multiwinner elections describe processes of selecting parliaments, university senates, or other groups of
representatives for various societies. However, they also have many other applications. For example, an enterprise
considering which products to advertise or which varieties of a certain product to push to production also faces a
multiwinner election problem (with the potential customers being the voters, and the products/designs or prototypes
being the candidates) [45, 46]. Other examples of using multiwinner elections include deciding which responses to a
query should be displayed by a search engine [19, 64], selection operators in genetic algorithms [26], or shortlisting
processes. Let us describe in more detail two examples, which will be useful in our further discussion:
Selecting finalists of a competition. Consider the problem of selecting a group of finalists in a competition. It
is natural to view this problem as a multiwinner election: the contestants correspond to the candidates, the
judges/experts/reviewers to the voters, and the selected finalists to the elected committee. When choosing
finalists among contestants, one usually aims at selecting objectively best candidates. In particular, if there are
two very similar candidates then, except for the borderline cases, either both should be selected as members
of the winning committee or both should be rejected.
Facility location. Consider the problem of finding locations for a set of facilities in a city (e.g., hospitals, emergency
stations, playgrounds, kindergartens, etc.). This is also an example of a multiwinner elections: possible
locations correspond to candidates, and citizens to voters. However this problem is very different from the
example of shortlisting the finalists of a competition. Indeed, for most types of facilities, the citizens prefer
them to be built close to their places of living, and thus the location in the city center is objectively the best at
the individual level of cognition (such a location usually minimizes the total travel distance of all the citizens).
Yet, it is rather a bad choice to locate all the hospitals or all the playgrounds there. Since each citizen is usually
perfectly satisfied when having one facility type in their vicinity, an election rule should rather choose a set of
locations which are spread uniformly in the city. Thus we should use a completely different strategy than for
shortlisting finalists among contestants.
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With a wide range of applications, it is crucial to understand the nature of different multiwinner election rules.
Otherwise, it would be very difficult to match specific applications with appropriate rules. Indeed, the examples of
selecting finalists in a contest and of locating facilities in a city illustrate that even though all the aforementioned applications fit the same general framework, they are fundamentally different and may require election rules following
different high-level principles [30]. We identified three such principles—individual excellence, diversity, and proportionality—which describe some ideal goals that election rules can aim at. For example, when selecting a group
of finalists in a contest, the election rule should follow the principle of individual excellence. When selecting the
locations of facilities, one should rather use a rule that follows the principle of diversity. Yet another different rule
should be used for choosing a country’s parliament—here we would like minorities to be represented in the committee, but the numbers of representatives that different minorities get should match the sizes of these minorities. In
this case we would expect the election rule to follow the principle of proportionality.
Let us describe these three principles in more detail through the following example. Consider a set of eight
candidates C = {c1 , . . . , c8 }, and the following approval preferences of the voters. Assume that 73% of the voters
approve candidates c1 , c2 , c3 , c4 , and disapprove the remaining four, 23% of voters approve c5 and c6 , 2% approve
only c7 , and the remaining 2% approve c8 . Further, let us assume that the goal is to select a committee of size k = 4.
If the rule follows the principle of individual excellence, we feel that the committee of candidates {c1 , . . . , c4 }
should be selected—indeed each member of such a committee is supported by roughly 3/4 of the voters, while
any other candidate receives support that is at least three times lower. A proportional rule, on the other hand, should
choose {c1 , c2 , c3 , c5 }—for such a committee, a coherent group of 3/4 of the voters approves three out of four elected
candidates. At the same time, a group of 1/4 of all voters gets proportionally fewer representatives, i.e., a single one,
and the groups of 2% of voters are too small to get any representative. Finally, a rule following the principle of
diversity would select {c1 , c5 , c7 , c8 }—for this committee every voter approves one of the elected candidates and
each of the remaining candidates can be viewed as a “clone” of some member of the selected committee1 .
The above example is very simple as the approval sets of any two voters are either the same or disjoint. With
more complex preferences of the voters it is often not clear how a proportional, a diverse or an excellence-oriented
rule should behave. Additionally, individual excellence, diversity, and proportionality only describe some ideal
goals, and one often requires a rule which follows to some extent each of the three principles. In other words, these
principles describe some extreme points in a wide spectrum of possible goals [27, 29], and there exist applications
which call for more “intermediate rules”.
The goal of this project is to better understand the nature of different multiwinner rules. We propose several approaches that allow one to compare multiwinner rules in general, and in particular to compare
them based on their suitability for the three idealized goals and their mixtures.
Apparently, choosing the right rule is often hard, and thus having a good understanding of election rules is
extremely important. Successful research on election rules can have significant practical impact as demonstrated by
the systematic works of Brams [8, 9] on single-winner Approval Voting. Indeed, Approval Voting has become very
popular for low-stake elections and, for example, is used in the Doodle system for scheduling meetings. In recent
years Laslier and Van der Straeten et al. [44] conducted a nation-wide experiment in France showing the feasibility
of using Approval Voting for electing the president.
The problem of comparing rules in the multiwinner setting is even harder than in the single-winner one, since
multiwinner rules need to take into account the relations between different committee members depending on objectives which can vary significantly (as we explained in our discussion on the principles of individual excellence,
diversity, and proportionality). Further, our goal is challenging because, even though there are many multiwinner
election rules, their definitions are not always self-explanatory and do not directly imply behavioral consequences.
We will approach this goal with a new perspective, which we will summarize in Section 3.
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In the approval model, we call candidate c a clone of candidate c0 if both candidates are approved by exactly the same set of voters.
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Model of Multiwinner Elections and Overview of Multiwinner Rules

