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Quadratic Form

Definition
A function Q : Rn ÝÑ R is called a quadratic form if

Qppx1, . . . , xnqq “ a11x2
1 ` . . . ` annx2

n `
ÿ

1ďiăjďn

aijxixj ,

that is, it is a function given by a homogeneous polynomial of
degree 2 in variables x1, . . . , xn.
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ÿ
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Qppx1, x2, x3qq “ x2
1 ` 2x2

2 ` 5x2
3 ` 2x1x2 ´ 2x1x3 ` 2x2x3



Symmetric Matrix

Recall

Definition
Matrix A “ raijs P Mpn ˆ n;Rq is called symmetric if A⊺ “ A, i.e.
aij “ aji for i , j “ 1, . . . , n.
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Symmetric Matrix

Recall

Definition
Matrix A “ raijs P Mpn ˆ n;Rq is called symmetric if A⊺ “ A, i.e.
aij “ aji for i , j “ 1, . . . , n.

Example

matrix

»

–

0 2 5
2 4 ´3
5 ´3 1

fi

fl is symmetric

matrix

»

–

0 2 6
2 4 ´3
5 ´3 1

fi

fl is not symmetric



Matrix of a Quadratic Form

Definition
Let Qppx1, . . . , xnqq “ řn

i“1 aiix
2
i ` ř

1ďiăjďn aijxixj be a quadratic
form. The matrix of the quadratic form Q is a symmetric matrix
M “ rbijs P Mpn ˆ n;Rq such that bii “ aii and bij “ bji “ 1

2
aij for

1 ď i ă j ď n.
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„
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Matrix of a Quadratic Form

Definition
Let Qppx1, . . . , xnqq “ řn

i“1 aiix
2
i ` ř

1ďiăjďn aijxixj be a quadratic
form. The matrix of the quadratic form Q is a symmetric matrix
M “ rbijs P Mpn ˆ n;Rq such that bii “ aii and bij “ bji “ 1

2
aij for

1 ď i ă j ď n.

Example

The matrix of the form Qppx1, x2qq “ x2
1 ´ x2

2 is M “
„

1 0
0 ´1



.

The matrix of the form Qppx1, x2, x3qq “ x2
1 ` 2x2

2 ` 5x2
3 ` 2x1x2

´4x1x3 ` 8x2x3 is

M “

»

–

1 1 ´2
1 2 4

´2 4 5

fi

fl



Matrix of a Quadratic Form (continued)

Proposition

Let M be a matrix of the quadratic form Q : Rn ÝÑ R. Then

Qppx1, . . . , xnqq “ x⊺Mx ,

where x “

»

—

–

x1

...
xn

fi

ffi

fl
.



Matrix of a Quadratic Form (continued)

Proposition

Let M be a matrix of the quadratic form Q : Rn ÝÑ R. Then

Qppx1, . . . , xnqq “ x⊺Mx ,

where x “

»

—

–

x1

...
xn

fi

ffi

fl
.

Proof.
Entries of matrix M in the i-th row get multiplied by xi and
elements in the j-th column get multiplied by xj . For every i ‰ j
the monomial xixj comes from the entry in the i-th row, j-th
column and from the entry in the j-th row, i-th column.



Matrix of a Quadratic Form (continued)

Formal explanation

Qppx1, . . . , xnqq “ x⊺Mx “
“

x1 x2 ¨ ¨ ¨ xn

‰

»

—

–

řn
s“1 b1sxs

řn
s“1 b2sxs

...
řn

s“1 bnsxs

fi

ffi

fl
“

“ x1

n
ÿ

s“1

b1sxs ` x2

n
ÿ

s“1

b2sxs ` . . . ` xn

n
ÿ

s“1

bnsxs “

“
n

ÿ

i ,j“1

bijxixj .



Positive/Negative Definite Quadratic Form

Definition
Quadratic form Q : Rn ÝÑ R (resp. symmetric matrix
M P Mpn ˆ n;Rq) is positive definite if Qpxq ą 0 (resp.
x⊺Mx ą 0) for any x P R

n, x ‰ 0.
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n, x ‰ 0.



Positive/Negative Definite Quadratic Form

Definition
Quadratic form Q : Rn ÝÑ R (resp. symmetric matrix
M P Mpn ˆ n;Rq) is positive definite if Qpxq ą 0 (resp.
x⊺Mx ą 0) for any x P R

n, x ‰ 0.
Quadratic form Q (resp. symmetric matrix M) is negative
definite if Qpxq ă 0 (resp. x⊺Mx ă 0) for any x P R

n, x ‰ 0.

Example

The quadratic form } ¨ }2 : Rn ÝÑ R is positive definite since
}x}2 “ x2

1 ` . . . ` x2
n ą 0 for x ‰ 0.
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Qpp1, 0qq “ 1 ą 0.



Positive/Negative Definite Quadratic Form

Definition
Quadratic form Q : Rn ÝÑ R (resp. symmetric matrix
M P Mpn ˆ n;Rq) is positive definite if Qpxq ą 0 (resp.
x⊺Mx ą 0) for any x P R

n, x ‰ 0.
Quadratic form Q (resp. symmetric matrix M) is negative
definite if Qpxq ă 0 (resp. x⊺Mx ă 0) for any x P R

n, x ‰ 0.

Example

The quadratic form } ¨ }2 : Rn ÝÑ R is positive definite since
}x}2 “ x2

1 ` . . . ` x2
n ą 0 for x ‰ 0.

The quadratic form Qppx1, x2qq “ x2
1 ´ x2

2 is not positive definite
since Qpp0, 1qq “ ´1 ă 0. It is not negative definite since
Qpp1, 0qq “ 1 ą 0.
The quadratic form Qppx1, x2, x3qq “ x2

1 ` 2x2
2 ` 5x2

3 ` 2x1x2

´2x1x3 ` 2x2x3 “ px1 ` x2 ´ x3q2 ` px2 ` 2x3q2 is not positive
definite since Qpp3, ´2, 1qq “ 0. It is not negative definite.



Recall

pa1`a2`. . .`anq2 “ a2
1`a2

2`. . .`a2
n`2a1a2`2a1a3`. . .`2a1an`

`2a2a3 `2a2a4 `. . .`2a2an `2a3a4 `. . .`2a3an `. . . . . .`2an´1an
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For example
px1´3x2 ` 2x3q2 “
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For example
px1´3x2 ` 2x3q2 “

“ x2
1 ` p´3q2x2

2 ` 22x2
3 ` 2 ¨ p´3qx1x2 ` 2 ¨ 2x1x3 ` 2 ¨ p´3q ¨ 2x2x3 “

“ x2
1 ` 9x2

2 ` 4x2
3 ´ 6x1x2 ` 4x1x3 ´ 12x2x3



Recall

pa1`a2`. . .`anq2 “ a2
1`a2

2`. . .`a2
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For example
px1´3x2 ` 2x3q2 “

“ x2
1 ` p´3q2x2

2 ` 22x2
3 ` 2 ¨ p´3qx1x2 ` 2 ¨ 2x1x3 ` 2 ¨ p´3q ¨ 2x2x3 “

“ x2
1 ` 9x2

2 ` 4x2
3 ´ 6x1x2 ` 4x1x3 ´ 12x2x3

Proposition

A quadratic form Q : Rn ÝÑ R can expressed (possibly after a
change of coordinates) as Qppx1, . . . , xnqq “ ˘l2

1 ˘ l2
2 ˘ . . . ˘ l2

n

where l1, . . . , ln are linear functions such that li , . . . , ln do not
depend on the variables x1, . . . , xi´1 for i “ 2, . . . , n.
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2`. . .`a2
n`2a1a2`2a1a3`. . .`2a1an`

`2a2a3 `2a2a4 `. . .`2a2an `2a3a4 `. . .`2a3an `. . . . . .`2an´1an

For example
px1´3x2 ` 2x3q2 “

“ x2
1 ` p´3q2x2

2 ` 22x2
3 ` 2 ¨ p´3qx1x2 ` 2 ¨ 2x1x3 ` 2 ¨ p´3q ¨ 2x2x3 “

“ x2
1 ` 9x2

2 ` 4x2
3 ´ 6x1x2 ` 4x1x3 ´ 12x2x3

Proposition

A quadratic form Q : Rn ÝÑ R can expressed (possibly after a
change of coordinates) as Qppx1, . . . , xnqq “ ˘l2

1 ˘ l2
2 ˘ . . . ˘ l2

n

where l1, . . . , ln are linear functions such that li , . . . , ln do not
depend on the variables x1, . . . , xi´1 for i “ 2, . . . , n.

Proof.
(sketch) Use the above formula.
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Example

Qppx1, x2, x3qq “ x2
1 ` 2x2

2 ` 5x2
3 ` 2x1x2 ´2x1x3 ` 2x2x3 “

px1 ` x2 ´ x3q2 ` x2
2 ` 4x2x3 ` 4x2

3 “ px1 ` x2 ´ x3q2 ` px2 ` 2x3q2
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Example

Qppx1, x2, x3qq “ x2
1 ` 2x2

2 ` 5x2
3 ` 2x1x2 ´2x1x3 ` 2x2x3 “

px1 ` x2 ´ x3q2 ` x2
2 ` 4x2x3 ` 4x2

3 “ px1 ` x2 ´ x3q2 ` px2 ` 2x3q2

Qppx1, x2, x3qq “ x2
1 ´ x2

2 ` x2
3 ` 2x1x2 ´ 4x1x3 “

px1`x2´2x3q2´2x2
2 `4x2x3´3x2

3 “ px1`x2´2x3q2´2px2´x3q2´x2
3

What to do if there is no square? Do the following substitution:

Qppx1, x2, x3qq “ x1x2 ` 2x1x3 “
!

x1“y1´y2

x2“y1`y2
x3“y3

)

“
py1 ´ y2qpy1 ` y2q ` 2py1 ´ y2qy3 “ y2

1 ´ y2
2 ` 2y1y3 ´ 2y2y3 “

py1 ` y3q2 ´ y2
2 ´ y2

3 ´ 2y2y3 “ py1 ` y3q2 ´ py2 ` y3q2



Example (continued)
Qppx1, x2, x3qq “ x2

1 ` 2x2
2 ` 5x2

3 ` 2x1x2 ´2x1x3 ` 2x2x3 “
px1 ` x2 ´ x3q2 ` x2

2 ` 4x2x3 ` 4x2
3 “ px1 ` x2 ´ x3q2 ` px2 ` 2x3q2

Let
$

&

%

y1 “ x1 ` x2 ´ x3

y2 “ x2 ` 2x3

y3 “ x3

,

then Qppy1, y2, y3qq “ y2
1 ` y2

2 , where

»

–

y1

y2

y3

fi

fl “ P

»

–

x1

x2

x3

fi

fl , for P “

»

–

1 1 ´1
0 1 2
0 0 1

fi

fl .

In particular

y⊺

»

–

1 0 0
0 1 0
0 0 0

fi

fl y “ pPxq⊺
»

–

1 0 0
0 1 0
0 0 0

fi

fl Px “ x⊺

»

–

1 1 ´1
1 2 1

´1 1 5

fi

fl x .



Sylvester’s Criterion

Proposition

Let M P Mpn ˆ n;Rq be a symmetric matrix. Let Wi denote the
determinant of the upper-left i-by-i submatrix of M. Matrix M is
positive definite if and only if Wi ą 0 for i “ 1, . . . , n.



Sylvester’s Criterion

Proposition

Let M P Mpn ˆ n;Rq be a symmetric matrix. Let Wi denote the
determinant of the upper-left i-by-i submatrix of M. Matrix M is
positive definite if and only if Wi ą 0 for i “ 1, . . . , n.

Proof.
Omitted.

Remark
The determinants Wi are sometimes called leading principal
minors.
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Consider the symmetric matrix

M “

»

–

1 1 ´1
1 2 1

´1 1 6

fi

fl

and compute its leading principal minors
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“

1
‰
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W2 “ det

„

1 1
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W3 “ det

»

–
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fi
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–

0 0 ´1
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fl “ 1 ą 0.



Example

Consider the symmetric matrix

M “

»

–

1 1 ´1
1 2 1

´1 1 6

fi

fl

and compute its leading principal minors
W1 “ det

“

1
‰

“ 1 ą 0,

W2 “ det

„

1 1
1 2



“ 1 ą 0,

W3 “ det

»

–

1 1 ´1
1 2 1

´1 1 6

fi

fl

c1`c3
c2`c3“ det

»

–

0 0 ´1
2 3 1
5 7 6

fi

fl “ 1 ą 0.

By Sylverster’s criterion the quadratic form x2
1 ` 2x2

2 ` 6x2
3 ` 2x1x2

´2x1x3 ` 2x2x3 is positive definite.
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Another Example

Consider the symmetric matrix

M “

»

–

1 1 ´1
1 2 1

´1 1 5

fi

fl

and compute its leading principal minors
W1 “ det

“

1
‰

“ 1 ą 0,

W2 “ det

„

1 1
1 2



“ 1 ą 0,

W3 “ det

»

–
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fi

fl
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Another Example

Consider the symmetric matrix

M “

»

–

1 1 ´1
1 2 1

´1 1 5

fi

fl

and compute its leading principal minors
W1 “ det

“

1
‰

“ 1 ą 0,

W2 “ det

„

1 1
1 2



“ 1 ą 0,

W3 “ det

»

–

1 1 ´1
1 2 1

´1 1 5

fi

fl

c1`c3
c2`c3“ det

»

–

0 0 ´1
2 3 1
4 6 5

fi

fl “ 0 č 0.

By Sylverster’s criterion the quadratic form
Qppx1, x2, x3qq “ x2

1 ` 2x2
2 ` 5x2

3 ` 2x1x2 ´2x1x3 ` 2x2x3 is not
positive definite.



Another Example

Consider the symmetric matrix

M “

»

–

1 1 ´1
1 2 1

´1 1 5

fi

fl

and compute its leading principal minors
W1 “ det

“

1
‰

“ 1 ą 0,

W2 “ det

„

1 1
1 2



“ 1 ą 0,

W3 “ det

»

–

1 1 ´1
1 2 1

´1 1 5

fi

fl

c1`c3
c2`c3“ det

»

–

0 0 ´1
2 3 1
4 6 5

fi

fl “ 0 č 0.

By Sylverster’s criterion the quadratic form
Qppx1, x2, x3qq “ x2

1 ` 2x2
2 ` 5x2

3 ` 2x1x2 ´2x1x3 ` 2x2x3 is not
positive definite. In fact, Qpp3, ´2, 1qq “ 0.



Sylvester’s Criterion (continued)

A quadratic form Q is positive definite if and only if ´Q is
negative definite.
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Let M P Mpn ˆ n;Rq be a symmetric matrix. Let Wi denote the
determinant of the upper-left i-by-i submatrix of M. Matrix M is
negative definite if and only if



Sylvester’s Criterion (continued)

A quadratic form Q is positive definite if and only if ´Q is
negative definite.

Proposition

Let M P Mpn ˆ n;Rq be a symmetric matrix. Let Wi denote the
determinant of the upper-left i-by-i submatrix of M. Matrix M is
negative definite if and only if

Wi ă 0 for odd i ,

Wi ą 0 for even i ,

for i “ 1, . . . , n.



Example

Consider the symmetric matrix

M “
„

´1 ´1
´1 ´2
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M “
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´1 ´1
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Example

Consider the symmetric matrix

M “
„

´1 ´1
´1 ´2



and compute its leading principal minors
W1 “ det

“

´1
‰

“ ´1 ă 0,

W2 “ det

„

´1 ´1
´1 ´2



“ 1 ą 0,



Example

Consider the symmetric matrix

M “
„

´1 ´1
´1 ´2



and compute its leading principal minors
W1 “ det

“

´1
‰

“ ´1 ă 0,

W2 “ det

„

´1 ´1
´1 ´2



“ 1 ą 0,

The quadratic form ´x2
1 ´ 2x1x2 ´ 2x2

2 “ ´px1 ` x2q2 ´ x2
2 is

negative definite.



Sylvester’s Criterion – Warning

It crucial that matrix A is symmetric. For example, let

M “
„

´1 ´3
1 2



.

Then
ε
⊺

1Mε1 “ ´1, ε
⊺

2Mε2 “ 2,

hence matrix M is indefinite, however

W1 “ ´1, W2 “ 1.



Postive/Negative Semidefinite Form

Definition
Quadratic form Q : Rn ÝÑ R (resp. symmetric matrix
M P Mpn ˆ n;Rq) is positive semidefinite if Qpxq ě 0 (resp.
x⊺Mx ě 0) for any x P R

n.
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Postive/Negative Semidefinite Form

Definition
Quadratic form Q : Rn ÝÑ R (resp. symmetric matrix
M P Mpn ˆ n;Rq) is positive semidefinite if Qpxq ě 0 (resp.
x⊺Mx ě 0) for any x P R

n.
Quadratic form Q (resp. symmetric matrix M) is negative
semidefinite if Qpxq ď 0 (resp. x⊺Mx ď 0) for any x P R

n.
Quadratic form Q (resp. symmetric matrix M) is indefinite if
there exist x , y P Rn such that Qpxq ą 0, Qpyq ă 0 (resp.
x⊺Mx ą 0, y⊺My ă 0).

