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Diagonal Matrix

De�nition
The matrix A “ raij s P Mpn ˆ n;Rq is called diagonal if aij “ 0 for

any i ‰ j , i.e.

A “

»

—

–

a11 0
. . .

0 ann

fi

ffi

fl

.

Example

The matrices

»

–

1 0 0

0 2 0

0 0 3

fi

fl ,

»

—

—

–

1 0 0 0

0 0 0 0

0 0 1 0

0 0 0 ´2

fi

ffi

ffi

fl

are diagonal.
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Diagonal Matrix of Linear Endomorphism

Proposition

Let φ : V ÝÑ V be an endomorphism of vector space V and let

A “ pv1, . . . , vnq be an ordered basis of V . Then MpφqA “ raij s is

diagonal if and only if vi is an eigenvector of φ. Moreover, in such

case eigenvector vi is associated to the eigenvalue aii , i.e.
φpvi q “ aiivi .

Proof.
pðq Assume each vi is an eigenvector of φ associated to eigenvalue

αi . Then

φpvi q “ αivi “ 0v1 ` 0v2 ` . . . ` 0vi´1 ` αivi ` 0vi`1 ` . . . ` 0vn,

i.e. in the i-th column of the matrix MpφqA there is αi in the i-th
row and 01s elsewhere.

pñq similar to the above
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Example
Let φ : R2 ÝÑ R2 be given by

φppx1, x2qq “ p8x1 ` 10x2,´3x1 ´ 3x2q. Then

Mpφqst “

„

8 10

´3 ´3

ȷ

, wφpλq “ det

„

8 ´ λ 10

´3 ´3 ´ λ

ȷ

,

The characteristic polynomial is

wφpλq “ p8 ´ λqp´3 ´ λq ` 30 “ λ2 ´ 5λ ` 6 “ pλ ´ 2qpλ ´ 3q.

There are two eigenvalues λ1 “ 2, λ2 “ 3.

In order to get

corresponding eigenspaces solve

Vp2q :

„

6 10

´3 ´5

ȷ „

x1
x2

ȷ

“

„

0

0

ȷ

ðñ x1 “ ´
5

3
x2,

i.e. Vp2q “ tp´5

3
x2, x2q P R2 | x2 P Ru “ linpp´5, 3qq

Vp3q :

„

5 10

´3 ´6

ȷ „

x1
x2

ȷ

“

„

0

0

ȷ

ðñ x1 “ ´2x2,

i.e. Vp3q “ tp´2x2, x2q P R2 | x2 P Ru “ linpp´2, 1qq
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Example (continued)

Recall, φppx1, x2qq “ p8x1 ` 10x2,´3x1 ´ 3x2q.

The basis A “ pp´5, 3q, p´2, 1qq of R2 consists of eigenvectors and

MpφqA “

„

2 0

0 3

ȷ

,

since

φpp´5, 3qq “ 2p´5, 3q ` 0p´2, 1q,

φpp´2, 1qq “ 0p´5, 3q ` 3p´2, 1q.



Eigenvectors for Di�erent Eigenvalues

Theorem
Let α1, . . . , αk P R be pairwise distinct eigenvalues of the linear

endomorphism φ : V ÝÑ V . Let Ai Ă Vpαi q
be a �nite set of

linearly independent eigenvectors of φ associated to αi for

i “ 1, . . . , k . Then A “ A1 Y . . . Y Ak is a set of linearly

independent vectors.

Proof.
For simplicity we assume that Ai “ tviu, i.e. each set Ai contains

one vector. Assume γ1v1 ` γ2v2 ` . . . ` γkvk “ 0. By applying φ
to both sides we get α1γ1v1 ` α2γ2v2 ` . . . ` αkγkvk “ 0.

Repeating this procedure we get a system of linear equations:

U :

$

’

’

’

’

’

&

’

’

’

’

’

%

γ1v1 ` γ2v2 ` . . . ` γkvk “ 0

α1γ1v1 ` α2γ2v2 ` . . . ` αkγkvk “ 0

α2

1
γ1v1 ` α2

2
γ2v2 ` . . . ` α2

kγkvk “ 0
...

...
. . .

...
...

αk´1

1
γ1v1 ` αk´1

2
γ2v2 ` . . . ` αk´1

k γkvk “ 0
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Vandermonde Determinant

One can check that the Vandermonde determinant

det

»

—

—

—

—

—

–

1 1 1 . . . 1

α1 α2 α3 . . . αk

α2

1
α2

2
α2

3
. . . α2

k
...

...
...

. . .
...

αk´1

1
αk´1

2
αk´1

3
. . . αk´1

k

fi

ffi

ffi

ffi

ffi

ffi

fl

“
ź

1ďiăjďk

pαj ´ αi q

is non-zero and hence the system U can be brought by elementary

row operations to a reduced echelon form

U :

$

’

’

’

&

’

’

’

%

γ1v1 “ 0

γ2v2 “ 0
. . .

...

γkvk “ 0



Vandermonde Determinant (continued)
Which implies that γ1 “ γ2 “ . . . “ γk “ 0 since all vectors vi are
non-zero.

In the general case one can argue in a similar way,

replacing γivi with γ
p1q

i v
p1q

i ` . . . ` γ
pmi q

i v
pmi q

i , where

v
p1q

i , . . . , v
pmi q

i P Vpαi q
are linearly independent for i “ 1, . . . , k .

Alternatively, assume that v1, . . . , vk are linearly dependent and the

linear combination

γ1v1 ` . . . ` γmvm “ 0,

where γi ‰ 0 involves the least number of vectors (perhaps after

rearranging them). Then, by applying φ to both sides of the

equation

γ1α1v1 ` . . . ` γmαmvm “ 0.

By multiplying the �rst equation by αm and subtracting it from the

latter

γ1pα1 ´ αmqv1 ` . . . ` γm´1pαm´1 ´ αmqvm´1 “ 0,

we get a linear combination involving m ´ 1 vectors, which leads to

a contradiction.
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Basis Consisting of Eigenvectors

Corollary

Let V be a �nite dimensional vector space. Let α1, . . . , αk P R be

pairwise distinct eigenvalues of the linear endomorphism

φ : V ÝÑ V . Then

i) if v1, . . . , vk P V and φpvi q “ αivi , vi ‰ 0 for i “ 1, . . . , k
then the vectors v1, . . . , vk are linearly independent,

ii) dimVpα1q ` dimVpα2q ` . . . ` dimVpαk q ď dimV ,

iii) dimVpα1q ` dimVpα2q ` . . . ` dimVpαk q “ dimV ðñ there

exist a basis of V consisting of eigenvectors of φ ðñ the

matrix of φ relative to some basis of V is diagonal.

In the part iii) of the corollary the basis of V consists of the union

of bases of Vpαi q
for i “ 1, . . . , k .
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Example
Let φ : R3 ÝÑ R3 be given by

φppx1, x2, x3qq “ p2x1 ´ 2x2 ` x3, 2x2 ` x3, 4x3q. Then

Mpφqst “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl , wφpλq “ p2 ´ λq2p4 ´ λq.

The eigenvalues of φ are 2 and 4.

Vp2q :

»

–

0 ´2 1

0 0 1

0 0 2

fi

fl

»

–

x1
x2
x3

fi

fl “

»

–

0

0

0

fi

fl ðñ x2 “ x3 “ 0,

Vp2q “ tpx1, 0, 0q P R3 | x1 P Ru “ linpp1, 0, 0qq

Vp4q :

»

–

´2 ´2 1

0 ´2 1

0 0 0

fi

fl

»

–

x1
x2
x3

fi

fl “

»

–

0

0

0

fi

fl ðñ x1 “ 0 and x3 “ 2x2,

Vp4q “ tp0, x2, 2x2q P R3 | x2 P Ru “ linpp0, 1, 2qq
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Example (continued)

Vp2q “ tpx1, 0, 0q P R3 | x1 P Ru “ linpp1, 0, 0qq

Vp4q “ tp0, x2, 2x2q P R3 | x2 P Ru “ linpp0, 1, 2qq

dimVp2q ` dimVp4q “ 1 ` 1 ă 3 “ dimR3, therefore there is no

basis of R3 such that matrix of φ relative to it is diagonal.