A multiwinner election is a triple E = (V, C, k), where C = {c1 , . . . , cm } and V = {v1 , . . . , vn } are the sets of m
candidates and of n voters, respectively, and k is an integer, k ∈ {1, . . . , m}, specifying the desired committee size.
The voters have preferences over the candidates; in the next two subsections we describe two common models of
expressing these preferences. A committee is a k-element subset of the candidates, and a multiwinner election rule
is a function that takes as input a multiwinner election and returns either a single winning committee or a set of tied
winning committees.

2.1

Approval-Based Rules

In the approval model, each voter vi ∈ V provides a subset of candidates Ai ⊆ C that she finds acceptable. A
number of interesting approval-based rules can be defined as approval committee scoring rules: Each voter vi ∈ V
assigns to each committee S ⊆ C a score sc(vi , S). The total score of a committee is computed as the sum of the
scores that it garners from all the voters. The committees with the highest scores are returned as winners. Particular
approval committee scoring rules differ in a way in which the voters assign the scores to the committees. The
examples of such rules include:
Multiwinner Approval Voting (MAV). MAV is perhaps the simplest rule: it selects k candidates that are approved
by most voters. Thus, it is defined by scMAV (vi , S) = |S ∩ Ai |.
Satisfaction Approval Voting (SAV). Under SAV, each voter has one point and she distributes it equally among all
i|
the voters that she approves of. Formally, it is defined by the scoring function scSAV (vi , S) = |S∩A
|Ai | .
Proportional Approval Voting (PAV). This rule, first introduced in the 19th century by the Danish polymath
P|Ai ∩S| 1
Thiele [65], is defined by the scoring function scPAV (vi , S) =
j=1
j . That is, a voter examines the
committee S and assigns a score of 1 to S for the first member of S that she approves, if she finds a second candidate that she approves, she adds 1/2 to the score; for the third approved candidate she adds 1/3, etc.
The use of this particular scoring function guarantees certain appealing properties of the rule which make it
suitable for tasks requiring proportionality [4, 12, 43].
Approval Chamberlin–Courant (CC). CC is defined by scCC = min(|S ∩ Ai |, 1). Intuitively, according to CC
each voter cares about having a representative that she finds acceptable in the committee—a representative of
a voter is any elected candidate that she approves of. A voter assigns one point to a committee if she has an
approved representative, and zero points otherwise.
For each of the aforementioned rules we can define its sequential variant, which operates as follows. It starts
with an empty committee and performs k steps, where in each step it adds to the committee the candidate that would
improve its score most. The reverse sequential variants of these rules are defined analogously: we start with the
whole set of candidates and remove the candidate whose removal decreases the score least.
Another class of interesting rules can be attributed to the Swedish mathematician Phragmén [52, 53, 54, 38, 11].
The definitions of these rules are based on a different framework, where one assumes that candidates and voters
are associated with units of load (for voters, the load can correspond, e.g., to the total amount of support to be
distributed), and to select winning candidates one follows a certain resource allocation procedure.
For an overview of other approval-based rules we refer the reader to the book chapter by Kilgour [39].

