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Abstract. We show how some results of the theory of iterated func-
tion systems can be derived from the Tarski–Kantorovitch fixed–point
principle for maps on partially ordered sets. In particular, this princi-
ple yields, without using the Hausdorff metric, the Hutchinson–Barnsley
theorem with the only restriction that a metric space considered has the
Heine–Borel property. As a by–product, we also obtain some new char-
acterizations of continuity of maps on countably compact and sequential
spaces.

1. Introduction

Let X be a set and f1, . . . , fn be selfmaps of X. The theory of iterated
function systems (abbr., IFS) deals with the following Hutchinson–Barnsley
operator:

F (A) :=
n⋃
i=1

fi(A) for A ⊆ X. (1)

The fundamental result of the Hutchinson–Barnsley theory (cf. [2], [7]) says
that if (X, d) is a complete metric space and all the maps fi are Banach’s
contractions, then F is the Banach contraction on the family K(X) of all
nonempty compact subsets of X, endowed with the Hausdorff metric. Con-
sequently, F has then a unique fixed point A0 in K(X), which is called a
fractal in the sense of Barnsley. Moreover, for any set A in K(X), the se-
quence (Fn(A))∞n=1 of iterations of F converges to A0 with respect to the
Hausdorff metric. For an arbitrary IFS a set A0 such that A0 = F (A0) is
called invariant with respect to the IFS {fi : i = 1, . . . , n} (cf. Lasota–
Myjak [10]). If n = 1, then such an A0 is said to be a modulus set for the
map f1 (cf. Kuczma [9, p. 13]).

In this paper we study possibilities of applying the Tarski–Kantorovitch
fixed–point principle (cf. Dugundji–Granas [3, Theorem 4.2, p. 15]) in the
theory of IFS (in the sequel we will use the abbreviation “the T–K prin-
ciple”). So we will employ the partial ordering technique to obtain results
on fixed points of the Hutchinson–Barnsley operator. The idea of treating
fractals as Tarski’s fixed points appeared earlier in papers of Soto–Andrade
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& Varela [13] and Hayashi [6], however, they considered other version of
Tarski’s theorem than that studying in this paper. Other consequences of
the T–K principle were investigated, e.g., in articles of Baranga [1] (the
Banach contraction principle is derived here from the Kleene theorem, an
equivalent version of the T–K principle) and Jachymski [8]. See also “Notes
and comments” in the Dugundji–Granas monograph [3, p. 169], and refer-
ences therein.

Our paper is organized as follows. In Section 2 the T–K principle is
formulated and a lemma on continuity with respect to a partial ordering is
proved.

Section 3 is devoted to a study of the T–K principle for the family 2X

of all subsets of X, endowed with the set–theoretical inclusion ⊇ as a par-
tial ordering. Theorem 2 gives sufficient conditions for the existence of the
greatest invariant set with respect to the IFS considered in this purely set–
theoretical case.

Section 4 deals with the family C(X) of all nonempty closed subsets of
a Hausdorff topological space X, endowed with the inclusion ⊇. In this
case the countable chain condition of the T–K principle forces the countable
compactness of X (cf. Proposition 4). Our Theorem 3 on an invariant set
generalizes an earlier result of Leader [12], established for the case n = 1.
As a by–product, we obtain a new characterization of continuity of maps on
countably compact and sequential spaces (cf. Proposition 5 and Theorem
8). We also study the T–K principle for the following operator F , introduced
by Lasota and Myjak [10].

F (A) := cl

(
n⋃
i=1

fi(A)

)
for A ⊆ X, (2)

where cl denotes the closure operator. Again, as a by–product, we obtain
here another new characterization of continuity (cf. Proposition 6 and The-
orem 9).

Section 5 deals with the familyK(X) of all nonempty compact subsets of a
topological space X, endowed with the inclusion ⊇. This time the condition
“b ≤ F (b)” of the T–K principle forces, in some sense, the compactness of
a space, in which we work. Nevertheless, using an idea of Williams [14], we
show that, in such a case, the T–K principle yields the Hutchinson–Barnsley
theorem for a class of the Heine–Borel metric spaces, that is, spaces in
which every closed and bounded set is compact (cf. Williamson–Janos [15]).
We emphasize here that instead of showing that the Hutchinson–Barnsley
operator F is contractive with respect to the Hausdorff metric, it suffices to
prove the existence of a compact subset A of X such that F (A) ⊆ A, which
is quite elementary (cf. the proof of Corollary 2). Also it is worth noticing
here that many results of the theory of IFS were obtained in the class of the
Heine–Borel metric spaces (cf. Lasota–Myjak [10] and Lasota–Yorke [11]).

