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We develop semiparametric Bayesian Thurstonian models for analyzing repeated choice decisions
involving multinomial, multivariate binary or multivariate ordinal data. Our modeling framework has multi-
ple components that together yield considerable flexibility in modeling preference utilities, cross-sectional
heterogeneity and parameter-driven dynamics. Each component of our model is specified semiparametri-
cally using Dirichlet process (DP) priors. The utility (latent variable) component of our model allows the
alternative-specific utility errors to semiparametrically deviate from a normal distribution. This generates
a robust alternative to popular Thurstonian specifications that are based on underlying normally distributed
latent variables. Our second component focuses on flexibly modeling cross-sectional heterogeneity. The
semiparametric specification allows the heterogeneity distribution to mimic either a finite mixture distri-
bution or a continuous distribution such as the normal, whichever is supported by the data. Thus, special
features such as multimodality can be readily incorporated without the need to overtly search for the best
heterogeneity specification across a series of models. Finally, we allow for parameter-driven dynamics
using a semiparametric state-space approach. This specification adds to the literature on robust Kalman
filters. The resulting framework is very general and integrates divergent strands of the literatures on flexible
choice models, Bayesian nonparametrics and robust time series specifications. Given this generality, we
show how several existing Thurstonian models can be obtained as special forms of our model. We de-
scribe Markov chain Monte Carlo methods for the inference of model parameters, report results from two
simulation studies and apply the model to consumer choice data from a frequently purchased product cat-
egory. The results from our simulations and application highlight the benefits of using our semiparametric
approach.
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1. Introduction

Decision makers face recurrent choice events in many different contexts. For example, in
psychological research on decision-making, subjects in a choice experiment rank order or choose
one from many different choice options on multiple trials of the experiment. Similarly, consumers
make repeated choice decisions when deciding which brand to buy in frequently purchased
product categories. When analyzing such data, researchers are interested in understanding the
underlying determinants of preference evolution and change over time, and in capturing sources
of individual differences across decision makers. Preferences can evolve over time because of
learning, feedback, decision-inertia or because of changes in importance weights for the attributes
of the choice alternatives. Preferences can vary cross-sectionally across decision makers because
of differences in importances for attributes, differences in characteristics of decision makers, or
because of other unobserved sources of heterogeneity that impact the decision process. In this
paper, we develop multivariate Thurstonian models that simultaneously incorporate both temporal
and cross-sectional sources of variation in preferences in a semiparametric fashion.
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Thurstonian models (Thurstone, 1927, 1931) are widely used in the psychometric litera-
ture to model multinomial choices, multivariate binary and ordinal choice data, paired com-
parisons and rank-ordered data (Albert & Chib, 1993, 1997; Böckenholt, 1990, 2001; Bradlow
& Zaslavsky, 1999; Chan & Bentler, 1998; Maydeu-Olivares, 1999, 2001; Takane, 1987; Yao &
Böckenholt, 1999). In a Thurstonian specification, multivariate normal latent variables are used
to model the observed qualitative choices in terms of an underlying discriminal process. This
latent variable representation, where the latent variable can also be interpreted as the “utility” of
the decision object, facilitates a clear understanding of the impact of various decision factors on
the choice process. In this paper, we build Thurstonian models composed of three components,
(1) a base component that captures the relationship between alternative-specific attributes and
the choices, (2) a temporal component that specifies the dynamic evolution of parameters using a
state-space approach and (3) a heterogeneity component which specifies how utility parameters
differ across decision makers. We show how all three components can be constructed semipara-
metrically using Dirichlet process (DP) priors (Ferguson, 1973, 1974; Blackwell & MacQueen,
1973).

Our use of Bayesian semiparametrics to construct each of the three components yields
a very flexible model that nests several common Thurstonian specifications. Specifically, we
use Dirichlet Process priors to capture the uncertainties regarding the functional forms for the
different distributions that arise in our model components. The use of Dirichlet process priors
allows us to avoid the restrictions arising from typical parametric distributional assumptions
and yields flexible random distributions for the utility errors, individual-level coefficients and
the unobserved components that characterize preference dynamics. In each instance, various
aspects of these distributions are automatically determined from the data, thus facilitating robust
inferences about the determinants of preference and choice.

In our first component, which specifies the utilities for the choice options, we use a Dirichlet
mixture to semiparametrically deviate from the typical Thurstonian assumption that the stochastic
components of the utilities are distributed multivariate normal. The Dirichlet mixture yields an
infinite mixture of normals for representing the variation in the utility errors. For the second
component, in modeling heterogeneity across decision makers, we again use the Dirichlet process
to yield flexible random effect distributions capable of accommodating multimodality, skewness,
and other deviations from multivariate normality that might be appropriate for specific datasets.
The use of DP priors for the heterogeneity component facilitates a seamless adjustment of the
population distribution—the resulting heterogeneity distribution can mimic either a finite mixture
distribution (see Wedel & Kamakura, 1998) or a continuous distribution such as the multivariate
normal, (see Longford, 1993; Fox & Glas, 2001) depending upon the information in the data.
Finally, in modeling the temporal component, we use a semiparametric state-space approach
to model parameter-driven preference dynamics. The use of the DP to model the transition
dynamics generalizes previous approaches for robustifying state-space models in the statistical
and engineering literatures.

Bayesian semiparametric models have recently become computationally feasible with the
development of Markov chain Monte Carlo (MCMC) methods for sampling from the poste-
rior distribution for the Dirichlet process parameters (Escobar, 1994; Escobar & West, 1998;
MacEachern, 1994; Ishwaran & James, 2001). In this paper we show how MCMC methods
can be implemented for our model and illustrate these methods via a simulation study as well
as an application to real data. The simulation focuses on the use of the Dirichlet process for
modeling heterogeneity in multivariate binary choice models. Specifically, we compare the per-
formance of a semiparametric model incorporating heterogeneity based on the Dirichlet pro-
cess to that of a parametric alternative that assumes normally distributed heterogeneity effects.
We show that when individual-specific parameters are generated from a discrete population
distribution, the semiparametric model is more accurate in recovering the true parameters as
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compared to a parametric model with normal heterogeneity. Furthermore, the semiparamet-
ric model conveys the multimodality of the population distribution appropriately. In contrast,
when individual-specific parameters arise from a normal population distribution, we find that
the semiparametric model performs as well as the parametric model with normal heterogeneity
in recovering the true individual-level parameters. In the application, we illustrate our methods
on data involving recurrent consumer choice decisions for a frequently purchased product cate-
gory and show how the model results can illuminate the dynamics of preference evolution over
time.

The rest of the paper is as follows. Section 2 describes our modeling framework and develops
the general semiparametric Thurstonian specification. Section 3 details two simulation studies
that investigate different heterogeneity specifications. Section 4 describes the application of our
methods on multinomial data involving repeated consumer purchases and Section 5 concludes
with a description of our modeling contributions and suggests extensions for future research.