2.2

Ordinal-Based Rules

In the ordinal model, a voter vi ∈ V expresses her preferences by providing a linear preference relation i , ranking
the candidates from the most to the least preferred one (for instance, a ranking c2 i c1 i c3 i · · · indicates
that voter vi considers c2 to be her most preferred candidate, c1 to be her second most preferred candidate, etc.). By
posi (c) we denote the position of candidate c in the preference ranking of voter vi ; e.g., the position of the voter’s
most preferred candidate in her ranking is one, of her second most preferred candidate is two, etc. A single-winner
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positional scoring function is a mapping s : {1, . . . , m} → R that assigns a score to each position. Examples of
common positional scoring functions include the Borda count, β(i) = m − i, and the k-approval rule, αk (i) = 1 if
i ≤ k and 0 otherwise.
Single-winner positional scoring functions can be used in the multiwinner setting to assign scores to whole
committees. Indeed, as in the approval model, certain rules can be defined by providing appropriate functions
describing how voters assign scores to committees. Let sc(vi , S) denote the score that vi assigns to S. The winning
committees are defined
P as those with the highest total score garnered from all the voters, i.e., the rule outputs
argmaxS⊆C : |S|=k vi ∈V sc(vi , S). The examples of rules which can be expressed in this way include:
P
Single Non-Transferable Vote (SNTV). SNTV uses the function scSNTV (vi , S) =
c∈S α1 (posi (c)). In other
words, SNTV picks the k candidates that are ranked first by most voters.
P
k-Borda. It picks k candidates with the highest Borda scores, i.e., sck-Borda (vi , S) = c∈S β(posi (c)).
β-Chamberlin–Courant (β-CC). β-CC is defined by scβ-CC (vi , S) = maxc∈S β(posi (c)).
These multiwinner voting systems are called committee scoring rules by their analogy to the single-winner scoring rules. There is a broad variety of other committee scoring rules (see the survey by Faliszewski et al. [30]). Further,
by providing different functions for aggregating the scores of the voters, we obtain other classes of rules—in particular egalitarian committee scoring rules are those that define the score of a committee S as the score that the least
satisfied voter assigns to S. Thus, egalitarian committee scoring rules select argmaxS⊆C : |S|=k minvi ∈V sc(vi , S)
as winning committees.
Naturally, for each of the above rules there exists a sequential and a reverse-sequential counterpart. Single
Transferable Vote (STV) is another example of an iterative rule taking ordinal preferences as input (this rule is
currently used in a few contemporary democracies).
Other interesting multiwinner rules include those inspired by the Condorcet principle [5, 6, 15, 23, 33, 32, 35,
57, 60]. In the single-winner setting the Condorcet principle says that if there exists a candidate c who is preferred
to any other candidate c0 ∈ C by a majority of voters (these might be different majorities for different candidates
c0 ), then c should be considered as collectively the best candidate. There are various ways in which the Condorcet
principle can be extended to the multiwinner setting—for an overview of them we refer the reader to the recent book
chapter by Faliszewski et al. [30]—yet our understanding of such rules is still much less advanced compared to the
scoring methods.
We also point the reader to the same book chapter of Faliszewski et al. [30] for an overview of other election
methods. At this point, we want to emphasize that we do not plan to restrict our research to investigating the
existing rules only; a normative analysis of existing rules can often lead to the discovery of new rules with appealing
properties. This approach has already led us to identifying a number of new (classes of) rules [22, 27, 28, 29, 62, 63]
(e.g., by looking for rules satisfying the multiwinner analogue of the simple majority property, we discovered the
class of top-k-counting rules [28]).

3

Research Plan

In this section we describe concrete research ideas that we have for tackling the goal of the project.

