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Scalar Product

De�nition
A (standard) scalar product of two vectors

v “ pv1, . . . , vnq,w “ pw1, . . . ,wnq P Rn is the real number

v ¨ w “

n
ÿ

i“1

viwi .

Example

Let v “ p1, 0,´2, 3q,w “ p0, 2, 2, 1q P R4. Then

v ¨ w “ 1 ¨ 0 ` 0 ¨ 2 ´ 2 ¨ 2 ` 3 ¨ 1 “ ´1.
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Properties of Scalar Product

Let v , v 1,w ,w 1 P Rn and let α P R. Then

i) v ¨ w “ w ¨ v ,

ii) pαvq ¨ w “ αpv ¨ wq,

iii) pv ` v 1q ¨ w “ v ¨ w ` v 1 ¨ w , v ¨ pw ` w 1q “ v ¨ w ` v ¨ w 1,

iv) v ¨ v ą 0 for v ‰ 0.
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Length of a Vector

De�nition
The length of a vector v “ pv1, . . . , vnq P Rn is the number

}v} “
?
v ¨ v “

b

v2
1

` v2
2

` . . . ` v2n .

Obviously }v} ě 0 and

}v} “ 0 ðñ v “ 0.

Note that if α P R then }αv} “ |α|}v}. In particular, if v ‰ 0 then
›

›

›

v
}v}

›

›

›
“ 1. The vector v

}v}
is called the normalized vector of v .

De�nition
Two vectors v ,w P Rn are said to be orthogonal (or

perpendicular) if v ¨ w “ 0. We write v K w .
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Geometric Interpretation and the Law of Cosines

Proposition

For any v ,w P Rn

v ¨ w “ ∥v∥∥w∥ cos=pv ,wq,

where =pv ,wq is the angle between v and w .

Proof.
From the law of cosines

∥v ´ w∥2 “ pv ´ wq ¨ pv ´ wq “ ∥v∥2 ` ∥w∥2 ´ 2pv ¨ wq “

“ ∥v∥2 ` ∥w∥2 ´ 2∥v∥∥w∥ cos=pv ,wq.
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Cauchy�Schwarz Inequality

Corollary (Cauchy-Schwarz inequality)

For any v ,w P Rn

∥v∥∥w∥ ě |v ¨ w |,

and the equality holds if and only if v ,w are linearly dependent.

Proof.
In general

| cos=pv ,wq| ď 1,

and

| cos=pv ,wq| “ 1 ðñ =pv ,wq P t0, πu.
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Pythagorean Theorem

Example

Let v “ p3, 0, 4q,w “ p0, 1, 0q, u “ p1, 1, 1q. Then

}v} “
?
32 ` 02 ` 42 “

?
9 ` 16 “ 5. The normalized vector of v

is 1

5
p3, 0, 4q. Since v ¨w “ 3 ¨ 0` 0 ¨ 1` 4 ¨ 0 “ 0 then v K w but w

is not orthogonal to u because w ¨ u “ 1.

Theorem (Pythagoras)

If v K w then }v ` w}2 “ }v}2 ` }w}2.

Proof.
}v ` w}

2
“ pv ` wq ¨ pv ` wq “ v ¨ v ` v ¨ w ` w ¨ v ` w ¨ w “

}v}
2

` }w}
2.
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Orthogonal Complement

Let A Ă Rn be any set. Let

AK “ tw P Rn | w ¨ v “ 0 for all v P Au.

The set AK is a subspace of Rn.

De�nition
Let V Ă Rn be a subspace. The orthogonal complement of V in

Rn is VK.

Example

Let V “ linpp1, 2qq Ă R2. Then VK “ linpp2,´1qq.
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Properties

Proposition

Let v1, . . . , vk P Rn. Then

plinpv1, . . . , vkqq
K

“ tv1, . . . , vkuK.

Proof.
Set V “ linpv1, . . . , vkq. Assume w P VK. Then, in particular,

w ¨ vi “ 0, hence VK Ă tv1, . . . , vkuK. If w ¨ vi “ 0 for

i “ 1, . . . , k then for any αi P R, i “ 1, . . . , k
w ¨ pα1v1 ` α2v2 ` . . . ` αkvkq “ α1pw ¨ v1q ` α2pw ¨ v2q ` . . . ` αkpw ¨ vkq “ 0.
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Example

Let

V “ linpp1, 2, 3, 1q, p1, 3, 2, 2q, p2, 5, 5, 3qq Ă R4.

