Hardy Space Estimates for
Higher-Order Differential Operators

PAWEL STRZELECKI

ABSTRACT. We generalize a theorem of Coifman, Lions, Meyer
and Semmes to higher-order differential operators (also with vari-
able coefficients). Moreover, we present a direct, elementary proof
of a duality inequality which is a special case of the duality of
Hardy spaces and BMO. The tools used in this proof come from
standard Sobolev space theory; no knowledge of Hardy spaces is
required.

1. INTRODUCTION

Coifman, Lions, Meyer and Semmes in their celebrated paper [5] have proved that
if two vector fields in conjugate Lebesgue spaces,

BeL1(R™M", EeLVa@ D (R™M" whereq € (1, ),

satisfy the equations rot B = divE = 0 in the sense of distributions, then their
scalar product E - B—which a priori, by Holder inequality, is just integrable—
belongs to the Hardy space ! (R™), a strict subspace of L!(R"). It would be
impossible to quote here all applications of this result in the theory of nonlin-
ear PDE, so let us just mention the fundamental work of Hélein [11], [12] on
the regularity of weakly harmonic maps from surfaces into arbitrary compact Rie-
mannian manifolds, which gave rise to a stream of generalizations. The reader can
consult [5], [12], [17], and their lists of references for more details (see also [10]).

The paper of Coifman, Lions, Meyer and Semmes contains a lot of examples
of various nonlinear quantities which—due to some cancellations—have slightly
better regularity than one might a priori expect (typically, H L(R™) instead of
L'(R"™)). The aim of this note is twofold. First of all, in Theorem 1 below, we
give another straightforward example of this type, with higher-order differential
operators replacing the divergence and rotation. This result follows in an implicit
way from earlier work of Coifman and Grafakos [4, 8], but we give a direct proof,
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avoiding the theory of singular integrals and pseudodifferential operators. Second,
we present a direct and relatively simple proof of an inequality which can be viewed
as a special case of the duality of Hardy space and BMO. This proof is modelled
on the proof of a duality lemma in [10], completely bypasses the theory of Hardy
spaces, and—although our tools are definitely not new—seems to be of some
independent interest even for k = 1.

To obtain these results, we use a mixture of ideas from [5], [17], and [10]. All
necessary tools come from fairly standard Sobolev space theory. We hope that the
theorems presented in this note can find applications in the theory of higher-order
nonlinear PDE. The search for such applications (like, possibly, interpretation
and extensions of the result of Chang, Wang, and Yang [3] on the regularity of
biharmonic maps) shall be object of a future study.

2. STATEMENT OF RESULTS

2.1. The notation. Throughout this note the notation is fairly standard. For
open sets Q C R", the Sobolev space of functions having all their distributional
derivatives up to order m in L* is denoted by W™ (Q). Greek letters ¢, B and y
denote multiindices in R"™. We employ the commonly used abbreviations: || =
X1+ &2+ -+ 0y is the length of a multiindex & = (1, &2, ..., &), where all &;
are nonnegative integers; we write &! = xlop! - - - ! and x* = XX X"
for x € R". For a measurable set A and a function v, the barred integral denotes
the mean value of v on A, i.e. 4 v(x)dx = |A|7! [, v(x)dx; sometimes we
also write U4 = v dx. For v € W™ we write

_ )8
TMv(y) = > Dhu(z) Y 2"

[Bl=m B!

to denote the Taylor polynomial of v; moreover,

T (v): =][ ATV (y) dz

denotes the averaged Taylor polynomial of v. We often write p’,q’,7’, etc. to
denote Holder conjugates of various exponents p,q,7, etc. € (1,+). In all
computations, C denotes a general constant whose value is not really important
(and may change even in one string of inequalities). If A, B = 0, then A ~ B means
that c(n)"'A < B < ¢(n)A for some positive constant ¢(n) which depends only
on the dimension, n.

2.2. Hardy spaces. Let us recall first that a measurable function f € L' (R")
belongs to the Hardy space H(R") if and only if

Sfs: =supl@e * fl € LN(R™).

>0
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Here, ¢ (x) := e "@(x/¢€), and @ is a fixed function of class Cg’ (B(0, 1)) with
| @ () dy = 1. It turns out that the definition does not depend on the choice of

@ (see [7]).