3.1

Our New Approach versus Traditional Methods

The traditional approach to comparing election rules is to explore their axiomatic properties and to compare the rules
against them (see, e.g., the classic book by Arrow [3] and the surveys by Chebotarev and Shamis [13] and by Merlin [49]). Such properties are binary indicators—the only type of information we can get from their analysis is that
a given election rule either satisfies a certain property or that it violates one. However, especially in the multiwinner
context, one can be interested in more fine-grained information: for instance we intuitively feel that some rules are
“more proportional” than others, and that in fact there exists a whole spectrum of different proportionality levels.
Thus, we would like to have mathematical tools which would allow us to assess to which extent a certain rule is
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proportional. We plan to address these types of questions by studying quantitative properties of multiwinner rules.
In contrast to traditional axiomatic properties, for the quantitative ones there might be more than two answers for the
question “does a given rule have a given property?”. Formally, a quantitative property is a function mapping election
rules to real numbers; in such a framework we could represent traditional (binary) axiomatic properties as functions
mapping election rules to the elements of the binary set {0, 1}, with ‘1’ meaning that the rule satisfies the property
and ‘0’ that it violates the property.
The second novel ingredient of this proposal is that we plan to analyze properties which are specific to multiwinner election rules, and which aim at capturing the principles of individual excellence, diversity, and proportionality.
Several attempts have already been made to identify axioms formalizing the idea of proportionality; examples of such
axioms in the approval model include justified representation [4], extended justified representation [4], proportional
justified representation [58] and perfect representation [58]; for the ordinal model examples include Dummett’s proportionality [18], solid coalitions [22], consensus committee [22], and local stability [5]. While we believe that
the axiomatic approach to formalizing proportionality is well-advanced, this is not the case for the individual excellence nor for the diversity principle. In particular, we hope to discover weak variants of the axioms describing
individual excellence, diversity, and proportionality, such that there exist rules satisfying both the respective axiom
for individual excellence and for diversity/proportionality. As one of the consequences, we aim at discovering and
understanding different spectra of rules which implement certain tradeoffs between individual excellence, diversity,
and proportionality.
The third new idea which we plan to pursue as a part of this proposal is to understand what multiwinner election
rules do on certain simpler subdomains, where their behavior can be intuitively interpreted. One such appealing
subdomain studied in the political and social choice literature is defined by Euclidean (geometric) preferences [16,
21, 24, 25, 48, 50, 55, 59]. For this subdomain, it is assumed that the voters and the candidates can be identified
with points in a certain low-dimensional “issue space” (usually, one assumes that this is a 2-dimensional Euclidean
space R2 ). Intuitively, the value of each coordinate of a point corresponding to a voter/candidate might reflect the
position of such a voter/candidate on a certain issue such as the preferred level of taxation or immigration, or their
position in the left-right spectrum of economic freedom2 . The voters derive their preferences over the candidates
from the distances between respective points—formally, a voter vi prefers candidate c to candidate c0 if the distance
between the points corresponding to vi and c is smaller than the distance between the points corresponding to vi
and c0 , d(vi , c) < d(vi , c0 ). This approach also relates to our first idea of quantitative properties since the geometric
model allows for quantifying and for visualizing certain properties of election rules.

3.2

Methodology of Research

Our research will be mostly theoretical, and to achieve the aforementioned goals we will be using tools from combinatorics, discrete mathematics, and from theoretical computer science (e.g., the tools used in the analysis of approximation algorithms). However, we would like to complement our theoretical analysis with experiments using
preference data from real-life elections; such data is publicly available, e.g., in the PrefLib repository [47]. We
would like to devote about a quarter of the time within the project to tasks involving experiments. We believe that
such experiments can potentially have a great impact, since they demonstrate the usage of new methods originating
from computer science to answer fundamental problems from economics.
The experimental methods will require developing new algorithms for computing (approximate) outcomes of
election rules which are NP-hard to compute. While the computational complexity of the standard ordinal-based
rules is a well-explored area, and in most cases we can compute the outcomes of such rules efficiently (or at least we
can find outcomes that are very close to the optimal ones), this is not the case for the approval-based rules, nor for the
egalitarian ordinal ones. In our study we plan to analyze approximation algorithms, heuristics, and exact algorithms
which can be computed efficiently when certain natural parameters are small (thus, we will be using tools of the
parameterized complexity analysis [14, 17, 34, 51]).
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Indeed, even though one might think of many important issues that drive voters’ preferences over candidates, it is argued that two
dimensions are often sufficient to provide an accurate estimation of voters’ preferences [59]
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Objective 1. Design effective algorithms for computing outcomes according to approval-based and egalitarian
ordinal-based rules. In particular, design algorithms specifically suitable for Euclidean preferences.
Further, a formulation of a new property always brings new questions about the computational complexity of
testing it. Such questions are of fundamental importance, since we need to be able to compute whether a given
outcome of a multiwinner rule violates a certain property in order to perform statistical analysis of properties using
datasets of preferences (for instance, to check how often, and for what types of voters’ preferences a given property
is violated). This is often reflected in recent research, where the analysis of behavioral consequences of satisfying/violating certain properties receives as much attention as the analysis of the computational complexity of natural
problems referring to these properties [4, 10]. Consequently, a part of this project will be devoted to developing a
set of algorithmic tools that, in particular, would allow for an analysis of the studied properties through computer
experiments.
We already prepared a preliminary open-source library that implements a selection of multiwinner rules and provides tools that can be used for a 2D-visualization of the outcomes of these rules3 (this library covers a representative
selection of ordinal-based committee scoring rules, but it does not yet include approval rules nor rules based on the
Condorcet principle). We plan to develop, enhance and improve this library as a part of this project. We hope that
as an outcome of this project we will also obtain diagrams that illustrate the behavior of certain rules and that are
understandable for a broader audience—in such case we plan to popularize our research by extending appropriate
Wikipedia pages.