Diagonalizable Matrix

Corollary

Let V be a �nite dimensional vector space and let dimV “ n. If
the endomorphism φ : V ÝÑ V has n pairwise distinct eigenvalues

then there exists a basis of V consisting of eigenvectors.

De�nition
Let A P Mpn ˆ n;Rq. We say the matrix A is diagonalizable if it is

similar to a diagonal matrix, that is there exists an invertible matrix

C P Mpn ˆ n;Rq such that the matrix C´1AC is diagonal.

Proposition

Matrix A P Mpn ˆ n;Rq is diagonalizable ðñ there exists a basis

of Rn consisting of eigenvectors of the endomorphism

φ : Rn ÝÑ Rn given by the condition Mpφqst “ A.
Moreover, if A is such basis and C “ MpidqstA then the matrix

C´1AC is diagonal.
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similar to a diagonal matrix, that is there exists an invertible matrix

C P Mpn ˆ n;Rq such that the matrix C´1AC is diagonal.

Proposition

Matrix A P Mpn ˆ n;Rq is diagonalizable ðñ there exists a basis

of Rn consisting of eigenvectors of the endomorphism

φ : Rn ÝÑ Rn given by the condition Mpφqst “ A.

Moreover, if A is such basis and C “ MpidqstA then the matrix

C´1AC is diagonal.
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Example

Matrix A “

„

8 10

´3 ´3

ȷ

is diagonalizable. Endomorphism

φppx1, x2qq “ p8x1 ` 10x2,´3x1 ´ 3x2q has two eigenvalues 2 and

3. We have computed Vp2q “ linpp´5, 3qq and Vp3q “ linpp´2, 1qq.

Set A “ pp´5, 3q, p´2, 1qq and C “ MpidqstA.

D “

„

2 0

0 3

ȷ

“ MpφqA “ MpidqAstMpφqststMpidqstA

C “

„

´5 ´2

3 1

ȷ

, C´1 “

„

1 2

´3 ´5

ȷ



Example

Matrix A “

„

8 10

´3 ´3

ȷ

is diagonalizable. Endomorphism

φppx1, x2qq “ p8x1 ` 10x2,´3x1 ´ 3x2q has two eigenvalues 2 and

3. We have computed Vp2q “ linpp´5, 3qq and Vp3q “ linpp´2, 1qq.

Set A “ pp´5, 3q, p´2, 1qq and C “ MpidqstA.

D “

„

2 0

0 3

ȷ

“ MpφqA “ MpidqAstMpφqststMpidqstA

C “

„

´5 ´2

3 1

ȷ

, C´1 “

„

1 2

´3 ´5

ȷ



Example

Matrix A “

„

8 10

´3 ´3

ȷ

is diagonalizable. Endomorphism

φppx1, x2qq “ p8x1 ` 10x2,´3x1 ´ 3x2q has two eigenvalues 2 and

3. We have computed Vp2q “ linpp´5, 3qq and Vp3q “ linpp´2, 1qq.

Set A “ pp´5, 3q, p´2, 1qq and C “ MpidqstA.

D “

„

2 0

0 3

ȷ

“ MpφqA “ MpidqAstMpφqststMpidqstA

C “

„

´5 ´2

3 1

ȷ

, C´1 “

„

1 2

´3 ´5

ȷ



Example (continued)

Matrix A “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl is not diagonalizable. There is no basis

of R3 consisting of eigenvalues of the endomorphism

φppx1, x2, x3qq “ p2x1 ´ 2x2 ` x3, 2x2 ` x3, 4x3q.

Matrix

B “

„

0 ´1

1 0

ȷ

is not diagonalizable (over R). It has no (real)

eigenvalues.
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Application

Proposition

Let A “

»

—

–

a11 0
. . .

0 ann

fi

ffi

fl

be a diagonal matrix. Then

Am “

»

—

–

am
11

0
. . .

0 amnn

fi

ffi

fl

for any m P N.

Remark
Note that this, in general, does not hold for non�diagonal

matrices, for example

„

1 1

0 1

ȷ2

“

„

1 2

0 1

ȷ

and 12 ‰ 2.
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Application (continued)

Let A “

„

8 10

´3 ´3

ȷ

. Compute An.

Recall D “ C´1AC hence

A “ CDC´1. Therefore An “ CDnC´1.

An “

„

´5 ´2

3 1

ȷ „

2n 0

0 3n

ȷ „

1 2

´3 ´5

ȷ

“

“

„

´5 ¨ 2n ` 2 ¨ 3n`1 ´5 ¨ 2n`1 ` 10 ¨ 3n

3 ¨ 2n ´ 3n`1 3 ¨ 2n`1 ´ 5 ¨ 3n

ȷ

“

“ 2n
„

´5 ´10

3 6

ȷ

` 3n
„

6 10

´3 ´5

ȷ

“

“ 2n
ˆ

3

„

1 0

0 1

ȷ

´

„

8 10

´3 ´3

ȷ˙

` 3n
ˆ

´2

„

1 0

0 1

ȷ

`

„

8 10

´3 ´3

ȷ˙

“

“ p3 ¨ 2n ´ 2 ¨ 3nqI2 ` p´2n ` 3nqA.
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Application (continued)

A “

„

8 10

´3 ´3

ȷ

,

An “ p3 ¨ 2n ´ 2 ¨ 3nqI ` p´2n ` 3nqA.

Note that for n “ 2

A2 “ 5A ´ 6I ,

we recover the characteristic polynomial wApλq “ λ2 ´ 5λ ` 6.

Since A and I are linearly independent it follows that

λn ” p´2n ` 3nqλ ` p3 ¨ 2n ´ 2 ¨ 3nq pmod wApλqq,

i.e. the polynomial

λn ´ rp´2n ` 3nqλ ` p3 ¨ 2n ´ 2 ¨ 3nqs ,

is divisible by the polynomial wApλq.
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Determinant of a Diagonalizable Matrix

Proposition

Let A P Mpn ˆ n;Rq be a diagonalizable matrix and let

λ1, . . . , λn P R denote the eigenvalues of A. Then

detA “ λ1 ¨ . . . ¨ λn.

Proof.
Let

D “

»

—

—

—

–

λ1 0 . . . 0

0 λ2 . . . 0
...

. . .
...

0 0 . . . λn

fi

ffi

ffi

ffi

fl

.

Then

detA “ wAp0q “ wDp0q “ λ1 ¨ . . . ¨ λn.
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Coe�cients of Characteristic Polynomial

Remark
In general, for any matrix A P Mpn ˆ n;Rq

wApλq “

n
ÿ

i“0

p´1qi

¨

˚

˚

˝

ÿ

JĂt1,...,nu

#J“n´i

detAJ;J

˛

‹

‹

‚

λi ,

where if J “ tj1, . . . , jn´iu and 1 ď j1 ă . . . ă jn´i ď n

detAJ;J “ detAj1,...,jn´i ;j1,...,jn´i
,

denotes a minor of order pn ´ iq (so called principal minor).