2. Modeling Framework

The Thurstonian framework provides the foundation for modeling many different types
of qualitative responses such as paired comparisons, rank orders, ordinal ratings, multivariate
binary choices and multinomial choice decisions. For each data type, the Thurstonian approach
implies that an underlying variable representation can be used to model the observed qualitative
variables in terms of explanatory variables suggested by psychological theory. The nature of the
mapping from the latent variables (utilities) to the observed variables depends upon the type of
the qualitative dependent variable. However, in each instance, a vector of latent utilities can be
used as a starting point for further model development. In this paper, we describe Thurstonian
models for multinomial, multivariate and ordinal choice decisions.

2.1. Longitudinal Data

We focus on longitudinal data situations. Consider data from i = 1 to I individuals spanning
T time periods. The time periods could correspond to trials in an experiment or waves in a panel
survey, or may represent calendar time (e.g., weeks or months). We assume that each individual
contributes j = 1 to ni observations. For modeling flexibility, we allow these ni observations
to be spread arbitrarily over the T time periods and use an index t(ij ), which takes values in
the set T = {1, . . . , T }, to represent the time period pertaining to the j th observation for the ith
individual. Such indexing establishes a link between observations and time periods and allows us
to model both balanced and unbalanced datasets in a flexible fashion.

In a balanced dataset, (e.g., from a choice experiment) each subject is exposed to the same
number of trials. Here, the observations are aligned across subjects and the dataset has one
observation for each time period (trial). In such situations, there is no distinction between time
periods and observations and t(ij ) = j and ni = T , for all i. In contrast, many observational data
sets are unbalanced because individuals have varying number of observations, and moreover, these
observations are not aligned across individuals. In such situations, calendar time provides a natural
metric for modeling longitudinal dynamics. As an example, consider consumer choices occurring
in real markets. Choices are only observed when consumers buy in a product category. As purchase
incidence occurs stochastically over time, observations are not aligned across consumers. If the
time periods correspond with weeks or months, then we could have some consumers making
multiple purchases in a given time period, whereas, others may not make any purchase at all
during the period. In such contexts, t(ij ) is distinct from j and indicates the time period specific
to the j th observation for the ith individual.
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Given the longitudinal data structure, we use three model components to capture different
sources of variation in responses. In the first component, we specify the structure of the underlying
choice utilities for a given observation. In the second component, we model the heterogeneity
across individuals and in the third component, we focus on the parameter-driven dynamics using
a state-space approach.

2.2. Choice Utilities

We begin by describing the nature of the mapping between the observed choices and the
underlying utilities for three types of choice decisions.

2.2.1. Multinomial Choice. In many discrete choice settings, decision makers choose one
alternative from a choice set of mutually exclusive and collectively exhaustive choice alternatives.
For instance, on a shopping trip, consumers typically choose one brand from a set of brands within
a product category. Similarly, individuals choose a single mode of transportation to travel from
one point to another. Consider a choice set consisting of (K + 1) such choice alternatives. If
yij = {yij1, yij2, . . . , yijK+1} is the vector of (K + 1) binary indicators that identify the chosen
alternative on an observation j and vij = {vij1, vij2, . . . , vijK+1} is the latent vector of random
utilities underlying the observed choice, then the link between the observed responses and the
latent variables can be represented as follows:

yijk =
{

1, if max(vij ) = vijk

0, otherwise.
; k = 1 to K + 1. (1)

The above implies that decision makers choose the alternative that yields the highest utility.
Given the nature of the decision process, the identity of the chosen alternative remains invariant
if the same constant is added to all discrete choice utilities in vij as only utility comparisons
across alternatives are relevant. This location invariance of the utilities can be accommodated
by considering only differences in utilities from a base alternative (e.g., the last alternative in
the choice set). The differencing yields a set of K transformed utilities uij = {uij1 = vij1 −
vijK+1, uij2 = vij2 − vijK+1, . . . , uijK = vijK − vijK+1} which can be used as a basis for further
modeling.

2.2.2. Multivariate Binary Choice. In contrast to the multinomial choice situation described
above, in certain decision contexts when the decision maker can choose more than one alternative
from the choice set, the observed discrete responses represent a multivariate binary choice
situation. For instance, a consumer can buy more than one product on a shopping trip to the store
and thus the product category purchase decision can be represented in terms of multiple binary
choice decisions. If yij = {yij1, yij2, . . . , yijK} is a vector of K binary indicators that identifies
the chosen alternatives on an observation and uij = {uij1, uij2, . . . , uijK} is the latent vector of
utilities underlying these choices, then the mapping between the observed responses and the latent
variables is given by

yijk =
{

1, if uijk > 0
0, if uijk ≤ 0 ; k = 1 to K. (2)

In such multivariate choice situations, the choice options are not mutually exclusive, and as
each utility is compared to a threshold (normalized to zero), differencing of utilities is no longer
required for model identification.
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2.2.3. Multivariate Ordinal Choice. Extending the multivariate choice situation, we can
also model decisions wherein decision makers face multiple ordinal choices. Let yij be K × 1
vector of ordinal responses for the j th observation of individual i. We assume that the ordinal
responses are on a Likert scale ranging from 1 to M . The observed responses can be modeled in
terms of a K × 1 vector uij of underlying continuous variables. The link between the kth ordinal
variable yijk and the corresponding latent variable uijk can be written as:

yijk =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, if uijk < 0

1, if 0 ≤ uijk < θk1

2 if θk1 ≤ uijk < θk2

...

M, if θkM−1 ≤ uijk,

(3)

where, the vectors θ k = {θk1, . . . , θkM−1}, for k = 1 . . . K contain the item-specific thresholds.
Let θ = {θ1, . . . , θK} contain the thresholds across all the K items. For parsimony we model a
situation where the thresholds are assumed to be the same across all individuals. However, we
assume that each ordinal variable has a different set of the thresholds associated with it. To ensure
identification, we set the first threshold θk0 to 0 for all k. These thresholds are assumed to satisfy
the order constraints 0 ≤ θk1 ≤ θk2 ≤ . . . ≤ θkM−1 for each k. The constraints ensure that the
cumulative probabilities for the ordinal responses are non-decreasing.

Irrespective of the type of choice decision, the latent utilities uij serve as a starting point for
specifying the impact of explanatory variables. Each latent variable uijk can be expressed in terms
of independent variables that include the attributes of the decision options and the characteristics
of the decision maker. Let xijk be a pk × 1 vector that contains all independent variables that
influence the kth response on the j th observation for individual i. In addition, let wijk be a
lk × 1 vector of only those explanatory variables in xijk whose impact is assumed to vary across
individuals. Notice that wijk can contain all the variables in xijk , in which case, all coefficients
are modeled as varying across individuals. In addition, the first elements in xijk and wijk are set
to 1 to incorporate response-specific intercepts. The kth utility equation can be written as

uijk = x′
ijkµt(ij )k + w′

ijkλik + eijk, k = 1 . . . K, (4)

where µt(ij )k is a pk × 1 vector of time-varying population-level response coefficients, the lk ×
1 vector λik contains the individual-specific coefficients and eijk represents the unobserved
influences that impact the kth utility.