In Section 6 we assembled some topological results, which, in our opinion,
were interesting themselves, and which had been obtained as a by–product
of our study of ⊇-continuity of the Hutchinson–Barnsley operator.

Given sets X and Y , and a map f : X 7→ Y , the sets f−1({y}) (y ∈ Y )
are called fibres of f (cf. Engelking [5, p. 14]).
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As in [5], we assume that a compact or countably compact space is Haus-
dorff by the definition.

2. The Tarski–Kantorovitch fixed–point principle

Recall that a relation ≤ in a set P is a partial ordering, if ≤ is reflex-
ive, weakly antisymmetric and transitive. A linearly ordered subset of P
is called a chain. A selfmap F of P is said to be ≤-continuous if for
each countable chain C having a supremum, F (C) has a supremum and
supF (C) = F (supC). Then F is increasing with respect to ≤.

Theorem 1 (Tarski–Kantorovitch). Let (P,≤) be a partially ordered set,
in which every countable chain has a supremum. Let F be a ≤-continuous
selfmap of P such that there exists a b ∈ P with b ≤ F (b). Then F has a
fixed point; moreover, sup{Fn(b) : n ∈ N} is the least fixed point of F in
the set {p ∈ P : p ≥ b}.

Remark 1. It can be easily verified that the assumption “every countable
chain has a supremum” is equivalent to “every increasing sequence (pn) (that
is, pn ≤ pn+1 for n ∈ N) has a supremum”. Similarly, in the definition of
≤-continuity, we may substitute increasing sequences for countable chains.
Such a reformulated Theorem 1 is identical with the Kleene fixed–point
theorem (cf., e.g., Baranga [1]).

Lemma 1. Let (P,≤) be a partially ordered set, in which every countable
chain has a supremum and such that for any p, q ∈ P there exists an infimum
inf {x, y}. Assume that for any increasing sequences (pn)∞n=1 and (qn)∞n=1,

inf
{

sup
n∈N

pn, sup
n∈N

qn

}
= sup

n∈N
inf {pn, qn}. (3)

Let F1, . . . , Fn be ≤-continuous selfmaps of P and define a map F by

F (p) := inf {F1(p), . . . , Fn(p)} for p ∈ P.

Then F is ≤-continuous.

Proof. For the sake of simplicity, assume that n = 2; then an easy induction
shows that our argument can be extended to the case of an arbitrary n ∈ N.
By Remark 1, it suffices to prove that given an increasing sequence (pn),
F (p) = supn∈N F (pn), where p := supn∈N pn. Since F1 and F2 are increasing,
so is F . Thus the sequence (F (pn)) is increasing and by hypothesis, it has
a supremum. Then, by (3) and ≤-continuity of F1 and F2,

sup
n∈N

F (pn) = sup
n∈N

inf {F1(pn), F2(pn)} = inf {sup
n∈N

F1(pn), sup
n∈N

F2(pn)}

= inf {F1(sup
n∈N

pn), F2(sup
n∈N

pn)} = F (sup
n∈N

pn),

which proves the ≤-continuity of F .

The following example shows that there exists a partially ordered set
(P,≤), in which every countable chain has a supremum and for any p, q ∈ P
there exists inf {p, q}, but condition (3) does not hold. In fact, the set
(P,≤) defined below is a complete lattice, that is, every subset of P has a
supremum and an infimum.
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Example 1. Let C(R) be the family of all nonempty closed subsets of the
real line and P := C(R) ∪ {∅}. Endow P with the inclusion ⊆. If {At : t ∈
T} ⊆ P , then inft∈T At =

⋂
t∈T At and supt∈T At = cl

(⋃
t∈T At

)
. Define

An := [0, 1− 1
n

], Bn := [1 +
1
n
, 2] for n ∈ N.

Then (An) and (Bn) are increasing and

inf {sup
n∈N

An, sup
n∈N

Bn} = cl

(⋃
n∈N

An

)
∩ cl

(⋃
n∈N

Bn

)
= {1},

whereas supn∈N inf {An, Bn} = cl
(⋃

n∈N(An ∩Bn)
)

= ∅, so (3) does not
hold.

3. The Hutchinson–Barnsley operator on (2X ,⊇)

Throughout this section X is an abstract set, 2X denotes the family of all
subsets of X, and f , f1, . . . , fn are selfmaps of X. We consider the partially
ordered set (2X ,⊇). So for A,B ⊆ X, A ≤ B means that B is a subset of
A. A sequence (An)∞n=1 is ⊇-increasing if it is decreasing in the usual sense;
moreover, supn∈NAn in (2X ,⊇) coincides with the intersection

⋂
n∈NAn.