In other words, the coe�cient of λi is equal to p´1qi times the sum

of all prinicipal minors of order pn ´ iq.
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Coe�cients of Characteristic Polynomial (continued)

Proof.
If Apλq “ raijpλqs where aijpλq are di�erentiable functions of

variable λ, the Jacobi formula holds

d

dλ
detApλq “ TrpadjpApλqq

d

dλ
Apλqq,

where d

dλApλq “ r d

dλaijpλqs and for B “ rbij s the trace of matrix

B P Mpn ˆ n;Rq is equal to TrpBq “
řn

i“1
bii .

If A “ raij s P Mpn ˆ n;Rq is a square matrix, by the Jacobi formula

d

dλ
wApλq “ TrpadjpA ´ λI qp´I qq “ ´

ÿ

JĂt1,...,nu

#J“n´1

detpA ´ λI qJ;J .
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Coe�cients of Characteristic Polynomial (continued)

Proof.
Using induction one can show that

d
i

dλi
wApλq “ p´1qi i !

ÿ

JĂt1,...,nu

#J“n´i

detpA ´ λI qJ;J .

The claim follows from the Taylor formula, i.e.

wApλq “

n
ÿ

i“0

1

i !

d
i

dλi
wAp0qλi .

Remark
The Jacobi formula follows directly form the chain rule for total

derivatives (note that B
Baij

detA “ p´1qi`j detAij hence

dpdetqA “ adjpAq ).
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Coe�cients of Characteristic Polynomial (continued)

The coe�cients of characteristic polynomial are also symmetric

functions of eigenvalues (permuting, i.e. changing the order of

factors does not change the coe�cients).

pλ ´ λ1qpλ ´ λ2q “ λ2 ´ pλ1 ` λ2qλ ` λ1λ2,

pλ´λ1qpλ´λ2qpλ´λ3q “ λ3´pλ1`λ2`λ3qλ2`pλ1λ2`λ1λ3`λ2λ3qλ´

´λ1λ2λ3,

pλ ´ λ1qpλ ´ λ2qpλ ´ λ3qpλ ´ λ4q “ λ4 ´ pλ1 ` λ2 ` λ3 ` λ4qλ3`

`pλ1λ2 ` λ1λ3 ` λ1λ4 ` λ2λ3 ` λ2λ4 ` λ3λ4qλ2´

´pλ1λ2λ3 ` λ1λ2λ4 ` λ1λ3λ4 ` λ2λ3λ4qλ ` λ1λ2λ3λ4.

...



Elementary Symmetric Polynomials

De�nition
The m´th symmetric polynomial in variables x1, . . . , xn, where
m ě 0 (assume e0 “ 1) is,

em “ empx1, . . . , xnq “
ÿ

1ďi1ăi2ă...ăimďn

xi1xi2 ¨ . . . ¨ xim .



Elementary Symmetric Polynomials (continued)

Proposition

The coe�cients of the characteristic polynomial wA of matrix

A P Mpn ˆ n;Cq are (up to a sign) elementary symmetric

polynomials of the (complex) eigenvalues of A, i.e.

wApλq “

n
ÿ

j“0

p´1qn´jejpλ1, . . . , λnqλn´j .

Proof.
Omitted (use induction).

0cf. I. G. Macdonald Symmetric Functions and Hall Polynomials, Oxford

2015



Partitions

De�nition
A partition µ of a natural number n P N is any sequence of natural

numbers µ1, µ2, µ3 . . . such that

|µ| “ µ1 ` µ2 ` µ3 ` . . . “ n,

and

µ1 ě µ2 ě µ3 ě . . . .

The numbers µ1, µ2, µ3 . . . are called parts of µ. The number of

non�zero parts lpµq of µ is called the length of µ.

Example

p2, 2, 1, 0, 0q is a partition of the number 5 of length 3, i.e. |µ| “ 5

and lpµq “ 3. It is denoted alternatively as µ “ p112230 . . .q.

0alternatively cf. R. P. Stanley Enumerative Combinatorics vol. 2,

Cambridge 2001
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Monomial Symmetric Polynomials

De�nition
For any partition µ “ p1k12k23k3 . . .q such that |µ| “ m and

lpµq ď n the m´th monomial symmetric polynomial mµ is given by

the formula

mµ “ mµpx1, . . . , xnq “
1

k1!k2! . . . kn!

ÿ

σPSn

x
µpσp1qq

1
x
µpσp2qq

2
¨. . .¨x

µpσpnqq
n ,

where Sn denotes the n´th symmetric group (i.e. the group of all

permutations of the set t1, . . . , nu).

Example

Let µ “ p2, 1, 0q and n “ 3, then

mµpx1, x2, x3q “ x21x2 ` x21x3 ` x1x
2

2 ` x22x3 ` x1x
2

3 ` x2x
2

3 .
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Monomial Symmetric Polynomials (continued)

Remark
The constant 1

k1!k2!...kn!
is chosen to make coe�cients of all

monomials in mµ equal to 1. For example, let µ “ p1, 1, 0q and

n “ 3, then

mµpx1, x2, x3q “ x1x2 ` x1x3 ` x2x3.

For example, let µ “ p1, 1, 1q and n “ 3, then

mµpx1, x2, x3q “ x1x2x3.

Analogously for µ “ p2, 0, 0q and n “ 3

mµpx1, x2, x3q “ x21 ` x22 ` x23 .



Complete Symmetric Polynomials

De�nition
For any m ě 0 the m´th complete symmetric polynomial hm in

variables x1, . . . , xn is given by the formula

hm “ hmpx1, . . . , xnq “
ÿ

|µ|“m

mµpx1, . . . , xnq.

We set h0 “ 1 and hm “ 0 for any m ą n.

Example

Let n “ 3, then

h1px1, x2, x3q “ x1 ` x2 ` x3,

h2px1, x2, x3q “ µp2,0,0q `µp1,1,0q “ x21 `x22 `x23 `x1x2`x1x3`x2x3.

The polynomial hm is sum of all monomials in variables x1, . . . , xn
of degree m.
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Power Symmetric Polynomials

De�nition
For any m ě 1 the m´th power symmetric polynomial pm in

variables x1, . . . , xn is given by the formula

pm “ pmpx1, . . . , xnq “ mp1mq “ xm1 ` . . . ` xmn .

We set p0 “ n.

Example

For m “ 2 and n “ 3

p2px1, x2, x3q “ x21 ` x22 ` x23 .
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Example
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Symmetric Polynomials

De�nition
Polynomial Ppx1, . . . , xnq P Crx1, . . . , xns is symmetric, if for any

σ P Sn
Ppxσp1q, . . . , xσpnqq “ Ppx1, . . . , xnq.

Proposition

Any symmetric polynomial in n variables is a polynomial of

h1, . . . , hn (resp. of p1, . . . , pn, resp. of e1, . . . , en).

Proof.
Omitted.



Newton Identities
Let

E ptq “ p1`x1tqp1`x2tq¨. . .¨p1`xntq “ 1`e1t`e2t
2`. . .`ent

n “

“

n
ÿ

m“0

empx1, . . . , xnqtm,

be the generating function for the elementary symmetric

polynomials. Similarly, let

Hptq “
1

1 ´ x1t
¨

1

1 ´ x2t
¨ . . . ¨

1

1 ´ xnt
“

“ p1`x1t`x21 t
2`. . .qp1`x2t`x22 t

2`. . .q¨. . .¨p1`xnt`x2n t
2`. . .q “

“ 1 ` h1t ` h2t
2 ` . . . “

8
ÿ

m“0

hmpx1, . . . , xnqtm.

Pptq “
x1

1 ´ tx1
`

x2
1 ´ tx2

` . . .`
xn

1 ´ txn
“ p1 ` p2t ` p3t ` . . . “

“

8
ÿ

m“0

pm`1px1, . . . , xnqtm.