Equivalently, one can define 1 (R"™) as the space of those elements of L! (R"),
for which all the Riesz transforms R;f, j = 1,2,...,n, are also of class L' (R").
The reader is referred to [17] and [18, Chapters 3 and 4] for more details. Let us
just mention here that {1 (R") is a Banach space with the norm

I o = IF e + [Lfs e

Moreover, the condition f € H 1 (R") implies [ f(y)dy = 0.

C. Fefferman [6], [7] proved that the dual of {1 (R") is equal to the space of
functions of bounded mean oscillation, BMO(R"). More precisely, there exists a
constant C such that

@) [ 0w | < Clllac 19 o
for all h € H'(R") and ¢ € BMO(R™). This inequality is highly nontrivial
since in general the integral on the left-hand side does not converge absolutely.

2.3. Assumptions and results. For sake of clarity, we state first the results
is their simplest form. Some rather straightforward generalizations (e.g. to oper-
ators with uniformly bounded coeflicients and to subelliptic calculus) are briefly
discussed at the end of the paper.

Let u € Wk4(R") for some k = 1,2,... and g € (1, ), and let

E = (Ex)|aj=k € LY@ D(RM)N

where N denotes the number of all multiindices « of length k in R™. We also
assume that V¥ - E = 0 in the sense of distributions, i.e.

2.2) > J Ex(x)D*@(x)dx =0
o=k~ R"

for all @ € Cy° (R™). Note that by a standard limit argument, identity (2.2) holds
in fact for all functions @ € Wka(R™).

Theorem 2.1. Under all assumptions listed above, the function

h= > ExD*u
lx|=k

belongs to the Hardy space H'1 (R™) and
(2-3) ||h||}[1([R") = C”E”Lq’(ugn) ||Vku||Lq(IR") ,

where the constant C depends only on n, q and k.
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As we have already noted in the Introduction, this result follows in an im-
plicit way from the work of Coifman and Grafakos (see, in particular, [8, Theo-
rem II A (2)]) who considered multilinear expressions formed by scalar products
of two vectors of Calderon—Zygmund operators satisfying an additional ‘vanishing
moments’ condition. To translate the assumptions above to the somewhat differ-
ent setting of [4, 8], one may use the isomorphism of Sobolev spaces and Bessel
potential spaces (or other representation formulae for Sobolev functions). This
is not immediate, and since the explicit motivation of Coifman and Grafakos in
[4, 8] was to investigate expressions involving only second order derivatives, we
give an independent, direct proof in Section 3.

Theorem 2.2. Assume that i = 2, W and E satisfy the above assumptions with
R™ replaced by a ball B(a, 100). There exists a constant C = C(n, q, k) such that

Jor all functions @ € Wol’n(B(a, 0)) we have

(2.4)

| vy EaD“udx' < CIT Wl Ell 119 o
B(a,e) lot| =k

the norm of VY is taken on the smaller ball B(a, ), and two other norms, of E and
Vku, on the larger ball B(a, 100).

Note that in dimension n = 1 such inequality follows immediately from the
imbedding of W!1(R) into absolutely continuous functions.

For k = 1 this Theorem has been applied to prove regularity of p-harmonic
maps in the borderline case, when p is equal to the dimension of the domain (see
[12] and [10]).

For n = 2, as we have already mentioned, Theorem 2 follows easily from
Theorem 1 and Fefferman’s inequality (2.1): any function ¢ € WO1 " (B(a, o))
belongs to BMO (R™), since by Hélder and Poincaré inequalities

1/n 1/n
[ alw-walax < (] olw-wqmax) sC(n)(jwa"dx)
for any cube Q C R", and hence

lwllgpmo = sup ol —woldx < CM)IVYIlinBa,)) -
QCR™

However, our direct proof presented in Section 4 bypasses the burden of the full
proof of the duality of Hardy space and BMO and uses just the theory of Sobolev
spaces. This road seems to be shorter and simpler to follow.

At the end of the paper, in Section 5, we discuss some extensions of these
results to more general k-th order differential operators in R", and to a subelliptic
setting.
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3. PROOF OF THEOREM 1

We follow closely the proof of Theorem II.1 in the paper of Coifman, Lions,
Meyer and Semmes, with some more or less obvious modifications which are nec-
cessary to take higher order derivatives into account.