Proposition 1. Let F (A) := f(A) for A ⊆ X so that F : 2X 7→ 2X . The
following conditions are equivalent:

(i) F is ⊇-continuous;
(ii) given a decreasing sequence (An)∞n=1 of subsets of X,

f

(⋂
n∈N

An

)
=
⋂
n∈N

f(An);

(iii) all fibres of f are finite.
In particular, (iii) holds if f is injective.

Proof. The equivalence (i)⇐⇒(ii) follows from Remark 1. To prove (ii)=⇒(iii)
suppose, on the contrary, that (iii) does not hold. Then there exist a y ∈ X
and a sequence (xn)∞n=1 such that y = f(xn) and xn 6= xm if n 6= m.
Set An := {xk : k ≥ n} for n ∈ N. Clearly, (An)∞n=1 is decreasing and⋂
n∈NAn = ∅. Simultaneously, f(An) = {y} so that⋂

n∈N
f(An) = {y} 6= ∅ = f

(⋂
n∈N

An

)
,

which violates (ii).
To prove (iii)=⇒(ii) assume that a sequence (An)∞n=1 is decreasing. It

suffices to show that
⋂
n∈N f(An) ⊆ f(

⋂
n∈NAn). Let y ∈

⋂
n∈N f(An). Then

there is a sequence (xn)∞n=1 such that xn ∈ An and y = f(xn), that is, the set
{xn : n ∈ N} is a subset of the fibre f−1({y}). Condition (iii) implies that
there is an x ∈ X and a subsequence (xkn)∞n=1 of (xn)∞n=1 such that xkn = x.
Hence x ∈

⋂
n∈NAkn . Since (An)∞n=1 is decreasing,

⋂
n∈NAkn =

⋂
n∈NAn so

x ∈
⋂
n∈NAn. Moreover, y = f(x) and thus y ∈ f(

⋂
n∈NAn).

As an application of Proposition 1, Theorem 1 and Lemma 1, we obtain
the following result on invariant sets of IFS in the set–theoretical case.
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Theorem 2. Let F be defined by (1). If for i = 1, . . . , n all fibres of the
maps fi are finite, then for each set A ⊆ X such that F (A) ⊆ A, the set⋂
n∈N Fn(A) is invariant with respect to the IFS {f1, . . . , fn}. In particular,

the set
⋂
n∈N Fn(X) is the greatest invariant set with respect to this IFS.

Hence, the system {f1, . . . , fn} has a nonempty invariant set if and only if
the set

⋂
n∈N Fn(X) is nonempty.

Proof. We will apply Theorem 1 for the partially ordered set (2X ,⊇) and the
operator F . Clearly, (2X ,⊇) is a complete lattice. We verify condition (3).
Let (An)∞n=1 and (Bn)∞n=1 be decreasing sequences of subsets of X. Then
(3) is equivalent to the equality⋂

n∈N
An ∪

⋂
n∈N

Bn =
⋂
n∈N

(An ∪Bn),

which really holds. Let Fi(A) := fi(A) for A ⊆ X and i = 1, . . . , n. By
Proposition 1, all the maps Fi are ⊇-continuous. Thus all the assumptions
of Theorem 1 are satisfied.

To show that
⋂
n∈N Fn(X) is the greatest invariant set, observe that if

A0 = F (A0), then A0 = Fn(A0) so that A0 =
⋂
n∈N Fn(A0). Since F

is increasing, so are all its iterates Fn and hence, Fn(A0) ⊆ Fn(X), which
implies that A0 ⊆

⋂
n∈N Fn(X). The last statement of Theorem 2 is obvious.

Let us notice that if X is a finite set, then condition (iii) of Proposition 1
is automatically satisfied so, by Theorem 2, for each map f : X 7→ X the
set

⋂
n∈N fn(X) is a modulus set for f . It turns out that this property

characterizes finite sets only, according to the following

Proposition 2. The following conditions are equivalent:
(i) X is a finite set;

(ii) for each map f : X 7→ X, the set
⋂
n∈N fn(X) is a modulus set for f .

Proof. The implication (i)=⇒(ii) follows from Theorem 2. To prove (ii)=⇒(i)
suppose, on the contrary, that X is infinite. Let X0 be a countable subset
of X. Without loss of generality we may assume that

X0 = {a, b} ∪
∞⋃
n=1

n⋃
k=1

{ank}

where elements a, b and ank are distinct. Set

f(x) := b for x ∈ (X \X0) ∪ {a, b};
f(an1 := a for n ∈ N;

f(ank) := an,k−1 for n ≥ 2 and 2 ≤ k ≤ n.