Newton Identities (continued)
The following (easy to check) equations hold

HptqE p´tq “ 1,

Pptq “
H 1ptq

Hptq
,

Pp´tq “
E 1ptq

E ptq
,

giving raise (by the uniqueness of the Taylor expansion, comparing

the coe�cients at tk) to the following identities, respectively

k
ÿ

m“0

p´1qmemhm´k “ 0, for k ě 1

k
ÿ

m“0

hmpk´m`1 “ pk ` 1qhk`1, for k ě 0,

k
ÿ

m“0

p´1qk´mempk´m`1 “ pk ` 1qek`1, for k ě 0.



Newton Identities (continued)

Usually, those identities are written in a slightly di�erent but

equivalent (simple exercise) way

k
ÿ

m“0

p´1qmemhm´k “ 0, for k ě 1

k
ÿ

m“1

hk´mpm “ khk , for k ě 1,

k
ÿ

m“1

p´1qm´1ek´mpm “ kek , for k ě 1.

Moreover, it is possible to express em's and hm's solely in terms of

pm's which lead for example to formulas for the coe�cients of the

characteristic polynomial wA in terms of trpAq, tr
`

A2
˘

, . . . , trpAnq

(see Faddeev�LeVerrier algorithm).



Newton Identities (continued)

Proposition

The following formulas hold

hmpx1, . . . , xnq “
ÿ

|µ|“m
µ“p1k12k2 ...q

1
ś

j j
kjkj !

pµ,

empx1, . . . , xnq “
ÿ

|µ|“m
µ“p1k12k2 ...q

p´1qm´lpµq 1
ś

j j
kjkj !

pµ1pµ2 ¨ . . . ,

where

pµ “ pµ1pµ2 ¨ . . . .

Proof.
Omitted. Observe that the identities do not depend on n (i.e. the

number of variables).



Newton Identities � Example

h1 “ pp1q “ p1,

h2 “ pp2q ` pp1,1q “ pp1021...q ` pp1220...q “

“
1

10 ¨ 0! ¨ 21 ¨ 1!
p2 `

1

12 ¨ 2!
p1p1 “

1

2
pp21 ` p2q,

h3 “ pp3q ` pp2,1q ` pp1,1,1q “ pp102031...q ` pp1121...q ` pp13...q “

“
1

311!
p3`

1

11 ¨ 1! ¨ 21 ¨ 1!
p2p1`

1

133!
p1p1p1 “

1

3
p3`

1

2
p1p2`

1

6
p31 ,

...



Newton Identities � Example

e1 “ pp1q “ p1,

e2 “ ´pp2q ` pp1,1q “ ´pp1021...q ` pp1220...q “

“
1

10 ¨ 0! ¨ 21 ¨ 1!
p2 `

1

12 ¨ 2!
p1p1 “

1

2
pp21 ´ p2q,

e3 “ pp3q ´ pp2,1q ` pp1,1,1q “ pp102031...q ´ pp1121...q ` pp13...q “

“
1

311!
p3´

1

11 ¨ 1! ¨ 21 ¨ 1!
p2p1`

1

133!
p1p1p1 “

1

3
p3´

1

2
p1p2`

1

6
p31 ,

...



Newton Identities � Example (continued)

Three numbers x , y , z P R satisfy the following system of equations

$

&

%

x ` y ` z “ 2,
x2 ` y2 ` z2 “ 6,
x3 ` y3 ` z3 “ 8.

Determine xyz . The problem can be solved using the identity

e3 “
1

3
p3 ´

1

2
p1p2 `

1

6
p31 ,

that is

xyz “
1

3
¨ 8 ´

1

2
¨ 2 ¨ 6 `

1

6
¨ 23 “

“
8

3
´ 6 `

4

3
“ ´2.

In fact, x “ 1, y “ 2, z “ ´1 (up to a permutation).



Schur Polynomials

For any monomial xα “ xα1

1
xα2

2
¨ . . . ¨ xαn

n de�ne the antisymmetric

(or skew�symmetric) function

aαpx1, . . . , xnq “
ÿ

σPSn

sgnσpσ.xαq,

where

σ.xα “ xα1

σp1q
xα2

σp2q
¨ . . . xαn

σpnq
.

For example, if α “ p1, 2, 0q and n “ 3 then

aαpx1, x2, x3q “ x1x
2

2 ` x22x3 ` x1x
2

3 ´ x21x2 ´ x22x3 ´ x1x
2

3 .



Schur Polynomials (continued)

The alternative de�nition of the determinant implies that

aαpx1, . . . , xnq “ det

»

—

—

—

—

—

–

xα1

1
xα2

1
xα3

1
¨ ¨ ¨ xαn

1

xα1

2
xα2

2
xα3

2
¨ ¨ ¨ xαn

2

xα1

3
xα2

3
xα3

3
¨ ¨ ¨ xαn

3

...
...

...
. . .

...

xα1

n xα2

n xα3

n ¨ ¨ ¨ xαn
n

fi

ffi

ffi

ffi

ffi

ffi

fl



Schur Polynomials (continued)

From the properties of the determinant it follows that

aαpx1, . . . , xi , . . . , xj , . . . , xnq “ ´aαpx1, . . . , xj , . . . , xi , . . . , xnq,

(i.e. aα is alternating and hence antisymmetric) and that

aα “ 0,

if some αi “ αj for i ‰ j . It follows that the polynomial aα is

divisible by the polynomial xi ´ xj in the ring Zrx1, . . . , xns. For

example for α “ p1, 2, 0q and n “ 3

aαpx1, x2, x3q “ x1x
2

2 ` x22x3 ` x1x
2

3 ´ x21x2 ´ x22x3 ´ x1x
2

3 “

“ px1 ´ x2qp´x1x2 ` x1x3 ` x2x3 ´ x23 q “

“ px2 ´ x1qpx3 ´ x1qpx3 ´ x2q.



Schur Polynomials (continued)
Without the loss of generality one can assume that

α1 ą α2 ą . . . ą αn ě 0.

This implies that α1 ě n ´ 1, α2 ě n ´ 2, . . . therefore if
δ “ pn ´ 1, n ´ 2, n ´ 3, . . . , 2, 1, 0q then

µ “ α ´ δ,

has non�negative components. Moreover

µ1 ´ µ2 “ pα1 ´ pn ´ 1qq ´ pα2 ´ pn ´ 2qq “ α1 ´ α2 ´ 1 ě 0,

µ2 ´ µ3 “ pα2 ´ pn ´ 2qq ´ pα3 ´ pn ´ 3qq “ α2 ´ α3 ´ 1 ě 0,

...

that is µ is a partition. This can be reversed, that is for any

partition µ, the α “ µ ` δ gives a non�zero function aα. Observe
that aδpx1, . . . , xnq is the Vandermonde determinant.



Schur Polynomials (continued)

De�nition
For any partition µ and δ “ pn ´ 1, n ´ 2, . . . , 2, 1, 0q the Schur

polynomial (in variables x1, . . . , xn) is the symmetric polynomial in

Zrx1, . . . , xns given by the formula

sµ “ sµpx1, . . . , xnq “
aµ`δ

aδ
.

Remark
Schur polynomials for µ such that |µ| “ m form a Z´basis of the

homogeneous symmetric polynomials of degree m. Schur

polynomials play an important role in combinatorics, algebraic

geometry, representation theory of the symmetric group, general

linear group and the unitary group.



Schur Polynomials (continued)

sµ “

det

»

—

—

—

—

—

—

–

x
µ1`pn´1q

1
x
µ2`pn´2q

1
x
µ3`pn´3q

1
¨ ¨ ¨ xµn`0

1

x
µ1`pn´1q

2
x
µ2`pn´2q

2
x
µ3`pn´3q

1
¨ ¨ ¨ xµn`0

2

x
µ1`pn´1q

3
x
µ2`pn´2q

3
x
µ3`pn´3q

1
¨ ¨ ¨ xµn`0

3

...
...