Then

VK :

$

&

%

x1 ` 2x2 ` 3x3 ` x4 “ 0

x1 ` 3x2 ` 2x3 ` 2x4 “ 0

2x1 ` 5x2 ` 5x3 ` 3x4 “ 0

The solution of that system is equal to

»

–

1 2 3 1

1 3 2 2

2 5 5 3

fi

fl ÝÑ . . . ÝÑ

„

1 0 5 ´1

0 1 ´1 1

ȷ

that is,

VK “ linpp´5, 1, 1, 0q, p1,´1, 0, 1qq.



Properties (continued)

Proposition

Let V Ă Rn, dimV “ k . Then dimVK “ n ´ k and

V X VK “ t0u.

Proof.
Let v1, . . . vk be a basis of V , where vi “ pai1, ai2, . . . , ainq. By the

above Proposition px1, . . . , xnq P VK if and only if it is a solution of

the system of linear equations

VK :

$

’

’

’

&

’

’

’

%

a11x1 ` a12x2 ` . . . ` a1nxn “ 0

a21x1 ` a22x2 ` . . . ` a2nxn “ 0
...

...
. . .

...
...

ak1x1 ` ak2x2 ` . . . ` aknxn “ 0
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Properties (continued)

Proof.

The rank of the matrix

»

—

–

a11 . . . a1n
...

. . .
...

ak1 . . . akn

fi

ffi

fl

is equal to k , hence by

the Kronecker-Capelli theorem the dimension of the set of solutions

is n ´ k .

Moreover, if w P V X VK then w ¨ w “ 0 hence

w “ 0.

Proposition

Let V Ă Rn be a subspace. Then pVKqK “ V .

Proof.
By the above dimpVKqK “ n ´ dimVK “ n ´ pn ´ dimV q. Since

V Ă pVKqK and both have the same dimension they are equal.
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Example

Let V Ă R2 be subspace given by the linear equation

2x1 ` 3x2 “ 0. Then V “ linpp´3, 2qq and VK “ linpp2, 3qq.

This can be generalized to

Proposition

Let V Ă Rn be equal to the set of solutions of the system of linear

equations

V :

$

’

’

’

&

’

’

’

%

a11x1 ` a12x2 ` . . . ` a1nxn “ 0

a21x1 ` a22x2 ` . . . ` a2nxn “ 0
...

...
. . .

...
...

ak1x1 ` ak2x2 ` . . . ` aknxn “ 0

Then

VK “ linppa11, a12, . . . , a1nq, . . . , pak1, ak2, . . . , aknqq.
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Proof.
Let vi “ pai1, ai2, . . . , ainq for i “ 1, . . . , k . Then

V “ tv1, v2, . . . , vkuK.

Hence

VK “ ptv1, v2, . . . , vkuKqK “ pplinpv1, v2, . . . , vkqq
K

qK “

“ linpv1, v2, . . . , vkq.

Example

Let V Ă R4 be equal to the set of solutions of the system
"

2x1 ` 3x2 ` 4x3 ` 6x4 “ 0

x1 ´ 2x2 ` 5x3 “ 0

Then VK “ linpp2, 3, 4, 6q, p1,´2, 5, 0qq.
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Orthogonal Basis

Let V Ă Rn be a subspace of Rn.

De�nition
Let A “ pv1, . . . , vkq be a basis of subspace V . The basis A is said

to be orthogonal if vi K vj for i ‰ j and i , j “ 1, . . . , k . The basis
A is said to be orthonormal if it is orthogonal and }vi} “ 1 for

i “ 1, . . . , k , i.e. each vector is of length 1.

Examples

i) the standard basis ε1 “ p1, 0, 0, . . . , 0q, ε2 “

p0, 1, 0, . . . , 0q, . . . , εn “ p0, 0, 0, . . . , 1q of Rn is orthonormal,

ii) the basis p´1, 2, 2q, p2,´1, 2q, p2, 2,´1q is an orthogonal basis

of R3 (but not orthonormal),

iii) the basis p´1

3
, 2
3
, 2
3
q, p2

3
,´1

3
, 2
3
q, p2

3
, 2
3
,´1

3
q is an orthonormal

basis of R3.
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3
, 2
3
, 2
3
q, p2

3
,´1

3
, 2
3
q, p2

3
, 2
3
,´1

3
q is an orthonormal

basis of R3.



Orthogonal Basis

Let V Ă Rn be a subspace of Rn.