Then b = fn(b) and a = fn(ann) so {a, b} ⊆
⋂
n∈N fn(X). On the other

hand, it is easily seen that
⋂
n∈N fn(X) ⊆ {a, b}. Therefore, we get

f

(⋂
n∈N

fn(X)

)
= f({a, b}) = {b} 6= {a, b} =

⋂
n∈N

fn(X),

which violates (ii).
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We emphasize that condition (iii) of Proposition 1 is not necessary for the
set

⋂
n∈N fn(X) to be a modulus set for f . This fact can be deduced from

Proposition 3 and Example 2 given below.

Proposition 3. Let (X, d) be a bounded metric space and f : X 7→ X be
a Banach contraction with a contractive constant h ∈ (0, 1). Then for each
set A ⊆ X (not necessarily f(A) ⊆ A),

⋂
n∈N fn(A) is a modulus set for f .

Proof. Let A ⊆ X. Clearly, if the set
⋂
n∈N fn(A) is empty, then it is a mod-

ulus set for f . If this set is nonempty, then the diameter, δ
(⋂

n∈N fn(A)
)
,

can be estimated as follows:

δ

(⋂
n∈N

fn(A)

)
≤ δ (fn(A)) ≤ δ (fn(X)) ≤ hnδ(X)→ 0 as n→∞,

which implies that
⋂
n∈N fn(A) = {a} for some a ∈ X. Hence, to prove

that
⋂
n∈N fn(A) is a modulus set for f , it suffices to show that a is a fixed

point of f . Since a ∈ fn(A) for n ∈ N, there is a sequence (an)∞n=1 such that
a = fn(an). Then

d
(
a, f(a)

)
= d
(
fn(an), fn+1(an)

)
≤ hnd

(
an, f(an)

)
≤ hnδ(X)→ 0,

which implies that a = f(a).

Example 2. LetX := [−1, 1], α ∈ (0, 1/3), f(0) := 0 and f(x) := αx2 sin(1/x)
for x ∈ X\{0}. Endow X with the euclidean metric. Since |f ′(x)| ≤ 3α < 1,
f is a Banach contraction, so the assumptions of Proposition 3 are satisfied.
On the other hand, Theorem 2 is not applicable here, since the fibre f−1({0})
is infinite.

Remark 2. The proof of Theorem 1 (cf. Dugundji–Granas [3, p. 15]) can
suggest to introduce the following definition: a selfmap F of a partially
ordered set (P,≤) is said to be iteratively ≤-continuous if F is increasing
and F preserves a supremum of each increasing sequence (pn)∞n=1 such that
pn = Fn(p) for some p ∈ P (compare it with Remark 1). Then Theorem 1
holds for such a class of maps. Moreover, this class is essentially wider than
the class of ≤-continuous maps: the map F : 2X 7→ 2X generated by the
map f from Example 2 is iteratively ≤-continuous by Proposition 3 and is
not ≤-continuous by Proposition 1.

4. The Hutchinson–Barnsley operator on (C(X),⊇)

Throughout this section X is a Hausdorff topological space and C(X)
denotes the family of all nonempty closed subsets of X, endowed with the
inclusion ⊇. We start with examining the countable chain condition in this
case.

Proposition 4. The following conditions are equivalent:
(i) every countable chain in (C(X),⊇) has a supremum;

(ii) for every decreasing sequence (An)∞n=1 of nonempty closed subsets of
X, the intersection

⋂
n∈NAn is nonempty;

(iii) X is countably compact.

Proof. (i)⇐⇒(ii) follows from Remark 1. For (ii)⇐⇒(iii), see Engelking [5,
Theorem 3.10.2].



APPLICATIONS OF THE TARSKI-KANTOROVITCH FIXED-POINT PRINCIPLE 7

Recall that a space X is sequential if every sequentially closed subset A
of X (that is, A contains limits of all convergent sequences of its elements)
is closed. In particular, every first–countable space is sequential (cf. En-
gelking [5, Theorem 1.6.14]). Our next result deals with ⊇-continuity of
the Hutchinson–Barnsley operator in such spaces. It is interesting that ⊇-
continuity is connected with appropriate properties of fibres of f (similarly,
as in the set–theoretical space; cf. Proposition 1 and Theorem 6), which,
however, leads directly to continuity with respect to topology, according to
the following

Proposition 5. Let X be a countably compact and sequential space, f :
X 7→ X and F (A) := f(A) for A ⊆ X. The following conditions are
equivalent:

(i) F (C(X)) ⊆ C(X) and F is continuous on C(X) with respect to the
inclusion ⊇;

(ii) f is continuous on X with respect to the topology.

Proof. This equivalence follows from Remark 1, the fact that for a decreasing
sequence (An)∞n=1 of sets in C(X), supn∈NAn in (C(X),⊇) coincides with⋂
n∈NAn, and Theorem 8 (see Appendix).

The following example shows that in Proposition 5 we cannot omit the
assumption that X is a sequential space. Also observe that there exist
countably compact and sequential spaces, which are not compact as, for
example, the space W0 defined below.