...
. . .

...

x
µ1`pn´1q
n x

µ2`pn´2q
n x

µ3`pn´3q

1
¨ ¨ ¨ xµn`0

n

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

det

»

—

—

—

—

—

–

xn´1

1
xn´2

1
xn´3

1
¨ ¨ ¨ x0

1

xn´1

2
xn´2

2
xn´3

2
¨ ¨ ¨ x0

2

xn´1

3
xn´2

3
xn´3

3
¨ ¨ ¨ x0

3

...
...

...
. . .

...

xn´1
n xn´2

n xn´3
n ¨ ¨ ¨ x0n

fi

ffi

ffi

ffi

ffi

ffi

fl

.



Schur Polynomials � Example

δ “ p2, 1, 0q

sδ “ ´ px2 ´ x1q px3 ´ x1q px3 ´ x2q

sp2,0,0qpx1, x2, x3q “
1

sδ
det

»

–

x4
1

x1
1

x0
1

x4
2

x1
2

x0
2

x4
3

x1
3

x0
3

fi

fl “

“
1

sδ
p´ px2 ´ x1q ¨

¨ px3 ´ x1q px3 ´ x2q
`

x3
2 ` x2x3 ` x1x3 ` x2

2 ` x1x2 ` x1
2
˘˘

“

“ x21 ` x22 ` x23 ` x1x2 ` x1x3 ` x2x3.



Schur Polynomials � Another Example

δ “ p2, 1, 0q

sδ “ ´ px2 ´ x1q px3 ´ x1q px3 ´ x2q

sp1,1,0qpx1, x2, x3q “
1

sδ
det

»

–

x3
1

x2
1

x0
1

x3
2

x2
2

x0
2

x3
3

x2
3

x0
3

fi

fl “

“
1

sδ
p´ px2 ´ x1q px3 ´ x1q px3 ´ x2q px2x3 ` x1x3 ` x1x2qq “

“ x1x2 ` x1x3 ` x2x3.



Semistandard Young Tableau

De�nition
For any partition µ a semistandard Young tableau T of shape µ is a

way of placing numbers into the diagram (µ1 boxes in the �rst row,

µ2 in the second, etc.)

such that

i) numbers in rows are weakly increasing (from left to right),

ii) numbers in columns are strictly increasing (top to down).



Semistandard Young Tableau

De�nition
The set SSYTµ is the set of all semistandard Young tableaux and

SSYTµpnq is the set of all semistandard Young tableuax with

entries not greater than n. For any T P SSYTµpnq

xT “ x#1
1s

1
x#2

1s
2

¨ . . . ¨ x#n1s
n ,

that xj is raised to the number of occurrence of j in T .

Proposition

sµpx1, . . . , xnq “
ÿ

TPSSYTµpnq

xT .

Proof.
Omitted.1

1cf. B. E. Sagan, The Symmetric Group, Springer 2001
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xT “ x#1
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1
x#2

1s
2

¨ . . . ¨ x#n1s
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that xj is raised to the number of occurrence of j in T .

Proposition
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Proof.
Omitted.1
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Semistandard Young Tableau - Example

µ “ p2, 0, 0q, n “ 3,

SSYTµpnq “

!

1 1 , 2 2 , 3 3 , 1 2 , 1 3 , 2 3
)

,

sµ “ x21 ` x22 ` x23 ` x1x2 ` x1x3 ` x2x3.

µ “ p1, 1, 0q, n “ 3,

SSYTµpnq “

#

1

2
,

1

3
,

2

3

+

,

sµ “ x1x2 ` x1x3 ` x2x3.



Pieri's Formula

Proposition

sµspmq “
ÿ

ν

sν ,

where the sum is over all paritions ν obtained from µ by adding m
boxes but no two in a single column.

Proof.
Omitted.



Pieri's Formula � Example

sp2,1qsp2q “ sp4,1q ` sp3,2q ` sp3,1,1q ` sp2,2,1q,

x x x

x

x

x

x

x



Symmetric Matrix � Spectral Theorem

De�nition
Matrix A P Mpn ˆ n;Rq is called symmetric if A⊺ “ A.

Proposition

Let A P Mpn ˆ n;Rq be a symmetric matrix. Then A is

diagonalizable.

Moreover there exists an orthogonal basis of Rn consisting of

eigenvectors of the endomorphism Mpφqst “ A, i.e. vectors of that
basis are pairwise perpendicular.



Symmetric Matrix � Spectral Theorem

De�nition
Matrix A P Mpn ˆ n;Rq is called symmetric if A⊺ “ A.

Proposition

Let A P Mpn ˆ n;Rq be a symmetric matrix. Then A is

diagonalizable.

Moreover there exists an orthogonal basis of Rn consisting of

eigenvectors of the endomorphism Mpφqst “ A, i.e. vectors of that
basis are pairwise perpendicular.



Example

Let

A “

»

–

1 2 0

2 ´2 0

0 0 ´3

fi

fl .

Then

wApλq “ ´pλ ` 3qrp1 ´ λqp´2 ´ λq ´ 4s “ ´pλ ` 3q2pλ ´ 2q,

Vp´3q “ linpp´1, 2, 0q, p0, 0, 1qq,

Vp2q “ linpp2, 1, 0qq,

and the eigenvectors are pairwise perpendicular.



Minimal Polynomial

De�nition
Let A P Mpn ˆ n;Rq. The minimal polynomial µA of the matrix A
is a non-zero monic polynomial with real coe�cients of the least

degree such that µApAq “ 0.

Equivalently, the minimal polynomial of A is the non-zero monic

polynomial of the least degree which image under the map

Rrxs Q Ppxq ÞÑ PpAq P Mpn ˆ n;Rq,

is the zero matrix (or which divides each Ppxq P Rrxs with

PpAq “ 0).

By the Cayley�Hamilton Theorem the minimal polynomial of A
divides the characteristic polynomial of A, i.e. µA | wA.
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PpAq “ 0).

By the Cayley�Hamilton Theorem the minimal polynomial of A
divides the characteristic polynomial of A, i.e. µA | wA.



Minimal Polynomial

Remark
The degree of the minimal polynomial µA is equal to the smallest

number m ě 1 such that

Am P linpAm´1, . . . ,A1,A0q,

and if

Am “ αm´1A
m´1 ` . . . ` α1A

1 ` α0A
0,

for some αi P R, then

µApλq “ λm ´ pαm`1λ
m´1 ` . . . ` α1λ ` α0q.



Example

Let A “

„

8 10

´3 ´3

ȷ

. Then wApλq “ pλ ´ 2qpλ ´ 3q and the only

monic divisors of wA are wA, λ ´ 2, λ ´ 3 and 1. Since A is not a

diagonal matrix then µA “ wA.

Let B “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl. Then wBpλq “ p2 ´ λq2p4 ´ λq. Then

only monic divisors of wB are ´wB , pλ ´ 2q2, λ ´ 2, pλ ´ 2qpλ ´ 4q,
λ ´ 4 and 1. It can be checked that µB “ ´wB . Equivalently, the

matrix

B2 “

»

–

4 ´8 4

0 4 6

0 0 16

fi

fl ,

is not a linear combination of matrices B and I3.
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Minimal Polynomials of Similar Matrices

Proposition

Let A,B P Mpn ˆ n;Rq be similar matrices. Then µA “ µB .

Proof.
If A “ C´1BC then 0 “ µApAq “ C´1µApBqC therefore

µApBq “ 0. By de�nition µB | µA and analogously µA | µB . Since

both polynomials are monic µA “ µB .