Remark
A positive (resp. negative) definite quadratic form is positive (resp.
negative) semidefinite.



Postive/Negative Semidefinite Form

Definition
Quadratic form Q : Rn ÝÑ R (resp. symmetric matrix
M P Mpn ˆ n;Rq) is positive semidefinite if Qpxq ě 0 (resp.
x⊺Mx ě 0) for any x P R

n.
Quadratic form Q (resp. symmetric matrix M) is negative
semidefinite if Qpxq ď 0 (resp. x⊺Mx ď 0) for any x P R

n.
Quadratic form Q (resp. symmetric matrix M) is indefinite if
there exist x , y P Rn such that Qpxq ą 0, Qpyq ă 0 (resp.
x⊺Mx ą 0, y⊺My ă 0).

Remark
A positive (resp. negative) definite quadratic form is positive (resp.
negative) semidefinite. A quadratic form is indefinite if and only if
it is not positive semidefinite and it is not negative semidefinite.
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2 is indefinite since
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Examples

The quadratic form Qppx1, x2qq “ x2
1 ´ x2

2 is indefinite since
Qpp1, 0qq ą 0 and Qpp0, 1qq ă 0.

The quadratic form Qppx1, x2, x3qq “ x2
1 ` 2x2

2 ` 5x2
3 ` 2x1x2

´2x1x3 ` 2x2x3 “ px1 ` x2 ´ x3q2 ` px2 ` 2x3q2 is positive
semidefinite. It is not positive definite.

The quadratic form
Qppx1, x2qq “ ´x2

1 ´ 2x1x2 ´ 2x2
2 “ ´px1 ` x2q2 ´ x2

2 is negative
definite.

The quadratic form
Qppx1, x2, x3qq “ ´x2

1 ´ 2x1x2 ´ 2x2
2 “ ´px1 ` x2q2 ´ x2

2 is not
negative definite since Qpp0, 0, 1qq “ 0. It is negative semidefinite.
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2 .
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Consider the quadratic form Qppx1, x2qq “ ´x2
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semidefinite. Its matrix is

M “
„

0 0
0 ´1



Compute the leading principal minors
W1 “ det

“

0
‰

“ 0 ě 0,



Warning

Consider the quadratic form Qppx1, x2qq “ ´x2
2 . It is negative

semidefinite. Its matrix is

M “
„

0 0
0 ´1



Compute the leading principal minors
W1 “ det

“

0
‰

“ 0 ě 0,

W2 “ det

„

0 0
0 ´1



“ 0 ě 0,



Warning

Consider the quadratic form Qppx1, x2qq “ ´x2
2 . It is negative

semidefinite. Its matrix is

M “
„

0 0
0 ´1



Compute the leading principal minors
W1 “ det

“

0
‰

“ 0 ě 0,

W2 “ det

„

0 0
0 ´1



“ 0 ě 0,

This shows there is no direct analogue of Sylvester’s criterion for
positive/negative semidefinite matrices.



Warning (continued)

Proposition

Let M P Mpn ˆ n;Rq be a symmetric square matrix. Then matrix
M is positive semidefinite if and only if for any
J Ă t1, . . . , nu, J ‰ H

det MJ;J ě 0,

that is all principal minors are non–negative.



Warning (continued)

Proposition

Let M P Mpn ˆ n;Rq be a symmetric square matrix. Then matrix
M is positive semidefinite if and only if for any
J Ă t1, . . . , nu, J ‰ H

det MJ;J ě 0,

that is all principal minors are non–negative.

Proof.
The proof uses spectral theorem and eigenvalue criterion.
pùñq The restriction of M to the subspace linptεi | i P Juq is
positive semidefinite and has matrix equal to MJ;J . Since MJ;J is
symmetric and positive semidefinite, by the eigenvalue criterion
det MJ;J is equal to the product of eignevalues hence it is
non–negative.



Warning (continued)

Proof.
(ðù) Proof by induction on n. Let Qpxq “ x⊺Mx and let
u1, . . . , un P R

n be an orthonormal basis such that u⊺

i Muj “ 0 for
i ‰ j . Moreover assume, by rearranging ui ’s, that
Qpu1q ď Qpu2q . . . ď Qpunq. It is enough to prove Qpu1q ě 0. If
u1 ¨ εk “ 0 (i.e. the k´th component of u1 vanishes) for some
k P t1, . . . , nu then u1 P linpε1, . . . , εk´1, εk`1, . . . , εnq and
Qpu1q ě 0, by the inductive assumption. Assume u1 ¨ εk ‰ 0 for
any k “ 1, . . . , n.



Warning (continued)

Proof.
For i ě 2 and some k “ 1, . . . , n consider vector

v “ pui ¨ εkqu1 ´ pu1 ¨ εkqui .

Since v ¨ εk “ 0 by the inductive assumption

Qpvq “ pui ¨ εkq2Qpu1q ` pu1 ¨ εkq2Qpuiq ě 0.

If some Qpuiq “ 0 with k such that ui ¨ εk ‰ 0 (ui needs to have a
non–zero coordinate) then Qpu1q ě 0. Assume now
Qpu2q, . . . , Qpunq ą 0. Then, by choosing J “ t1, . . . , nu and
using the eigenvalue criterion

Qpu1qQpu2q ¨ . . . ¨ Qpunq ě 0,

that is Qpu1q ě 0.



Warning (continued)

Remark
Note that for a n ˆ n matrix there are 2n ´ 1 conditions to check,
making this criterion impractical.



Warning (continued)

Corollary

Let A P Mpn ˆ n;Rq be a symmetric square matrix. Then matrix A
is negative semidefinite if and only if for any J Ă t1, . . . , nu, J ‰ H

det AJ;J ě 0, when #J is even,

det AJ;J ď 0, when #J is odd,

that is principal minors of M of even order are non–negative and
principal minors of M of odd order are non–positive.

Proof.
Matrix M is positive semidefinite if and only if matrix ´M is
negative semidefinite.



Warning (continued)

In particular, for

M “
„

0 0
0 ´1



we have

det M1;1 “ det
“

0
‰

“ 0, det M2;2 “ det
“

´1
‰

“ ´1 ă 0,

det M1,2;1,2 “ det M “ 0,

therefore matrix M is not positive semidefinite. In fact, it is
negative semidefinite.



Positive Definite Quadratic Form

Proposition

Let A P Mpm ˆ n;Rq be a matrix. Then matrix
M “ A⊺A P Mpn ˆ n;Rq is symmetric and positive semidefinite.
Moreover, the matrix A⊺A is positive definite if and only if
rpAq “ n (i.e. columns of matrix A are linearly independent).
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M “ A⊺A P Mpn ˆ n;Rq is symmetric and positive semidefinite.
Moreover, the matrix A⊺A is positive definite if and only if
rpAq “ n (i.e. columns of matrix A are linearly independent).

Proof.
For any x P R

n

x⊺pA⊺Aqx “ pAxq⊺pAxq “ ‖Ax‖2 ě 0.

pðq If rpAq “ n (i.e. the linear transformation ϕ : Rn Ñ R
m given

by A “ Mpϕqst
st is injective by the rank–nullity theorem) then

‖Ax‖ “ 0 ðñ Ax “ 0 ðñ x “ 0.



Positive Definite Quadratic Form

Proposition

Let A P Mpm ˆ n;Rq be a matrix. Then matrix
M “ A⊺A P Mpn ˆ n;Rq is symmetric and positive semidefinite.
Moreover, the matrix A⊺A is positive definite if and only if
rpAq “ n (i.e. columns of matrix A are linearly independent).

Proof.
For any x P R

n

x⊺pA⊺Aqx “ pAxq⊺pAxq “ ‖Ax‖2 ě 0.

pðq If rpAq “ n (i.e. the linear transformation ϕ : Rn Ñ R
m given

by A “ Mpϕqst
st is injective by the rank–nullity theorem) then

‖Ax‖ “ 0 ðñ Ax “ 0 ðñ x “ 0.

pñq if Ax “ 0 ñ x “ 0 then ker ϕ “ t0u which, by the
rank–nullity theorem, gives rpAq “ n.



Example

Let A “

»

–

1 2
2 1
1 3

fi

fl P Mp3 ˆ 2;Rq where rpAq “ 2. The matrix

A⊺A “
„

1 2 1
2 1 3



»

–

1 2
2 1
1 3

fi

fl “
„

6 7
7 14



,

is positive definite and the matrix

pA⊺q⊺ A⊺ “ AA⊺ “

»

–

1 2
2 1
1 3

fi

fl

„

1 2 1
2 1 3



“

»

–

5 4 7
4 5 5
7 5 10

fi

fl ,

is positive semidefinite and it is not positive definite (this will be
justified later).
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has n real roots (=eigenvalues) counted with multiplicities .



Eigenvalues and Positivity

Theorem (Spectral Theorem)

Symmetric matrix M P Mpn ˆ n;Rq is diagonalizable by an
orthonormal eigenbasis.

In particular, the characteristic polynomial wMpλq “ detpM ´ λIq
has n real roots (=eigenvalues) counted with multiplicities .

Theorem
Let Q : Rn ÝÑ R be a quadratic form and let M be its matrix. Let
λ1, . . . , λn P R be the roots of wMpλq. Then

i) form Q is positive definite ðñ λ1, . . . , λn ą 0,

ii) form Q is positive semidefinite ðñ λ1, . . . , λn ě 0,

iii) form Q is negative definite ðñ λ1, . . . , λn ă 0,

iv) form Q is negative semidefinite ðñ λ1, . . . , λn ď 0,

v) form Q is indefinite ðñ λi ă 0, λj ą 0 for some
1 ď i , j ď n.



Eigenvalues and Positivity (continued)

Proof.
Let v1, . . . , vn P R

n be a basis of Rn consisting of eigenvectors of
M, that is

Mvi “ λivi for i “ 1, . . . , n,

where λi P R is an eigenvalue of M and vi “
„ ˚

...
˚



P Mpn ˆ 1;Rq is

taken to be a n-by-1 matrix.
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Proof.
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„ ˚

...
˚
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Proof.
Let v1, . . . , vn P R

n be a basis of Rn consisting of eigenvectors of
M, that is

Mvi “ λivi for i “ 1, . . . , n,

where λi P R is an eigenvalue of M and vi “
„ ˚

...
˚



P Mpn ˆ 1;Rq is

taken to be a n-by-1 matrix. Let vi , vj be vectors such that
λi ‰ λj . Then

v⊺

i Mvj “ v⊺

i pMvjq “ v⊺

i pλjvjq “ λjpvi ¨ vjq,
v⊺

i Mvj “ pv⊺

i M⊺qvj “ pMviq⊺vj “ pλi viq⊺vj “ λi pvi ¨ vjq.

This is possible only if vi ¨ vj “ 0, i.e. vectors vi , vj are
perpendicular.



Eigenvalues and Positivity (continued)

Proof.
Let v1, . . . , vn P R

n be a basis of Rn consisting of eigenvectors of
M, that is

Mvi “ λivi for i “ 1, . . . , n,

where λi P R is an eigenvalue of M and vi “
„ ˚

...
˚



P Mpn ˆ 1;Rq is

taken to be a n-by-1 matrix. Let vi , vj be vectors such that
λi ‰ λj . Then

v⊺

i Mvj “ v⊺

i pMvjq “ v⊺

i pλjvjq “ λjpvi ¨ vjq,
v⊺

i Mvj “ pv⊺

i M⊺qvj “ pMviq⊺vj “ pλi viq⊺vj “ λi pvi ¨ vjq.

This is possible only if vi ¨ vj “ 0, i.e. vectors vi , vj are
perpendicular. Using Gram-Schmidt process for eigenspaces Vpλi q
one can assume the basis v1, . . . , vn is orthonormal.



Eigenvalues and Positivity (continued)

Proof.
That is

vi ¨ vj “ v⊺

i vj “
"

0 for i ‰ j
1 for i “ j

.

For any v P R
n there exist unique α1, . . . , αn P R such that

v “ α1v1 ` . . . ` αnvn.
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Proof.
That is

vi ¨ vj “ v⊺

i vj “
"

0 for i ‰ j
1 for i “ j

.

For any v P R
n there exist unique α1, . . . , αn P R such that

v “ α1v1 ` . . . ` αnvn.

Now
Qpvq “ v⊺Mv “ v⊺Mpα1v1 ` . . . ` αnvnq “

“ pα1v1`. . .`αnvnq⊺pλ1α1v1`. . .`λnαnvnq “ λ1α2
1`. . .`λn α2

n.



Eigenvalues and Positivity (continued)

Proof.
That is

vi ¨ vj “ v⊺

i vj “
"

0 for i ‰ j
1 for i “ j

.

For any v P R
n there exist unique α1, . . . , αn P R such that

v “ α1v1 ` . . . ` αnvn.

Now
Qpvq “ v⊺Mv “ v⊺Mpα1v1 ` . . . ` αnvnq “

“ pα1v1`. . .`αnvnq⊺pλ1α1v1`. . .`λnαnvnq “ λ1α2
1`. . .`λn α2

n.

In particular
Qpviq “ v⊺

i Mvi “ λi ,

Qpvq ą 0 for any v ‰ 0 ðñ λ1, . . . , λn ą 0,

Qpvq ě 0 for any v ðñ λ1, . . . , λn ě 0.



Example

Let

M “
„

1 0
0 ´1



.

The eigenvalues are λ1 “ 1 ą 0, λ2 “ ´1 ă 0 therefore the
quadratic form Qppx1, x2qq “ x2

1 ´ x2
2 is indefinite.



Example

Let

M “

»

–

1 0 0
0 2 2
0 2 2

fi

fl .



Example

Let

M “

»

–

1 0 0
0 2 2
0 2 2

fi

fl .

The characteristic polynomial
wMpλq “ p1 ´ λqpp2 ´ λq2 ´ 4q “ λp1 ´ λqpλ ´ 4q has
non-negative roots λ1 “ 0, λ2 “ 1, λ3 “ 4, λ1, λ2, λ3 ě 0.
Therefore the quadratic form
Qppx1, x2, x3qq “ x2

1 ` 2x2
2 ` 2x2

3 ` 4x2x3 “ x2
1 ` 2px2 ` x3q2 is

positive semidefinite.



Example (continued)

Let A “

»

–

1 2
2 1
1 3

fi

fl P Mp3 ˆ 2;Rq where rpAq “ 2. The matrix

A⊺A “

»

–

1 2
2 1
1 3

fi

fl

„

1 2 1
2 1 3



“

»

–

5 4 7
4 5 5
7 5 10

fi

fl ,

is positive semidefinite and it is not positive definite.

det

»

–

5 ´ λ 4 7
4 5 ´ λ 5
7 5 10 ´ λ

fi

fl

c3´2c2“ det

»

–

5 ´ λ 4 ´1
4 5 ´ λ 2λ ´ 5
7 5 ´λ

fi

fl

c1`p5´λqc3

c2`4c3“

“ det

»

–

0 0 ´1
´2λ2 ` 15λ ´ 21 7λ ´ 15 2λ ´ 5

λ2 ´ 5λ ` 7 5 ´ 4λ ´λ

fi

fl “

“ ´ det

„

´2λ2 ` 15λ ´ 21 7λ ´ 15
λ2 ´ 5λ ` 7 5 ´ 4λ



“

“ ´λpλ2 ´ 20λ ` 35q.



Example (continued)

Therefore one eigenvalue of A⊺A is equal to 0, and, by the Viete’s
formulas,

λ1 ` λ2 “ 20 ą 0,

λ1λ2 “ 35 ą 0,

the other two eigenvalues are non–negative. In fact

“

5 ´1 ´3
‰

»

–

5 4 7
4 5 5
7 5 10

fi

fl

»

–

5
´1
´3

fi

fl “ 0.



Spectral Theorem

Proposition

Let ϕ : Rn Ñ R
n be an endomorphism. If there exists an

orthonormal basis A of Rn such that MpϕqA
A

is symmetric then for
any orthonormal basis B of Rn matrix MpϕqB

B
is symmetric.
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n be an endomorphism. If there exists an

orthonormal basis A of Rn such that MpϕqA
A

is symmetric then for
any orthonormal basis B of Rn matrix MpϕqB

B
is symmetric.

Proof.
Let M “ MpϕqA

A, N “ MpϕqB
B. Matrix

Q “ MpidqA
B “ MpidqA

stMpidqst
B ,

is orthogonal, i.e. Q´1 “ Q⊺.



Spectral Theorem

Proposition

Let ϕ : Rn Ñ R
n be an endomorphism. If there exists an

orthonormal basis A of Rn such that MpϕqA
A

is symmetric then for
any orthonormal basis B of Rn matrix MpϕqB

B
is symmetric.

Proof.
Let M “ MpϕqA

A, N “ MpϕqB
B. Matrix

Q “ MpidqA
B “ MpidqA

stMpidqst
B ,

is orthogonal, i.e. Q´1 “ Q⊺. Because

N “ Q⊺MQ,

we have
N⊺ “ Q⊺M⊺pQ⊺q⊺ “ N.