Example 3. Let ω1 denote the smallest uncountable ordinal number, W0
be the set of all countable ordinal numbers and W := W0∪{ω1}. It is known
that W is a compact space (cf. Engelking [5, Example 3.1.27]) and W0 is
countably compact, but not compact (cf. [5, Example 3.10.16]). Moreover,
W0 is a first–countable space, hence sequential. Let X := W0 ×W . Then
X is countably compact as the Cartesian product of a countably compact
space and a compact space (cf. [5, Corollary 3.10.14]). Define a map f by

f(x1, x2) := (0, x2) for (x1, x2) ∈ X.

Clearly, f is a continuous selfmap of X so (ii) of Proposition 5 holds. Let
A := {(x1, x1) : x1 ∈ W0}. Since the space W is Hausdorff, A is a closed
subset of X. On the other hand f(A) = {0} ×W0 so cl(f(A)) = {0} ×W .
Hence condition (i) of Proposition 5 does not hold: the operator F is not a
selfmap of C(X).

As an immediate consequence of Propositions 4 and 5, we obtain the
following

Corollary 1. Let X be a sequential space, f and F be as in Proposition 5.
The following conditions are equivalent:

(i) (C(X),⊇) and F satisfy the assumptions of the T–K principle;
(ii) X is countably compact and f is continuous on X.

In view of Corollary 1 the following theorem is the best result on invariant
sets with respect to IFS on a sequential Hausdorff space, which can be
deduced from the T–K principle for the family (C(X),⊇).
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Theorem 3. Let X be a countably compact and sequential space, and f1, · · · ,
fn be continuous selfmaps of X. Let F be defined by (1) and A0 :=

⋂
n∈N Fn(X).

Then the set A0 is nonempty and closed, A0 = F (A0), and A0 is the great-
est invariant set with respect to the IFS {f1, . . . , fn}. Moreover, if X is
metrizable, then the sequence (Fn(X))∞n=1 converges to A0 with respect to
the Hausdorff metric.

Proof. Denote Fi(A) := fi(A) for A ∈ C(X) and i = 1, . . . , n. By Corol-
lary 1, (C(x),⊇) and Fi satisfy the assumptions of Theorem 1. Clearly, for
A ∈ C(X) the set F (A) is closed as a finite union of closed sets. Moreover,
condition (3) is satisfied here (cf. the proof of Theorem 2) so, by Lemma 1,
F is ⊇-continuous. Thus, by Theorem 1, the set A0 is invariant with re-
spect to {f1, . . . , fn}. Since F (X) ⊆ X and F is increasing, the sequence
(Fn(X))∞n=1 is decreasing. Therefore, if X is metrizable, then (Fn(X))∞n=1
converges to A0 with respect to the Hausdorff metric as a decreasing se-
quence of compact sets (cf. Edgar [4, Proposition 2.4.7]).

We close this section with a result on ⊇-continuity of the operator F
defined by (2). It is rather surprising that the ⊇-continuity of such an F
forces that F coincides with the operator defined by (1).

Proposition 6. Let X be a countably compact and sequential space, f :
X 7→ X and F (A) := cl(f(A)) for A ∈ C(X). The following conditions are
equivalent:

(i) F is continuous on C(X) with respect to the inclusion ⊇;
(ii) f is continuous on X with respect to the topology.

Hence, if F is ⊇-continuous, then F (A) = f(A) for A ∈ C(X).

Proof. By Remark 1, the ⊇-continuity of F on C(X) means that given a
decreasing sequence (An)∞n=1 of nonempty closed subsets of X,

cl

(
f

(⋂
n∈N

An

))
=
⋂
n∈N

cl (f(An)) .

By Theorem 9 ((i)⇐⇒(ii)), this condition is equivalent to the topological
continuity of f . Then, by Theorem 8 ((i)⇐⇒(ii)), for A ∈ C(X) the image
f(A) is closed so F (A) = f(A).

5. The Hutchinson–Barnsley operator on (K(X),⊇)

Throughout this section X is (with one exception) a Hausdorff topological
space and K(X) denotes the family of all nonempty compact subsets of X,
endowed with the inclusion ⊇. Then every countable chain in (K(X),⊇)
has a supremum. Let F be defined by (1) for A ∈ K(X). If we are to apply
Theorem 1 then, without loss of generality, we may assume that the space
X is compact (in particular, countably compact), because the assumption
of Theorem 1 “there is an X0 ∈ K(X) such that X0 ⊇ F (X0)” implies that
all the maps fi

∣∣
X0

(the restriction of fi to X0) are selfmaps of the same
compact set. Thus we arrive at the case considered in the previous section,
however, this time we need not assume that a space X is sequential, since
each continuous map f on X is closed so it generates the operator F , which
is a selfmap of K(X).
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Theorem 4. Let X be a compact space and f1, . . . , fn be continuous self-
maps of X. Let F be defined by (1) and A0 :=

⋂
n∈N Fn(X). Then the set

A0 is nonempty and compact, A0 = F (A0), and A0 is the greatest invariant
set with respect to the IFS {f1, . . . , fn}.