3.3

Quantitative Properties of Multiwinner Rules

The first type of quantitative properties of multiwinner rules that we plan to investigate within this project is inspired
by the idea of approximation from the theory of computational complexity. Recent advancements in our understanding of multiwinner elections allow us to identify certain rules as good representatives for the classes of diversity(respectively, excellence-) oriented rules. For instance, in the approval model the Chamberlin–Courant rule can be
viewed as an archetypical example of a rule aiming at diversity, whereas Multiwinner Approval Voting is often considered a prime example of an excellence-oriented rule. Both rules are defined as optimization functions, maximizing
certain measures of the satisfaction of the voters, so the concept of approximation is well defined for them. We plan
to analyze how well other rules approximate the approval Chamberlin–Courant rule and the Multiwinner Approval
Voting rule—the approximation ratios obtained for these two objective functions can be viewed as indicators on how
diverse (respectively, excellence-oriented) a certain rule is. The better the rule approximates MAV (respectively,
CC), the more excellence-oriented (respectively, diverse) it is4 . Thus, we do not use the idea of approximation in
the most typical way to approximate computationally hard rules by rules which are easier to compute. In particular,
we ask how well we can approximate certain rules irrespective of whether they are easy to compute, which is the
case for MAV, or computationally hard, which is the case for the Chamberlin–Courant rule. We also do not look for
the best possible algorithms to approximate certain rules, but rather we investigate the existing rules and by viewing
them as approximation algorithms, we aim at advancing our understanding of their nature. Our preliminary results
show that the Phragmén’s rule and PAV approximate CC very well, so they perform well from the point of view of
diversity, and that these two rules provide worse (but still, much better than other rules) guarantees for MAV, so they
are preferred from the perspective of individual excellence to other diverse or proportional rules, such as the Monroe
rule.
Objective 2. Analyze various approval rules as approximation algorithms for CC, MAV, and PAV. Analyze various
ordinal-based rules as approximation algorithms for β-CC and k-Borda. Analyze the approximation guarantees of
the studied rules in the Euclidean model.
Another example of a quantitative property that we plan to study is average justified satisfaction. Consider the
approval model. We call a group of voters V 0 ⊆ V `-cohesive if this group is large enough, |V 0 | ≥ ` · nk , and
3