Fix € > 0. As VK - E = 0 in the sense of distributions, we have

6D 3| D [@etx =) (u) - T )| dy 0.
|x|=k

Here, x € R" is arbitrary, and B; = B(x, €). By the Leibniz formula,
DS [@elx - ») (u(y) - T u(y) |

= @ (x - )D*u(y) + > (‘;)Dﬁqpxx — DY (u(y) - T u(y))
B+y=«

lyl<m

= @:(x = y)D*u(y)

+ > <2>D£<pg(x—y)(DYu(y)—Tégy‘lDYu(w).
B+y=«

lyl<m

Therefore, identity (3.1) implies that h = 3| 4=k ExD*u satisfies the equation

(3.2) hk@e(x)=- > > (g) (%),
lax|=k B<x
B#0
where

S50 = | Ea)DS@e(x = 3) (D Pu(y) - T H D Pu(y)) dy

&

We shall estimate each term Séﬁ(x) separately. To this end, fix o with || = k
and B < «a with || = m = 1. Denoting D* By = v, and applying triangle

inequality, we obtain the following estimate:

855001 < I@llee™ | lEal [v -1 v | dy

By the Hélder inequality, the right-hand side does not exceed

, 1/s’
cen(f wraar) ([

s 1/s
m-—1
v —Tg v) dy) .
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To estimate the second integral, we apply the classical higher-order Sobolev—
Poincaré inequality,

63 (| s

where C = C(n,m,s) and Sxm = ns/(n + ms) is an exponent whose m-th
Sobolev conjugate is equal to 5. As [V™v| = [Vm (DY Bu)| < |Vkul, this gives

1/8%,m

1/s
votpof ay) e (f v ay)

1/5*,m

, 1/s’
64 155001 < C(f niratay)  (f alvhulemay)

, /s’ s 1/8%
<c(f wikatay) (§ nlvtul”ay)

Here, s« = S4x1: =ns/(m+ ) > Sy, forall m > 1, and to obtain the second
line in (3.4), where both exponents do not depend on m any more, we simply
apply Holder inequality. In order to deal with quantities which are integrable with
powers greater than 1, we want to have here " < q/(q — 1) = q" and sy« < p, or,
equivalently, s > gand 1/s + m/n > 1/q forall m = 1,2,... , k. To this end, it
is enough to choose

l:l—é‘ for any fixed 0 € <O,min (l,l))
s q qa'n
For such s, inequality (3.4) implies

sup S5 (x) | = CIMIELI*) ()] [MUV*UI) ()],

>0

where M(...) denotes the classical Hardy-Littlewood maximal function. By the
Hardy—Littlewood maximal theorem,

[M(El)]"* e L@ D@®m),  [M(VFul*)]"* e LUR™)

and their norms can be estimated by a constant times || E|l a/a-1 (gny and || V¥ || pa(gn),
respectively. Hence, we obtain

J[R SupS;B(X) ) dx < C||E||Lq/(q—1)(ﬂgn) ||Vku||Lq([Rn) .
" e>0

Recall that, by (3.2), h * @ is a linear combination of finitely many terms Sg.
Therefore, we have

[ [suph 5 @eo)] dx < CllEata-b an 17wl
>0

This completes the proof of Theorem 1. ]
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4. PROOF OF THEOREM 2

In this Section, we basically follow the proof of the duality Lemma 3.2 in [10],
introducing some necessary changes to cope with higher-order derivatives. Apart
from these, there is one major difference: we do not assume that |E |4 < const -
V¥ |9, and the proof from [10], which yields an estimate of a suitable integrand
by a single Riesz potential, simply does not work in this case. Therefore, we have
to use a product of two different, well-chosen Riesz potentials in the estimates—
and the proof contains a bit of novelty even in the case k = 1.

The overall strategy is as follows: first, we use a standard representation for-
mula to express ¢ in terms of its gradient and to write the integral [ @h, where
h = 3 =k E«D*u, in the form [ AVy. Here, roughly speaking, A is a convolu-
tion of h times a cutoff function with the gradient of the fundamental solution of
Laplace’s operator. Next, employing the so-called Whitney decomposition and in-
tegrating by parts, we carefully estimate |A| by a product of two generalized Riesz
potentials (all these notions are defined below). Finally, we apply a version of frac-
tional integration theorem to obtain higher integrability of these two potentials
and to conclude that |A| belongs to L™= Since |Vy| is in L™, the theorem
follows from the Holder inequality.

Here are the details.