De�nition
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Coordinates Relative to Orthogonal Basis

Proposition

Let v1, . . . , vk be an orthogonal basis of the subspace V Ă Rn. For

any v P V

v “
v ¨ v1
v1 ¨ v1

v1 `
v ¨ v2
v2 ¨ v2

v2 ` . . . `
v ¨ vk
vk ¨ vk

vk .

Proof.
There exist unique αi P R such that v “ α1v1 ` . . . ` αkvk .
Therefore

v ¨ vi “ α1pv1 ¨ vi q ` . . .`αi pvi ¨ vi q ` . . .`αkpvk ¨ vi q “ αi pvi ¨ vi q,

since vi ¨ vj “ 0 for i ‰ j .

Corollary

If vectors v1, . . . , vk P Rn are pairwise orthogonal and vi ‰ 0 for

i “ 1, . . . , k then they are linearly independent.
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Existence of Orthogonal Basis

Example

The coordinates of the vector p1, 1, 1q relative to the orthogonal

basis p´1, 2, 2q, p2,´1, 2q, p2, 2,´1q of R3 are 1

3
, 1
3
, 1
3
since

p1,1,1q¨p´1,2,2q

p´1,2,2q¨p´1,2,2q
“ 1

3
, p1,1,1q¨p2,´1,2q

p2,´1,2q¨p2,´1,2q
“ 1

3
, p1,1,1q¨p2,2,´1q

p2,2,´1q¨p2,2,´1q
“ 1

3
, i.e.

p1, 1, 1q “
1

3
p´1, 2, 2q `

1

3
p2,´1, 2q `

1

3
p2, 2,´1q.

Proposition

Any subspace V Ă Rn has an orthogonal basis.

Proof.
A proof will be given later.
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Example

Example

Let V Ă R3 be given by the equation x1 ` x2 ` x3 “ 0. We

compute inductively an orthogonal basis of V by choosing vectors

orthogonal to the previously chosen ones. Let v1 “ p1, 0,´1q. To

�nd v2 P V such that v1 K v2 solve

"

x1 ` x2 ` x3 “ 0

x1 ´ x3 “ 0
ðñ

"

2x1 ` x2 “ 0

x1 ´ x3 “ 0

ðñ x2 “ ´2x1, x3 “ x1. For example v2 “ p1,´2, 1q. Since

dimV “ 2 vectors v1, v2 form an orthogonal basis of V . By taking

normalized vectors we get an orthonormal basis
1?
2
p1, 0,´1q, 1?

6
p1,´2, 1q of V .
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Orthogonal Decomposition

Proposition

Let V Ă Rn be a subspace. Then any vector w P Rn can be

written uniquely as

w “ v ` vK where v P V , vK P VK.

Proof.
Let v1, . . . , vk be a basis of V and let vk`1, . . . , vn be a basis of

VK. Then

α1v1 ` . . . ` αnvn “ 0 ðñ

"

α1v1 ` . . . ` αkvk “ 0

αk`1vk`1 ` . . . ` αnvn “ 0
ðñ

ðñ α1 “ . . . “ αn “ 0,

hence B “ pv1, . . . , vnq is a basis of Rn. This proves the existence

of a decomposition.
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Orthogonal Decomposition (continued)

Proof.
If

w “ v ` vK “ u ` uK,

where v , u P V , vK, uK P VK, then

v ´ u “ uK ´ vK P V X VK “ t0u.

Therefore

v “ u, vK “ uK.



Orthogonal Decomposition (continued)

Proof.
If

w “ v ` vK “ u ` uK,

where v , u P V , vK, uK P VK, then

v ´ u “ uK ´ vK P V X VK “ t0u.

Therefore

v “ u, vK “ uK.



Orthogonal Projection and Re�ection

De�nition
For any subspace V Ă Rn and w P Rn the function PV : Rn Ñ Rn

de�ned by

PV pwq “ v , where w “ v ` vK, v P V , vK P VK,

is a linear transformation called the orthogonal projection on the

subspace V.

Note that with the above notation PVKpwq “ vK, that is

w “ PV pwq ` PVKpwq. The linearity of PV follows from the

uniqueness of the orthogonal decomposition.
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Orthogonal Projection and Re�ection (continued)

De�nition
For any subspace V Ă Rn and w P Rn the function SV : Rn Ñ Rn

de�ned by

SV pwq “ v ´ vK, where w “ v ` vK, v P V , vK P VK,

is a linear transformation called the orthogonal re�ection across

the subspace V.

Note that

SV pwq “ PV pwq ´ PVKpwq “ 2PV pwq ´ w .