Consolidating across the K utilities, the system of equations that characterizes the relation-
ship between the latent variables and the covariates can be written as:

uij = Xijµt(ij ) + Wijλi + eij , (5)

where, Xij is a K × L1 matrix and Wij is a K × L2 matrix. These are composed appropriately
from the vectors xijk and wijk respectively. The exact specification for these matrices, and
therefore, the magnitudes of L1 and L2 depend upon how the explanatory variables and their
coefficients are shared across the K utility equations. The vector µt(ij ) contains all the time-varying
population-level response coefficients across all equations and the vector λi contains all the
individual-specific random coefficients. The vector of errors eij is assumed to vary independently
across the observations in the dataset.

Thurstonian models assume that the errors eij are distributed multivariate normal N (0,�).
In this paper, we deviate from the normality assumption and instead, use a Dirichlet mixture
distribution to characterize the uncertainty about the distribution of the utility errors. We assume
that the unknown continuous distribution for the errors F1 belongs to the family of scale mixtures
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of the multivariate normal distribution. Let �γij
represent the CDF of the normal, N (0, γ −1

ij �),
where γij is a positive scale variable, and let

F1(e) =
∫

γij

�γij
(e)dGγ (γij ). (6)

The scale variable γij is assumed to come from a unknown distribution Gγ defined over R+.
The class of normal scale mixture distributions allows considerable flexibility in functional forms
and tail behaviors and offers a robust alternative to the typical choice of a multivariate normal.
We model the uncertainty about the unknown mixing distribution Gγ using a Dirichlet process
prior to yield a Dirichlet mixture distribution over F1 (Basu & Mukhopadhyay, 2000; Chib &
Hamilton, 2002).

The Dirichlet process provides a mechanism for placing a probability distribution on the
space of distributions and can be described as follows: Let H be a random distribution function.
Given a positive real α and a distribution H0 defined on a space χ , we say that H comes from
the Dirichlet process, i.e., H ∼ DP (H0, α), if, for all Borel sets A1, A2, . . . , AM that partition χ

and for all values of M , the vector of random probabilities:

p = (p1, . . . , pM ) = (p(A1), . . . , p(AM )) =
(∫

A1

dH (x), . . . ,
∫

AM

dH (x)

)
, (7)

where
∑M

i=1 pi = 1, has the Dirichlet distribution

p ∼ Dir(αH01, αH02, . . . , αH0M ), (8)

and H0l = ∫
Al

dH0(x). The Dirichlet distribution has a density given by the expression,

�(α)∏M
l=1 �(αH0l)

M∏
l=1

p
αH0l−1
l . (9)

From the moments of the Dirichlet distribution, we can see that if X ∼ H , then the expected
probability of X falling into a region Al is

∫
Al

dH0(x), i.e., E[H (Al)] = H0(Al). Similarly
Var[H (Al)] = H0(Al)(1 − H0(Al))/(α + 1). When the precision parameter, α of the Dirichlet
process is close to zero, the variance Var[H (Al)] is very high. As α gets larger, this variance
becomes smaller and the distributions sampled from H become closer to the base distribution
H0. Realizations of a Dirichlet process are discrete probability distributions, i.e., with probability
one, H is discrete, but the number of points to which it gives positive probability is unbounded.

In modeling the utility errors, we assume that γij ∼ Gγ , and as Gγ is random (i.e., unknown)
we use a Dirichlet process prior Gγ ∼ DP (Gγ 0, αγ ), to characterize the uncertainty regarding
Gγ . Here, Gγ 0 is the baseline distribution that defines the “location” of the Dirichlet process
prior, and the precision parameter αγ > 0 determines the concentration of the prior for Gγ

about the baseline distribution Gγ 0. We use a gamma distribution Ga(νγ /2, νγ /2) as the baseline
distribution. A Dirichlet process distribution for Gγ generates a semiparametric Dirichlet mixture
distribution for F1 via the convolution in Equation 6. Given the baseline gamma distribution for
the Dirichlet process, the prior expectation of F1 is a multivariate-t distribution. This is the case as
the multivariate-t can be obtained as a scale mixture of a multivariate normal and the chi-squared
distribution.

The precision parameter αγ determines how close the semiparametric distribution Gγ is
to the baseline gamma distribution Gγ 0. When αγ is large (αγ → ∞), a randomly sampled
mixing distribution, Gγ , approximates the baseline gamma distribution. Then, the resulting
unconditional distribution of the utility errors is similar to a multivariate-t distribution with
degrees of freedom νγ . Further, if νγ is large, the distribution of errors mimics a normal and
thus encompasses the typical Thurstonian specification. On the other hand, when αγ is small
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(αγ → 0), the sampled mixing distribution has its mass concentrated on a few points and then, the
unconditional distribution for the utility errors behaves as a finite mixture of normal distributions,
each with the same mean. As the precision parameter αγ , and the normal covariance matrix
� are inferred from the data, the Dirichlet process automatically allows us to flexibly model
the distribution for the utility errors. For identification, different restrictions are required on
� for the three types of choice models. For multinomial choice, one of the variances in � is
constrained to one and for the multivariate binary and ordinal choice situations, � is constrained
to be a correlation matrix. Having specified the utility component, we now describe the dynamic
component of our model.

2.3. Parameter-Driven Dynamics

We use a state-space approach to model the parameter-driven dynamics (Böckenholt, 2002).
Specifically, we assume that the vector of population response coefficients µt(ij ) stochastically
evolves over time according to a transition equation. Recall that the index t(ij ) represents the time
period pertaining to the j th observation for individual i and takes values in the set T = {1, . . . , T }.
The transition equation is written as

µt(ij ) = Btµt(ij )−1 + ξ t(ij ), (10)

where µt(ij ) represents the population coefficients for time period t(ij ), Bt is a known transition
matrix and ξ t(ij ) is a vector of stochastic variables that govern the uncertainty in the state transition
process. The transition equation specifies a Markov chain that allows the population coefficients
in a given time period to depend upon those from the previous time period. We assume that the
transition process starts with a vector µ0 that has a normal prior with mean m0 and a covariance
matrix C0.