Spectral Theorem (continued)

Proposition

Let ϕ : Rn Ñ R
n be an endomorphism such that matrix Mpϕqst

st is
symmetric. Then there exists µ P R and v P R

n, v ‰ 0 such that
ϕpvq “ µv , i.e µ is an eigenvalue of ϕ and v is an eigenvector for
µ.



Spectral Theorem (continued)

Proposition

Let ϕ : Rn Ñ R
n be an endomorphism such that matrix Mpϕqst

st is
symmetric. Then there exists µ P R and v P R

n, v ‰ 0 such that
ϕpvq “ µv , i.e µ is an eigenvalue of ϕ and v is an eigenvector for
µ.

Proof.
Let M “ Mpϕqst

st and let wMpλq “ detpM ´ λInq be the
characteristic polynomial of ϕ. By the fundamental theorem of
algebra there exists a complex root µ P C of wM and a complex
eigenvector v P C

n, i.e. wMpµq “ 0 and Mv “ µv . Matrix M is
real therefore Mv “ µv . Moreover

v⊺Mv “ pMvq⊺ v “ µv⊺v “ µ‖v‖,

v⊺Mv “ v⊺ pMvq “ v⊺ pµvq “ µ‖v‖.

This implies µ P R and since Vpµq is given a system of linear
equations with real coefficients one can choose v P R

n.



Spectral Theorem (continued)

Proposition

Let ϕ : Rn Ñ R
n be an endomorphism such that matrix Mpϕqst

st is
symmetric. Then for any subspace W Ă Rn such that ϕpW q Ă W ,

ϕpW Kq Ă W K.
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Proposition

Let ϕ : Rn Ñ R
n be an endomorphism such that matrix Mpϕqst

st is
symmetric. Then for any subspace W Ă Rn such that ϕpW q Ă W ,

ϕpW Kq Ă W K.

Let M “ Mpϕqst
st and let w P W K be any vector. We need to

check that v⊺pMwq “ 0 for a any v P W .
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Proposition

Let ϕ : Rn Ñ R
n be an endomorphism such that matrix Mpϕqst

st is
symmetric. Then for any subspace W Ă Rn such that ϕpW q Ă W ,

ϕpW Kq Ă W K.

Let M “ Mpϕqst
st and let w P W K be any vector. We need to

check that v⊺pMwq “ 0 for a any v P W . In fact

v⊺Mw “ pMvq⊺w “ 0.
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Theorem
Symmetric matrix M P Mpn ˆ n;Rq is diagonalizable.
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st . Assume
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n is a subspace spanned by pairwise perpendicular
eigenvectors of ϕ. Let V “ W K.
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Theorem
Symmetric matrix M P Mpn ˆ n;Rq is diagonalizable.

Proof.
Let ϕ be an endomorphism given by M “ Mpϕqst

st . Assume
W Ă R

n is a subspace spanned by pairwise perpendicular
eigenvectors of ϕ. Let V “ W K. Matrix of ϕ relative to some
orthonormal basis of V is symmetric and ϕpV q Ă V . Therefore
there exists µ P R and a non–zero vector v P V such that
ϕpvq “ µv .



Spectral Theorem

Theorem
Symmetric matrix M P Mpn ˆ n;Rq is diagonalizable.

Proof.
Let ϕ be an endomorphism given by M “ Mpϕqst

st . Assume
W Ă R

n is a subspace spanned by pairwise perpendicular
eigenvectors of ϕ. Let V “ W K. Matrix of ϕ relative to some
orthonormal basis of V is symmetric and ϕpV q Ă V . Therefore
there exists µ P R and a non–zero vector v P V such that
ϕpvq “ µv . By continuing this process we obtain an orthogonal
basis of Rn consisting of eigenvectors of ϕ.



Spectral Theorem (continued)

Corollary

For any symmetric matrix M P Mpn ˆ n;Rq there exists matrix
Q P Mpn ˆ n;Rq such that Q´1 “ Q⊺ and the matrix

D “ Q⊺MQ,

is diagonal.



Spectral Theorem (continued)

Corollary

For any symmetric matrix M P Mpn ˆ n;Rq there exists matrix
Q P Mpn ˆ n;Rq such that Q´1 “ Q⊺ and the matrix

D “ Q⊺MQ,

is diagonal.

Proof.
Let A “ pv1, . . . , vnq be an orthonormal basis of Rn consisting of
eigenvectors of M. If Q “ Mpidqst

A
then the matrix Q´1MQ is

diagonal and Q⊺Q “ In, i.e. Q´1 “ Q⊺.



Characterization of Real Symmetric Matrices

Corollary

Let M P Mpn ˆ n;Rq be a real matrix. Then M “ M⊺ if and only
if there exists an orthogonal matrix Q P Mpn ˆ n;Rq (i.e.
Q⊺Q “ I) such that the matrix

D “ Q⊺MQ P Mpn ˆ n;Rq,

is diagonal.

pñq previous corollary



Characterization of Real Symmetric Matrices

Corollary

Let M P Mpn ˆ n;Rq be a real matrix. Then M “ M⊺ if and only
if there exists an orthogonal matrix Q P Mpn ˆ n;Rq (i.e.
Q⊺Q “ I) such that the matrix

D “ Q⊺MQ P Mpn ˆ n;Rq,

is diagonal.

pñq previous corollary

pðq If D “ Q⊺MQ then M “ QDQ⊺ and since D⊺ “ D

M⊺ “ pQ⊺q⊺D⊺Q⊺ “ QDQ⊺ “ M.



Bilinear Form

Definition
Let V be a vector space. A function

B : V ˆ V Ñ R

is called a bilinear form if

i) Bpv ` u, wq “ Bpv , wq ` Bpu, wq for any u, v , w P V ,
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B : V ˆ V Ñ R

is called a bilinear form if

i) Bpv ` u, wq “ Bpv , wq ` Bpu, wq for any u, v , w P V ,

ii) Bpv , u ` wq “ Bpv , uq ` Bpv , wq for any u, v , w P V ,

iii) Bpαv , wq “ αBpv , wq for any v , w P V , α P R,



Bilinear Form

Definition
Let V be a vector space. A function

B : V ˆ V Ñ R
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Bilinear Form

Definition
Let V be a vector space. A function

B : V ˆ V Ñ R

is called a bilinear form if

i) Bpv ` u, wq “ Bpv , wq ` Bpu, wq for any u, v , w P V ,

ii) Bpv , u ` wq “ Bpv , uq ` Bpv , wq for any u, v , w P V ,

iii) Bpαv , wq “ αBpv , wq for any v , w P V , α P R,

iv) Bpv , βwq “ βBpv , wq for any v , w P V , β P R.



Bilinear Form

Definition
Let V be a vector space. A function

B : V ˆ V Ñ R

is called a bilinear form if

i) Bpv ` u, wq “ Bpv , wq ` Bpu, wq for any u, v , w P V ,

ii) Bpv , u ` wq “ Bpv , uq ` Bpv , wq for any u, v , w P V ,

iii) Bpαv , wq “ αBpv , wq for any v , w P V , α P R,

iv) Bpv , βwq “ βBpv , wq for any v , w P V , β P R.

Bilinear form B is called symmetric if moreover

v) Bpv , wq “ Bpw , vq for any v , w P V .



Bilinear Forms (continued)

Definition
If B : V ˆ V Ñ R is a bilinear form and A “ pv1, . . . , vnq is a basis
of V then the matrix of bilinear form B relative to the basis A is
equal to

MpBqA “ rmijs P Mpn ˆ n;Rq,
where mij “ Bpvi , vjq, i.e

MpBqA “

»

—

—

—

–

Bpv1, v1q Bpv1, v2q . . . Bpv1, vnq
Bpv2, v1q Bpv2, v2q . . . Bpv2, vnq

...
...

. . .
...

Bpvn, v1q Bpvn, v2q . . . Bpvn, vnq

fi

ffi

ffi

ffi

fl

.



Bilinear Forms (continued)

Proposition

For any v , w P V and any basis A

Bpv , wq “
“

v
‰

⊺

A
MpBqA

“

w
‰

A
.



Bilinear Forms (continued)

Proposition

For any v , w P V and any basis A

Bpv , wq “
“

v
‰

⊺

A
MpBqA

“

w
‰

A
.

Proof.
Let A “ pv1, . . . , vnq and let
v “ α1v1 ` . . . ` αnvn, w “ β1v1 ` . . . ` βnvn.

Bpv , wq “
n

ÿ

i“1

αi

˜

n
ÿ

j“1

Bpvi , wjqβj

¸

“

“
n

ÿ

i“1

αi

˜

n
ÿ

j“1

mijβj

¸

,

where MpBqA “ rmij s.



Bilinear Forms (continued)

Corollary

If A, B are bases of V then for C “ MpidqB
A

MpBqA “ C⊺MpBqBC .



Bilinear Forms (continued)

Corollary

If A, B are bases of V then for C “ MpidqB
A

MpBqA “ C⊺MpBqBC .

Proof.
Let MpBqA “ M “ rmijs and let A “ pv1, . . . , vnq. By the previous
proposition

ε
⊺

i pC⊺MpBqBCq εj “ pCεjq⊺ MpBqB pCεjq “
“

vi

‰

⊺

B
MpBqB

“

vj

‰

B
“

“ Bpvi , vjq.
On the other hand, for any M “ rmijs

ε
⊺

i Mεj “ mij ,

hence C⊺MpBqBC “ M “ MpBqA.



Bilinear Forms (continued)
Let B : V ˆ V Ñ R.

Corollary

If B is a symmetric bilinear form then for any basis A of V

MpBq⊺
A

“ MpBqA.



Bilinear Forms (continued)
Let B : V ˆ V Ñ R.

Corollary

If B is a symmetric bilinear form then for any basis A of V

MpBq⊺
A

“ MpBqA.

If B is a bilinear form and for some basis A of V

MpBq⊺
A

“ MpBqA,

then B is symmetric bilinear form.



Bilinear Forms (continued)
Let B : V ˆ V Ñ R.

Corollary

If B is a symmetric bilinear form then for any basis A of V

MpBq⊺
A

“ MpBqA.

If B is a bilinear form and for some basis A of V

MpBq⊺
A

“ MpBqA,

then B is symmetric bilinear form.

Proof.
For the second claim, let M “ rmij s “ MpBqA be symmetric, i.e.
M⊺ “ M. Then for any v , w P R

n

Bpv , wq “
“

v
‰⊺

A
M

“

w
‰

A
“

´

“

v
‰⊺

A
M

“

w
‰

A

¯

⊺

“
“

w
‰⊺

A
M

“

v
‰

A
“ Bpw , vq,

i.e. B is symmetric.



Quadratic Forms

Let V be a vector space.

Definition
Function Q : V Ñ R is a quadratic form if there exist a bilinear
form B : V ˆ V Ñ R such that Qpvq “ Bpv , vq for any v P V .
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Definition
Function Q : V Ñ R is a quadratic form if there exist a bilinear
form B : V ˆ V Ñ R such that Qpvq “ Bpv , vq for any v P V .

Proposition

If Q : V Ñ R is a quadratic form then

Bspv , wq “ 1

2
pQpv ` w , v ` wq ´ Qpv , vq ´ Qpw , wqq ,

is a symmetric bilinear form such that Qpvq “ Bspv , vq.



Quadratic Forms

Let V be a vector space.

Definition
Function Q : V Ñ R is a quadratic form if there exist a bilinear
form B : V ˆ V Ñ R such that Qpvq “ Bpv , vq for any v P V .

Proposition

If Q : V Ñ R is a quadratic form then

Bspv , wq “ 1

2
pQpv ` w , v ` wq ´ Qpv , vq ´ Qpw , wqq ,

is a symmetric bilinear form such that Qpvq “ Bspv , vq.

Proof.

Bspv , wq “ 1

2
pBpv , wq ` Bpw , vqq .



Sylvester’s Criterion

Proposition

Let Q : V Ñ R be a quadratic form such that Qpvq “ Bpv , vq
where B is a symmetric bilinear form. Let A “ pv1, . . . , vnq be a
basis of V . Then Q is positive definite if and only if

det MpBqAi
ą 0,

for i “ 1, . . . , n where Ai “ pv1, . . . , vi q.



Sylvester’s Criterion

Proposition

Let Q : V Ñ R be a quadratic form such that Qpvq “ Bpv , vq
where B is a symmetric bilinear form. Let A “ pv1, . . . , vnq be a
basis of V . Then Q is positive definite if and only if

det MpBqAi
ą 0,

for i “ 1, . . . , n where Ai “ pv1, . . . , vi q.

Proof.
pñq The quadratic form Q restricted to linpv1, . . . , viq is positive
hence the matrix MpBqAi

is symmetric diagonalizable and by the
eigenvalue criterion its all eigenvalues λ1, . . . , λi ą 0 are positive.
Therefore

det MpBqAi
“ λ1 ¨ . . . ¨ λi ą 0.

Note that eigenvalues depend on i .



Sylvester’s Criterion (continued)

Proof.
pðq let Vk “ linpv1, . . . , vkq. By induction on k we prove the claim

„the quadratic form Q|Vk
is positive definite”,

which for k “ n is the assertion of the Theorem.
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.



Sylvester’s Criterion (continued)

Proof.
pðq let Vk “ linpv1, . . . , vkq. By induction on k we prove the claim

„the quadratic form Q|Vk
is positive definite”,

which for k “ n is the assertion of the Theorem.

For k “ 1 the claim holds since det MpBqA1
“ Bpv1, v1q ą 0.

For k “ 2 let λ1, λ2 P R are eigenvalues of MpBqA2
. By Viete’s

formulas
"

λ1 ` λ2 “ Bpv1, v1q ` Bpv2, v2q,
λ1λ2 “ Bpv1, v1qBpv2, v2q ´ Bpv1, v2q2.

Because λ1λ2 “ det MpBqA2
ą 0 either

Bpv1, v1q ă 0, Bpv2, v2q ă 0 or Bpv1, v1q ą 0, Bpv2, v2q ą 0. Since
Bpv1, v1q “ det MpBqA1

ą 0 the latter holds, hence λ1, λ2 ą 0.



Sylvester’s Criterion (continued)

Proof.
Assume that k ě 3 and det MpBqAi

ą 0, for i “ 1, . . . , k (i.e.
Q|Vk´1

is positive definite) but Q|Vk
is not positive definite.



Sylvester’s Criterion (continued)

Proof.
Assume that k ě 3 and det MpBqAi

ą 0, for i “ 1, . . . , k (i.e.
Q|Vk´1

is positive definite) but Q|Vk
is not positive definite.

Therefore MpBqAk
has at least two negative eigenvalues λ1, λ2 ă 0

or a negative eigenvalue λ ă 0 of multiplicity at least 2
(det MpBqAk

ą 0 is equal to the product of eigenvalues).



Sylvester’s Criterion (continued)

Proof.
Assume that k ě 3 and det MpBqAi

ą 0, for i “ 1, . . . , k (i.e.
Q|Vk´1

is positive definite) but Q|Vk
is not positive definite.

Therefore MpBqAk
has at least two negative eigenvalues λ1, λ2 ă 0

or a negative eigenvalue λ ă 0 of multiplicity at least 2
(det MpBqAk

ą 0 is equal to the product of eigenvalues).

In both cases there exist eigenvectors w1, w2 P Vk of MpBqAk
, that

is
MpBqAk

“

wi

‰

Ak
“ λi

“

wi

‰

Ak
for i “ 1, 2,

and
“

w1

‰⊺

Ak

“

w2

‰

Ak
“ 0 (including the case λ1 “ λ2 “ λ).



Sylvester’s Criterion (continued)

Proof.
Assume that k ě 3 and det MpBqAi

ą 0, for i “ 1, . . . , k (i.e.
Q|Vk´1

is positive definite) but Q|Vk
is not positive definite.

Therefore MpBqAk
has at least two negative eigenvalues λ1, λ2 ă 0

or a negative eigenvalue λ ă 0 of multiplicity at least 2
(det MpBqAk

ą 0 is equal to the product of eigenvalues).

In both cases there exist eigenvectors w1, w2 P Vk of MpBqAk
, that

is
MpBqAk

“

wi

‰

Ak
“ λi

“

wi

‰

Ak
for i “ 1, 2,

and
“

w1

‰⊺

Ak

“

w2

‰

Ak
“ 0 (including the case λ1 “ λ2 “ λ). Note

that w1, w2 R Vk´1.



Sylvester’s Criterion (continued)

Proof.
Let w1 “ α1v1 ` . . . ` αkvk , w2 “ β1v1 ` . . . ` βkvk and let
v “ γ1w1 ` γ2w2 P Vk´1 where γ1 “ βk , γ2 “ ´αk . Then
γ1, γ2 ‰ 0 since w1, w2 R Vk´1. Vectors w1, w2 are perpendicular
(i.e. linearly independent), therefore v ‰ 0. Hence

“

v
‰

⊺

Ak
MpBqAk

“

v
‰

Ak
“

“
´

γ1

“

w1

‰

Ak
` γ2

“

w2

‰

Ak

¯

⊺

MpBqAk

´

γ1

“

w1

‰

Ak
` γ2

“

w2

‰

Ak

¯

“

“ λ1γ2
1

∥

∥

∥

“

w1

‰

Ak

∥

∥

∥

2

` λ2γ2
2

∥

∥

∥

“

w2

‰

Ak

∥

∥

∥

2

ă 0.