Remark
Non-similar matrices can have the same minimal polynomials. For

example

A “

»

–

1 0 0

0 2 0

0 0 2

fi

fl , B “

»

–

1 0 0

0 1 0

0 0 2

fi

fl ,

have the same minimal polynomial

µApλq “ µBpλq “ pλ ´ 1qpλ ´ 2q

but A and B are not similar.
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Criterion for Diagonalizability

Theorem
Let A P Mpn ˆ n;Rq. Matrix A is diagonalizable if and only if the

minimal polynomial of A factors as follows

µApλq “ pλ ´ α1qpλ ´ α2q . . . pλ ´ αkq,

where αi P R and αi ‰ αj , i.e. αi are pairwise distinct numbers.

Example

A “

„

8 10

´3 ´3

ȷ

, B “

»

–

2 ´2 1

0 2 1

0 0 4

fi

fl

µApλq “ pλ ´ 2qpλ ´ 3q,

µBpλq “ pλ ´ 2q2pλ ´ 4q.

Matrix A is diagonalizable and matrix B is not diagonalizable.
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Criterion for Diagonalizability (continued)

Example

The minimal polynomial of matrix

C “

„

0 ´1

1 0

ȷ

,

is equal to its characteristic polynomial. The minimal polynomial

has pairwise di�erent complex roots so the matrix C diagonalizes

over C but not over R.



Criterion for Diagonalizability (continued)

Corollary

Matrix A P Mpn ˆ n;Cq of �nite order (i.e., Am “ I for some

m ě 1) is diagonalizable (over C).

Proof.
The minimal polyomial of A divides the polynomial xm ´ 1 which

has only simple roots.

Warning

This theorem fails in positive characteristic, take say
„

1 1

0 1

ȷ

P Mp2 ˆ 2;F2q.
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ȷ
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Criterion for Diagonalizability (continued)

Proof.
pñq Let D “ C´1AC , by the previous proposition µA “ µD . Let

α1, . . . , αk P R be all pairwise distinct eigenvalues of matrix D. For

any i “ 1, . . . , k , vi P Vpαi q

pD ´ αj I qvi “ pαi ´ αjqvi for j “ 1, . . . , k .

It follows that for any i “ 1, . . . , k , vi P Vpαi q
and any

m1, . . . ,mk ě 0

rpD ´α1I q
m1 . . . pD ´αk I q

mk svi “ pαi ´α1qm1 ¨ . . . ¨ pαi ´αkqmkvi .

Since for any Ppxq P Rrxs

PpDq “ 0 ðñ PpDqvi “ 0 for any i “ 1, . . . , k , vi P Vpαi q
,

it follows that the minimal polynomial µApλq is equal to

µDpλq “ pλ ´ α1q ¨ . . . ¨ pλ ´ αkq.



Criterion for Diagonalizability (continued)

Proof.
pñq Let D “ C´1AC , by the previous proposition µA “ µD . Let

α1, . . . , αk P R be all pairwise distinct eigenvalues of matrix D. For

any i “ 1, . . . , k , vi P Vpαi q

pD ´ αj I qvi “ pαi ´ αjqvi for j “ 1, . . . , k .

It follows that for any i “ 1, . . . , k , vi P Vpαi q
and any

m1, . . . ,mk ě 0

rpD ´α1I q
m1 . . . pD ´αk I q

mk svi “ pαi ´α1qm1 ¨ . . . ¨ pαi ´αkqmkvi .

Since for any Ppxq P Rrxs

PpDq “ 0 ðñ PpDqvi “ 0 for any i “ 1, . . . , k , vi P Vpαi q
,

it follows that the minimal polynomial µApλq is equal to

µDpλq “ pλ ´ α1q ¨ . . . ¨ pλ ´ αkq.



Criterion for Diagonalizability (continued)

Proof.
pñq Let D “ C´1AC , by the previous proposition µA “ µD . Let

α1, . . . , αk P R be all pairwise distinct eigenvalues of matrix D. For

any i “ 1, . . . , k , vi P Vpαi q

pD ´ αj I qvi “ pαi ´ αjqvi for j “ 1, . . . , k .

It follows that for any i “ 1, . . . , k , vi P Vpαi q
and any

m1, . . . ,mk ě 0

rpD ´α1I q
m1 . . . pD ´αk I q

mk svi “ pαi ´α1qm1 ¨ . . . ¨ pαi ´αkqmkvi .

Since for any Ppxq P Rrxs

PpDq “ 0 ðñ PpDqvi “ 0 for any i “ 1, . . . , k , vi P Vpαi q
,

it follows that the minimal polynomial µApλq is equal to

µDpλq “ pλ ´ α1q ¨ . . . ¨ pλ ´ αkq.



Criterion for Diagonalizability (continued)

Proof.
pðq Let

Qi pλq “
µApλq

λ ´ αi
for i “ 1, . . . , k .

Since

GCDpQ1pλq, . . . ,Qkpλqq “ 1,

there exist polynomials P1, . . . ,Pk P Rrxs such that

P1pλqQ1pλq ` . . . ` PkpλqQkpλq “ 1. (*)

Since µA | wA, the numbers α1, . . . , αk P R are eigenvalues of

matrix A. The union of bases of the eigenspaces Vpα1q, . . . ,Vpαk q is

a linearly independent set. It is enough to show that it spans Rn.
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Criterion for Diagonalizability (continued)

Proof.
For any (column) vector v P Rn and any i “ 1, . . . , k

Qi pAqv P Vpαi q
,

because

kerpA ´ αi I q “ Vpαi q

and

pA ´ αi I qpQi pAqqv “ µApAqv “ 0.

Let v P Rn be any (column) vector. Substituting matrix A to the

equation (??) and multiplying it by vector v on the right

v “ Q1pAq pP1pAqvq ` . . . ` QkpAq pPkpAqvq ,

where

Qi pAq pPi pAqvq P Vpαi q
for i “ 1, . . . , k .
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Diagonalizability on Invariant Subspace

De�nition
Let φ : V Ñ V be an endomorphism and let W Ă V be subspace. Then
W is an invariant subspace of φ if

φpW q Ă W .

Proposition
Let W be an invariant subspace of a diagonalizable endomorphism
φ : V Ñ V . Then φ|W : W Ñ W is diagonalizable.

Proof.
Let µφ be the minimal polynomial of φ. Then for any w P W

µφpφqpwq “ 0,

that is the minimal polynomial of φ|W divides the minimal polynomial of
φ hence it has simple roots.
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Simultaneously Diagonalizable Endomorphisms

Proposition
Let φi : V Ñ V where i P I be a family of diagonalisable endomorphisms.
Then endomorphisms φi commute, i.e., for any i , j P I

φi ˝ φj “ φj ˝ φi ,

if and only if there exists a basis A of V such that matrices Mpφi q
A
A are

diagonal for each i P I , that is endomorphisms φi are simultaneously
diagonalizable.

Proof.
pðq if Mpφi q

A
A, Mpφjq

A
A are diagonal then

Mpφi q
A
AMpφjq

A
A “ Mpφjq

A
AMpφi q

A
A.

pñq induction of n “ dimV . If n “ 1 the statement is obvious.
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Simultaneously Diagonalizable Endomorphisms (continued)

Proof.
Assume there exists j P I such that dimVφj ,pλq ă dimV , where λ P R is
an eigenvalue of φj and W “ Vφj ,pλq is an eigenspace of φj (otherwise
each φi is a uniform scalling).

Then for any i P I and any v P Vφj ,pλq

φjpφi pvqq “ φi pφjpvqq “ φi pλvq “ λpφi pvqq,

i.e.,
φi pVφj ,pλqq Ă Vφj ,pλq.