Orthogonal Projection and Re�ection (continued)

De�nition
For any subspace V Ă Rn and w P Rn the function SV : Rn Ñ Rn

de�ned by

SV pwq “ v ´ vK, where w “ v ` vK, v P V , vK P VK,

is a linear transformation called the orthogonal re�ection across

the subspace V.

Note that

SV pwq “ PV pwq ´ PVKpwq “ 2PV pwq ´ w .



Properties

Example

Let V “ linpvq. Then PV pwq “ w ¨v
v ¨v v .

Proposition

i) PV pwq P V and pPv pwq “ w ðñ w P V q,

ii) let dpw ,V q “ mint}w ´ v} | v P V u be the distance between

the vector w and the subspace V . Then PV pwq is the unique

vector in V such that dpw ,V q “ }w ´ PV pwq},

iii) if v1, . . . , vk is an orthogonal basis of V then

PV pwq “
w ¨ v1
v1 ¨ v1

v1 `
w ¨ v2
v2 ¨ v2

v2 ` . . . `
w ¨ vk
vk ¨ vk

vk .
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Properties (continued)

Proof.
ii) recall w “ PV pwq ` PVKpwq, then for any v P V , by the

Pythagorean theorem }w ´ v}2 “ }pPV pwq ´ vq ` PVKpwq}2 “

}PV pwq ´ v}2 ` }PVKpwq}2 ě }PVKpwq}2 so the minimum is

attained if v “ PV pwq.

iii) w ´ p w ¨v1
v1¨v1

v1 ` w ¨v2
v2¨v2

v2 ` . . . `
w ¨vk
vk ¨vk

vkq P VK.
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Properties (continued)

Proposition

Let V Ă Rn be a subspace. Then

i) PV ˝ PV “ PV ,

ii) SV ˝ SV “ idRn ,

iii) PV ` PVK “ idRn ,

iv) SV “ ´SVK .

Example

Let V “ tpx1, x2, x3, x4q P R4 | x1 ´ x2 ` 2x3 ´ 2x4 “ 0u and

w “ p1, 0, 1,´1q. Compute PV pwq. By de�nition

VK “ linpp1,´1, 2,´2qq. Then

PVKpwq “
w ¨p1,´1,2,´2q

12`p´1q2`22`p´2q2
p1,´1, 2,´2q “ 1

2
p1,´1, 2,´2q.

Hence PV pwq “ w ´ PVKpwq “ p1
2
, 1
2
, 0, 0q.
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Gram-Schmidt process

Let v1, . . . , vk be a basis of the subspace V Ă Rn. The

Gram-Schmidt process is an inductive way of computing an

orthogonal basis w1, . . . ,wk of V .

By induction

i) for i “ 1 set

w1 “ v1, W1 “ linpw1q,

ii) for 1 ă i ď k set

wi “ vi ´ PWi´1
pvi q,

Wi “ linpw1, . . . ,wi q.
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Gram-Schmidt process (continued)

Proposition (Gram-Schmidt)

With notation as above for i “ 1, . . . , k

i) w1, . . . ,wi is an orthogonal basis of Wi ,

ii) Wi “ linpv1, . . . , vi q.

Since Wk “ V vectors w1, . . . ,wk form an orthogonal basis of V .

The normalized vectors w1

}w1}
, . . . , wk

}wk}
form an orthonormal basis of

V .
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Gram-Schmidt process (continued)
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Example

Let V “ tpx1, x2, x3, x4q P R4 | x1 ´ x2 ` 2x3 ´ x4 “ 0u and let

v1 “ p1, 0, 0, 1q, v2 “ p1, 1, 0, 0q, v3 “ p0, 1, 1, 1q P R4 be a basis of

subspace V . Then w1 “ v1, W1 “ linpw1q,
w1 “ p1, 0, 0, 1q,

w2 “ v2 ´ PW1
pv2q “ v2 ´ v2¨w1

w1¨w1
w1,

w2 “ p1, 1, 0, 0q ´ 1

2
p1, 0, 0, 1q “ 1

2
p1, 2, 0,´1q, W2 “ linpw1,w2q

w3 “ v3 ´ PW2
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pαvq.
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Projection Matrix

Proposition

Let V Ă Rn be a subspace and let w1, . . . ,wk P V be an

orthonormal basis of V . If Q P Mpn ˆ k ;Rq is a matrix with

columns equal to w1, . . . ,wk then

MpPV qstst “ QQ⊺.