As with the utility errors, we assume that the transition errors ξ t(ij ) come from an unknown
distribution F2 which is a semiparametric scale mixture of the multivariate normal distribution. Let
κt(ij ) be a positive scale variable distributed according to an unknown distribution Gκ and let F2 be
a convolution of the normal distribution N (0, κ−1

t(ij )�) and Gκ . We model the uncertainty regarding
Gκ and thus consequently, about F2, using a Dirichlet process prior, i.e., Gκ ∼ DP (Gκ0, ακ ). To
complete the specification, we assume that the baseline distribution Gκ0 of the Dirichlet process is
given by a gamma distribution, Ga(νκ/2, νκ/2). This yields a general stochastic formulation for the
transition equation which adds to the research on robust state-space models that has advocated
flexible distributions for modeling the transition errors. For example, Masreliez and Martin
(1977) and Meinhold and Singpurwalla (1989) propose the use of multivariate-t distributions for
robustification of Kalman filter models. In our model, when ακ is large, the distribution for the
transition errors generated from the Dirichlet mixture mimics a multivariate-t . Other researchers
(Carter & Kohn, 1994) have used a finite mixture of normals for modeling the transition errors.
When ακ is small, our model mimics this situation. As ακ is inferred from the data, a range of
possibilities can be flexibly handled within our framework. Finally, our treatment of dynamics
complements other research in marketing on the use of Kalman filters (Van Heerde, Mela, &
Manchanda, 2004; Leichty, Fong, & DeSarbo, 2005). We next specify the final component of our
modeling approach.

2.4. Heterogeneity

Given the longitudinal nature of data, it is crucial to account for individual differences.
We assume that the random coefficients λi vary across the individuals according to a population
distribution based on the Dirichlet process. Two semiparametric approaches are possible to model
the uncertainty about the population distribution. The first approach involves a Dirichlet mixture
based on a scale mixture of normals, as for the utilities and time-varying components. In this
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approach, the λi are assumed to come from N (0, τ−1
i �), where τi ∼ Gτ and Gτ ∼ DP (Gτ0, ατ ).

As before, one can use a gamma distribution Ga(ντ /2, ντ /2) as the baseline distribution Gτ0.
This Dirichlet mixture yields a continuous unconditional population distribution that provides
greater flexibility than the normal distribution that is typically used in multilevel models.

Alternatively, a Mixture of Dirichlet Process (MDP) approach can be used to specify a
discrete heterogeneity distribution. The heterogeneity distribution is assumed to come from a
mixture of Dirichlet processes. In this specification, the random coefficients λi come from an
unknown discrete population distribution Gλ and the uncertainty about Gλ is specified using a
Dirichlet process DP (Gλ0, αλ). We assume that the baseline distribution Gλ0 is a multivariate
normal N (0,�). As � is uncertain, the distribution for Gλ is a called a mixture of Dirichlet
processes. Distributions generated in this manner can accommodate deviations from normality
such as multimodality and can down-weight the effect of outliers. Depending upon the inferred
magnitude of the precision parameter αλ, the population distribution can mimic a normal (the
baseline distribution), or a finite mixture with few mass points.

The choice between the two alternative heterogeneity specifications is governed by prior
expectations regarding the nature of heterogeneity. If one expects that the population distribution is
better handled using a continuous specification, or is fatter tailed or over- dispersed with respect to
the multivariate normal distribution, then the first approach involving scale mixtures of normals is
more suitable. However, if one expects that the population distribution could be under-dispersed
relative to the multivariate normal, then using the mixture of Dirichlet processes approach is
desirable. The latter would be the case when a latent class or finite mixture specification is
expected. In such instances, the MDP approach is suitable as it automatically provides information
about the number of mass-points, or “segments” or “clusters” that characterize heterogeneity.

We summarize below the complete model. In the following, the utility and transition compo-
nents are specified using Dirichlet mixtures and the heterogeneity component is specified using
the MDP approach described above. The complete specification is as follows:

uij = Xijµt(ij ) + Wijλi + eij ,

eij ∼ N (0, γ −1
ij �),

γij ∼ Gγ ,

Gγ ∼ DP (Ga(
νγ

2
,
νγ

2
), αγ ),

µt(ij ) = Btµt(ij )−1 + ξ t(ij ),

ξ t(ij ) ∼ N (0, κ−1
t(ij )�),

κt(ij ) ∼ Gκ

Gκ ∼ DP (Ga(
νκ

2
,
νκ

2
), ακ )

λi ∼ Gλ,

Gλ ∼ DP (N (0,�), αλ).

The model as specified above is very general and nests many different Thurstonian specifica-
tions as special cases. Special cases include parametric multinomial (McCulloch & Rossi, 1994)
and multivariate probit models (Chib & Greenberg, 1998) with and without normally distributed
time-varying parameters and normally distributed heterogeneity. As discussed earlier, the model
is also capable of accommodating multimodal error distributions and robust specifications (such
as those based on the multivariate-t distribution) that are not susceptible to the influence of
outliers.
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Inference regarding the different parameters can be based on the joint posterior distribution
of the unknowns. As the posterior distribution is not analytically available, we use simulation
based Bayesian methods to obtain random draws from this posterior. The complexity of the
posterior distribution precludes the use of direct methods for simulating from the posterior. We
therefore use Markov Chain Monte Carlo (MCMC) methods to simulate dependent draws from
the posterior. The MCMC scheme includes a combination of data augmentation, Gibbs sampling,
Metropolis-Hastings steps and slice sampling. The priors and the full conditional distributions
are specified in the Appendix.

3. Simulation

We describe two small-scale simulation studies that assess the suitability of modeling het-
erogeneity using the Dirichlet Process. Specifically, we focus on how well the individual-specific
coefficients are recovered by different model formulations. To isolate the role of heterogeneity,
we use a multivariate probit model (MVP) that is a restricted version of our full model described
earlier. In this model, we allow only cross-sectional variation across individuals and do not ac-
commodate any parameter-driven dynamics. Thus, we use the following model specification for
individual i and observation j :

uij = Xijβ i + eij , eij ∼ N (0,�). (11)

We use two mechanisms for generating the individual-specific coefficients (β i’s). In the first
simulation study, these coefficients are generated from a discrete distribution. In the second, these
come from a continuous distribution.