On the other hand

“

v
‰

⊺

Ak
MpBqAk

“

v
‰

Ak
“ Qpvq ą 0,

because Q|Vk´1
is positive definite, which yields a

contradiction.



Summary

Let M P Mpn ˆ n;Rq be a symmetric matrix. The following are
equivalent

i) x⊺Mx ě 0 (matrix M is positive semidefinite),

ii) mintλ | λ is an eigenvalue of Mu ě 0,

iii) mintx⊺Mx P R | ‖x‖ “ 1u ě 0,

iv) all principal minors of M are non–negative,

v) there exists a matrix N P Mpn ˆ n;Rq such that M “ N⊺N.



Summary (continued)

Let M P Mpn ˆ n;Rq be a symmetric matrix. The following are
equivalent

i) x⊺Mx ą 0 for x ‰ 0 (matrix M is positive definite),

ii) mintλ | λ is an eigenvalue of Mu ą 0,

iii) mintx⊺Mx P R | ‖x‖ “ 1u ą 0,

iv) all leading principal minors of M are positive,

v) there exists a non–singular (i.e. det N ‰ 0) matrix
N P Mpn ˆ n;Rq such that M “ N⊺N.



Interlacing Eigenvalues

Theorem
If M P Mpn ˆ n;Rq is a symmetric matrix, i.e. M “ M⊺. Let Mi

denote the top left i´by´i submatrix of M. Fix m ă n. Let
λ1, . . . , λm denote the eigenvalues of Mm and µ1, . . . , µm`1 denote
the eigenvalues of Mm`1. Then

µ1 ď λ1 ď µ2 ď λ2 ď µ3 ď . . . ď λm ď µm`1.

Proof.
Omitted.



Hessian Matrix

Definition
Let f : U Ñ R, U Ă R

k , be a function of class C2 on the open set
U. Hessian matrix at x0 P U is the symmetric matrix
Hf px0q “ Hpx0q P Mpk ˆ k;Rq given by

Hf px0q “

»

—

—

—

—

—

—

—

—

–

B2f
Bx2

1

px0q B2f
Bx1Bx2

px0q B2f
Bx1Bx3

px0q . . . B2f
Bx1Bxk

px0q
B2f

Bx2Bx1
px0q B2f

Bx2
2

px0q B2f
Bx2Bx3

px0q . . . B2f
Bx2Bxk

px0q
B2f

Bx3Bx1
px0q B2f

Bx3Bx2
px0q B3f

Bx3
3

px0q . . . B2f
Bx3Bxk

px0q
...

...
...

. . .
...

B2f
Bxk Bx1

px0q B2f
Bxk Bx2

px0q B2f
Bxk Bx3

px0q . . . B2f
Bx2

k

px0q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.



Hessian Matrix

Definition
Let f : U Ñ R, U Ă R

k , be a function of class C2 on the open set
U. Hessian matrix at x0 P U is the symmetric matrix
Hf px0q “ Hpx0q P Mpk ˆ k;Rq given by

Hf px0q “

»

—

—

—

—

—

—

—

—

–

B2f
Bx2

1

px0q B2f
Bx1Bx2

px0q B2f
Bx1Bx3

px0q . . . B2f
Bx1Bxk

px0q
B2f

Bx2Bx1
px0q B2f

Bx2
2

px0q B2f
Bx2Bx3

px0q . . . B2f
Bx2Bxk

px0q
B2f

Bx3Bx1
px0q B2f

Bx3Bx2
px0q B3f

Bx3
3

px0q . . . B2f
Bx3Bxk

px0q
...

...
...

. . .
...

B2f
Bxk Bx1

px0q B2f
Bxk Bx2

px0q B2f
Bxk Bx3

px0q . . . B2f
Bx2

k

px0q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Remark
If f is not of class C2 the matrix Hf px0q may not be symmetric.



Local Minima or Maxima of a Multivariate Function

Theorem
Let f : U Ñ R, U Ă R

k be a function of class C2 on the open set
U. If x0 P U is a critical point of function f , i.e.

f 1px0q “
ˆ Bf

Bx1

px0q, . . . ,
Bf

Bxk

px0q
˙

“ 0,

and the Hessian matrix Hpx0q is negative (respectively, positive)
definite, then f has strict local maximum (respectively strict local
minimum) at the point x0 P U.



Local Minima or Maxima of a Multivariate Function

Theorem
Let f : U Ñ R, U Ă R

k be a function of class C2 on the open set
U. If x0 P U is a critical point of function f , i.e.

f 1px0q “
ˆ Bf

Bx1

px0q, . . . ,
Bf

Bxk

px0q
˙

“ 0,

and the Hessian matrix Hpx0q is negative (respectively, positive)
definite, then f has strict local maximum (respectively strict local
minimum) at the point x0 P U.

If the matrix Hpx0q is indefinite then f has no local extremum at
x0 (the point x0 is so called saddle point).

Proof.
Analysis course (use multivariate Taylor formula).



Example – Local Maximum

´2
´1 0 1 2

´1

0

1
´5

0

x
y

z

graph of the function f px , yq “ ´x2 ´ y2

Hf p0, 0q “
„

´2 0
0 ´2



negative definite



Example – Local Minimum

´2
´1 0 1 2

´1

0

10

5

x
y

z

graph of the function f px , yq “ x2 ` y2

Hf p0, 0q “
„

2 0
0 2



positive definite



Example – Saddle Point – No Local Extremum

´2
´1 0 1 2

´1

0

1´2

0

2

4

x
y

z

graph of the function f px , yq “ x2 ´ y2

Hf p0, 0q “
„

2 0
0 ´2



indefinite



Local Minima or Maxima of a Multivariate Function

(continued)

Remark
If the matrix Hpx0q is positive semidefinite or negative semidefinite
then the function f has at x0 local minimum or local maximum or
a saddle point (the criterion is indecisive).



Example – Hessian Matrix Positive Semidefinite – Weak

Local Minimum

´2
´1 0 1 2

´1

0

10

2

4

x
y

z

graph of the function f px , yq “ x2

Hf p0, 0q “
„

2 0
0 0



positive semidefinite



Example – Hessian Matrix Positive Semidefinite – Strict

Local Minimum

´1
0

1 ´1

0

10

5

x
y

z

graph of the function f px , yq “ x2 ` y4

Hf p0, 0q “
„

2 0
0 0



positive semidefinite



Example – Hessian Matrix Positive Semidefinite – Saddle

Point

´1
0

1 ´1

0

1
´5

0

x
y

z

graph of the function f px , yq “ x2 ´ y4

Hf p0, 0q “
„

2 0
0 0



positive semidefinite



Square Root of a Positive Semidefinite Matrix

Find a matrix X P Mp2 ˆ 2;Rq such that

X 2 “
„

5 ´4
´4 5



“ A.



Square Root of a Positive Semidefinite Matrix

Find a matrix X P Mp2 ˆ 2;Rq such that

X 2 “
„

5 ´4
´4 5



“ A.

It can be checked that

A “ Q⊺

„

1 0
0 9



Q,

where

Q “

»

—

—

—

–

1?
2

1?
2

1?
2

´ 1?
2

fi

ffi

ffi

ffi

fl

.



Square Root of a Positive Semidefinite Matrix (continued)

X1 “ Q⊺

„

1 0
0 3



Q “
„

2 ´1
´1 2



,

X2 “ Q⊺

„

´1 0
0 3



Q “
„

1 ´2
´2 1



,

X3 “ Q⊺

„

1 0
0 ´3



Q “
„

´1 2
2 ´1



,

X4 “ Q⊺

„

1 0
0 ´3



Q “
„

2 ´1
´1 2



.



Multivariate Gaussian Distribution

The probability density function of multivariate n-dimensional
Gaussian distribution is given by

ppx | µ, Σq “ 1

p2πq n
2

1

pdet Σq
1

2

e´ 1

2
px´µq⊺Σ´1px´µq,

where x P R
n for some fixed µ P R

n and Σ P Mpn ˆ n;Rq a
symmetric positive definite matrix.



Multivariate Gaussian Distribution

The probability density function of multivariate n-dimensional
Gaussian distribution is given by

ppx | µ, Σq “ 1

p2πq n
2

1

pdet Σq
1

2

e´ 1

2
px´µq⊺Σ´1px´µq,

where x P R
n for some fixed µ P R

n and Σ P Mpn ˆ n;Rq a
symmetric positive definite matrix.There exists an orthogonal
matrix Q P Mpn ˆ n;Rq (i.e. QQ⊺ “ Q⊺Q “ I) such that

Q⊺ΣQ “

»

—

—

—

–

σ2
1 0 ¨ ¨ ¨ 0

0 σ2
2 0

...
. . .

...
0 0 ¨ ¨ ¨ σ2

n

fi

ffi

ffi

ffi

fl

,

where σ1, . . . , σn ą 0, Q “ rv1 v2 ¨ ¨ ¨ vns and B “ pv1, v2, . . . , vnq
is an orthonormal basis of Rn.



Multivariate Gaussian Distribution (continued)

Then if

x “
n

ÿ

i“1

xivi ,

(i.e. rxs
B

“ rx1 x2 ¨ ¨ ¨ xns⊺) and

µ “ pµ1, µ2, . . . , µnq,

then

ppx | µ, Σq “
n

ź

i“1

1

p2πσ2
i q 1

2

e
´ pxi ´µi q2

2σ
2
i ,

i.e., it is a product of one–dimensional Gaussian probability density
functions.



Multivariate Gaussian Distribution – Example
Let

Σ “

»

—

—

–

5

2
´3

2

´3

2

5

2

fi

ffi

ffi

fl

“

»

—

—

—

–

1?
2

1?
2

1?
2

´ 1?
2

fi

ffi

ffi

ffi

fl

⊺
»

—

—

–

1 0

0 4

fi

ffi

ffi

fl

»

—

—

—

–

1?
2

1?
2

1?
2

´ 1?
2

fi

ffi

ffi

ffi

fl

,

Σ´1 “

»

—

—

–

5

8

3

8
3

8

5

8

fi

ffi

ffi

fl

,

µ “ p2, 3q, v1 “ 1?
2

p1, 1q, v2 “ 1?
2

p1, ´1q,

then

pppx1, x2q | µ, Σq “ 1

2π

1

2
e´ 1

16
p5px1´2q2`6px1´2qpx2´3q`5px2´3q2q,

ppx1v1 ` x2v2 | µ, Σq “ 1

p2πq 1

2

e´ px1´2q2

2
1

2p2πq 1

2

e´ px2´3q2

8 ,



Multivariate Gaussian Distribution – Example

´2 0 2 4 6
0

50
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, µ “ p2, 3q



Inner product

Definition
Inner product space V is a vector space V over C or R, with a
function

x¨, ¨y : V ˆ V Ñ C,

such that

i) xv , wy “ xw , vy for any v , w P V ,



Inner product
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Inner product space V is a vector space V over C or R, with a
function

x¨, ¨y : V ˆ V Ñ C,

such that

i) xv , wy “ xw , vy for any v , w P V ,

ii) for any v P V the function xv , ¨y : V Ñ C is linear, i.e. for any
w , w 1 P V and α P C



Inner product

Definition
Inner product space V is a vector space V over C or R, with a
function

x¨, ¨y : V ˆ V Ñ C,

such that

i) xv , wy “ xw , vy for any v , w P V ,

ii) for any v P V the function xv , ¨y : V Ñ C is linear, i.e. for any
w , w 1 P V and α P C

a) xv , w ` w 1y “ xv , wy ` xv , w 1y,



Inner product

Definition
Inner product space V is a vector space V over C or R, with a
function

x¨, ¨y : V ˆ V Ñ C,

such that

i) xv , wy “ xw , vy for any v , w P V ,

ii) for any v P V the function xv , ¨y : V Ñ C is linear, i.e. for any
w , w 1 P V and α P C

a) xv , w ` w 1y “ xv , wy ` xv , w 1y,
b) xv , αwy “ αxv , wy



Inner product

Definition
Inner product space V is a vector space V over C or R, with a
function

x¨, ¨y : V ˆ V Ñ C,

such that

i) xv , wy “ xw , vy for any v , w P V ,

ii) for any v P V the function xv , ¨y : V Ñ C is linear, i.e. for any
w , w 1 P V and α P C

a) xv , w ` w 1y “ xv , wy ` xv , w 1y,
b) xv , αwy “ αxv , wy

iii) xv , vy ą 0 for any v ‰ 0.



Example

Example

The vector space V “ C
n with

xv , wy “
n

ÿ

j“1

vjwj “ v⊺w “ v˚w ,

for any v “ pv1, . . . , vnq, w “ pw1, . . . , wnq P C
n is the standard

inner product space



Example

Example

The vector space V “ C
n with

xv , wy “
n

ÿ

j“1

vjwj “ v⊺w “ v˚w ,

for any v “ pv1, . . . , vnq, w “ pw1, . . . , wnq P C
n is the standard

inner product space

Example

The vector space V “ Cpra, bs;Cq of continuous functions

xf , gy “
ż b

a

wpxqf pxqgpxq dx ,

where w is a fixed weight function w P V such that
wpxq P R, wpxq ą 0 for x P pa, bq is an inner product space.



Norm

Let V be an inner product space.

Definition
Norm of vector v P V is equal to

‖v‖ “
a

xv , vy.



Norm

Let V be an inner product space.

Definition
Norm of vector v P V is equal to

‖v‖ “
a

xv , vy.

If V is complete as a metric space induced by the norm it is called
a Hilbert space.



Adjoint Transformation

Proposition

Let V and W be inner product spaces. For any linear
transformation ϕ : V Ñ W there exists a unique linear
transformation ϕ˚ : W Ñ V such that

xϕpvq, wyW “ xv , ϕ˚pwqyV .



Adjoint Transformation (continued)

Proof.
The inner products induce isomorphisms V » V ˚ and W » W ˚

because the linear transformations are monomorphisms hence
isomorphisms (since the product is positive definite),

V Q v ÞÑ xv , ¨y P V ˚,

W Q w ÞÑ xw , ¨y P W ˚.

These isomorphisms induce an isomorphism

HompV , W q “ V ˚ b W » V b W ˚ » W ˚ b V “ HompW , V q,

and ϕ˚ is the image of ϕ under this isomorphism.



Adjoint Transformation (continued)

Proof.
Let

ϕ “ α b t,

where α P V ˚, t P W . Let sα P V be a vector such that

αp¨q “ xsα, ¨y,

(i.e. vector corresponding to α under isomorphism V » V ˚). By
definition

α˚ “ xt, ¨y b sα.

Then for any v P V , w P W

xϕpvq, wy “ xαpvqt, wy “ αpvqxt, wy.

On the other hand

xv , ϕ˚pwqy “ xv , xt, wysαy “ xt, wyxv , sαy “ xt, wyαpvq.



Adjoint Transformation (continued)

Proposition

Let ϕ : Cn Ñ C
n be a linear transformation where C

n is a standard
inner product space (domain and codomain). If A “ Mst

st pϕq then

A˚ “ A
⊺ “ Mst

st pϕ˚q,

where
A˚ “ A

⊺ “ A⊺.



Adjoint Transformation (continued)

Proposition

Let ϕ : Cn Ñ C
n be a linear transformation where C

n is a standard
inner product space (domain and codomain). If A “ Mst

st pϕq then

A˚ “ A
⊺ “ Mst

st pϕ˚q,

where
A˚ “ A

⊺ “ A⊺.

Proof.
For any v “ pv1, . . . , vnq, w “ pw1, . . . , wnq P C

n

xAv , wy “ pAvq⊺w “ v⊺pA⊺

wq “ v⊺A˚w “ xv , A˚wy.



Normal, Unitary, Hermitian and Skew–Hermitian Matrix

Definition
Matrix A P Mpn ˆ n;Cq is normal if

A˚A “ AA˚.



Normal, Unitary, Hermitian and Skew–Hermitian Matrix

Definition
Matrix A P Mpn ˆ n;Cq is normal if

A˚A “ AA˚.

Definition
Matrix U P Mpn ˆ n;Cq is unitary if

U˚U “ UU˚ “ In.



Normal, Unitary, Hermitian and Skew–Hermitian Matrix

Definition
Matrix A P Mpn ˆ n;Cq is normal if

A˚A “ AA˚.

Definition
Matrix U P Mpn ˆ n;Cq is unitary if

U˚U “ UU˚ “ In.

Definition
Matrix H P Mpn ˆ n;Cq is Hermitian if

H “ H˚.

Matrix H P Mpn ˆ n;Cq is skew–Hermitian if

H “ ´H˚.



Normal, Unitary, Hermitian and Skew–Hermitian Matrix

(continued)

Proposition

Unitary, Hermitian and skew–Hermitian matrices are normal.



Normal Transformation

Let V be an inner product space.