https://github.com/elektronaj/MW2D
There are a few similarities between our approach and works of Kamler [40, 41, 42] and Eckert et al. [20], who, mostly through computer
experiments, compared how similar are certain single-winner voting rules.
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if there exist at least ` candidates who are approved by all voters from V 0 , that is, | vi ∈V 0 Ai | ≥ `. Intuitively,
such a group should be eligible to have ` representatives in the elected committee. We say that a rule R has
average justified satisfaction of α ∈ R if for each `-cohesive group of voters V 0 , the number of committee members
approved, on average, by the voters from V 0 is at least equal to α`. Average justified satisfaction can be viewed as a
quantitative adaptation of the recently introduced family of binary properties that are based on the concept of justified
representation [4, 58]. For instance, extended justified representation says that in each `-cohesive group there should
be a voter who approves at least ` committee members. A binary property such as EJR does not always explain a
rule well. Intuitively, we feel that measuring the satisfaction of a large group of voters by taking the satisfaction
of a single most-satisfied voter from this group does not tell much about how `-cohesive groups are treated by the
election rule in general. On the other hand, requirements on the satisfaction of each voter within a group would be
too restrictive and there is no voting rule that would satisfy such a strong property. Average justified satisfaction is a
tool for quantifying the extent to which `-cohesive groups are satisfied.
We also plan to investigate measures of statistical dispersion—such as the Gini index, the Palma ratio or the
Hoover index—in the context of multiwinner elections. These indices are often used in economics to quantify the
inequality in distribution of wealth. They can be adapted to the multiwinner setting by defining the notion of the
wealth of a voter as her satisfaction from a committee. In the approval model, the satisfaction of a voter can be
defined in a natural way, as the number of committee members that a given voter approves. In the ordinal model
we can use positional scoring functions, such as the Borda rule, to map the positions of committee members in the
preference ranking of a voter to real values quantifying her satisfaction with the committee.
Objective 3. Analyze the average justified satisfaction for various rules in the approval model. Find rules which
obtain the optimal average justified satisfaction and derive some lower bounds. Investigate properties analogous to
the average justified satisfaction in the ordinal model. Analyze measures of statistical dispersion, such as income
inequality indices, for a selection of multiwinner rules (with various interpretations of the notion of the satisfaction
of a voter).
As an outcome of our quantitative analysis, we would like to be able to represent rules as points in a threedimensional space, with dimensions corresponding to the three principles. Such a visualization would allow us to
compare different rules with respect to how proportional, diverse, or excellence-oriented they are, and to understand
the tradeoffs between these principles that certain rules implement. Finally, we would like to characterize the Pareto
frontier with optimality criteria corresponding to the previously defined measures of the quality for the three principles. As a result we will either identify that certain known rules belong to the Pareto frontier or we will design new
Pareto-optimal rules.
Objective 4. Analyze the Pareto frontier with optimality criteria corresponding to certain measures of quality for
the three principles.
One of the main challenges of our project is conceptual: we plan to come up with new binary and quantitative
properties that would capture the ideas of diversity, individual excellence, and proportionality. We also observe that
even though the axiomatic properties of single-winner rules have been extensively studied in the literature, this is not
the case for the multiwinner setting. Most of the known results in this area are very recent and they usually concern
scoring rules. In particular, a systematic study of axiomatic properties for Phragmén’s rules [52, 53, 54, 38, 11],
and for the rules based on the Condorcet principle [5, 6, 15, 23, 33, 32, 35, 57, 60] is missing. Apparently, even
though the Condorcet principle plays an instrumental role in the studies on single-winner elections, the multiwinner
Condorcet-based rules are only very poorly understood.
Objective 5. Find properties that should be satisfied by rules aiming at diversity and individual excellence. Analyze
existing rules against these properties. Provide a systematic study of (existing and new) axiomatic properties of the
multiwinner rules based on the Condorcet principle, sequential and reverse-sequential (approval) committee scoring
rules and of Phragmén’s rules.
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3.4

Analysis of the Distortion for Multiwinner Rules

The objectives presented in this section are a part of the analysis of quantitative properties of multiwinner rules, but
they are more specific since they refer to the model of Euclidean preferences of the voters.
Euclidean spaces provide more information than the approval or the ordinal models of voters’ preferences.
Indeed, a distance not only indicates which among the two candidates is more preferred, but also describes the
fine-grained intensities of the preferences of the voters. It turns our that for such a richer and more complex model
it is sometimes easier to define the winning committees than in the approval or in the ordinal framework. For
instance, if we seek excellence-oriented committees, one can argue that the most preferred
S would
P committees
P
be the ones that minimize the total distance of the voters from the committee members, v∈V c∈S d(v, c). If
we are primarily concerned about the diversity, then our goal should rather be to minimize the distance of the
voters P
to their representatives in the committee (i.e., to their most preferred candidates among the committee members), v∈V minc∈S d(v, c). Such diversity-inspired measure of optimality, however, might not be appropriate
to find “proportional committees”, since the numbers of the voters that different committee members represent
might vary significantly.
Thus, it is more reasonable to define “proportional committees” as the ones that minimize
P
minΦ∈Assign(V,S) v∈V d(v, Φ(v)), where Assign(S, V ) is the space of balanced assignments of the voters to the
committee members, i.e., each Φ ∈ Assign(V, S) is a mapping Φ : V → S between the voters and the committee
members such that bn/kc ≤ |Φ−1 ({c})| ≤ dn/ke for each c ∈ S.
Unfortunately, the accurate information carried by the Euclidean model is almost never available. Typically,
the voters cannot position themselves in the issue space and assigning (even inaccurate) cardinal (dis)utilities to
the candidates would require a substantial cognitive effort from the voters. Nevertheless, the Euclidean model can
be used as a benchmark for comparing various election rules which use preference rankings or approval sets. The
concept of distortion, first introduced and studied in the context of single-winner rules [1, 2, 7, 31, 36, 37, 56,
61], quantifies the loss of voters’ utility due to using certain election rules (and thus, indirectly, due to the limited
information available for the rule). The definition of distortion can be naturally generalized to the multiwinner
setting in a number of meaningful ways. We are specifically interested in the three ways which correspond to the
three high-level principles—individual excellence, diversity, and proportionality:
distP (R) =