The family φj |W commute and each φj |W is diagonalisable, therefore by
the inductive assumption the family is simultaneously diagonalisable (by
repeating the argument on each eigenspace of φj).
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Vandermonde Determinant

Proposition
For any α1, . . . , αk P R

V pα1, . . . , αkq “ det

»

—

—

—

—

—

–

1 1 1 . . . 1
α1 α2 α3 . . . αk

α2

1
α2

2
α2

3
. . . α2

k
...

...
...

. . .
...

αk´1

1
αk´1

2
αk´1

3
. . . αk´1

k

fi

ffi

ffi

ffi

ffi

ffi

fl

“

“
ź

1ďiăjďk

pαj ´ αi q.

Proof.
Proof by induction on k. For k “ 2

V pα1, α2q “ det

„

1 1
α1 α2

ȷ

“ α2 ´ α1.
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. . . αk´1

k

fi

ffi

ffi

ffi

ffi

ffi

fl

“

“
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Proof.
Proof by induction on k . For k “ 2
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1 1
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ȷ
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Vandermonde Determinant (continued)

Proof.

V pα1, . . . , αkq “ det

»

—

—

—

—

—

–

1 1 1 . . . 1
α1 α2 α3 . . . αk

α2

1
α2

2
α2

3
. . . α2

k
...

...
...

. . .
...

αk´1

1
αk´1

2
αk´1

3
. . . αk´1

k

fi

ffi

ffi

ffi

ffi

ffi

fl

rk´α1rk´1

rk´1´α1rk´2

...
r3´α1r2
r2´α1r1

“

“ det

»

—

—

—

—

—

–

1 1 1 . . . 1
0 α2 ´ α1 α3 ´ α1 . . . αk ´ α1

0 α2

2
´ α1α2 α2

3
´ α1α3 . . . α2

k ´ α1αk

...
...

...
. . .

...

0 αk´1

2
´ α1α

k´2

2
αk´1

3
´ α1α

k´2

3
. . . αk´1

k ´ α1α
k´2

k

fi

ffi

ffi

ffi

ffi

ffi

fl

“



Vandermonde Determinant (continued)

Proof.
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1
α2
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. . .
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2
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3
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k

fi

ffi

ffi

ffi

ffi

ffi
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...
r3´α1r2
r2´α1r1

“
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»

—

—

—

—

—

–

1 1 1 . . . 1
0 α2 ´ α1 α3 ´ α1 . . . αk ´ α1

0 α2

2
´ α1α2 α2

3
´ α1α3 . . . α2

k ´ α1αk

...
...

...
. . .

...

0 αk´1

2
´ α1α

k´2

2
αk´1

3
´ α1α

k´2

3
. . . αk´1

k ´ α1α
k´2

k

fi

ffi

ffi

ffi

ffi

ffi

fl

“



Vandermonde Determinant (continued)

Proof.
(by the Laplace formula along the �rst column)

“ det

»

—

—

—

–

α2 ´ α1 α3 ´ α1 . . . αk ´ α1

α2

2
´ α1α2 α2

3
´ α1α3 . . . α2

k ´ α1αk

...
...

. . .
...

αk´1

2
´ α1α

k´2

2
αk´1

3
´ α1α

k´2

3
. . . αk´1

k ´ α1α
k´2

k

fi

ffi

ffi

ffi

fl

“

“ det

»

—

—

—

–

α2 ´ α1 α3 ´ α1 . . . αk ´ α1

pα2 ´ α1qα2 pα3 ´ α1qα3 . . . pαk ´ α1qαk

...
...

. . .
...

pα2 ´ α1qαk´2

2
pα3 ´ α1qαk´2

3
. . . pαk ´ α1qαk´2

k

fi

ffi

ffi

ffi

fl

“

(by dividing the j-th column by the factor pαj`1 ´ α1q)



Vandermonde Determinant (continued)

Proof.

“
ź

1ď1ăjďk

pαj ´ α1q det

»

—

—

—

—

—

–

1 1 . . . 1
α2 α3 . . . αk

α2

2
α2

3
. . . α2

k
...

...
. . .

...

αk´2

2
αk´2

3
. . . αk´2

k

fi

ffi

ffi

ffi

ffi

ffi

fl

“

(by the inductive assumption)

“
ź

1ď1ăjďk

pαj ´ α1q
ź

2ďiăjďk

pαj ´ αi q “ V pα1, . . . , αkq.



Polynomial Interpolation

Proposition

Let x1, . . . , xn`1 P R be pairwise distinct points, i.e. xi ‰ xj for all
1 ď i ă j ď n ` 1. For any y1, . . . , yn`1 P R there exists a unique

polynomial Ppxq of degree at most n such that

Ppxi q “ yi for i “ 1, . . . , n ` 1.

Proof.
The polynomial Ppxq “ y is given by the equation

det

»

—

—

—

—

—

—

—

–

1 1 1 1 . . . 1

x x1 x2 x3 . . . xn`1

x2 x2
1

x2
2

x2
3

. . . x2n`1

...
...

...
...

. . .
...

xn xn
1

xn
2

xn
3

. . . xnn`1

y y1 y2 y3 . . . yn`1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ 0.
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—

—

—

—

—

—

–

1 1 1 1 . . . 1

x x1 x2 x3 . . . xn`1

x2 x2
1

x2
2

x2
3

. . . x2n`1

...
...

...
...

. . .
...

xn xn
1

xn
2

xn
3

. . . xnn`1

y y1 y2 y3 . . . yn`1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ 0.



Polynomial Interpolation (continued)

Remark
Note that the coe�cient of y is equal to p´1qn`1V px1, . . . , xn`1q

hence it is non�zero.

Remark
Equivalently,

Ppxq “

n`1
ÿ

i“1

yiPi pxq,

where

Pi pxq “
V px1, . . . , xi´1, x , xi`1, . . . , xn`1q

V px1, . . . , xn`1q
,

for i “ 1, . . . , n ` 1 are polynomials of degree n such that

Pi pxjq “

"

1 i “ j
0 i ‰ j
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Polynomial Interpolation (continued)

Example
The equation of the line passing through points px1, y1q, px2, y2q is

y “ y1
x2 ´ x

x2 ´ x1
` y2

x ´ x1
x2 ´ x1

.

Example
The equation of the parabola (or a line) passing through points
px1, y1q, px2, y2q, px3, y3q is

y “ y1
px3 ´ xqpx3 ´ x2qpx2 ´ xq

px3 ´ x1qpx3 ´ x2qpx2 ´ x1q
` y2

px3 ´ x1qpx3 ´ xqpx ´ x1q

px3 ´ x1qpx3 ´ x2qpx2 ´ x1q
`

`y3
px ´ x1qpx ´ x2qpx2 ´ x1q

px3 ´ x1qpx3 ´ x2qpx2 ´ x1q
“ y1

px3 ´ xqpx2 ´ xq

px3 ´ x1qpx2 ´ x1q
`y2

px3 ´ xqpx ´ x1q

px3 ´ x2qpx2 ´ x1q
`

`y3
px ´ x1qpx ´ x2q

px3 ´ x1qpx3 ´ x2q
.



Polynomial Interpolation (continued)
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.



Polynomial Interpolation (continued)

Remark
The polynomial Ppxq is called Lagrange interpolation

polynomial.

Proposition

If function f P Cn`1pra, bsq and polynomial Ppxq of degree at most

n satisfy

Ppxi q “ f pxi q for i “ 1, . . . , n ` 1

for pairwise distinct x1, . . . , xn`1 P ra, bs then for any x P ra, bs

there exists minpx , x1, . . . , xn`1q ă ξ ă maxpx , x1, . . . , xn`1q such

that

f pxq ´ Ppxq “
f pn`1qpξq

pn ` 1q!

n`1
ź

i“1

px ´ xi q.