Step 1. It is enough to prove the theorem for ¢ € Cy° (B(a, ¢)), and then to
use a density argument. Take a cutoff function n € Cg°(B(a, ¢ + 2A0);[0,1])
withn =1 on B(a, o + Ag) and

const

(4.1) [V™n(x)| < forall x and allm = 1,... , k.

Here, A € (ﬁ, %) is a number which shall be fixed later; because of the lower

bound 145 we may assume that the constant in the above inequality depends only
on m and k.
Since @ € C°, we have
0

W) = | VWK dy,

where

1 X-y
nwy [x -y

K(x,y) =

Using this formula and the Fubini theorem, we rewrite the left hand side of in-
equality (2.4) as
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(4.2) [ weoneodx = [ neowxne dx
B(a,p) Rn
= J A)Vy(y)dy,
B(a,p)
where, as before, h = 3| ExD%u, and

(4.3) Aly): = Z LRnn(X)K(X,y)Ea(x)D"‘u(x)dX
lx|=k

for v € B(a, o).
We claim that

(4.4) Ae L™ (B(a,p))
and
(4.5) Al w0 Ba.)) < CIENLara- B, 10001 V¥Ul La(B(a,100)) -

Once these two statements are proved, Theorem 2 follows from formula (4.2) and

the Holder inequality. We therefore proceed now to prove (4.4) and (4.5).

Step 2. Estimates of A, part 1: Whitney decomposition. Fix y € B(a, ). We
take the Whitney decomposition of R™ \ {'}, i.e. a family of balls B; = B(x;, i),
i € I, such that

(i) R™\ {y} = Uier B(xi,71),

(i) B(xj,7i/3) are pairwise disjoint,

(i) 7i = tgggdist (xi,») and B(x;,27;) € R™\ {y} forevery i € I,
(iv) each point of R™\ {} belongs to at most M = M (n) different balls
B(xi,27i).

With such a family of balls one can associate a smooth partition of unity (9)ier
which satisfies the following conditions:

(v) 9; € Cy(B(xi,27i);[0,1]) foreach i €1,
Vi) Xier$i=1lonR™\ {y},
(vii) |V™8;| <const-r; ™ forallm =1,... k.

The construction of B; and 9; is standard and can be traced back to Whitney; see
[18, pages 14-16] and [15, Chapter 1, Lemma 3.1 and its proof ] for more details.
We use the identity > 3; = 1 to write



Hardy Space Estimates for Higher-Order Differential Operators 9
A =2 @it hix) dx,
ier 7/ 2Bi

where 2B;: = B(x;,2r;) and ®;(x,y) = n(x)K(x,y)%;(x). Moreover, we can
assume that for all indices i € I the ball 2B; intersects the support of n. By triangle
inequality, this implies U;c; 2B; C B(a, ¢ + 3A¢). Since Vk . E =0, we have, for
eachi eI,

46 3 | EatoDE(@i0x3) () - T u) Jdx =0,
|lx|=k i

(Note that ¢ 2B; and therefore ®; is smooth with respect to x on 2B;.) As in
the proof of Theorem 1, we use the Leibniz formula to obtain

DE[®i(x, y) (u(x) - Tz ' u(x))] = ®;(x, ¥)D*u(x)

+ > <2‘>D,€<I>i(x,y)(D°“ﬁu(x)—TZkBi“B'IDO“Bu(x)).

B=<x
B+0
Therefore,
A(y) == Ai(y)
iel
with
x
A = > > (B>Ao(3i(y)
lxl=k B<«x
B#0
and

Axgi(y): = LBEo((x)D,ﬁc<I>i(x,y)(D"“Bu(x) — Ty P D Py (x0)) dxc .

We now estimate Anpi(y) for fixed i € I, and fixed & and B with |x| = k,
Bl = m. Note that for all x € 2B; we have |[x — ¥| = 7;. Therefore, for any
multiindex y of length |y| < k and for all points x € 2B;, we have the following
estimates:

Cly,m) _ Cy,n
_y|n+\y\—1 - Tin+|y|—1 ’

IDXK (x,y)| < P

C(y,n) - C(y,n) - C(y,n)

Y
IDYn(x)| < oV T lx =y T T
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(To check the second one, notice that the derivatives of n do not vanish only on
the annulus ¢ + Ag < |[x —al < @ + 2Ag; this yields an estimate [x — y| from
below.) Hence, applying the Leibniz formula again and using the estimates (vii)
for derivatives of ¢;, we obtain

C(n,k)
n+m-1
i

4.7) |D£<I>i(x,y)| < for all x € 2B; and all |B] = m.