dP (V, R(E))
,
E=(V,E,k)∈Euclid(n,m,k) minS⊆C dP (V, S)
max

P ∈ {Excel, Diver, Prop},

where dExcel (V, S), dDiver (V, S), and dProp (V, S) are metrics designed to reflect, respectively, individual excellence,
diversity, and proportionality (cf., our previous discussion in this subsection):
P
P
1. dExcel (V, S) =
v∈V
c∈S d(v, c) measures the sum of the distances between all the voters and all the
committee members.
P
2. dDiver (V, S) = v∈V minc∈S d(v, c) measures the sum of the distances of each voter to her closest (most
preferred) committee member.
P
3. dProp (V, S) = minΦ∈Assign(V,S) v∈V d(v, Φ(v)) is a measure where we assume that the voters are clustered
to roughly equal-size groups, and for each group there is a single candidate who represents it. The distance
between the voters and the committee is the sum of the distances of each voter to the representative of her
cluster.
Here our objectives are the following:
Objective 6. Analyze theoretically the distortion of various multiwinner election rules with respect to the above
three definitions of distortion. Perform experiments to assess the average and certain positional statistics of the
ratios used in the definition of distortion. In other words, use computer experiments to analyze the loss measured by
distortion, but beyond the worst case.
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distribution

Bloc

k-Borda

CC

k-PAV

STV

Figure 1: Visualization of the outcomes of the selected multiwinner rules for Euclidean preferences [21]. The voters
and the candidates are drawn from the uniform distribution on a disc. In ten thousand experiments, each time a
candidate corresponding to a given point was selected by a rule, we put a blue dot on the respective picture. Thus,
the intensity of a color of each point reflects the probability that a candidate corresponding to this point is elected
as a member of a winning committee, provided the candidates and the voters are drawn from the aforementioned
distribution.

distribution

MAV

PAV

distribution

MAV

PAV

Figure 2: Visualization of the outcomes of Multiwinner Approval Voting (MAV) and Proportional Approval Voting
(PAV) for two different distributions of the voters and candidates. In the three left plots the voters and the candidates
were distributed uniformly on a disc. In the three right plots the voters and the candidates were divided into two
groups. The larger group was concentrated in the lower-left quarter of the plot, and the smaller one—in the upperright quarter.

3.5

Experiments Over the Two-Dimensional Euclidean Domain

In our recent paper we described a new method for visualizing the outcomes of multiwinner rules in the Euclidean
model [21]. Figure 1 depicts the outcomes for five selected multiwinner election rules, for the case when the points
describing voters and candidates are distributed uniformly at random on a disc (the distribution of the voters and
candidates is depicted in the left plot in Figure 1). Each plot depicts a histogram describing 10.000 independent
elections: the intensity of the color of each blue dot reflects the likelihood that a candidate corresponding to this
point is a member of a winning committee. These types of experiments allowed us to make interesting claims about
the behavior of various multiwinner rules. For instance, the plot for CC closely resembles the original distribution
of the voters, which suggests that the committees returned by this rule can well represent the diversity of opinions in
a society; k-Borda, on the other hand, identifies the center of the distribution, and so seems particularly well-suited
for applications requiring excellence-oriented rules5 . The outcomes returned by k-PAV are in-between, that is they
represent voters more proportionally than the outcomes of k-Borda, yet k-PAV avoids selecting extremist candidates
(in particular, we plan to explain this observed phenomenon theoretically, by measuring how well PAV approximates
k-Borda and CC, cf., Objective 2).
We plan to further use this new method since the results that we obtained so far are very preliminary. In particular,
we have run experiments only for four basic distributions of voters and candidates, and our plan is to extend these
results.
Objective 7. Visualize in histograms the behavior of various rules by considering more complex distributions of
voters and candidates which model certain real political situations, and by considering scenarios where voters and
candidates come from different distributions.
This objective includes, but is not limited to, the investigation of scenarios with multiple groups of voters (minorities) concentrated in different parts of the issue space. Indeed, our preliminary results suggest that an analysis of
5