Definition
Endomorphism (linear transformation)

ϕ : V Ñ V ,

is normal if
ϕ ˝ ϕ˚ “ ϕ˚ ˝ ϕ.
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Let V be an inner product space.

Definition
Endomorphism (linear transformation)

ϕ : V Ñ V ,

is normal if
ϕ ˝ ϕ˚ “ ϕ˚ ˝ ϕ.

Proposition

Endomorphism ϕ is normal if and only if the matrix MA
A

pϕq is
normal for any (some) orthonormal basis A of V .



Normal Transformation

Let V be an inner product space.

Definition
Endomorphism (linear transformation)

ϕ : V Ñ V ,

is normal if
ϕ ˝ ϕ˚ “ ϕ˚ ˝ ϕ.

Proposition

Endomorphism ϕ is normal if and only if the matrix MA
A

pϕq is
normal for any (some) orthonormal basis A of V .

Proof.
Exercise.



Normal Matrix is Unitary Diagonalizable

Proposition
Let A P Mpn ˆ n;Cq be normal matrix. Then there exists a unitary
matrix U P Mpn ˆ n;Cq such that the matrix

U˚AU “ U´1AU,

is diagonal.



Normal Matrix is Unitary Diagonalizable

Proposition
Let A P Mpn ˆ n;Cq be normal matrix. Then there exists a unitary
matrix U P Mpn ˆ n;Cq such that the matrix

U˚AU “ U´1AU,

is diagonal.

Proof.
Let λ P C, v P Cn. Then

‖Av ´ λv‖2 “ xAv , Avy ´ xλv , Avy ´ xAv , λvy ` xλv , λvy “

“ xv , A˚Avy ´ xA˚v , λvy ´ xλv , A˚vy ` xλv , λvy “
“ xv , AA˚vy ´ xA˚v , λvy ´ xλv , A˚vy ` xλv , λvy “

“
∥

∥A˚v ´ λv
∥

∥

2
.

Therefore v P Cn is an eigenvector of A if and only if it is an eigenvector
of A˚ (and the corresponding eigenvalues are conjugated).



Normal Matrix is Unitary Diagonalizable (continued)

Proof.
Let λ P C be an eigenvalue of A and let v P C

n be a corresponding
eigenvector of norm 1. Let

V “ linpvqK “ tw P W | xv , wy “ 0u.

Then
AV Ă V ,

since for w P V

xv , Awy “ xA˚v , wy “ xλv , wy “ 0.

The endomorphism A|V is normal (since pϕ|V q˚ “ pϕ˚q|V ) and by
the induction the theorem holds. The unitary matrix
U P Mpn ˆ n;Cq has in columns normalized (i.e. of length 1)
eigenvectors obtained by the above procedure.



Characterization of Complex Normal, Unitary, Hermitian

and Skew–Hermitian Matrices

Let A P Mpn ˆ n;Cq be a matrix with (possibly repeating)
eigenvalues λ1, . . . , λn P C. Let
D “ diagpλ1, . . . , λnq P Mpn ˆ n;Cq be a diagonal matrix with
complex numbers λ1, . . . , λn P C on the diagonal.

Proposition

Then
A is normal ô

ô there exists unitary matrix U P Mpnˆn;Cq such that U˚AU “ D.

Moreover

i) matrix A is unitary ô |λi | “ 1 for j “ 1, . . . , n,

ii) matrix A is Hermitian ô λi P R for j “ 1, . . . , n,

iii) matrix A is skew–Hermitian ô λi P
?

´1R for j “ 1, . . . , n,



Characterization of Complex Normal, Unitary, Hermitian

and Skew–Hermitian Matrices (continued)

Proof.
Easy exercise. Respectively, one has

i) D˚ “ D´1,

ii) D˚ “ D,

iii) D˚ “ ´D.



Normal, Orthogonal, Symmetric and Skew–Symmetric

Matrix
Definition
Matrix A P Mpn ˆ n;Rq is normal if

A⊺A “ AA⊺.



Normal, Orthogonal, Symmetric and Skew–Symmetric

Matrix
Definition
Matrix A P Mpn ˆ n;Rq is normal if

A⊺A “ AA⊺.

Definition
Matrix Q P Mpn ˆ n;Rq is orthogonal if

Q⊺Q “ QQ⊺ “ In.



Normal, Orthogonal, Symmetric and Skew–Symmetric

Matrix
Definition
Matrix A P Mpn ˆ n;Rq is normal if

A⊺A “ AA⊺.

Definition
Matrix Q P Mpn ˆ n;Rq is orthogonal if

Q⊺Q “ QQ⊺ “ In.

Definition
Matrix H P Mpn ˆ n;Rq is symmetric if

H “ H⊺.

Matrix H P Mpn ˆ n;Rq is skew–symmetric if

H “ ´H⊺.



Normal, Orthogonal, Symmetric and Skew–Symmetric

Matrix (continued)

Proposition

Orthogonal, symmetric and skew-symmetric real matrices are
normal.



Characterization of Real Normal Matrices

Proposition

Let A P Mpn ˆ n;Rq be a normal matrix. Then

i) λ is an eigenvalue of A ðñ λ is an eigenvalue of A,

ii) v “ Re v ` i Im v is an eigenvector for the eigenvalue λ of
A ðñ v “ Re v ´ i Im v is an eigenvector for the eigenvalue
λ of A.



Characterization of Real Normal Matrices (continued)

Proof.
The characteristic polynomial of A has real coefficients hence its
strictly complex roots form pairs λ, λ. Let λ “ a ` bi where
a, b P R.

Av “ λv ô ApRe v ` i Im vq “ pa ` biqpRe v ` i Im vq ô

ô
"

A Re v “ a Re v ´ b Im v
A Im v “ b Re v ` b Im v

,

where the right–hand side remains invariant under changing the
sign of b and Im v .



Characterization of Real Normal Matrices (continued)

Proposition

Let A P Mpn ˆ n;Rq be a normal matrix. Let v , w P C
n be two

complex eigenvectors corresponding, respectively, to eigenvalues λ

and µ of A. Assume λ ‰ µ. Then

pRe vq¨pRe wq “ pIm vq¨pIm wq “ pRe vq¨pIm wq “ pIm vq¨pRe wq “ 0.



Characterization of Real Normal Matrices (continued)

Proposition

Let A P Mpn ˆ n;Rq be a normal matrix. Let v , w P C
n be two

complex eigenvectors corresponding, respectively, to eigenvalues λ

and µ of A. Assume λ ‰ µ. Then

pRe vq¨pRe wq “ pIm vq¨pIm wq “ pRe vq¨pIm wq “ pIm vq¨pRe wq “ 0.

Proof.
Assume w R R. Then w , w are eigenvectors of A, both unitary
orthogonal to v .

"

xRe v ` i Im v , Re w ` i Im wy “ 0
xRe v ` i Im v , Re w ´ i Im wy “ 0

ô

ô
"

pxRe v , Re wy ` xIm v , Im wyq ` ipxIm v , Re wy ´ xRe v , Im wyq “ 0
pxRe v , Re wy ´ xIm v , Im wyq ` ipxIm v , Re wy ` xRe v , Im wyq “ 0



Characterization of Real Normal Matrices (continued)

Proof.
If λ, µ P R then they are different, and pRe vq ¨ pRe wq “ 0 since
v “ Re v , w “ Re w are real and unitary orthogonal.



Characterization of Real Normal Matrices (continued)

Proof.
If λ, µ P R then they are different, and pRe vq ¨ pRe wq “ 0 since
v “ Re v , w “ Re w are real and unitary orthogonal. If λ P R and
µ R R then the above proof works as well.



Characterization of Real Normal Matrices (continued)

Proof.
If λ, µ P R then they are different, and pRe vq ¨ pRe wq “ 0 since
v “ Re v , w “ Re w are real and unitary orthogonal. If λ P R and
µ R R then the above proof works as well.

Corollary

If v , w P C are complex eigenvectors for the strictly complex
eigenvalue λ, and xv , wy “ 0 (i.e. unitary orthogonal) then

pRe vq¨pRe wq “ pIm vq¨pIm wq “ pRe vq¨pIm wq “ pIm vq¨pRe wq “ 0.



Characterization of Real Normal Matrices (continued)

Proposition
Let A P Mpn ˆ n;Rq be a normal matrix. Let v P Cn be a unit complex
eigenvector corresponding to a strictly complex eigenvalue λ R R. Then

pRe vq ¨ pIm vq “ 0,

and

‖Re v‖ “ ‖Im v‖ “ 1?
2

.



Characterization of Real Normal Matrices (continued)

Proposition
Let A P Mpn ˆ n;Rq be a normal matrix. Let v P Cn be a unit complex
eigenvector corresponding to a strictly complex eigenvalue λ R R. Then

pRe vq ¨ pIm vq “ 0,

and

‖Re v‖ “ ‖Im v‖ “ 1?
2

.

Proof.
Then v is a unit eigenvector, unitary orthogonal to v

0 “ xRe v ` i Im v , Re v ´ i Im vy “

“ pxRe v , Re wy ´ xIm v , Im wyq ` 2ixRe v , Im wy,
moreover

1 “ ‖v‖
2 “ ‖Re v‖

2 ` ‖Im v‖
2
.



Characterization of Real Normal Matrices (continued)

Corollary

Let A P Mpn ˆ n;Rq be a normal matrix. Let µ1, . . . , µm P R be
(possibly repeating) real eigenvalues of A. Let
λ1, λ1, λ2, λ2, . . . , λk , λk P C be (possibly repeating) strictly
complex eigenvalues of A, where αj “ aj ` ibj for j “ 1, . . . , k. Let
u1, . . . , um, v1, v1, v2, v2, . . . , vk , vk P C

n be the corresponding
unitary orthonormal basis of Cn, consisting of the corresponding
eigenvectors, such that uj “ Re uj for j “ 1, . . . , m. Then

A “ pu1, . . . , uk ,

?
2 Re v1,

?
2 Im v1,

?
2 Re v2,

?
2 Im v2, . . . ,

?
2 Re vk ,

?
2 Im vk

¯

,

is an real orthogonal basis of Rn.



Characterization of Real Normal Matrices (continued)

Corollary
Moreover, if Q “ Mpidqst

A then Q P Mpn ˆ n;Rq is an (real) orthogonal
matrix (i.e. Q⊺Q “ QQ⊺ “ I) and

Q⊺AQ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

µ1 0 ¨ ¨ ¨ 0 0 0 0 0 ¨ ¨ ¨ 0 0
0 µ2 ¨ ¨ ¨ 0 0 0 0 0 0 0
...

. . .
...

...
0 µm 0 0
0 a1 b1 0 0 ¨ ¨ ¨ 0 0
0 ´b1 a1 0 0 ¨ ¨ ¨ 0 0
0 0 0 a2 b2 0 0
0 0 0 ´b2 a2 0 0
...

...
...

. . .
...

...
0 0 0 0 0 0 0 ¨ ¨ ¨ ak bk

0 0 0 0 0 0 0 ¨ ¨ ¨ ´bk ak

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.



Characterization of Real Orthogonal Matrices (continued)

Corollary
Matrix A P Mpn ˆ n;Rq is orthogonal if and only if there exists an
orthogonal matrix Q P Mpn ˆ n;Rq and numbers ϕ1, . . . , ϕk P R such
that

Q⊺AQ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

˘1 0 ¨ ¨ ¨ 0 0 0 0 0 ¨ ¨ ¨ 0 0
0 ˘1 0 0 0 0 0 0
...

. . .
...

...
0 ˘1 0 0
0 cos ϕ1 sin ϕ1 0 0 ¨ ¨ ¨ 0 0
0 ´ sin ϕ1 cos ϕ1 0 0 ¨ ¨ ¨ 0 0
0 0 0 cos ϕ2 sin ϕ2 0 0
0 0 0 ´ sin ϕ2 cos ϕ2 0 0
...

...
...

. . .
...

...
0 0 0 0 0 0 0 ¨ ¨ ¨ cos ϕk sin ϕk

0 0 0 0 0 0 0 ¨ ¨ ¨ ´ sin ϕk cos ϕk

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.



Characterization of Real Symmetric Matrices (continued)

Corollary
Matrix A P Mpn ˆ n;Rq is symmetric if and only if there exists an
orthogonal matrix Q P Mpn ˆ n;Rq and numbers µ1, . . . , µn P R such
that

Q⊺AQ “

»

—

–

µ1 0
. . .

0 µn

fi

ffi

fl
.



Characterization of Real Skew–Symetric Normal Matrices

Corollary
Matrix A P Mpn ˆ n;Rq is skew–symmetric if and only if there exists an
orthogonal matrix Q P Mpn ˆ n;Rq and numbers b1, . . . , bk P R such that

Q⊺AQ “

»

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

–

0 0 ¨ ¨ ¨ 0 0 0 0 0 ¨ ¨ ¨ 0 0
0 0 0 0 0 0 0 0
...

. . .
...

...
0 0 0 0
0 0 b1 0 0 ¨ ¨ ¨ 0 0
0 ´b1 0 0 0 ¨ ¨ ¨ 0 0
0 0 0 0 b2 0 0
0 0 0 ´b2 0 0 0
...

...
...

. . .
...

...
0 0 0 0 0 0 0 ¨ ¨ ¨ 0 bk

0 0 0 0 0 0 0 ¨ ¨ ¨ ´bk 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.



Example
Let

A “

»

–

1 1 0
0 1 1
1 0 1

fi

fl .

Then

A⊺A “ AA⊺ “

»

–

2 1 1
1 2 1
1 1 2

fi

fl .

Moreover

wApxq “ detpA ´ xIq “ ´x3 ` 3x2 ´ 3x ` 2 “ ´ px ´ 2q
`

x2 ´ x ` 1
˘

,

therefore

µ “ 2, λ “ 1 ` i
?

3

2
“ e

iπ
3 , λ “ 1 ´ i

?
3

2
“ e´ iπ

3 .

It can be checked that

Vpµq “ linpp1, 1, 1qq, Vpλq “ linpp1, λ2, ´λqq, Vpλq “ linpp1, ´λ, λ2qq,

(note that λ3 ` 1 “ 0, λ2 “ λ ´ 1, λ “ 1

λ
“ ´λ2).



Example (continued)

Since
|p1, 1, 1q| “

∣

∣p1, λ2, ´λq
∣

∣ “
∣

∣p1, ´λ, λ2q
∣

∣ “
?

3,

we have

u1 “ 1?
3

p1, 1, 1q,

v1 “ 1?
3

p1, λ2, ´λq,

v 1 “ 1?
3

p1, ´λ, λ2q.

If

U “ 1?
3

»

–

1 1 1
1 λ2 ´λ

1 ´λ λ2

fi

fl ,

Then
U˚U “ UU˚ “ I.



Example (continued)

If

D “

»

–

2 0 0
0 λ 0

0 0 λ

fi

fl “

»

–

2 0 0
0 λ 0
0 0 ´λ2

fi

fl ,

then

UDU˚ “ A,

i.e.

1?
3

»

–

1 1 1
1 λ2 ´λ

1 ´λ λ2

fi

fl

»

–

2 0 0
0 λ 0
0 0 ´λ2

fi

fl

1?
3

»

–

1 1 1
1 ´λ λ2

1 λ2 ´λ2

fi

fl “

“

»

–

1 1 0
0 1 1
1 0 1

fi

fl .



Example (continued)

Let

u1 “ v1 “ 1?
3

p1, 1, 1q,

u2 “
?

2 Re v1 “
?

2?
3

ˆ

1, ´1

2
, ´1

2

˙

,

u3 “
?

2 Im v1 “
?

2?
3

ˆ

0,

?
3

2
, ´

?
3

2

˙

.

If

Q “ 1?
3

»

—

–

1
?

2 0

1 ´ 1?
2

?
6

2

1 ´ 1?
2

´
?

6
2

fi

ffi

fl
,

then
Q⊺Q “ QQ⊺ “ I.



Example (continued)

Moreover, let

B “

»

—

–

2 0 0

0 1
2

?
3

2

0 ´
?

3
2

1
2

fi

ffi

fl
.

Then
QBQ⊺ “ A,

i.e.

1?
3

»

—

–

1
?

2 0

1 ´ 1?
2

?
6

2

1 ´ 1?
2

´
?

6
2

fi

ffi

fl

»

—

–

2 0 0

0 1
2

?
3

2

0 ´
?

3
2

1
2

fi

ffi

fl

1?
3

»

—

–

1 1 0?
2 ´ 1?

2
´ 1?

2

0
?

6
2

´
?

6
2

fi

ffi

fl
“

“

»

–

1 1 0
0 1 1
1 0 1

fi

fl .



Rayleigh Quotient

Definition
For any matrix M P Mpn ˆ n;Cq and any vector x P C

n, x ‰ 0, the
Rayleigh quotient RpM, xq is equal to

RpM, xq “ x˚Mx

x˚x
.



Rayleigh Quotient

Definition
For any matrix M P Mpn ˆ n;Cq and any vector x P C

n, x ‰ 0, the
Rayleigh quotient RpM, xq is equal to

RpM, xq “ x˚Mx

x˚x
.