Proof.
Follows from the formula

PV pvq “ pv ¨ w1qw1 ` pv ¨ w2qw2 ` . . . ` pv ¨ wkqwk .

Remark
Note that Q⊺Q “ Ik .
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QR Decomposition

Proposition

Let V Ă Rn be a subspace and let v1, . . . , vk P V be a basis of V .

Then there exists an orthonormal basis w1, . . . ,wk P V of V and

an upper triangular matrix R P Mpk ˆ k ;Rq with with positive

entries on the diagonal (hence invertible), such that if

A P Mpn ˆ k ;Rq is a matrix with columns v1, . . . , vk and

Q P Mpn ˆ k;Rq is a matrix with columns w1, . . . ,wk then

A “ QR.



Example
In the previous example for

v1 “ p1, 0, 0, 1q, v2 “ p1, 1, 0, 0q, v3 “ p0, 1, 1, 1q,

by the Gram-Schmidt process we have

w1 “ v1,

w2 “ v2 ´
1

2
w1,

w3 “ v3 ´
1

2
w1 ´

1

3
w2.

Therefore

v1 “ w1,

v2 “
1

2
w1 ` w2,

v3 “
1

2
w1 `

1

3
w2 ` w3.
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Example (continued)

Since w1 “ p1, 0, 0, 1q,w2 “ 1

2
p1, 2, 0,´1q,w3 “ 1

3
p´2, 2, 3, 2q,

»

—

—

–

1 1 0

0 1 1

0 0 1

1 0 1

fi

ffi

ffi

fl

“

»

—

—

–

1 1

2
´2

3

0 1 2

3

0 0 1

1 ´1

2

2

3

fi

ffi

ffi

fl

»

–

1 1

2

1

2

0 1 1

3

0 0 1

fi

fl

Columns of the �rst matrix have to be normalized, i.e. divided

respectively by
?
2,

?
6

2
,

?
21

3
(and rows of the second matrix

multiplied respectively by the same numbers), hence

»

—

—

–

1 1 0

0 1 1

0 0 1

1 0 1

fi

ffi

ffi

fl

“

»

—

—

—

–

1?
2

1?
6

´ 2?
21

0 2?
6

2?
21

0 0 3?
21

1?
2

´ 1?
6

2?
21

fi

ffi

ffi

ffi

fl

»

—

–

?
2

?
2

2

?
2

2

0
?
6

2

?
6

6

0 0
?
21

3

fi

ffi

fl



QR Decomposition (continued)

Proof.
Follows directly form the Gram�Schmidt process. In fact

R “

»

—

–

∥w1∥ ¨ ¨ ¨ 0
...

. . .
...

0 ¨ ¨ ¨ ∥wk∥

fi

ffi

fl

¨

»

—

—

—

—

—

—

—

—

—

–

1 v2¨w1

w1¨w1

v3¨w1

w1¨w1

¨ ¨ ¨
vk ¨w1

w1¨w1

0 1 v3¨w2

w2¨w2

¨ ¨ ¨
vk ¨w2

w2¨w2

0 0 1 ¨ ¨ ¨
vk ¨w3

w3¨w3

...
. . .

0 0 0 ¨ ¨ ¨ 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

and

Q “

„

w⊺
1

∥w1∥
¨ ¨ ¨

w⊺
k

∥wk∥

ȷ

.



Uniqueness of QR Decomposition

Remark
For any matrix A P Mpn ˆ k ;Rq with rpAq “ k the matrices Q and

R are unique if diagonal entries of R are positive. That is if

A “ QR “ Q 1R 1 where Q,Q 1 P Mpn ˆ k ;Rq are orthogonal

matrices and matrices R,R 1 P Mpk ˆ k ;Rq are upper triangular

matrices with positive entries on the diagonal then Q “ Q 1,R “ R 1.

Proof.
Since Q 1⊺Q 1 “ Ik from

QR “ Q 1R 1,

by multiplying by Q 1⊺ on the left and by R´1 on the right we get

Q 1⊺Q “ R 1R´1.

The inverse and product of two upper triangular matrices is upper

triangular and the matrix Q 1⊺Q is orthogonal. The only upper

triangular and orthogonal matrix with positive diagonal entries is

the unit matrix.
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Projection Matrix (continued)

Proposition

Let V Ă Rn be a subspace and let v1, . . . , vk P V be a basis of V .

If A P Mpn ˆ k;Rq is a matrix with columns v1, . . . , vk then

MpPV qstst “ ApA⊺Aq´1A⊺.