Proof. Let Fi(A) := fi(A) for A ∈ K(X) and i = 1, . . . , n. The ⊇-continuity
of Fi follows from Proposition 7 (see Appendix). By Lemma 1, F is ⊇-
continuous, so Theorem 1 is applicable.

Theorem 5. Let X be a topological space (not necessarily Hausdorff), f1, · · · ,
fn be continuous selfmaps of X and F be defined by (1). The following con-
ditions are equivalent:

(i) there exists a nonempty compact set A0 such that F (A0) = A0;
(ii) there exists a nonempty compact set A such that F (A) ⊆ A.

Proof. Obviously, it suffices to show that (ii) implies (i). This follows imme-
diately from Theorem 4 applied to the compact set A and the restrictions
fi
∣∣
A

of the maps fi to the set A.

We will demonstrate the utility of Theorem 5 in the theory of IFS. As
was mentioned in Section 1, if all the maps fi are Banach contractions on
a complete metric space X, then it can be shown that the operator F is
a Banach contraction on K(X) endowed with the Hausdorff metric and,
consequently, there is a set A0 ∈ K(X) such that A0 = F (A0). With a
help of Theorem 5 we can give another proof of this fact without using
Hausdorff metric. Instead, the contractive condition for fi enables to show
the existence of a nonempty compact set A such that F (A) ⊆ A. The only
restriction is that we will work in the class of the Heine–Borel metric spaces
(cf. Section 1). Nevertheless, this class is large enough for applications since,
obviously, the euclidean space Rn is Heine–Borel. The closed ball around a
point x ∈ X with a radius r is denoted by B(x, r).

Corollary 2. Let X be a Heine–Borel metric space, f1, . . . , fn be Banach’s
contractions on X with contractive constants h1, . . . , hn in (0, 1), and F
be defined by (1). Then there exists a nonempty compact set A0 such that
F (A0) = A0.

Proof. We use an idea of Williams [14] (also cf. Hayashi [6]). Since a Heine–
Borel metric space is complete, each map fi has a unique fixed point xi by the
Banach contraction principle. Let A := B(x1, r), a radius r will be specified
later. Denote h := max {hi : i = 1, . . . n} and M := max {d(xi, x1) :
i = 1, . . . , n}. If x ∈ A, then by the triangle inequality and the contractive
condition

d(fix, x1) ≤ d(fix, fixi) + d(xi, x1) ≤ hd(x, xi) +M (4)

≤ h(d (x, x1) + d(x1, xi)) +M ≤ hr + (1 + h)M.

Now if we set r := [(1 + h)/(1− h)]M , then hr + (1 + h)M = r so, by (4),
fi(x) ∈ A. Since A does not depend on an integer i, we may infer that
F (A) ⊆ A. Clearly, by the Heine–Borel property, A is compact and the
existence of the set A0 follows from Theorem 5.
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Remark 3. It follows from the above proof and Theorem 3 applied to the
IFS {fi

∣∣
A

: i = 1, . . . , n} that the sequence (Fn(B(x1, r)))
∞
n=1 with r defined

above is convergent with respect to the Hausdorff metric. We may set

A0 :=
⋂
n∈N

Fn(B(x1, r)),

which is the limit of this sequence. Actually, this set is a unique invariant
set with respect to {f1, . . . , fn}, but the uniqueness of it follows from the
Hutchinson–Barnsley theorem and is not obtainable via the T–K principle.

6. Appendix: continuity of maps on countably compact and

sequential spaces

In the proof of Theorem 4 we used the following

Proposition 7. Let X be a countably compact space, Y be a set and f :
X 7→ Y . If all fibres of f are closed, then given a decreasing sequence
(An)∞n=1 of closed subsets of X,

f

(⋂
n∈N

An

)
=
⋂
n∈N

f(An).

Proof. Let (An)∞n=1 be a decreasing sequence of closed subsets of X. It
suffices to show that

⋂
n∈N f(An) ⊆ f

(⋂
n∈NAn

)
. Let y ∈

⋂
n∈N f(An).

Then there is a sequence (an)∞n=1 such that y = f(an) and an ∈ An. Thus
the sets Bn defined by

Bn := An ∩ f−1({y})
are nonempty, closed and Bn+1 ⊆ Bn. By the countable compactness of
X, there exists an x ∈

⋂
n∈NBn. Then y = f(x) and x ∈

⋂
n∈NAn, which

means that y ∈ f
(⋂

n∈NAn
)
.