Proposition

For any complex number α P C

RpM, αxq “ RpM, xq.



Rayleigh Quotient (continued)

Proposition

For any Hermitian matrix M P Mpn ˆ n;Cq (i.e., M˚ “ M)

RpM, xq P R,

λmin ď RpM, xq ď λmax ,

where λmin, λmax P R are the smallest and the greatest (real)
eigenvalues of matrix M. Moreover, those bounds are attained by
RpM, xq by the corresponding eigenvectors x P C

n.



Rayleigh Quotient (continued)

Proposition

For any Hermitian matrix M P Mpn ˆ n;Cq (i.e., M˚ “ M)

RpM, xq P R,

λmin ď RpM, xq ď λmax ,

where λmin, λmax P R are the smallest and the greatest (real)
eigenvalues of matrix M. Moreover, those bounds are attained by
RpM, xq by the corresponding eigenvectors x P C

n.

Proof.
As RpM, xq˚ “ RpM, xq, it follows that RpM, xq P R. Let
v1, . . . , vn P C

n be a unitary orthonormal basis of Cn, in which
matrix of M is diagonal (i.e., it consist of eigenvectors vi of matrix
M such that Mvi “ λivi and v⊺

j Mvi “ 0 for i ‰ j). Let

x “ α1v1 ` . . . ` αnvn.



Rayleigh Quotient (continued)

Proof.
Then

RpM, xq “
řn

i“1 λi |αi |
2

řn
i“1 |αi |

2
.

Since λmin ď λi ď λmax , it follows that

λmin ď
řn

i“1 λi |αi |
2

řn
i“1 |αi |

2
ď λmax .

The bounds are attained for x “ vi where Mvi “ λminvi and for
x “ vj where Mvj “ λmaxvj .



Rayleigh Quotient (continued)

Proposition

For any matrix M P Mpn ˆ n;Cq and any vector x P C
n the

Rayleigh quotient

λ “ RpM, xq “ x˚Mx

x˚x
,

is the least square solution of the (possibly inconsistent) equation

Mx “ λx .



Rayleigh Quotient (continued)

Proposition

For any matrix M P Mpn ˆ n;Cq and any vector x P C
n the

Rayleigh quotient

λ “ RpM, xq “ x˚Mx

x˚x
,

is the least square solution of the (possibly inconsistent) equation

Mx “ λx .

Proof.
The orthogonal projection of Mx onto V “ linpxq is equal to

PV pMxq “ x˚pMxq
x˚x

x .



Rayleigh Quotient (continued)

Proposition

For any fixed symmetric matrix M “ M⊺ P Mpn ˆ n;Rq the
eigenvectors of M are stationary points of the Rayleigh quotient,
that is if Mx “ λx for some x P R

n, x ‰ 0 then

∇xRpM, xq “ 0.



Rayleigh Quotient (continued)

Proposition

For any fixed symmetric matrix M “ M⊺ P Mpn ˆ n;Rq the
eigenvectors of M are stationary points of the Rayleigh quotient,
that is if Mx “ λx for some x P R

n, x ‰ 0 then

∇xRpM, xq “ 0.

Proof.

BR

Bxj

pM, xq “
B

Bxj
px⊺Mxqpx⊺xq ´ px⊺Mxq B

Bxj
px⊺xq

px⊺xq2
“

“ 2pMxqj px⊺xq ´ px⊺Mxq2xj

px⊺xq2
“

“ 2

x⊺x
pMx ´ RpM, xqx qj ,

where pMxqj denotes the j-th entry of the vector Mx .



Eigenvalue Decomposition

Proposition

Let M P Mpn ˆ n;Cq be a matrix such that there exists basis
A “ pv1, . . . , vnq of Cn and numbers λ1, . . . , λn P C such that

M “ CDC˚,

where C “ Mpidqst
A

and D “ diagpλ1, . . . , λnq. Then

M “
n

ÿ

i“1

λiviv
˚
i ,

where viv
˚
i are rank 1 matrices.



Eigenvalue Decomposition (continued)

Proof.

M “
n

ÿ

i“1

CDiC
˚ “

˜

n
ÿ

i“1

λiCi

¸

C˚ “
n

ÿ

i“1

λiCiC
˚,

where Di “ diagp0, . . . , 0, λi , 0, . . . , 0q and Ci P Mpn ˆ n;Cq is a
zero matrix with i´th column replaced with eigenvector vi . Then

CiC
˚ “ CiC

˚
i “ viv

˚
i .



Eigenvalue Decomposition (continued)

Corollary

Let M P Mpn ˆ n;Cq be a Hermitian matrix (i.e. M˚ “ M). Let
v1, . . . , vn P C

n be a unitary orthonormal basis consisting of
eigenvectors of M corresponding to eigenvalues λ1, . . . , λn P R.
Then

M “
n

ÿ

i“1

λiviv
˚
i .



Sherman–Morrison Formula
The following formula expresses the inverse of rank 1 update of matrix A.

Proposition
For any matrix invertible A P Mpn ˆ n;Cq and vectors v , w P C such that
1 ` w˚Av ‰ 0 the matrix A ` vw˚ is invertible and

pA ` vw˚q´1 “ A´1 ´ A´1vw˚A´1

1 ` w˚A´1v
.



Sherman–Morrison Formula
The following formula expresses the inverse of rank 1 update of matrix A.

Proposition
For any matrix invertible A P Mpn ˆ n;Cq and vectors v , w P C such that
1 ` w˚Av ‰ 0 the matrix A ` vw˚ is invertible and

pA ` vw˚q´1 “ A´1 ´ A´1vw˚A´1

1 ` w˚A´1v
.

Proof.
First we show that

pI ` uw˚q´1 “ I ´ uw˚

1 ` w˚u
.

pI ` uw˚q
ˆ

I ´ uw˚

1 ` w˚u

˙

“

“ I ´ uw˚

1 ` w˚u
` uw˚ ´ w˚u

uw˚

1 ` w˚u
“ I.



Sherman–Morrison Formula (continued)

Proof.
Since A is invertible there exists u P C

n such that v “ Au, i.e.
u “ A´1v . Then

A ` vw˚ “ ApI ` uw˚q,

and the matrix A ` vw˚ is invertible if and only if the matrix
I ` uw˚ is invertible. Moreover

pA ` vw˚q´1 “ pI ` uw˚q´1A´1 “
ˆ

I ´ uw˚

1 ` w˚u

˙

A´1 “

“ A´1 ´ A´1vw˚A´1

1 ` w˚A´1v
.



Singular Value Decomposition – SVD

Theorem
For any matrix A P Mpm ˆ n;Cq there exist unitary matrices
U P Mpm ˆ m;Cq, V P Mpn ˆ n;Cq and a unique (real)
generalized diagonal matrix
Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq such that

σ1 ě σ2 ě . . . ě σr ą 0,

where r “ rpAq oraz
A “ UΣV ˚.



Singular Value Decomposition – SVD

Theorem
For any matrix A P Mpm ˆ n;Cq there exist unitary matrices
U P Mpm ˆ m;Cq, V P Mpn ˆ n;Cq and a unique (real)
generalized diagonal matrix
Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq such that

σ1 ě σ2 ě . . . ě σr ą 0,

where r “ rpAq oraz
A “ UΣV ˚.

Remark
Matrices U, V are not uniquely determined (unlike the matrix Σ).



Singular Value Decomposition – SVD (continued)

Proof.
Let σ1 “ ‖A‖2. By the definition of ‖¨‖2 and the compactness of a
ball in C

m there exist vectors v1 P C
m and vectors u1 P C

n such
that ‖v1‖2 “ ‖u1‖2 “ 1, and

Av1 “ σ1u1.

Let V1 P Mpn ˆ n;Cq be a unitary matrix with the first column
equal to vector v1, and let U1 P Mpm ˆ m;Cq be a unitary matrix
with first column equal to u1. Then

U˚
1 AV1 “

„

σ1 w˚

0 B



,

where w P C
n´1 and B P Mppm ´ 1q ˆ pn ´ 1q;Cq.

0see L. N. Trefethen, D. Bau, III, Numerical Linear Algebra, SIAM



Singular Value Decomposition – SVD (continued)

Proof.
Then

∥

∥

∥

∥

∥

„

σ1 w˚

0 B

 „

σ1

w



∥

∥

∥

∥

∥

2

ě σ2
1 ` w˚w “

b

σ2
1 ` w˚w

∥

∥

∥

∥

∥

„

σ1

w



∥

∥

∥

∥

∥

2

.

It follows that w “ 0, otherwise σ1 is not maximal. By the
inductive assumption there exists unitary matrices
V2 P Mppn ´ 1q ˆ pn ´ 1q;Cq and U2 P Mppm ´ 1q ˆ pm ´ 1q;Cq
such that

A “ U1

„

1 0
0 U2

 „

σ1 0
0 Σ2

 „

1 0
0 V2

˚
V ˚

1 .



Singular Value Decomposition – SVD (continued)

Proof.
To prove uniqueness of Σ, assume there exists a vector w
corresponding to the singular value σ1, such that v1, w are linearly
independent (i.e., ‖Aw‖2 “ σ1) such that ‖w‖2 “ 1 (otherwise the
subspace linpv1qK is uniquely determined). Then the vector

v2 “ w ´ pv˚
1 wqv1

‖w ´ pv˚
1 wqv1‖

2

,

equal to the unit vector of the projection of vector w onto the
subspace linpv1qK Ă C

m, satisfies the condition

w “ αv1 ` βv2,

where |α|2 ` |β|2 “ 1 (vector w is a unit vector and vectors v1, v2

are orthogonal).



Singular Value Decomposition – SVD (continued)

Proof.
Then ‖Av‖2 ď σ1, and if ‖Av‖2 ă σ1, then

‖Aw‖2
2 “ |α|2‖Av1‖2

2 ` |β|2‖Av2‖2
2 ă σ1,

which leads to contradiction. Therefore, vector w is a vector
corresponding to the singular value σ1 of matrix B. The claim
follow by induction.



Real Singular Value Decomposition

Theorem
For any matrix A P Mpm ˆ n;Rq there exists orthogonal matrices
U P Mpm ˆ m;Rq, V P Mpn ˆ n;Cq and a uniquely determined
generalized diagonal matrix
Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq such that

σ1 ě σ2 ě . . . ě σr ą 0,

where r “ rpAq and
A “ UΣV ⊺.



Real Singular Value Decomposition

Theorem
For any matrix A P Mpm ˆ n;Rq there exists orthogonal matrices
U P Mpm ˆ m;Rq, V P Mpn ˆ n;Cq and a uniquely determined
generalized diagonal matrix
Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq such that

σ1 ě σ2 ě . . . ě σr ą 0,

where r “ rpAq and
A “ UΣV ⊺.

Remark
As before, the orthogonal matrices U, V are not uniquely
determined.



Real Singular Value Decomposition (continued)

The following proof, using the spectral theorem, after a slight
modification works in the complex case too.

Proof.
Matrix A⊺A P Mpn ˆ n;Rq is symmetric and positive semidefinite
hence there exists orthonormal basis (not uniquely determined)
v1, . . . , vn P R

n of Rn consisting of eigenvectors of A⊺A such that

v⊺

i A⊺Avj “
"

0 i ‰ j ,
λi i “ j ,

, for i , j “ 1, . . . , r ,

λ1 ě λ2 ě . . . ě λr ą 0,

λr`1 “ . . . λn “ 0,

where λi ě 0 is an eigenvalue of A⊺A corresponding to eigenvector
vi P R

n and r P N is some natural number such that 1 ď r ď n.



Real Singular Value Decomposition (continued)

Proof.
Let

σi “
a

λi , for i “ 1, . . . , n,

and

ui “ 1

σi

Avi P R
m, for i “ 1, . . . , r .

Then

u⊺

i uj “ 1

σi σj

v⊺

i A⊺Avj “
"

0 i ‰ j ,
1i i “ j ,

, for i , j “ 1, . . . , r .

Moreover
Avi “ 0, for i “ r ` 1, . . . , n,

as ‖Avi‖
2 “ v⊺

i A⊺Avi “ 0.



Real Singular Value Decomposition (continued)

Proof.
Let u1, . . . , ur , ur`1, . . . , um P R

m be an extension of some
orthonormal basis of imA Ă R

m to some othonormal basis R
m

(both not uniquely determined). Let U P Mpm ˆ m;Rq be an
orthogonal matrix which columns are equal to u1, . . . , um P R

m,
respectively and let V P Mpn ˆ n;Rq be an orthogonal matrix
which columns are equal to v1, . . . , vn P Rn, respectively. Let

Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq.



Real Singular Value Decomposition (continued)

Proof.
Then

UΣV ⊺vi “ UΣi ei “ σiui “ σi

ˆ

1

σi

Avi

˙

“ Avi ,

for i “ 1, . . . , r , and

UΣV ⊺vi “ UΣi ei “ 0ui “ 0,

for i “ r ` 1, . . . , n. Therefore

A “ UΣV ⊺,

and rpAq “ r as rpΣq “ r and matrices U, V are non–singular. For
the uniqueness of matrix Σ proceed like in the complex case.



Real Singular Value Decomposition (continued)

Remark
The proof implies that

A “
r

ÿ

i“1

σiuiv
⊺

i .



Real Singular Value Decomposition (continued)

Remark
The proof implies that

A “
r

ÿ

i“1

σiuiv
⊺

i .

Remark
The preceding proof works after small modification in the complex
case.



Pseudoinverse

Definition
With the same notation
Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq set

Σ` “ diagpσ´1
1 , . . . , σ´1

r , 0, . . . , 0q P Mpn ˆ m;Rq,

A` “ V Σ`U˚.

Matrix A` is called pseudoinverse or Moore–Penrose
pseudoinverse of A (note that matrix Σ` is of the same size as
Σ⊺).



Pseudoinverse (continued)

Proposition

For any matrix A P Mpm ˆ n;Cq there exists at most one matrix
A` P Mpn ˆ m;Cq such that

i) AA`A “ A,



Pseudoinverse (continued)

Proposition

For any matrix A P Mpm ˆ n;Cq there exists at most one matrix
A` P Mpn ˆ m;Cq such that

i) AA`A “ A,

ii) A`AA` “ A`,



Pseudoinverse (continued)

Proposition

For any matrix A P Mpm ˆ n;Cq there exists at most one matrix
A` P Mpn ˆ m;Cq such that

i) AA`A “ A,

ii) A`AA` “ A`,

iii) pAA`q˚ “ AA`,



Pseudoinverse (continued)

Proposition

For any matrix A P Mpm ˆ n;Cq there exists at most one matrix
A` P Mpn ˆ m;Cq such that

i) AA`A “ A,

ii) A`AA` “ A`,

iii) pAA`q˚ “ AA`,

iv) pA`Aq˚ “ A`A,



Pseudoinverse (continued)

Proposition

For any matrix A P Mpm ˆ n;Cq there exists at most one matrix
A` P Mpn ˆ m;Cq such that

i) AA`A “ A,

ii) A`AA` “ A`,

iii) pAA`q˚ “ AA`,

iv) pA`Aq˚ “ A`A,

(in particular matrices AA`, A`A are Hermitian). Moreover, matrix

A` “ V Σ`U˚,

satisfies the above conditions.



Pseudoinverse (continued)

Proof.
Let

A “ UΣV ˚,

A` “ V Σ`U˚,

be the singular value decomposition of A, where

Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq,

Σ` “ diagpσ´1
1 , . . . , σ´1

r , 0, . . . , 0q P Mpn ˆ m;Rq.
Then

ΣΣ` “
„

Ir 0

0 0



P Mpmˆm;Rq, Σ`Σ “
„

Ir 0

0 0



P Mpnˆn;Rq.

In particular
ΣΣ`Σ “ Σ, Σ`ΣΣ` “ Σ`.



Pseudoinverse (continued)

Proof.
Then

i)

AA`A “ pUΣV ˚qV Σ`U˚pUΣV ˚q “ UpΣΣ`ΣqV ˚ “ A,



Pseudoinverse (continued)

Proof.
Then

i)

AA`A “ pUΣV ˚qV Σ`U˚pUΣV ˚q “ UpΣΣ`ΣqV ˚ “ A,

ii)

A`AA` “ pV Σ`U˚qUΣV ˚pV Σ`U˚q “ V pΣ`ΣΣ`qU˚ “ A`,



Pseudoinverse (continued)

Proof.
Then

i)

AA`A “ pUΣV ˚qV Σ`U˚pUΣV ˚q “ UpΣΣ`ΣqV ˚ “ A,

ii)

A`AA` “ pV Σ`U˚qUΣV ˚pV Σ`U˚q “ V pΣ`ΣΣ`qU˚ “ A`,

iii)
`

A`A
˘˚ “ A˚pA`q˚ “ pUΣV ˚q˚pV Σ`U˚q˚ “

“ pV Σ˚U˚qpUpΣ`q˚V ˚q “ V pΣ`Σq˚V ˚ “ V pΣ`ΣqV ˚ “
“ pV Σ`U˚qpUΣV ˚q “ V pΣ`ΣqV ˚ “ A`A.