This implies the estimate

C(n,k)

m-—1
¥i

[Api(Y)| < ]( 28; | Eq(X) ] (D"‘*Bu(x) - Tfli‘“_B'_ID“*Bu(x) dx.
Now, in order to obtain estimates below the natural exponents, we proceed as
in the proof of inequality (3.4) in the last section, in the proof of Theorem 1.
Applying the Hélder inequality with exponents s” = s/(s — 1) and s, where

(4.8) 1yl _n+a-1

s n nq

we separate here |Ey| from the terms depending on u. Next, we apply the
Sobolev—Poincaré inequality (3.3) to estimate the second integral, containing the
s-th power of the difference of D*“Au(x) and its averaged Taylor polynomial.
Finally, we again apply Hélder inequality to this integral, to obtain an exponent
which does not depend on m. Summation with respect to «, f and i yields

1/p1
49) 1A = Cnkya) S 7 (J[ 25, |E|P dx)

iel
1/p2
X ()[ 28, | ViU P dx) ,
where, since s was defined by (4.8), we have
_o_  ng , _ns _ nq
(4.10) p1=s Py— <q and p; nis niag-1 <q.

Step 3. Estimates of A, part 2: generalized Riesz potentials. In order to obtain
an estimate of |A| by a product of two potential operators, we next write

[A(y)| = C(n,k,q) -1 - 2,

where
1/p1
(4.11) 1= lev (J: 2]31,|E|’g1 dX) ,
iel
P2 1/p2
(412) Sy = ZTil_v (:lt 2B; ‘Vku dX) .

iel
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Here, v is some number in (0, 1) which shall be fixed later. Note that the product
of 31 and X, gives the whole sum on the right-hand side of (4.9), plus many extra
positive terms. Before proceeding further, let us pause for a while and recall one

4.1. Definition. For g € L¥(B(a,100)), the generalized Riesz potential
Jv,pg(y), where v > 0, is given by

[log, 901 1p
Jopg ) = X 2" (| ppanlatorax) .
f=—

Here, v is an arbitrary point in B(a, ¢). For such y and for ¢ < [log, 9¢], we
have B(v,2%) c B(a, 100) and all the integrals in the above sum are well defined.

4.2. Remark. In [9], Hajlasz and Koskela have considered more sophisti-
cated variants of this definition. Lemma 4.1 below is a simplified version of The-
orem 5.3 (part 2) from their paper. It can be obtained in a rather straightfor-
ward manner, by mimicking Hedberg’s proof of the classical Hardy—Littlewood—
Sobolev fractional integration theorem. An interested reader may check that it is
also possible to estimate |A(y)| by a product of appropriate powers of two the
classical local Riesz potential, and obtain Theorem 2 via an application of the clas-
sical fractional integration theorem. This, however, would require a bit more care
in the last piece of the reasoning below.

Lemma 4.1. Assume that g € L1(B(a,100)) and that 0 < p < q < n/v.
Then, Jvpg € L1 (B(a, o)), where a* = nq/(n — vq), and we have the estimate

||]v,pg ||Lq* (B(a,p)) < C(n, P4, V) ||g ||Lq(B(a,IOQ)) .

To estimate each of the sums =; and X, by an appropriate generalized Riesz
potential, we proceed as follows. Fix an integer £ and set

Ip: =f{iel: 2072 <dist (xj,y) <2071},

As x; € B(a,e + 3A¢) and ¥ € B(a, ), we only have to consider £ < ¥y,
where ¥ imax is defined by the inequalities

202 < 20 + 300 < 20m 1

(For € > 1, the set Iy is just empty.) If i € Iy, then 2B; € B(y, 2%y and v; ~ 2¢;
hence, fixing A = 1—12, we see that for each £ and each i € I,

2B; ¢ B(v,2") c B(y,2%) c B(a,100).
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Moreover, we have cardI; < K(n), where K(n) is some universal constant de-
pending only on n. This follows from the properties (i)—(iv) of the family
{B(Xi,‘l’l') i€ I}, as

wn2 = [B(y,29)| = | |J B(xi,7:/3) |
i€l
2—?*2 n
= Z | B(xi,7i/3)| = wycardIy (3000> :
iely
Therefore,
1/p:
3 = zrl"({ 25, |EIP! dx) ,
iel
[log, 9¢] £\ P 1
2 g
< X > <_> (J[ Blyan | EI” dx) '
{=—o00 i€ly ti
[log, 901 1/p1
<C(n,q) 2 2”()( B2 [EIP! dx) - (D IEI)-
f=—c0