The next result is a partial converse to Proposition 7.

Proposition 8. Let X be a Hausdorff topological space, Y be a set and
f : X 7→ Y . If for every decreasing sequence (An)∞n=1 of nonempty compact
subsets of X, f

(⋂
n∈NAn

)
=
⋂
n∈N f(An), then all fibres of f are sequen-

tially closed.

Proof. Suppose, on the contrary, that there is a y ∈ X such that the fibre
f−1({y}) is not sequentially closed. Then there exist an x ∈ X and a
sequence (xn)∞n=1 such that f(xn) = y and f(x) 6= y. Set An := {x} ∪
{xk : k ≥ n}. Then the sets An are compact, since X is Hausdorff, and
An+1 ⊆ An. Clearly, x ∈

⋂
n∈NAn. Suppose that x′ ∈

⋂
n∈NAn and

x′ 6= x. Then there is a subsequence (xkn)∞n=1 of (xn)∞n=1 such that xkn = x′.
Simultaneously, (xkn)∞n=1 converges to x so x = x′ (since, in particular, X
is a T1-space), a contradiction. Therefore

⋂
n∈NAn = {x} so that

f

(⋂
n∈N

An

)
= {f(x)} 6= {f(x), y} =

⋂
n∈N

f(An),

which violates the hypothesis.

As an immediate consequence of Propositions 7 and 8, we get the following
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Theorem 6. Let X be a countably compact and sequential space, Y be a
set and f : X 7→ Y . The following conditions are equivalent:

(i) all fibres of f are closed;
(ii) given a decreasing sequence (An)∞n=1 of nonempty closed subsets of X,

f
(⋂

n∈NAn
)

=
⋂
n∈N f(An);

(iii) given a decreasing sequence (An)∞n=1 of nonempty compact subsets of
X, f

(⋂
n∈NAn

)
=
⋂
n∈N f(An).

Proof. The implication (i)=⇒(ii) follows from Proposition 7, (ii)=⇒(iii) is
obvious and (iii)=⇒(i) follows from Proposition 8.

Remark 4. Observe that under the assumptions of Theorem 6, the classes
C(X) and K(X) need not coincide, so the equivalence (ii)⇐⇒(iii) is not
trivial. For example, define X as the set of all countable ordinal numbers;
then X ∈ C(X) \K(X) (cf. Example 3).

In the sequel we will need the following lemma (cf. Engelking [5, Propo-
sition 1.6.15]).

Lemma 2. Let X be a sequential space, Y be a topological space and f :
X 7→ Y . Then f is continuous if and only if f is sequentially continuous,
that is, given a sequence (xn)∞n=1 in X,

f(limxn) ⊆ lim f(xn).

Proposition 9. Let X be a topological space, Y be a countably compact and
sequential space and f : X 7→ Y . Then f is sequentially continuous if and
only if the graph of f is sequentially closed in the Cartesian product X ×Y .

Proof. (=⇒). Let a sequence (xn, f(xn))∞n=1 converge to (x, y) in X × Y .
Then x ∈ limxn and {y} = lim f(xn) since Y is Hausdorff. By hypothesis,

f(x) ∈ f(limxn) ⊆ lim f(xn) = {y},

which means that f(x) = y. Thus the graph of f is sequentially closed.
(⇐=). Suppose, on the contrary, that f is not sequentially continuous.

Then there exist a sequence (xn)∞n=1 and an x ∈ X such that x ∈ limxn and
f(x) 6∈ lim f(xn). Without loss of generality, we may assume, by passing to
a subsequence if necessary, that there is a neighborhood V of f(x) such that
f(xn) 6∈ V for all n ∈ N. Since Y is also sequentially compact (cf. Engelk-
ing [5, Theorem 3.10.31]), there is a convergent subsequence (f(xkn))∞n=1 of
(f(xn))∞n=1. Set y := lim f(xkn) (this limit is unique since Y is Hausdorff).
Since x ∈ limxkn and the graph of f is sequentially closed, we infer that
y = f(x), that is, (f(xkn))∞n=1 converges to f(x). This yields a contradiction,
since f(xkn) 6∈ V and f(x) ∈ V .

The next result is a closed graph theorem for maps on sequential spaces.

Theorem 7. Let X and Y be sequential spaces and Y be countably compact.
For a map f : X 7→ Y the following conditions are equivalent:

(i) f is continuous;
(ii) the graph of f is closed in X × Y ;

(iii) the graph of f is sequentially closed in X × Y ;
(iv) f is sequentially continuous.
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Proof. That (i) implies (ii) follows from Engelking [5, Corollary 2.3.22].
(ii)⇒(iii) is obvious. (iii)⇒(iv) follows from Proposition 9 and finally, (iv)⇒(i)
holds by Lemma 2.