Pseudoinverse (continued)

Proof.
Then

i)

AA`A “ pUΣV ˚qV Σ`U˚pUΣV ˚q “ UpΣΣ`ΣqV ˚ “ A,

ii)

A`AA` “ pV Σ`U˚qUΣV ˚pV Σ`U˚q “ V pΣ`ΣΣ`qU˚ “ A`,

iii)
`

A`A
˘˚ “ A˚pA`q˚ “ pUΣV ˚q˚pV Σ`U˚q˚ “

“ pV Σ˚U˚qpUpΣ`q˚V ˚q “ V pΣ`Σq˚V ˚ “ V pΣ`ΣqV ˚ “
“ pV Σ`U˚qpUΣV ˚q “ V pΣ`ΣqV ˚ “ A`A.

iv) j.w.



Pseudoinverse (continued)

Proof.
Assume that matrices A`, A

1` satisfy conditions i) – iv). Then

A` “ A`AA` “ A`pAqA` “ A`pAA
1`AqA` “ A`ppAqA1`pAqqA` “

“ A`ppAA
1`AqA1`pAA

1`AqqA` “ pA`Aq˚pA1`Aq˚A
1`pAA

1`q˚pAA`q˚ “
“ pA˚pA`q˚qpA˚pA1`q˚qA1`ppA1`q˚A˚qppA`q˚A˚q “

“ pA˚pA`q˚A˚qpA1`q˚A
1`pA1`q˚pA˚pA`q˚A˚q “

“ pApA`qAq˚pA1`q˚A
1`pA1`q˚pApA`qAq˚ “

“ A˚pA1`q˚A
1`pA1`q˚A˚ “



Pseudoinverse (continued)

Proof.

“ A˚pA1`q˚A
1`pA1`q˚A˚ “

“ pA1`Aq˚A
1`pAA

1`q˚ “ pA1`AqA1`pAA
1`q “

“ A
1`pAA

1`AqA1` “ A
1`AA

1` “ A
1`.



Singular Value Decomposition – Remarks

Remarks

i) if matrix A is real then there exists real orthogonal matrices
U, V such that A “ UΣV ⊺,

ii) when σ1 ą σ2 ą . . . ą σr ą 0, that is the singular values are
pairwise different then the columns 1, 2, . . . , r of U i V are
uniquely determined up to a constant αi P C (respectively
αi P R, when A is real) such that |αi | “ 1,

iii) when A P Mpn ˆ n;Cq and det A ‰ 0 then A` “ A´1,

iv) the following matrix norms of A are determined by the
singular values of A, i.e.,

‖A‖F “
d

r
ÿ

i“1

σ2
i ,

‖A‖2 “ σ1,



Singular Value Decomposition – Remarks (continued)

Remarks

i) let A “ UΣV ˚, that is

AV “ UΣ.

Denote by u1, . . . , um the columns of matrix
U P Mpm ˆ m;Rq and by v1, . . . , vn the columns of matrix
V P Mpn ˆ n;Rq. Then for i “ 1, . . . , max m, n

Avi “ σiui .

Moreover
ker A “ linpvr`1, . . . , vnq
imA “ linpu1, . . . , ur q.



Singular Value Decomposition – Remarks (continued)
Remarks

vi) for any k ď r let Σk “ diagpσ1, . . . , σk , 0, . . . , 0q P Mpm ˆ n;Rq.
Then the matrix

Ak “ UΣkV ˚,

satisfies the condition: for any matrix B P Mpm ˆ n;Cq of rank k

‖A ´ B‖
2

ě ‖A ´ Ak‖
2

“ σk`1,

‖A ´ B‖F ě ‖A ´ Ak‖F “
b

σ2
k`1

` . . . ` σ2
r ,

where, assuming A “ raijs P Mpm ˆ n;Cq the norms are defined as
follows

‖A‖F “
a

TrpA˚Aq “
a

TrpAA˚q “
g

f

f

e

ÿ

i“1,...,n
j“1,...,m

|aij |
2
,

‖A‖
2

“ supt‖Ax‖
2

P R | x P R
n, ‖x‖

2
“ 1u “

a

λmax pA˚Aq,

‖x‖
2

“
?

x˚x .



The Best Low Rank Approximation

Proposition
Let A P Mpm ˆ n;Cq be any matrix and let A “ UΣV ˚ be its singular
value decomposition, where

Σ “ diagpσ1, . . . , σr , 0, . . . , 0q P Mpm ˆ n;Rq,

and σ1 ě σ2 ě . . . ě σr ą 0, i.e., rpAq “ r . Then, for any k such that
0 ď k ă r and for any matrix B P Mpm ˆ n;Cq such that rpBq “ k it
holds

‖A ´ Ak‖ ď ‖A ´ B‖,

where
Ak “ UΣkV ˚,

Σk “ diagpσ1, . . . , σk , 0, . . . , 0q P Mpm ˆ n;Rq,
that is, matrix Ak of rank k is the best approximation of matrix A among
matrices of rank k of the same size as matrix A (in the norm
‖A‖ “ sup‖x‖

2
“1 ‖Ax‖

2
).



The Best Low Rank Approximation (continued)

Proof.
Obviously rpAk q “ k . Moreover

‖A ´ Ak‖ “ ‖U diagp0, . . . , σk`1, . . . , σr , 0 . . . , 0qV ˚‖ “

“ ‖diagp0, . . . , σk`1, . . . , σr , 0 . . . , 0q‖ “ σk`1.

Let B P Mpm ˆ n;Cq be any matrix such that rpBq “ k . Let

W “ tw P R
m | Bw “ 0u.

Let w1, . . . , wn´k P Cn be an unitary orthonormal basis of subspace
W Ă C

n. Let v1, . . . , vn P C
n denote columns of matrix V . Let

v P linpv1, . . . , vk`1q X W ‰ t0u,

be any (non–zero) vector such that

‖v‖ “ 1.



The Best Low Rank Approximation (continued)

Proof.
Then

‖A ´ B‖ ě ‖pA ´ Bqv‖ “ ‖Av‖ “

“
∥

∥

∥

∥

∥

r
ÿ

i“1

puiσiv
˚
i q v

∥

∥

∥

∥

∥

“

∥

∥

∥

∥

∥

∥

r
ÿ

i“k`1

ppv˚
i vquiσiq

∥

∥

∥

∥

∥

∥

“

“
r

ÿ

i“k`1

σ2
i pv˚

i vq2 ě σk`1

r
ÿ

i“k`1

pv˚
i vq2 ě σk`1,

since

‖Vv‖2 “
n

ÿ

i“1

pv˚
i vq2 “ 1 ě

r
ÿ

i“k`1

pv˚
i vq2.



Singular Value Decomposition – Example

Let

A “
„

5 5
´1 7



.

Then, assuming A “ UΣV ˚, we have

A˚A “ pV Σ˚U˚qpUΣV ˚q “ V Σ˚ΣV ˚ “
„

26 18
18 74



“

“
«

1?
10

3?
10

3?
10

´ 1?
10

ff

„

80 0
0 20



«

1?
10

3?
10

3?
10

´ 1?
10

ff

,

AA˚ “ pUΣV ˚qpV Σ˚U˚q “ UΣΣ˚U˚ “
„

50 30
30 50



“

“
«

1?
2

1?
2

1?
2

´ 1?
2

ff

„

80 0
0 20



«

1?
2

1?
2

1?
2

´ 1?
2

ff

.



Singular Value Decomposition – Example (continued)

Hence

A “
„

5 5
´1 7



“
«

1?
2

1?
2

1?
2

´ 1?
2

ff

„

4
?

5 0

0 2
?

5



«

1?
10

3?
10

3?
10

´ 1?
10

ff

,

that is

U “
«

1?
2

1?
2

1?
2

´ 1?
2

ff

, Σ “
„

4
?

5 0

0 2
?

5



, V “
«

1?
10

3?
10

3?
10

´ 1?
10

ff

,

A “ UΣV ˚,

therefore the best rank 1 approximation of matrix A in the norm
‖¨‖2 oraz ‖¨‖F is

A1 “
«

1?
2

1?
2

1?
2

´ 1?
2

ff

„

4
?

5 0
0 0



«

1?
10

3?
10

3?
10

´ 1?
10

ff

“
„

2 6
2 6



.



Singular Value Decomposition – Example (continued)

A “
„

5 5
´1 7



“
«

1?
2

1?
2

1?
2

´ 1?
2

ff

„

4
?

5 0

0 2
?

5



«

1?
10

3?
10

3?
10

´ 1?
10

ff

,

A1 “
„

2 6
2 6



,

B “ A ´ A1 “
„

3 ´1
´3 1



,

and

‖B‖F “
a

32 ` p´1q2 ` 32 ` p´1q2 “ 2
?

5 “ σ2pAq,

detpB˚B ´ λIq “ det

„

18 ´ λ ´6
´6 2 ´ λ



“ λpλ2 ´ 20q,

hence
‖B‖2 “

a

λmax pB˚Bq “
?

20 “ 4
?

5.



Optimal Solution of a System of Linear Equations

Definition
For any system of linear equations Ax “ b where
A P Mpm ˆ n;Cq, b P Mpm ˆ 1;Cq the vector x P Cn is called the
optimal solution if

‖Ax ´ b‖
2

ď ‖Ay ´ b‖
2

for any y P C
n,

and if ‖Ax ´ b‖
2

“ ‖Ax 1 ´ b‖
2

then ‖x‖
2

ď ‖x 1‖
2
,

Proposition
For any matrices A P Mpm ˆ n;Cq, b P Mpm ˆ 1;Cq the vector

x “ A`b

is the optimal solution of the system Ax “ b.



Optimal Solution of a System of Linear Equations

Proof.
Let P “ AA` be the matrix of orthogonal projection onto impAq.
Then for any x

‖Ax ´ b‖2 “ ‖Ax ´ Pb ` pP ´ Iqb‖2 “

“ ‖Ax ´ Pb‖2 ` ‖pP ´ Iqb‖2 ě ‖pP ´ Iqb‖2.

The lower bound (which does not depend on x) is attained when
x “ A`b. Assume that Ax “ Ax 1 where x “ A`b P impA˚q.
Therefore there exists n P ker A such that x 1 “ x ` n where x and
n are perpendicular. Therefore

∥

∥x 1∥
∥

2
“ ‖x‖2 ` ‖n‖2 ě ‖x‖2.



Example

For

A “

»

–

1 1
2 3
1 1

fi

fl , B “

»

–

3
0

´1

fi

fl .

A` “
„

3
2

´1 3
2

´1 1 ´1



It follows

A`A “
„

1 0
0 1



, A`B “
„

3
´2



,

which is the optimal solution of AX “ B.



Hadamard’s inequality

Proposition

For any matrix A P Mpn ˆ n;Rq

|det A| ď ‖c1‖ ¨ . . . ¨ ‖cn‖,

where ci is the i´th column of matrix A and

‖ci ‖ “
b

c⊺

i ci ,

is the (Euclidean) length of the i´th column, for i “ 1, . . . , n.
Moreover, the equality holds if and only if

ci K cj , for i ‰ j .



Hadamard’s inequality (continued)

Proof.
If ci “ 0 or det A “ 0 then there is nothing to prove. Dividing each
column of matrix A by its length the problem reduces to the
following one

|det A| ď 1,

where ‖ci‖ “ 1 for i “ 1, . . . , n. Let

M “ A⊺A.

Then matrix M is a positive definite symmetric matrix. Moreover,

Tr M “
n

ÿ

i“1

mii “ n,

where M “ rmij s as columns of matrix A are of length 1.



Hadamard’s inequality (continued)

Proof.
By spectral theorem matrix M is diagonalizable and therefore

det M “ λ1 ¨ . . . ¨ λn.

Moreover

det M “ detpA⊺Aq “ pdet Aq2 “ λ1¨. . .¨λn ď
ˆ

λ1 ` . . . ` λn

n

˙n

“ 1,

by the Arithmetic-Geometric Mean Inequality. The upper bound is
achieved when

λ1 “ λ2 “ . . . “ λn “ 1,

i.e., when M “ A⊺A “ I that is when columns of A or pairwise
perpendicular.



Cauchy–Schwarz Inequality

Proposition

Let A P Mpn ˆ n;Rq be a positive semidefinite symmetric matrix.
Then for any x , y P R

n

|x⊺Ay | ď px⊺Axq
1

2 py⊺Ayq
1

2 .

Proof.
For any t P R,

0 ď px ´ tyq⊺Apx ´ tyq “ py⊺Ayq t2 ´ 2 px⊺Ayq t ` px⊺Axq .

Hence, the discriminant

∆ “ 4 px⊺Ayq2 ´ 4 px⊺Axq py⊺Ayq ď 0.



Cauchy–Schwarz Inequality (continued)

Definition
Vector x P R

n is isotropic (with respect to a symmetric matrix A)
if x⊺Ax “ 0.

Corollary

Let A P Mpn ˆ n;Rq be a symmetric positive semidefinite matrix.
Then x P R

n is isotropic if and only if Ax “ 0.

Proof.
Assume y P R

n is istotropic in the proof of Cauchy–Schwarz
inequality. Then the linear function

´2 px⊺Ayq t ` px⊺Axq ě 0,

is non–negative for any x P R
n. This implies x⊺Ay “ 0 for any

x P R
n, i.e. Ay “ 0.



Convex Cone

Definition
A subset C Ă R

n is a cone, if

i) for any v , w P C
v ` w P C ,

ii) for any v P C and any α P R such that α ě 0,

α P C .

The cone C is pointed if it does not contain a one–dimensional
subspace of Rn (i.e, a line). The cone C is (closed) polyhedral if
it equal to the intersection of finite (closed) half–spaces in R

n.



Dual Cone

Definition
Let A Ă R

n be any subset. Let v ¨ w be a scalar product in bRn.
Then the set

A_ “ tv P R
n | v ¨ w ě 0 for any w P Au,

is called the dual cone of the set A.

Proposition

For any subset A Ă R
n the set A_ is a closed convex cone.

Proof.
Exercise.



Cone Spanned by Set

Definition
A cone C Ă R

n is spanned by set A Ă R
n if

C “ tα1v1`. . . αkvk P R
n | v1, . . . , vk P A, α1, . . . , αk ě 0, k ě 1u.

We write
C “ conepAq,

and if A “ tv1, . . . , vku

C “ conepv1, . . . , vkq.



Extremal Rays of a Cone

Definition
Let C Ă R

n be a (convex) cone. Vector (or a half–line spanned by
it) v P C , v ‰ 0 is an extremal ray of cone C , if for any
v1, v2 P V , if v “ v1 ` v2 then v1 “ tv or v2 “ tv for some t ě 0.



The Positive Semidefinite Cone

Definition
Let

S
n “ tA P Mpn ˆ n;Rnq | A⊺ “ Au Ă Mpn ˆ n;Rq,

be the
`

n`1

2

˘

subspace of symmetric matrices with the (standard)
scalar product given by

A ¨ B “ TrpABq,

for any A, B P S
n.

Definition
Let

Cě0 “ tA P S
n | A is postive semidefiniteu,

Cą0 “ tA P S
n | A is postive definiteu,

denote the positive semidefinite and positive definite cones,
respectively.



The Positive Semidefinite Cone (continued)

Proposition

i) the positive semidefinite cone Cě0 is a closed convex pointed cone,

ii) the positive semidefinite cone Cě0 is self–dual, i.e.

C_
ě0 “ Cě0,

with respect to the scalar product given by the trace,

iii) the positive semidefinite cone Cě0 is spanned by rank 1 matrices
vv⊺, i.e.,

Cě0 “ cone ptvv⊺ P S
n | v P R

nuq ,

iv) the matrices vv⊺ are exactly the extremal rays of the cone Cě0,

v)
int Cě0 “ Cą0.



The Positive Semidefinite Cone (continued)

Proposition

i) the positive semidefinite cone Cě0 is a closed convex pointed cone,

ii) the positive semidefinite cone Cě0 is self–dual, i.e.

C_
ě0 “ Cě0,

with respect to the scalar product given by the trace,

iii) the positive semidefinite cone Cě0 is spanned by rank 1 matrices
vv⊺, i.e.,

Cě0 “ cone ptvv⊺ P S
n | v P R

nuq ,

iv) the matrices vv⊺ are exactly the extremal rays of the cone Cě0,

v)
int Cě0 “ Cą0.

Proof.
Omitted. Involves mostly eigenvalue decomposition.



The Positive Semidefinite Cone (continued)

Remark
The positive semidefinite cone is described by polynomial inequalities
given by the all principal minors (Sylvester’s criterion). For example
matrix

A “
„

a b
b c



,

is positive semidefinite if and only if

$

&

%

a ě 0,

c ě 0,

ac ´ b2 ě 0.

The extremal rays of the positive semidefinite cone are exactly of the form

„

s
t



“

s t
‰

“
„

s2 st
st t2



,

for any s , t P R.



The Positive Semidefinite Cone (continued)

Remark
When ‖v‖ “ 1 the matrix vv⊺ is the matrix of the orthogonal (linear)
projections onto linpvq, i.e.

MpPlinpvqqst
st “ vv⊺.

In general, for any v ‰ 0

MpPlinpvqqst
st “ vv⊺

v⊺v
.