We use 25 replications in each simulation study. The replicated datasets contain bivariate
binary responses for 200 individuals, each having 10 observations generated according to the
MVP model in Equation 11. We assume that each of the underlying utilities are influenced by one
explanatory variable. For any given replication, we use the same individual-level design matrix
X of dimension (20 × 4) for all individuals. The first two columns of X contain the intercepts for
the two utility equations, and the next two columns contain i.i.d. uniform random deviates for the
two explanatory variables. The design matrices differ across the replicated datasets. Finally, we
set � = I, where I is the identity matrix, and hence, the vector of latent utilities for individual i

follows ui ∼ N (Xβ i , I).
In each simulation study, we estimate two models. The first model (M1) is a Mixture of

Dirichlet Process (MDP) model where the β i’s follow an unknown heterogeneity distribution G,
where, G ∼ DP (N (µ,�), α). The second model (M2) uses a multivariate normal distribution
N (µ,�) for capturing heterogeneity. For each replicated dataset we estimate the two models
using MCMC methods. The full conditional distributions for Model M2 can be obtained with
relative ease as special cases of the conditionals for Model M1. For each model we set diffuse but
proper priors. For Model M1, we set a multivariate normal prior N (0, 1000I) for the population
mean µ of the baseline normal distribution and a Wishart prior W (5, I/5) for the precision matrix
�−1. We used a gamma prior Ga(0.01, 100) for the precision parameter α of the Dirichlet process.
For Model M2, the priors for µ and �−1 are the same as for M1. For each model and each dataset,
we ran the MCMC simulation for 2000 iterations and the results reported in the paper are based
on the last 1000 iterations with the first 1000 iterations used as burn-in draws. In all cases,
convergence was clearly achieved well before 1000 iterations.

3.1. First Simulation: Bernoulli Population Distribution

In this study, we construct the datasets by drawing the individual-level β i’s using indepen-
dent symmetric Bernoulli deviates for each of the four coefficients. The symmetric Bernoulli
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FIGURE 1.
(Study 1) Top Panel - Histograms for ᾱ (Alpha bar) and mean number of clusters (Numseg) for Model M1 (MDP model).
Bottom Panel - Histograms for mESS of Model M1 (mESS(M1)) and Model M2 (mESS(M2)).

distribution (see Escobar, 1995) is a two atom distribution with mass of 0.5 at a and −a. We
set the mass points for the first intercept at 2.5 and −2.5 and for the second intercept at 2 and
−2. The mass points for the coefficients of the first explanatory variable are set at 1.5 and −1.5
whereas, the mass points for the coefficient of the remaining variable are set at 1.75 and −1.75.

For each dataset, the MCMC iterations for Model M1 (the MDP model) can be used to
compute a mean number of “clusters” or “segments” (Numseg) and the posterior mean ᾱ for
the precision parameter α. Recall that the Dirichlet process generates discrete heterogeneity
distributions which induces a clustering among the individual-level coefficients. In contrast, the
normal heterogeneity assumption in Model M2 implies no such clustering.

The top panel of Figure 1 shows histograms for Numseg and ᾱ across the 25 replications.
The mean for Numseg across these replications is 27.04 which clearly shows that the MDP model
captures the discrete nature of the population distribution. The small values of ᾱ also validate
that the individual-specific parameters come from a discrete distribution.

The comparative accuracy of the two models in recovering the individual-level parameters
can be assessed using mean error sum of squares (mESS). The mESS for each dataset is calculated
using the formula

mESS = 1

200

200∑
i=1

4∑
l=1

(βil − β̂il)
2, (12)

where, βil is the true parameter and β̂il is the estimated posterior mean for the parameter.
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The bottom panel for Figure 1 contains histograms for mESS obtained from the 25 repli-
cations. The left histogram in the bottom panel is for Model M1 and the right is for Model
M2. The plots indicate that the mESS statistics for Model M1 are substantially lower than
those obtained for Model M2. In fact, we find that in each of the replications, the mESS
for Model M1 is lower than the mESS for Model M2. This clearly demonstrates that when
the true heterogeneity distribution is discrete, Model M1 (the MDP model) is more accu-
rate than Model M2 (the normal heterogeneity model) in recovering the true individual-level
parameters.

We also compare the marginal predictive distributions for the individual-specific coefficients
across the two models. These represent the predictive distributions for a future individual from
the population. Consistent with prior expectations, we find that Model M2 generates unimodal
predictive distributions for all coefficients. The predictive distributions for Model M1, however,
are clearly bimodal with the modes centered around the mass-points used for the symmetric
Bernoulli.

Figure 2 shows the marginal predictive distributions for two such individual-specific coef-
ficients (an intercept and slope) for an arbitrary chosen replication. The left column in Figure 2
contains the distributions for M1 (the MDP model). The right column contains the correspond-
ing predictive distributions for M2, the normal heterogeneity model. The figure unambiguously
shows that the MDP model is capable of uncovering multimodal population distributions.
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FIGURE 2.
(Study 1) Marginal predictive distributions for the individual-specific coefficients from the MDP model (left column) and
the Normal model (right column).
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3.2. Second Simulation: Normal Population Distribution

In this study, the individual-level β i’s are generated from independent standard normal
deviates for each of the four coefficients. We set the population means for the first and second
intercepts at 1.0 and 2.0 respectively. The population mean for the coefficients for the two
explanatory variables are set at −0.6.

Our interest here is in understanding how well the discrete population distribution G in
the MDP model mimics the true normal distribution and to what extent the estimates for the
individual-level parameters for this model deviate from the truth because of this discreteness.
Even though G is discrete, the number of points to which it gives positive probability is unbounded,
and therefore we expect the MDP model to semiparametrically approach the truth.
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(Study 2) Top Panel - Histograms for ᾱ (Alpha bar) and mean number of clusters (Numseg) for Model M1 ( MDP model).
Bottom Panel - Histograms for mESS of Model M1 (mESS(M1)) and Model M2 (mESS(M2)).
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The top panel of Figure 3 shows the histograms for Numseg and ᾱ across the 25 replications.
The mean of Numseg across the replications is 110.3 which clearly shows that the MDP model
adjusts to capture the continuous nature of the parameter distribution. The large values of ᾱ

also validate that the base distribution, a normal, is suitable as the population distribution of the
parameters.

The bottom panel of Figure 3 shows the histograms of the mean error sum of squares (mESS)
across the replications. The left histogram shows the mESS for Model M1 and the right histogram
pertains to Model M2. These plots indicate that the mESS statistics for Model M1 are comparable
in magnitude to those obtained for Model M2. This clearly demonstrates that the MDP model
is as good as a model with normal population distribution in recovering the individual-level
parameters even when the true population distribution is a normal.

Figure 4 shows the marginal predictive distributions for two individual-specific coefficients
for an arbitrarily chosen replication. The left column in Figure 4 contains the distributions for the
Model M1 (MDP model) and the right column contains the corresponding predictive distributions
for Model M2. Consistent with prior expectations, Model M2 generates unimodal predictive
distributions for all four coefficients. What is noteworthy is that the predictive distributions for
Model M1 also indicate unimodality. This shows that the MDP model is flexible in mimicking the
true nature of heterogeneity. When the parameters come from a continuous population distribution
such as the normal, the Dirichlet process yields discrete distributions that mimic the normal. This
is possible because (a) the precision parameter α for the Dirichlet process is inferred from the
data and (b) the baseline distribution is a normal.
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FIGURE 4.
(Study 2) Marginal predictive distributions for the individual-specific coefficients from the MDP model (left column) and
the Normal model (right column).
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3.3. General Conclusions

In this section, we draw a few general conclusions based on above described simulation
studies. The first simulation shows that when the individual-level parameters come from a discrete
population distribution, the MDP model adjusts the precision parameter α to indicate the discrete
character of the true distribution and highlights multimodality. In contrast, the model with a
normal population distribution assumes that each individual is a distinct cluster of its own and
the predictive distributions for the individual-level coefficients provide no hint of multimodality.
Further, a comparison of the mESS shows that the MDP model recovers the true parameters better
than the model with normal population distribution.