Polynomial Interpolation (continued)

Remark
The polynomial Ppxq is called Lagrange interpolation
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n satisfy

Ppxi q “ f pxi q for i “ 1, . . . , n ` 1

for pairwise distinct x1, . . . , xn`1 P ra, bs then for any x P ra, bs

there exists minpx , x1, . . . , xn`1q ă ξ ă maxpx , x1, . . . , xn`1q such

that

f pxq ´ Ppxq “
f pn`1qpξq

pn ` 1q!

n`1
ź

i“1

px ´ xi q.



Example

Let f pxq “ cos x . Then there exists a unique polynomial Ppxq of

degree at most 11, which attains the same values as the function

f pxq at 12 pairwise distinct points x1, . . . , x12 P r0, πs and

|f pxq ´ Ppxq| ď
π12

12!
ă 0.002

for any x P r0, πs.



Equation of an A�ne Hyperplane

Proposition

Let p1, . . . , pn P Rn be n points, where

p1 “ pp11, . . . , p1nq, p2 “ pp21, . . . , p2nq, . . . , pn´1 “ ppn1, . . . , pnnq.
An equation of an a�ne hyperplane passing through p1, . . . , pn (if

it is unique up to a non�zero constant, i.e., p1, . . . , pn do not lie on

an a�ne subspace of dimension n ´ 2) is given by the equation

det

»

—

—

—

—

—

—

—

–

x1 x2 . . . xn 1

p11 p12 . . . p1n 1

p21 p22 . . . p2n 1
...

...
. . .

...
...

ppn´1q1 ppn´1q2 . . . ppn´1qn 1

pn1 pn2 . . . pnn 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ 0.



Example

Equation of a line passing through points pa1, b1q, pa2, b2q P R2 is

equal to

det

»

–

x1 x2 1

a1 b1 1

a2 b2 1

fi

fl “ 0,

that is, by the Laplace expansion along the �rst row,

pb1 ´ b2qx1 ´ pa1 ´ a2qx2 ` a1b2 ´ a2b1 “ 0.

For example, the line passing through p1, 2q, p2, 5q has equation

det

»

–

x1 x2 1

1 2 1

2 5 1

fi

fl “ 0,

i.e.,

´3x1 ` x2 ` 1 “ 0.



Ho�man�Wieland Theorem

Proposition
Let A,B P Mpn ˆ n;Rq be two symmetric matrices, i.e. A “ A⊺,B “ B⊺.
Let λ1pAq ď λ2pAq ď . . . λnpAq and λ1pBq ď λ2pBq ď . . . λnpBq be all
eigenvalues of A and B. Then

n
ÿ

i“1

pλi pAq ´ λi pBqq
2

ď ∥A ´ B∥2F .

Proof.
Let A “ QDAQ

⊺ and B “ PDBP
⊺ be spectral decompositions of A and

B, respectively, where DA,DB are diagonal matrices with weakly
increasing elements along the main diagonal. Then

n
ÿ

i“1

pλi pAq ´ λi pBqq
2

“ Tr
`

pDA ´ DBq2
˘

“

“ Tr
`

D2

A

˘

´ 2TrpDADBq ` Tr
`

D2

B

˘

.



Ho�man�Wielandt Theorem

Proof.
Moreover

∥A ´ B∥2F “ Tr
`

pA ´ Bq2
˘

“ Tr
`

pQDAQ
⊺ ´ PDBP

⊺q2
˘

“

Tr
`

D2

A

˘

´ 2TrpQDAQ
⊺PDBP

⊺q ` Tr
`

D2

B

˘

.

Let U “ ruij s “ Q⊺P be an orthogonal matrix. Then the inequality is
equivalent to

TrpU⊺DAUDBq ď TrpDADBq,

or equivalently

n
ÿ

i,j“1

λi pAqλjpBqu2ij ď

n
ÿ

i“1

λi pAqλi pBq.



Ho�man�Wielandt Theorem (continued)

Proof.

n
ÿ

i,j“1

λi pAqλjpBqu2ij ď

n
ÿ

i“1

λi pAqλi pBq.

The left�hand side is a linear function in the entries of a
doubly�stochastic matrix, and, it assumes a maximum at a vertex of the
polyhedron of doubly�stochastic matrices, which, by the Birkho��von
Neumann, is a matrix of some permutation σ P Sn. The theorem follows
by the rearrangement inequality.



Ho�man�Wielandt Theorem (continued)

Remark
The inequality becomes an equation when it is possible to diagonalize A
and B simultaneously keeping the order of eigenvalues.

Remark
Similar inequality holds for any complex matrices and its eigenvalues.



Rearrangement Inequality

Proposition
For any real numbers

x1 ď x2 ď . . . ď xn,

y1 ď y2 ď . . . ď yn,

and any permutation σ P Sn

x1yn ` x2yn´1 ` . . . ` xny1 ď

ď x1yσp1q ` x2yσp2q ` . . . ` xnyσpnq ď

ď x1y1 ` x2y2 ` . . . ` xnyn.

Proof.
(sketch, by induction) If x1 ě x2 and y1 ě y2 then

px1 ´ x2qpy1 ´ y2q ě 0,

x1y1 ` x2y2 ě x1y2 ` x2y1.



Rearrangement Inequality
Proof.
Let σ be a permutation maximizing the product and assume there exists
i such that σpiq “ j ‰ i and choose the biggest such i . Then there exists
k ă i such that σpkq “ i . Consider the terms

xiyσpiq “ xiyj , and xkyσpkq “ xkyi .

Since j ă i we have that

xk ě xi and yj ě yi .

If xk “ xi or yj “ yi then modifying the permutation σ such that
σ1piq “ i and σ1pkq “ j and σ1pmq “ σpmq otherwise does not change
the sum. Assume that

xk ą xi and yj ą yi .

But then
ÿ

i

xiyσ1piq ą
ÿ

i

xiyσpiq.



Minimax Theorems

Proposition
Let M P Mpn ˆ n;Cq be any Hermitian matrix with real eigenvalues

λ1 ě λ2 ě . . . ě λn,

and an orthogonal basis of Cn

B “ pv1, . . . , vnq,

such that
Mvj “ λjvj ,

for j “ 1, . . . , j . Then

min
vPV ,v‰0

dimV“k

RpM, vq ď λk ď max
vPV ,v‰0

dimV“n´k`1

RpM, vq

The inequalities are sharp (for the upper bound take for example
V “ linpvk , . . . , vnq and v “ vk).



Minimax Theorems (continued)

Proof.
Let V Ă Cn be a subspace such that dimV “ n ´ k ` 1. By the
dimension count there exists w ‰ 0 such that ∥w∥ “ 1 and

w P V X linpv1, . . . , vkq.

Assume

w “

k
ÿ

j“1

αjvj .

Then

max
vPV ,v‰0

dimV“n´k`1

RpM, vq ě RpM,wq “

k
ÿ

j“1

λj |αj |2 ě λk

k
ÿ

j“1

|αj |2 “ λk .

Obviously RpM, vkq “ λk .



Minimax Theorems (continued)

Proof.
The second inequality follows in a similar manner by considering
(exercise)

w P V X linpvk , . . . , vnq.

Remark
The same proof works for a real symmetric matrix A P Mpn ˆ n;Rq.



Minimax Theorems (continued)

Proof.
The second inequality follows in a similar manner by considering
(exercise)

w P V X linpvk , . . . , vnq.

Remark
The same proof works for a real symmetric matrix A P Mpn ˆ n;Rq.



Courant�Fischer Theorem

Corollary
Let M P Mpn ˆ n;Cq be any Hermitian matrix with real eigenvalues

λ1 ě λ2 ě . . . ě λn.

Then

max
dimV“k

min
vPV ,v‰0

RpM, vq “ λk “ min
dimV“n´k`1

max
vPV ,v‰0

RpM, vq.