The main result of this section is the following theorem, which gives a
characterization of continuity of maps on countably compact and sequential
spaces. This result was obtained as a by–product of our study of continuity
of the Hutchinson–Barnsley operator with respect to the inclusion ⊇ (cf.
Proposition 5).

Theorem 8. Let X and Y be countably compact and sequential spaces. For
a map f : X 7→ Y the following conditions are equivalent:

(i) f is continuous;
(ii) for every closed subset A of X, the image f(A) is closed, and all fibres

of f are closed;
(iii) for every closed subset A of X, the image f(A) is closed, and given a

decreasing sequence (An)∞n=1 of nonempty closed subsets of X,
f
(⋂

n∈NAn
)

=
⋂
n∈N f(An);

(iv) for every compact subset A of X, the image f(A) is compact, and
given a decreasing sequence (An)∞n=1 of nonempty compact subsets of
X, f

(⋂
n∈NAn

)
=
⋂
n∈N f(An).

Proof. (i)=⇒(ii). Let A be a closed subset ofX. SinceX is sequentially com-
pact (cf. Engelking [5, Theorem 3.10.31]), so is A (cf. [5, Theorem 3.10.33]).
Hence and by continuity of f , the image f(A) is sequentially compact (cf. [5,
Theorem 3.10.32]). In particular, f(A) is sequentially closed, hence closed
since Y is sequential. Since, in particular, Y is a T1-space it is clear that
the fibres of f are closed.

(ii)=⇒(iii) follows immediately from Theorem 6.
We give a common proof of the implications (iii)=⇒(i) and (iv)=⇒(i).

By Theorem 7, it suffices to show that the graph of f is sequentially closed.
Let a sequence (xn, f(xn))∞n=1 converge to (x, y) in X × Y . Since both X
and Y are Hausdorff, we may infer that x = limxn and y = lim f(xn). Set
An := {x} ∪ {xk : k ≥ n} for n ∈ N. The the sets An are compact (hence
closed), An+1 ⊆ An and

⋂
n∈NAn = {x}. By hypothesis,

⋂
n∈N f(An) =

f
(⋂

n∈NAn
)

= {f(x)}. Since both (iii) and (iv) imply that the set f(An) is
closed and f(xk) ∈ f(An) for k ≥ n, we may infer that y = limk→∞ f(xk) ∈
f(An) so that y ∈

⋂
n∈N f(An) = {f(x)}, that is, y = f(x). This proves

that the graph of f is sequentially closed.
We have shown that conditions (i), (ii) and (iii) are equivalent, and that

(iv) implies (i). To finish the proof it suffices to show that (iii) implies (iv).
Since (iii) implies the continuity of f , the first part of (iv) holds. The second
part of (iv) follows immediately from (iii).

Our last theorem gives another characterization of continuity. This result
was obtained as a by product of our study of ⊇-continuity of operator F
defined by Lasota and Myjak [10] (cf. Proposition 6).

Theorem 9. Let X and Y be countably compact and sequential spaces. For
a map f : X 7→ Y the following conditions are equivalent:

(i) f is continuous;
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(ii) given a decreasing sequence (An)∞n=1 of nonempty closed subsets of X,
cl
(
f(
⋂
n∈NAn)

)
=
⋂
n∈N cl(f(An));

(iii) given a decreasing sequence (An)∞n=1 of nonempty compact subsets of
X, cl

(
f(
⋂
n∈NAn)

)
=
⋂
n∈N cl(f(An)).

Proof. (i)=⇒(ii). Let (An)∞n=1 be a decreasing sequence of nonempty closed
subsets of X. Since the intersection

⋂
n∈NAn is closed, we may conclude by

Theorem 8 ((i)=⇒(ii)) that all the sets f(
⋂
n∈NAn) and f(An) (n ∈ N) are

closed. Therefore, (ii) follows immediately from condition (iii) of Theorem 8.
(ii)=⇒(iii) is obvious.
(iii)=⇒(i). By Theorem 7, it suffices to show that the graph of f is

sequentially closed. We use the same argument as in the proof of (iv)=⇒(i)
in Theorem 8. So let x = limxn and y = lim f(xn). Set An := {x} ∪ {xk :
k ≥ n}. By (iii),⋂

n∈N
cl(f(An)) = cl

(
f

(⋂
n∈N

An

))
= cl ({f(x)}) = {f(x)}.

Since y ∈ cl(f(An)) for all n ∈ N, we may infer that y = f(x), which proves
that the graph of f is sequentially closed.
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