The second simulation shows that the Model M1 (MDP model) performs as well as Model M2
(the normal heterogeneity model) when the parameters indeed come from a normal distribution.
Thus, there is no loss of accuracy in using an MDP model when the true parameter distribution
is a normal. This is further validated from Figure 3 which shows that the mESS from the MDP
model are comparable to the mESS from a normal model.

A comparison of Figures 1 and 3 reveals further insights about the nature of the MDP model.
This comparison shows that when the underlying distribution is discrete, the MDP model adjusts
to give a low value for ᾱ, whereas, when the underlying distribution is continuous, the MDP
model yields a high value for ᾱ. Thus, the model is flexible enough to reflect the changes in the
data generation process. The histogram for the mean number of clusters (Numseg) also reveals a
similar pattern. Thus, overall, the MDP model can appropriately capture parameter heterogeneity
as it is clearly better than a model with normal heterogeneity when the true population distribution
is discrete and not worse off when the true distribution is a normal.

4. Application

In this section, we use our semiparametric approximation to model multinomial brand choice
of households for the canned tuna product category.

4.1. Data and Variables

We use purchase data collected from supermarket scanners. The dataset comes from a panel
of households maintained by A.C. Neilsen in a mid-western market in the U.S. and contains
choices for four brands of canned tuna over a duration of 29 months beginning from 1985. We
have data on the purchase histories of 300 households. These households made a total of 4213
purchases during the data period. The mean interpurchase time is about six weeks, the mean
number of observations per household is 14 with a standard deviation of 12 and the average
number of observations per month is 145 with a standard deviation of 48. In addition to the
information on household choices of the four brands, the data has details of prices, supermarket
displays and in-store feature advertisements for the four brands within the stores in the market.

In modeling the choices, we use the following explanatory variables to specify the utility
equations for the brands. The price variable (PRICE) represents the price per ounce of a brand.
The display variable (DISPLAY) is a binary indicator of whether a brand was on special display
in the store on the shopping occasion. Similarly, feature (FEATURE) is a dummy variable that
captures whether a brand was featured in the store circular by the retailer. Figure 5 shows how the
average market shares, prices, displays and features for the four brands vary over the time-span of
the data. The figure shows that, except for short-term fluctuations, the market shares for the four
brands were relatively stable over the long run. Also, the feature and display activity remained
relatively stable over the time period of the data. In contrast, there is a decrease in brand prices,
especially in the last 15 months of the data.
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FIGURE 5.
Time variation in Brand Shares, Prices and Promotions for the four brands over the span of the data. Brand 1 (solid line),
Brand 2 (dotted line), Brand 3 (small dash-dot line) and Brand 4 (long dash-dot line).

4.2. Model Specifications

To understand the effects of including cross-sectional heterogeneity and state-space dynam-
ics, we estimate three models on the data. The first model, Model 1, is a multinomial probit model
that incorporates both cross-sectional heterogeneity and time-varying dynamics. The heterogene-
ity specification is built as in Section 2.4 to accommodate differences in preference primitives
across households by allowing the household-specific parameters, λi , to come from a random
distribution, Gλ. The uncertainty about Gλ is modeled by using a DP prior DP (N (0,�), αλ).
The time-varying component is specified as in Section 2.3 to capture parameter-driven monthly
dynamics. For simplicity, we assume a random walk transition equation, thus the matrix Bt is set
to identity. We use scale mixtures of normals to specify the errors in the transition equation. The
mixing distribution Gκ for the scale parameter, κt , is modeled semiparametrically using a DP
prior DP (Ga(νκ/2, νκ/2), ακ ). We allow the precision parameters, ακ and αλ, for the Dirichlet
processes to be inferred from the data.

The second and third models are restrictions of the above model. The second model (Model
2) captures only cross-sectional heterogeneity and does not contain any time-varying parameters.
Thus, it is a mixture of Dirichlet process multinomial probit model. The third model (Model
3) incorporates only state-space dynamics but does not accommodate any unobserved sources
of heterogeneity across households. Thus, Model 3 is a semiparametric state-space multinomial
probit model.

As we have four brands, we obtain three differenced utilities (differenced with respect to
a base alternative-Brand 4). In each of the three models we specify these utilities in terms of
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six regressors: three differenced marketing variables - price, display and feature and three utility
specific intercepts to capture the intrinsic preferences of each brand relative to the base alternative.
As the price, feature and display sensitivities are intrinsic to the households, these coefficients are
invariant across the three utility equations. This yields a design matrix Xij of dimension 3 × 6
for observation j of household i. As all coefficients are assumed to vary across households, the
matrix Wij is the same as Xij .

4.3. Results

In this section, we present the results for the three models. The results are based on MCMC
draws from the joint posterior distribution of all unknowns. For each model, we ran sampling
chains for 15,000 iterations and convergence was assessed by monitoring the time-series of the
draws. The results in this paper are based on 5,000 draws retained after discarding the initial
10,000 burn-in iterations. We begin by reporting model comparison results.

4.3.1. Model Comparison. We base our model comparisons on the Bayes factors (Kass
& Raftery, 1995), which account for model fit and simultaneously penalize model complexity.
The Bayes factors for two models can be expressed as the ratio of their marginal densities. We
computed the Log-marginal likelihood (LML) for each model using the MCMC draws using
the GHK method for calculating the CDF of a multivariate normal distribution (Geweke, 1989;
Hajivassiliou, 1990; Keane, 1994).

The LML for Model 1 is 6490.17, for Model 2 is 6668.27 and for Model 3 is 8172.71. A
comparison of the LML’s across the three models provides information about the importance
of modeling unobserved cross-sectional heterogeneity and parameter-driven dynamics in our
data. Model 1, which includes both dynamics and heterogeneity has the highest LML. We find
that Model 3, which does not include household-level unobserved heterogeneity performs the
worst. These results show that including unobserved household heterogeneity leads to a greater
improvement in the LML when compared to the improvement resulting from the inclusion of
state-space dynamics. It is important to note that these results are specific to our dataset. Clearly,
it is possible that in other contexts, the time varying component may be more important.