In particular, the matrix A⊺A is invertible.

Proof.
By the QR decomposition there exist matrices Q P Mpn ˆ k ;Rq

and R P Mpk ˆ k ;Rq such that A “ QR and

MpPV qstst “ QQ⊺

.
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Projection Matrix (continued)

Proof.
Since A “ QR the matrix

A⊺A “ pR⊺Q⊺qpQRq “ R⊺R,

is invertible. Moreover

Q “ AR´1, Q⊺ “ pR´1q⊺A⊺,

and

MpPV qstst “ QQ⊺ “ pAR´1q
`

pR´1q⊺A⊺
˘

“ ApR⊺Rq´1A⊺ “

“ ApA⊺Aq´1A⊺.



Projection Matrix (continued)
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Example

Let V “ linpp1, 1, 1q, p1, 2, 0qq. Find the formula of the orthogonal

projection onto V and the formula of the orthogonal re�ection

across V .

Let A “

»

–

1 1

1 2

1 0

fi

fl, so A⊺A “

„

3 3

3 5

ȷ

and pA⊺Aq´1 “ 1

6

„

5 ´3

´3 3

ȷ

.

Therefore

MpPV qstst “

»

–

1 1

1 2

1 0

fi

fl

1

6

„

5 ´3

´3 3

ȷ „

1 1 1

1 2 0

ȷ

“
1

6

»

–

2 2 2

2 5 ´1

2 ´1 5

fi

fl .

PV ppx1, x2, x3qq “

ˆ

1

3
x1 `

1

3
x2 `

1

3
x3,

1

3
x1 `

5

6
x2 ´

1

6
x3,

1

3
x1 ´

1

6
x2 `

5

6
x3

˙

.
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Example (continued)

Moreover,

MpSV qstst “ 2MpPV qstst ´ I “
1

3

»

–

2 2 2

2 5 ´1

2 ´1 5

fi

fl ´

»

–

1 0 0

0 1 0

0 0 1

fi

fl “

“
1

3

»

–

´1 2 2

2 2 ´1

2 ´1 2

fi

fl

and

SV ppx1, x2, x3qq “

ˆ

´
1

3
x1 `

2

3
x2 `

2

3
x3,

2

3
x1 `

2

3
x2 ´

1

3
x3,

2

3
x1 ´

1

3
x2 `

2

3
x3

˙

.



Projection Matrix (continued)

Corollary

If PV is an orthogonal projection and SV orthogonal re�ection then

the matrices MpPV qstst ,MpSV qstst are symmetric.

Proposition

If matrix A has linearly independent columns then A⊺A is positive

de�nite. If A is any matrix then A⊺A is positive semide�nite.

Proof.
For any vector v P Rn we have ∥Av∥2 “ v⊺A⊺Av ě 0. When A has

linearly independent columns then Av “ 0 implies that v “ 0.
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Projection Matrix (continued)

Proposition
Matrix representing an oblique projection onto impAq along kerB for any

matrices A P Mpn ˆ k;Rq, B P Mpl ˆ n;Rq such that impAq and kerB
give a direct sum decomposition is given by

P “ ApB⊺Aq
`B⊺.

Proof.
(sketch, cf. Lecture 14). The assumptions imply that
rankA “ rankB “ rankpB⊺Aq as impAq X kerB “ t0u. It is well�known
that with such assumptions the inverse law holds, i.e.,

pB⊺Aq
`

“ A`pB⊺q
`
.

Finally

P “
`

AA`
˘

´

pB⊺q
`B⊺

¯

“
`

AA`
˘`

BB`
˘

,

and clearly P2 “ P with impPq “ impAq and kerP “ kerB.



Projection onto Intersection of Subspaces

Proposition

Let A,B P Mpn ˆ n;Rq be symmetric and positive semide�nite

matrices. Then

impA ` Bq “ impAq ` impBq.

Proof.
Obviously impA ` Bq Ă impAq ` impBq. It is enough to prove that

impAq Ă impA ` Bq which is equivalent to

kerpA ` Bq Ă kerpAq.

Let pA ` Bqx “ 0. Then x⊺AX ` x⊺Bx “ 0. Matrices A,B are

positive semide�nite hence x⊺Ax “ 0 which is equivalent to

Ax “ 0.



Projection onto Intersection of Subspaces (continued)

Lemma (Anderson,Du�n)

Let P “ AA` and Q “ BB` be matrices of orthogonal projections

onto impAq and impBq with respect to the standard basis,

respectively. Let V “ impAq X impBq. Then

MpPV qstst “ 2PpP ` Qq
`Q.