Non–negative Polynomials

Definitions
Let d ě 1. A polynomial ppxq of degree 2d is non–negative if for any
x P R

ppxq ě 0.

Proposition
A polynomial ppxq of degree 2d is non–negative if and only if all its real
roots are of even multiplicity and if a2d ą 0 where ppxq “ a2dx2n ` . . .

(that is the leading coefficient is positive).

Proof.
Exercise.



Non–negative Polynomials (continued)

Proposition
A polynomial ppxq “ ř2d

i“0
aix

i of degree 2d is non–negative if and only
if there exists a symmetric positive semidefinite matrix
M “ rmijs P Mppd ` 1q ˆ pd ` 1q;Rq such that

ak “
ÿ

i`j“k

mij ,

for any k “ 0, . . . , 2d where rows and columns of matrix M are
numbered from 0 to d. Moreover the correspondence is one–to–one.



Non–negative Polynomials (continued)
Proof.
pðq Let x “ p1, x , x2, . . . , xd q. Then

ppxq “ x⊺Mx ě 0.

pñq

ppzq “ a2d

d
ź

i“1

pz ´ zi qpz ´ zi q,

where zi , zi P C are complex roots of ppxq. Let

qpxq “ ?
a2d

d
ź

i“1

px ´ zi q “
d

ÿ

i“0

cix
i .

Let

q1pxq “ Re qpxq “
d

ÿ

i“0

pRe ci q x i ,

q2pxq “ Im qpxq “
d

ÿ

i“0

pIm ci q x i ,



Non–negative Polynomials (continued)

Proof.
i.e.

qpxq “ q1pxq `
?

´1q2.

Then for any x P R

ppxq “ qpxqqpxq “ |qpxq|2 “ q2
1pxq ` q2

2pxq “

“ pv⊺xq2 ` pw⊺xq2 “ x⊺pvv⊺ ` ww⊺qx,

where
v “ pRe c0, Re c1, . . . , Re cdq P R

d`1,

w “ pIm c0, Im c1, . . . , Im cdq P R
d`1.



Example

Let

A “

»

—

—

–

1 0 0
0 1 0
0 0 1

´1 2 ´1

fi

ffi

ffi

fl

.

Then

M “ A⊺A “

»

–

2 ´2 1
´2 5 ´2

1 ´2 2

fi

fl ,

is positive definite. Therefore, the polynomial

ppxq “
“

1 x x2
‰

»

–

2 ´2 1
´2 5 ´2

1 ´2 2

fi

fl

»

–

1
x
x2

fi

fl “ 2x4 ´ 4x3 ` 7x2 ´ 4x ` 2,

is non–negative. In fact,

f pxq ě f p0.3768669139161389 . . .q « 1.312973699214175 . . . ą 0.



Quiz

Is it possible to find n ě 1 and x1, x2, x3 P R
n such that

‖x1 ´ x2‖ “ ‖x2 ´ x3‖ “ 1, ‖x1 ´ x3‖ “ 3?



Quiz

Is it possible to find n ě 1 and x1, x2, x3 P R
n such that

‖x1 ´ x2‖ “ ‖x2 ´ x3‖ “ 1, ‖x1 ´ x3‖ “ 3?

No, it is not possible as

‖x1 ´ x2‖ ď ‖x1 ´ x2 ` x2 ´ x3‖ ď

ď ‖x1 ´ x2‖ ` ‖x2 ´ x3‖,

(triangle inequality) but it is not true that 3 ď 1 ` 1 “ 2.



Properties of Pseudoinverses

Proposition

Let A P Mpm ˆ n;Rq be any matrix. Then P “ AA` is a matrix of
the orthogonal projection onto imA and Q “ A`A is a matrix of
the orthogonal projection onto imA⊺.

Proof.
Let A “ UΣV ⊺ be an SVD decomposition of A. Then

P “ UΣV ⊺V Σ`U⊺ “ U:,1:rU
⊺

:,1:r ,

is symmetric where r “ rpAq and U:,1:r denotes first r columns of
matrix A (orthonormal basis or imA). Moreover

P2 “ AA`AA` “ AA` “ P.

Similarly for Q.



Properties of Pseudoinverses (continued)

Proposition

Let A P Mpm ˆ n;Rq be any matrix.

A` “ pA⊺Aq`A⊺, A` “ A⊺pAA⊺q`.

Proof.
Let A “ UΣV ⊺ be an SVD decomposition of A. Then

A⊺A “ V Σ2V ⊺,

pA⊺Aq` “ V
`

Σ2
˘`

V ⊺,

pA⊺Aq`A “ V
`

Σ2
˘`

V ⊺V ΣU⊺ “ A`.

The second part is similar.



Properties of Pseudoinverses (continued)

Proposition

Let A P Mpm ˆ n;Rq be a matrix. If rpAq “ m (full row rank) then

A` “ A⊺pAA⊺q´1.

If rpAq “ n (full column rank) then

A` “ pA⊺Aq´1A⊺.

Proof.
Follows from the above proposition (matrices AA⊺ and A⊺A are
invertible).



Properties of Pseudoinverses (continued)
The following lemma will be subsequently used in the proof of
Greville’s conditions.

Proposition

Let A, B P Mpm ˆ n;Rq be any matrices. Then

A⊺ “ A ÀA⊺,

B⊺ “ B⊺BB .̀

Proof.
Since A À is a matrix of (orthogonal) projection onto impA⊺q and
BB` is a matrix of (orthogonal) projection onto impBq

A⊺ “ A ÀA⊺,

B “ BB B̀.

Conjugating the last equation finishes the proof.



Inverse Law

Theorem (Greville)
Let A P Mpm ˆ n;Rq, B P Mpn ˆ k ;Rq. If pABq` “ B`A` then
impA⊺ABq Ă impBq and impBB⊺A⊺q Ă impA⊺q.

Proof.
By the above lemma applied to AB (the second case) using the main
assumption

B⊺A⊺ “ B⊺A⊺ABB`A`,

Multiplying on the right by AA⊺AB gives

B⊺A⊺AA⊺AB “ B⊺A⊺ABB`A`AA⊺AB.

By the above lemma

B⊺A⊺AA⊺AB “ B⊺A⊺ABB`pA`AA⊺qAB “ B⊺A⊺ABB`A⊺AB,

i.e.,
B⊺A⊺ApI ´ BB`qA⊺AB “ 0.



Inverse Law(continued)

Proof.

B⊺A⊺ApI ´ BB q̀A⊺AB “ 0.

The middle matrix is idempotent and symmetric hence

∥

∥pI ´ BB q̀A⊺AB
∥

∥

2

2
“ 0,

which is equivalent to

impA⊺ABq Ă impBq.

The rest is similar to the previous argument.



Inverse Law(continued)

In fact, the converse holds.

Theorem (Greville)

Let A P Mpm ˆ n;Rq, B P Mpn ˆ k;Rq. If impBB⊺A⊺q Ă impA⊺q
and impA⊺ABq Ă impBq then pABq` “ B À .̀

Proof.
The assumptions imply that

A ÀBB⊺A⊺ “ BB⊺A⊺,

BB À⊺AB “ A⊺AB,

Multiplying the first equation on the right by ppABq⊺q` and on the
left by B` gives

B À ÀBB⊺A⊺ppABq⊺q` “ B B̀B⊺A⊺ppABq⊺q .̀



Inverse Law(continued)

Proof.

B À ÀBB⊺A⊺ppABq⊺q` “ B B̀B⊺A⊺ppABq⊺q .̀

B À ÀBpABq⊺ppABq⊺q` “
`

B B̀B⊺
˘

A⊺ppABq⊺q .̀

By the previous lemma this is equivalent to

B À ÀB “ pABq⊺ppABq⊺q ,̀

therefore the matrix B À ÀB is symmetric.



Inverse Law(continued)
Proof.
Similarly, by multiplying

BB`A⊺AB “ A⊺AB,

on the left by
´

pAq`
¯⊺

´

pAq`
¯⊺

BB`A⊺AB “
´´

pAq`
¯⊺

A⊺A
¯

B,

´

pAq`
¯⊺

BB`A⊺AB “ AB.

Multiplying the above on the right by pABq` and using on the left hand
side B` “ pB⊺Bq`

B⊺ gives

´

pAq`
¯⊺

BpB⊺Bq`
B⊺A⊺pABqpABq` “ pABqpABq`

,

´

pAq`
¯⊺´

pBq`
¯⊺

pABq⊺ “ pABqpABq`
,

which, after conjugating side-wise implies that ABB`A` is symmetric.



Inverse Law(continued)

Proof.
The first Penrose condition is easily verified.

ABB`A`AB “ AB
`

B`A`AB
˘

“

“ ABpABq⊺ppABq⊺q` “ AB.

Note that

impBB˚A˚q Ă impA˚q ùñ impBB`A`q Ă impA`q.

(impA`q “ impA˚q and any eigenvector of BB˚ is an eigenvector of BB`,
moreover any linear combination of eigenvectors of BB˚ corresponding to
non–zero eigenvalues is an eigenvalue of BB`.)



Inverse Law(continued)

Proof.
The second Penrose condition follows from impBB`A`q Ă impA`q. Fix
any vector u and let

v “ B`A`ABB`A`u “ B`A`A
`

BB`A`
˘

u.

There exists vector w such that pBB`A`qu “ A`w , i.e.,

v “ B`A`AA`w “ B`A`w “ B`BB`A`u “ B`A`u.

Since vector u was arbitrary

B`A`ABB`A` “ B`A`.



Inverse Law(continued)

Remark
This also shows that condition impA⊺ABq Ă impBq implies
conditions iq, iiq and iiiq for B À .̀



Positive Semidefinite Block Matrix

Proposition

For any matrices
A P Mpm ˆ m;Rq, B P Mpn ˆ m;Rq, C P Mpn ˆ n;Rq where A and
C are symmetric, let

M “
„

A B⊺

B C



,

be a symmetric positive semidefinite matrix. Then

B⊺ “ AA`B⊺, B “ pCC`q⊺B.



Positive Semidefinite Block Matrix (continued)

Proof.
By spectral decomposition there exist N P Mppm ` nq ˆ pm ` nq;Rq
such that M “ N⊺N. Assume that N “

“

N1 N2

‰

, where
N1 P Mppm ` nq ˆ m;Rq, N2 P Mppm ` nq ˆ n;Rq. Then

A “ N⊺

1 N1, B⊺ “ N⊺

1 N2, C “ N⊺

2 N2.

Moreover,

AA`B⊺ “ pN⊺

1 N1qpN⊺

1 N1q`
N⊺

1 N2 “ N⊺

1 N2 “ B⊺,

as pN⊺

1 N1qpN⊺

1 N1q`
is an orthogonal projection onto

impN⊺

1 N1q “ impN⊺

1 q. Similarly,

`

CC`˘

⊺
B “ pN⊺

2 N2q`pN⊺

2 N2qN⊺

2 N1 “ N⊺

2 N1.



Schur Complement

Definition
For any matrices A P Mpm ˆ m;Rq, B P Mpm ˆ n;Rq, C P
Mpn ˆ m;Rq, D P Mpn ˆ n;Rq and the matrix

M “
„

A B
C D



,

the Schur complement of matrix A with respect to M is

M|A “ D ´ CA`B.



Schur Complement (continued)

Proposition

A positive symmetric semidefinite matrix

M “
„

A B⊺

B C



,

is conjugate to the matrix diagpA, M|Aq, where
M|A “ C ´ BA`B⊺.

Proof.

„

I 0
BA` I

 „

A 0
0 M|A

 „

I A`B⊺

0 I



“

“
„

A 0
BA`A M|A

 „

I A`B⊺

0 I



“

“
„

A AA`B⊺

BA`A BA`AA`B⊺ ` M|A



“
„

A AA`B⊺

BA`A C



“ M.



Schur Complement (continued)

Corollary

If a symmetric matrix

M “
„

A B⊺

B C



,

is positive semidefinite then matrix A is positive semidefinite and
the Schur complement M|A is postive semidefinite. If matrix A is
positive semidefinite and the Schur complement M |A is postive
semidefinite for symmetric matrix M and BA`A “ B (for example
when A is invertible) then M is positive semidefinite. Similar
theorem is true for positive definite matrices.



Quiz (continued)

Is it possible to find n ě 1 and x0, x2, . . . , x5 P R
n such that

(addition modulo 6)
‖xi ´ xi˘1‖ “ 1,

‖xi ´ xi˘2‖ “
?

3,

‖xi ´ xi˘3‖ “ 2?



Quiz (continued)

Is it possible to find n ě 1 and x0, x2, . . . , x5 P R
n such that

(addition modulo 6)
‖xi ´ xi˘1‖ “ 1,

‖xi ´ xi˘2‖ “
?

3,

‖xi ´ xi˘3‖ “ 2?

Yes, it is. Those are vertices of a regular hexagon with sides of
length 1 and n “ 2.



Multidimensional Scaling

Definition
A symmetric non–negative matrix D “ rdijs P Mpn ˆ n;Rě0q is
called Euclidean distance matrix if there exist m ě 1 and

x1, . . . , xn P R
m,

such that
dij “ ‖xi ´ xj‖.

Definition
Let

H “ I ´ n11⊺ P Mpn ˆ n;Rq,
be the centering matrix.

0based on K. V. Mardia, J. T. Kent, J. M. Bibby Mulitvariate Analysis



Multidimensional Scaling

Proposition

Let D “ raijs P Mpn ˆ n;Rě0q be a non–negative symmetric
matrix. Let A “ raijs P Mpn ˆ n;Rq be a matrix given by the
condition

aij “ ´1

2
d2

ij .

Let
B “ HAH.



Multidimensional Scaling (continued)

Proposition

Then D is an Euclidean distance matrix if and only if matrix B is
postive semidefinite. Moreover, in this case, let

λ1 ě . . . ě λm ą 0,

denote (all) positive eigenvalues of B (i.e., eigenvalue of
multiplicity k appear exactly k times) with corresponding pairwise
orthogonal eigenvectors w1, . . . , wm such that for i “ 1, . . . , m

wi ¨ wi “ λi .

Then xi P R
m and xi lie in the rows of the matrix

“

v1 ¨ ¨ ¨ vm

‰

.

Moreover the barycenter of v1, . . . , vm is 0 and B is the Gram
matrix of vectors v1, . . . , vm, i.e. bij “ vi ¨ vj .



Example 1

Let

D “

»

–

0 1 3
1 0 1
3 1 0

fi

fl , A “

»

–

0 ´1
2

´9
2

´1
2

0 ´1
2

´9
2

´1
2

0

fi

fl .

Then

B “ HAH “ 1

18

»

–

38 5 ´43
5 ´10 5

´43 5 38

fi

fl ,

which has eigenvalues λ “ ´5
6

or λ “ 0 or λ “ 9
2
, i.e. it is not

positive semidefinite.



Example 2

Let

D “

»

—

—

—

—

—

—

–

0 1
?

3 2
?

3 1

1 0 1
?

3 2
?

3?
3 1 0 1

?
3 2

2
?

3 1 0 1
?

3?
3 2

?
3 1 0 1

1
?

3 2
?

3 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

A “

»

—

—

—

—

—

—

–

0 ´1
2

´3
2

´2 ´3
2

´1
2

´1
2

0 ´1
2

´3
2

´2 ´3
2

´3
2

´1
2

0 ´1
2

´3
2

´2

´2 ´3
2

´1
2

0 ´1
2

´3
2

´3
2

´2 ´3
2

´1
2

0 ´1
2

´1
2

´3
2

´2 ´3
2

´1
2

0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.



Example 2 (continued)

Then

B “ HAH “ 1

2

»

—

—

—

—

—

—

–

2 1 ´1 ´2 ´1 1
1 2 1 ´1 ´2 ´1

´1 1 2 1 ´1 ´2
´2 ´1 1 2 1 ´1
´1 ´2 ´1 1 2 1

1 ´1 ´2 ´1 1 2

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

which has eigenvalues λ “ 0 (of multiplicity 4) and λ “ 3 (of
multiplicity 2), i.e. it is positive semidefinite.



Example 2 (continued)

Moreover

Vp3q “ linpp1, 0, ´1, ´1, 0, 1q, p0, 1, 1, 0, ´1, ´1qq,

which, after Gram-Schmidt process gives orthogonal basis

Vp3q “ linpp1, 0, ´1, ´1, 0, 1q, p1, 2, 1, ´1, ´2, ´1qq.

Let

w1 “
?

3

2
p1, 0, ´1, ´1, 0, 1q,

w2 “ 1

2
p1, 2, 1, ´1, ´2, ´1q.

Then w1 ¨ w2 “ 0 and w1 ¨ w1 “ w2 ¨ w2 “ 3.



Example 2 (continued)

Vectors x0, . . . , x5 P R
2 can be read from the rows of the matrix

“

w1 w2

‰

“

»

—

—

—

—

—

—

—

–

1
2

?
3

2

1 0
1
2

´
?

3
2

´1
2

´
?

3
2

´1 0

´1
2

?
3

2

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

Those are exactly the (complex) sixth roots of unity (clockwise).