4.3.2. Model Adequacy. The adequacy of a Bayesian model can be assessed using posterior
predictive model checking (Gelman, Meng, & Stern, 1996; Hoijtink & Molenaar, 1997; Yao &
Bockenholt, 1999). In this approach, the actual data set, Dobs, is compared with many replicated
data sets D

rep
1 , . . . , D

rep
l that are generated from the model. The datasets can be compared using

either test statistics T (D) that are functions of data alone or using more general discrepancy vari-
ables T (D, γ ) which are quantities involving both the data and parameters. These test quantities
are chosen to measure departures of the observed data from the assumed model. If the replicated
data sets differ systematically from the actual data on some test quantities, then we can ascertain
that the model does not adequately capture the data generation process on those aspects that are
captured by the test quantities.

A posterior predictive p-value can be approximated from a sample of l MCMC draws using

p(D) = 1

l

l∑
i=1

I (T (Drep
i , γi) ≥ T (Dobs, γi)), (13)

where I () is an indicator function. The expression in (13) calculates the p-value as the proportion
of the l replications in which the simulated discrepancy variable exceeds the realized value.
An extreme p-value (i.e, close to either zero or one) indicates that the model is inadequate in
recovering that aspect of the data that is measured by the test quantity T .
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TABLE 1.
Posterior predictive p-values.

Month Brand1 Brand2 Brand3 Brand4

1 0.673 0.493 0.493 0.443
2 0.490 0.497 0.490 0.567
3 0.357 0.397 0.597 0.563
4 0.553 0.493 0.457 0.477
5 0.533 0.477 0.483 0.577
6 0.563 0.413 0.350 0.693
7 0.473 0.323 0.573 0.680
8 0.480 0.607 0.467 0.643
9 0.607 0.223 0.603 0.583

10 0.400 0.797 0.340 0.530
11 0.640 0.427 0.577 0.253
12 0.670 0.597 0.267 0.633
13 0.503 0.437 0.667 0.613
14 0.363 0.723 0.443 0.537
15 0.640 0.383 0.440 0.573
16 0.437 0.417 0.437 0.770
17 0.500 0.483 0.513 0.490
18 0.613 0.513 0.493 0.437
19 0.443 0.490 0.450 0.707
20 0.440 0.277 0.660 0.553
21 0.550 0.723 0.347 0.557
22 0.420 0.617 0.443 0.433
23 0.447 0.600 0.490 0.467
24 0.430 0.583 0.387 0.613
25 0.460 0.343 0.607 0.583
26 0.493 0.693 0.340 0.567
27 0.563 0.583 0.513 0.120
28 0.517 0.470 0.530 0.670
29 0.773 0.453 0.080 0.237

Aggregate Brand1 Brand2 Brand3 Brand4
0.587 0.400 0.410 0.623

For our application, we use monthly as well as aggregate shares for the four brands as test
statistics. As Model 1 had the highest log-marginal likelihood, we report the posterior predictive
checks for only this model. Table 1 contains the p-values corresponding to our test statistics.

It is clear from the table that the model is adequate in representing both monthly and
aggregate shares as none of the p-values are extreme.

4.4. Parameter Estimates

As Model 1 has the greatest support from the data, we only present the parameter estimates
for this model. As is usual for Bayesian inference, we summarize the posterior distributions of
the parameters by reporting their posterior means and standard deviations. Figure 6 shows the
time evolution of the population-level coefficients in µt . The figure shows that preferences vary
considerably over the short and long term. The short-term differences are mostly due to sampling
variation, whereas the longer-term variation might reflect changes in the relative preference of
brands. For instance, the intercept for Brand 3 suggests an increasing trend. This suggests that the
intrinsic preference for Brand 3 is increasing relative to that of Brand 4, which is the base brand.
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FIGURE 6.
Evolution of brand intercepts and marketing variable sensitivities over time (29 months) in the Bayesian state-space,
heterogeneous multinomial model. The solid lines denote the posterior means and the dashed lines denote one standard
deviation posterior bands.

Feature sensitivity shows a mildly increasing trend over the long-term. This increase cannot
be attributed to increased promotional activity as Figure 5 shows that both feature and display
activity was fairly stable across the time period of the data. Figure 6 also shows that the display
sensitivity appears to be relatively stable for most of the data. The substantial time variation in the
coefficients, when considered together with the change in the LML upon removing parameter-
driven dynamics from Model 1, suggests that using a state-space approach is important in our
application. In addition, the sensitivities for the marketing variables have the expected signs - the
price sensitivity is negative whereas the display and feature sensitivities are positive throughout
the 29 months of data.

Table 2 characterizes the magnitude of state-space dynamics and unobserved heterogeneity.
The table reports the posterior means and the corresponding posterior standard deviations for
the elements of � and �. The top panel of Table 2 pertains to the elements in �. Recall that
� represents the scale matrix of the time-varying random shocks that influence the transition
equation. Most of the diagonal elements of � are large relative to their corresponding posterior
standard deviations, suggesting that the unobserved effects capture important sources of variation
in the population means over time. However, most of the off-diagonal elements do not appear to
be significantly different from zero. This suggests that the population-level coefficients for the
marketing variables such as price, feature and display in µt evolve more or less independently of
each other over time.

The bottom panel shows the posterior means and standard deviations for the elements
in �, the covariance matrix for the baseline normal distribution for the DP prior used in our
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TABLE 2.
Time-varying and cross-sectional heterogeneity.

Intercept 1 Intercept 2 Intercept 3 Price Feature Display

�

Intercept 1 0.75 (0.27) 0.34 (0.23) 0.04 (0.16) −0.56 (0.65) 0.13 (0.18) −0.09 (0.25)
Intercept 2 0.78 (0.31) −0.06 (0.16) −0.62 (0.71) 0.09 (0.18) −0.07 (0.26)
Intercept 3 0.56 (0.19) 0.06 (0.47) 0.03 (0.14) −0.01 (0.19)
Price 5.61 (4.32) −0.18 (0.56) 0.28 (0.83)
Feature 0.60 (0.22) −0.01 (0.22)
Display 1.07 (0.48)

�

Intercept 1 7.45 (3.32) 0.57 (1.12) 4.64 (2.65) 2.47 (3.22) 0.12 (0.74) −1.01 (0.98)
Intercept 2 2.49 (1.19) −1.42 (1.10) 3.09 (2.25) −0.12 (0.42) 0.59 (0.61)
Intercept 3 5.90 (2.85) −1.83 (3.13) 0.35 (0.59) −1.28 (0.91)
Price 13.56 (9.59) −0.74 (1.13) 0.04 (1.36)
Feature 0.90 (0.36) 0.03 (0.32)
Display 1.53 (0.62)

Note. Posterior Mean and Standard Deviations (in parenthesis) of � and .

heterogeneity specification. The diagonal elements in � are larger than the corresponding el-
ements in �. This indicates substantial heterogeneity, and is also consistent with the relative
changes in the LML when heterogeneity or dynamics are included. Finally, focusing on the co-
variation in the utility errors, we see that the correlation coefficients, rij , between utility equations
i and j (i, j = 1, 2, 3, i �= j ) have the posterior means: r12 = −0.12, r13 = 0.45, r23 = 0.24.
For identification, the standard deviation associated with the first utility equation was set to 1.
Thus, the remaining free standard deviations within � have posterior means

√
σ22 = 1.61 and√

σ33 = 1.42. Given the identification restrictions on both the location and scale of the utilities,
an unambiguous interpretation of the correlations and standard deviations in terms of the true
covariance matrix of errors is not possible.