Proof.
In the proof we use repeatedly the fact that the for subspaces

V ,W Ă Rn

pV ` W q
K

“ VK X WK.

Let

T “ MpPV qstst .



Projection onto Intersection of Subspaces (continued)

Proof.
Matrix T does not depend on the order of P and Q as

PpP ` Qq
`Q “ pP ` Q ´ QqpP ` Qq

`
pP ` Q ´ Pq “

“ pP ` QqpP ` Qq
`
pP ` Qq ´ QpP ` Qq

`
pP ` Qq´

´pP ` QqpP ` Qq
`P ` QpP ` Qq

`P “

“ pI´pP`QqpP ` Qq
`
qP`QpI´pP ` Qq

`
pP`Qqq`QpP ` Qq

`P “

“ QpP ` Qq
`P.

First two terms are zero, pP ` QqpP ` Qq
` is a matrix of the

orthogonal projection onto impPq ` impQq, similarly

pP ` Qq
`
pP ` Qq is a matrix of the orthogonal projection onto

imppP ` Qq⊺q “ impPq ` impQq with kernel

pimpPq ` impQqq
⊺

“ kerpPq X kerpQq.



Projection onto Intersection of Subspaces (continued)

Proof.
Therefore

impT q Ă impPq X impQq “ impAq X impBq.

On the other hand let x P impPq X impQq. Then (note that

P` “ P and Px “ x , similarly for Q)

2PpP ` Qq
`Qx “ PpP ` Qq

`Q
`

P`` Q`
˘

x “

“ PpP ` Qq
`QQ`x ` QpP ` Qq

`PP`x “

“ PpP ` Qq
`x ` QpP ` Qq

`x “ pP ` QqpP ` Qq
`x “ x .

Since P,Q are symmetric T is symmetric too. By the above

equation matrix T acts as identity on the subspace impPq X impQq

and it zero on its orthogonal complement, i.e., kerpPq ` kerpQq.

Therefore T 2 “ T , i.e. T is a matrix of orthogonal projection.



Linear Least Squares

Let AX “ B be a system of n linear equations in k variables with

A P Mpn ˆ k ;Rq such that rpAq “ k (therefore n ě k).

If

rpAq “ rprA|Bsq the system has a unique solution. Otherwise one

can ask what is the best��tting solution, i.e. for X with

∥AX ´ B∥ minimal. The least value is the distance of vector B
from the subspace V Ă Rn spanned by the columns of A and it is

realized by the orthogonal projection of B on V .

By the previous formula

PV pBq “ ApA⊺Aq´1A⊺B.
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Linear Least Squares (continued)

The name (linear) last squares comes from the fact we look for

px1, . . . , xkq P Rk for which the value of

pa11x1 ` a12x2 ` . . . ` a1kxk ´ b1q
2

`

` pa21x1 ` a22x2 ` . . . ` a2kxk ´ b2q
2

`

...

` pan1x1 ` an2x2 ` . . . ` ankxk ´ bnq
2

“

“ ∥AX ´ B∥2,

is minimal.

Remark
If columns of matrix A are not linearly independent any vector

X P Rk such that AX “ PV pBq, where V “ colsppAq gives the

least ∥AX ´ B∥ (such X is not unique).
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Example
Find the best��tting solution of the (inconsistent) system of linear

equations.
$

&

%

x1 ` x2 “ 3

2x1 ` 3x2 “ 0

x1 ` x2 “ ´1

Let

A “

»

–

1 1

2 3

1 1

fi

fl , B “

»

–

3

0

´1

fi

fl .

Then

A⊺A “

„

6 8

8 11

ȷ

, pA⊺Aq´1 “

„

11

2
´4

´4 3

ȷ

.

The best��tting solution is equal to

X “ pA⊺Aq´1A⊺B “

„

11

2
´4

´4 3

ȷ „

2

2

ȷ

“

„

3

´2

ȷ

,

i.e., x1 “ 3, x2 “ ´2.



Cauchy�Schwarz Inequality and Gram Matrix

Proposition

For any v ,w P Rn

∥v∥∥w∥ ě |v ¨ w |,

and the equality holds if and only if v ,w are linearly dependent.

Proof.
Let v “ px1, . . . , xnq,w “ py1, . . . , ynq and

A “

„

x1 x2 ¨ ¨ ¨ xn
y1 y2 ¨ ¨ ¨ yn

ȷ

.
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„
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ȷ

.



