Selected Topics in Combinatorics, tutorial 3

PAC-learning, VC-dimension, e-nets

March 16, 2023

Problem 1. Consider the space R? and the concept class C of all the rectangles in the plane with sides
parallel to the coordinate axes. Prove that C is PAC-learnable with the following learner: given a sample S
of points in R? output the smallest rectangle from C that is consistent with S.

Problem 2. Prove that if the concept class C has infinite VC-dimension then it is not PAC-learnable.

Hint: Let X = {1,...,2m} and C = 2¥. Show that C is not PAC-learnable for ¢ = § = 0.1 with m
samples.

Problem 3. Let F(Xi,X5,...,Xy) be a fixed set-theoretic expression (using the operations of union,
intersection, and difference) with variables X1, Xo, ..., X} standing for sets; for instance,

F(X1,X5,X3) = (X1 UXoUX3)\ (X1NX2N X3).
Let S be a set system on a ground set X with VC(S) =d < oo. Let
T:{F(Sl,SQ,...,Sk)S Sl,SQ,...,Sk GS}

Prove that VC(T) = O(kdlogk).

Hint: Show that for any set A we have F(S1,S52,...Sx) NA=F(S1NA,SNA,...,SxNA).

Problem 4. Consider multilayered feedforward neural nets with a single output which use sgn(x) as an
activation function (i.e. every neuron computes a linear threshold function of it inputs). Prove that any fixed
architecture with ng inputs and w parameters the class C of function that can be obtained by instantiating
these parameters satisifies:

VC(C) < 2wlog,(ew).

Problem 5. Let (X, F) be a set system and let Y C X be arbitrary. Consider the set system (Y, F NY)
where FNY ={FNY: F € F}. Prove that VC(F NY) < VC(F).

Definition 1. Let (X, F) be a set system, let u be a probability measure on X and let € > 0 be given. We
say that a set A C X is an e-net with respect to p if for every F' € F with u(F) > & we have F'N A # (.

Problem 6. Prove that for any € > 0 and d € N there is some N = N(g,d) with the following property: if
(X, F) is a set-system with VC(F) < d and p is a probability measure on X, then there is an e-net A C X
with respect to p and F of size < N.

Problem 7. Let (X, F) be a set system such that VC(F) is infinite. Show that for every ¢ > 0 and for
every n € N we can find a finite set Y C X of size n such that the smallest e-net for (Y, FNY’) with respect

to the uniform counting measure u(S) = ‘S‘yl/‘ is of size at least (1 —&)n.