Similarly, 2, < C(n,q)J1-v,p,|V¥u| (). Thus
(413) A(J’) = C(n; a, k) ) Jv,m |E| (y) ) J17v,p2|Vku|(J’) -

Applying now Lemma 4.1, we see that

’

" n
(4.14) Fi: = Jyp |El € LT (B(a,0)), ar = n—qvq' ’
(4.15) Fr: = Jiyp, ViUl € L9 (B(a, 0)), a3 n-(1-v)q’

provided thatn/v > q' = q/(q — 1) and an/(1 — v) > q, or, equivalently,

(4.16) 1- P even-1,
q q

It is clear that for n = 2 we can choose some v € (0,1) which satisfies these
inequalities.

Finally, by the Holder inequality and Lemma 1,

J A M dy
B(a,p)
1/b 1/b’
<C (J |Fy () b/ (=D dy) (J |Fy(y) b/ (n=D) dy)
B(a,0) B(a,0)
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if there exists a pair of Holder conjugate exponents b and b’ such that bn/(n —
1) = gf and b'n/(n — 1) = q5. However, a trivial check shows that if g}
and g3 are as in (4.14), (4.15) above, then the exponents b = (n - 1)gf/n
and b’ = (n —1)q; /n are indeed Holder conjugate for every v which satisfies
condition (4.16). This observation completes the proof of claims (4.4) and (4.5),
and of the whole theorem. O

5. SOME GENERALIZATIONS AND REMARKS

5.1. In the case of first order derivatives, k = 1, Chanillo [1] has given
another direct proof, also bypassing the theory of Hardy spaces, of a slightly dif-
ferent duality inequality. His conditions on ¢ are slightly weaker than ¢y € Whn,
He assumes that ¢ € W'? and sup, , ¥*™" [ ) IV@|*dy < C for some con-
stant C—which obviously implies that ¢ belongs to BMO—and obtains also a
weighted variant of the inequality, with a weight in the Muckenhoupt class A;.
On the other hand, he treats only the case g = q' = 2. Later, Chanillo and
Li have noted [2, Lemma 2.2] that Chanillo’s proof extends also, via standard
Littlewood—Paley theory, to the case sup, , 77" [p(, ) IV@[P dy < C.

5.2. It is clear that with practically the same proofs both theorems can be
extended to the following situation. Let

L=A(x)Vk,

where A(x) = (Axg(x)) is a symmetric N X N matrix, with entries indexed
by multiindices of length k in R™. Assume that Ay € L®(R") and set o =
maxy,g || AxgllLe. Moreover, replace the assumption Vk.E=0 by

L* -E =0 in the sense of distributions,

where L* denotes the formal adjoint of L. Then, for h = E - Lu, where u € wka
and E € L7 on appropriate sets, analogues of Theorem 1 and Theorem 2 hold.
One just has to introduce obvious changes in the integral identities (22), (4.6) and
to replace the constants in the inequalities (2.3) and (2.4) by C(n, k, q) - po. (No
smoothness of the coefficients A g is required.)

5.3. With natural modifications of the assumptions, in particular upon re-
placement of n by the so-called homogeneous dimension, Theorem 2 extends to
other, more general situations, e.g. to calculus on Carnot groups. All impor-
tant ingredients of the proof (Whitney decomposition, a suitable representation
formula for smooth compactly supported y, estimates of all derivatives of the fun-
damental solution of the subelliptic laplacian, and fractional integration theorem
for generalized Riesz potentials) are available in this general setting. The key is to
be able to use polynomials and variants of higher-order /ocal Sobolev inequalities.

These have been obtained by G. Lu, and G. Lu and R.L. Wheeden in [13], [14].
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Our computations heavily rely on the fact that derivatives of Taylor polynomials
are equal to Taylor polynomials of derivatives. A suitable replacement for this
property is provided by Lu in [13, Theorem 5.3]. Using this result, one may ob-
tain a subelliptic version of Theorem 2 (generalizing the duality lemma of [10] to
higher-order derivatives along suitable vector fields). Details are left to the reader.
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