Cauchy�Schwarz Inequality (continued)

Proof.
By the Cauch�Binet formula

detpAA⊺q “ det

„

∥v∥2 v ¨ w

w ¨ v ∥w∥2
ȷ

“

“ ∥v∥2∥w∥2 ´ pv ¨ wq2 “
ÿ

JĂt1,...,nu

#J“2

pdetA2;Jq
2

ě 0,

and the equality holds if and only if all order 2 minors of A vanish,

i.e. the rank of A is either 0 or 1.



Minkowski Inequality

Proposition

For any v ,w P Rn

∥v ` w∥ ď ∥v∥ ` ∥w∥,

and the equality holds if and only if there exist α ě 0 such that

v “ αw or w “ 0.

Proof.

∥v ` w∥2 “ ∥v∥2 ` ∥w∥2 ` 2pv ¨ wq ď ∥v∥2 ` ∥w∥2 ` 2∥v∥∥w∥ “

“ p∥v∥ ` ∥w∥q2,

and the equality holds if and only if v ¨ w “ ∥v∥∥w∥, i.e v and w
are linearly dependent. If v ,w ‰ 0 this happens if and only if

cos=pv ,wq “ 1, that is =pv ,wq “ 0.



Covariance as Scalar Product
Let pΩ,F ,Pq be a probability space. Let

V “ tX : Ω Ñ R | X is measurable, EpX q “ 0, VarpX q ă 8u{ „,

where for X ,Y : Ω Ñ R

X „ Y ðñ Pptω P Ω | X pωq “ Y pωquq “ 1,

(i.e. we identify random variables X and Y if they are equal with

probability 1). Then V is a vector space and

X ¨ Y “ CovpX ,Y q “ EpXY q,

is a scalar product. Under this de�nition ∥X∥ is the standard

deviation of X , X is perpendicular to Y if and only if X and Y are

uncorrelated, and

CorrpX ,Y q “
CovpX ,Y q

a

VarpX qVarpY q
,

is the cosine of the angle between X and Y .



Centering Matrix

Let

1 “ p1, . . . , 1q.

For any vector x “ px1, . . . , xnq de�ne

x “
1

n
px1 ` . . . ` xnq1 “

1

n
1⊺x1.

The centered vector x is

x ´ x .

Observe that

x ´ x “ 0.

The centering matrix is

H “ I ´
1

n
11⊺.



Sample Pearson Correlation Coe�cient

Let

x “ px1, . . . , xnq,

y “ py1, . . . , ynq.

The sample Pearson correlation coe�cient is

rxy “
px ´ xq ¨ py ´ yq

∥x ´ x∥∥y ´ y∥
,

that is a cosine between centered vectors x and y . Therefore

´1 ď rxy ď 1.

It is a measure of similarity between data of (centered) x and y .



Sample Covariance Matrix

Let x1, . . . , xn P Rm. Let

X “
“

x1 ¨ ¨ ¨ xn
‰

,

be a matrix whose columns consists of vectors x i . The sample

covariance matrix K “ rkij s P Mpn ˆ n;Rq such that

kij “
1

n
px i ´ x i q ¨ px j ´ x jq.

It is a symmetric matrix, given by the formula

K “
1

n
X ⊺HX .



Sample Covariance Matrix (continued)

The matrix

X “
“

x1 ¨ ¨ ¨ xn
‰

,

with centered columns is given by the formula

X “ X ´
1

n
11⊺X “ HX .

Therefore

K “
1

n
X

⊺
X “

1

n
pHX q⊺pHX q “

“
1

n
X ⊺H⊺HX “

1

n
X ⊺HX ,

as H⊺ “ H and H2 “ H. It follows that the sample covariance

matrix is positive semide�nite.



Sample Correlation Matrix

X “
“

x1 ¨ ¨ ¨ xn
‰

,

be a matrix whose columns consists of vectors x i . The sample

correlation matrix R “ rrij s P Mpn ˆ n;Rq such that

rij “
px i ´ x i q ¨ px j ´ x jq

∥x i ´ x i∥∥x j ´ x j∥
“

kij
?
kii

a

kjj
.

It is a symmetric matrix containing all sample Pearson correlation

coe�cient of vectors x1, . . . , xn. Let

D “ diagpk1, . . . , knq,

where ki “
?
kii . Then

K “ D⊺RD,

or equivalently

R “ pD´1q⊺KD´1.