This is because, on the one hand, k-Borda selects candidates which are similar to each other and, on the other hand, which individually
minimize the total distance to the voters. However, the committees selected by k-Borda implement what is called the “rotten consensus”—
most of the voters are not particularly happy about any member of the elected committee.
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such scenarios can shed more light on the behavior of multiwinner election rules than the analysis of the basic distributions. In particular, Figure 2 depicts the comparison of Proportional Approval Voting and Multiwinner Approval
Voting for two distributions. On the left, we see the results for the case where both candidates and voters are drawn
from the uniform distribution on a disc. On the right, the voters and the candidates were divided into two groups:
60% of the voters and the candidates were drawn from the Gaussian distribution with the mean centered in point
(−1, −1) (lower-left quarter of the plot), and the remaining 40%—from the distribution with the mean centered
in (1, 1). While the simple distribution over the disc would suggest that the two rules behave rather similarly, the
distribution with two groups of voters clearly shows that one of the rules selects only individually best candidates,
while the other one is much more proportional. These preliminary results indicate that considering more complex
distributions can highlight very different natures of election rules. Another set of our preliminary results indicates
that also by considering different distributions for candidates than for voters, we can observe interesting differences
between rules, which we do not observe when looking at the same distributions.
We further plan to analyze certain properties of multiwinner rules in the Euclidean models and to visualize them
using the aforementioned histograms. For instance, we plan to investigate what happens when: (i) certain groups
of voters move away, (ii) when the distribution of the candidates changes and the distribution of the voters stays the
same (which corresponds to strategic behavior of the candidates), (iii) when certain groups of candidates are cloned,
etc.
Objective 8. Analyze properties of multiwinner election rules for Euclidean preferences and visualize them using
histograms.
This research will not only allow us to better understand the nature of different multiwinner rules but also the
nature of voters’ preferences. In particular, it will allow us to explain what are the geometric characteristics of
voters’ preferences that cause certain rules to behave in noticeably different ways, and will allow us to relate the
consequences of violating certain properties with the shapes of voters’ preferences.

4

Tasks Assignment

There will be three people working full-time on the project—the principal investigator (Piotr Skowron) and two PhD
students. The project can be naturally divided into three parts, described by Sections 3.3–3.5. The tasks referring to
the analysis of binary and quantitative properties of multiwinner rules (these are the tasks described in Section 3.3)
will be assigned to the principal investigator and to one of the PhD students. The tasks concerning the analysis of the
distortion of various multiwinner rules, and the tasks involving experiments using the new method of visualization
(these are the tasks described in Sections 3.4 and 3.5) will be carried out by the principal investigator and the other
PhD student. Additionally we plan that the whole team (the principal investigator and both PhD students) will be
assigned to Objective 1, that is to the study of algorithms for computing the (approximate) outcomes of multiwinner
rules.
This project, however, allows for a certain degree of flexibility in the assignment of the tasks. For instance, if
one of the PhD students will be particularly attracted to studies concerning the Euclidean model, he or she can be
assigned to tasks concerning the part of Objective 2, which refers to the Euclidean model, and to tasks for Objectives
6, 7, and 8. Similarly, a student who is more interested in the theoretical analysis of multiwinner rules can be assigned
to the appropriate parts of Objectives 2–6, and a student who is more interested in analysis involving experiments
can be assigned to the other parts of these objectives, and to Objectives 7–8. Nevertheless, we would like each
student to be at least partially involved in some tasks involving the theoretical analysis.
Some of the tasks will require a collaboration with external partners, which is described in a separate document
attached to this proposal. In particular, when working on the tasks related to the analysis of properties of multiwinner rules, we plan to collaborate with partners who have a wide knowledge and experience in economics (e.g.,
Prof. Arkadii Slinko from the University of Auckland, and Prof. Jean-François Laslier from the Paris School of
Economics). In our studies of the algorithms for multiwinner rules, we plan to closely collaborate with Prof. Rolf
Niedermeier from TU Berlin, and in our studies on restricted domains—with Prof. Edith Elkind from the University
of Oxford.
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