We now discuss the posterior estimates of the various statistical quantities associated with
the Dirichlet Process Priors. We assumed that the scale mixing parameter associated with state-
space transition errors, κt(ij ) is distributed according to Gκ , which in turn has a Dirichlet Process
Prior with a baseline distribution Ga(νκ/2, νκ/2) and a precision parameter ακ . The precision
parameter determines how the unknown distribution differs from the baseline gamma distribution
and its value is inferred from the data. Our estimation indicates that ακ has a mean of 2.24 with
a standard deviation of 0.75. In addition, the number of “clusters” has a mean of around 12 with
a standard deviation of 1.71. Considering that we have 29 time periods in our data, there seems
to be some clustering of the scale parameters.

For the heterogeneity component, we assumed that λi is distributed with some unknown
distribution Gλ, which has a Dirichlet process prior with a base distribution, N (0,�) and a
precision parameter αλ. We find that the estimated mean of this precision parameter is 7.96 with
a standard deviation of 2.45. Further, the estimated number of “clusters” has a mean of 36 and
a standard deviation of 7.12. As our sample has 300 consumers, this small estimated number
of clusters suggests that the heterogeneity across households can be adequately modeled by a
discrete distribution with relatively few mass points.

Further insight on the nature of heterogeneity is obtained by examining the predictive
distributions of the household-specific coefficients for a random, yet unobserved household. The
predictive distribution for such a future household is easily obtained by using the Polya-urn
representation of the Dirichlet process priors (Blackwell & MacQueen, 1973). Figure 7 shows
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FIGURE 7.
Predictive distributions for brand intercepts and marketing variable sensitivities.

the marginal predictive distributions for the six household-specific parameters in λi . These reveal
that a majority of these predictive distributions appear to be unimodal, however, the distribution
of the intercept for the third utility shows pronounced bimodality. This suggests the possibility
of customer segments with different intrinsic preferences for Brand 3 relative to the base brand
(Brand 4).

5. Conclusion

We developed a flexible semiparametric Thurstonian model based on Dirichlet process priors
for modeling longitudinal datasets. The model accommodates both cross-sectional heterogeneity
and parameter-driven dynamics in a robust fashion and nests several commonly used models as
special cases. We showed how MCMC methods can be used to circumvent the need for complex
numerical integration necessary for the evaluation of the model posterior.

In two simulation studies, we investigated the benefits of semiparametrically specifying the
heterogeneity component of the model. The simulations provide evidence that the mixture of
Dirichlet process model is more accurate in parameter recovery compared to a model with a
normal population distribution when the true distribution of heterogeneity in the population is
discrete and does as well as a model with a normal population distribution when the true population
distribution of the parameters is normal. The simulations also showed that the semiparametric
model reveals multimodality in the heterogeneity, whereas, a normal population distribution is
incapable of doing the same. We also applied our model on household-level purchasing data in
the tuna product category. Our model comparison results show that incorporating both parameter-
driven dynamics and household-level variation in preferences is important in our application.
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While we focused on Thurstonian models involving multivariate binary, multivariate ordinal
as well as multinomial data, our methods can be adapted to the analysis of rank-ordered data (Yao
& Böckenholt, 1999).

Appendix: Priors and Full conditional distributions

Prior Distributions

The Bayesian approach requires prior distributions over the parameters (µ0, �, �, �, ακ ,
αλ, αγ ). We specify independent and diffuse (but proper) priors.

The prior for the precision matrix, �−1, is Wishart, W [ρω, (ρωRω)−1], where ρω ≥ L1 is
the “degree of freedom” parameter for the Wishart and Rω is a L1 × L1 scale matrix. For our
parameterization, Rω is the expected prior variance of the time-varying parameters, µt ’s. We set
ρω = L1 + 1 and Rω = I.

Similarly, the prior for the precision matrix �−1 is W [ρλ, (ρλRλ)−1], where ρλ ≥ L2 and
Rλ is L2 × L2. We set ρλ = L2 + 1, and Rλ = I. The prior for initial population mean µ0 is
multivariate normal N (m0, C0). We set m0 = 0 and C0 = 100I to obtain a diffuse prior. For the
precision parameters αγ , ακ and αλ of the three Dirichlet Processes, following Escobar and West
(1998), we assume independent gamma priors Ga(aγ , bγ ), Ga(aκ, bκ ) and Ga(aλ, bλ) respectively.

The covariance matrix � has different restrictions depending upon the type of data. For
multinomial data, one of its variance elements is fixed at one. For multivariate binary and
ordinal data, � is a correlation matrix. We focus on the multinomial case. Following Barnard,
McCulloch, & Meng (2000) the covariance matrix � can be decomposed into a correlation
matrix, � and a vector s, of standard deviations, i.e., � = Diag(s) × � × Diag(s), where s =
(
√

σ11, . . . ,
√

σJJ )′. The correlation matrix � has Jf = K(K − 1)/2 non-redundant correlations.
Let vec(�) be a vector of these Jf correlations. We assume a multivariate normal prior over
vec(�), p(vec(�)) ∝ exp[− 1

2 (vec(�) − vec(�0))′H0(vec(�) − vec(�0))] where vec(�) ∈ A, a
subset of the hypercube[−1, 1]Jf that leads to a proper correlation matrix, vec(�0) is a vector of
prior means for the correlations, which we set to zero, and H0 can be set to an identity matrix.
Let τ contain the logarithms of the elements in s. We assume that the log-standard deviations in
τ come from independent standard normal priors. For multivariate binary and ordinal data, � is
a correlation and thus its prior can be specified as for � above.

For the ordinal decisions, priors are needed for the thresholds. The prior distributions for
all other unknowns are as for the multivariate binary choice model. As the thresholds are order
constrained, we use a transformation of the thresholds proposed by Fahrmeir and Tutz (1994)
to obtain unconstrained thresholds and then use a multivariate normal distribution over these
unconstrained parameters. Specifically, the threshold vector θ k for each question k ≤ K can
be transformed to a vector ζ k = {ζk1, . . . , ζkM−1} such that ζk1 = log(θk1), and ζkj = log(θkj −
θkj−1), 2 ≤ j ≤ M − 1. The inverse mapping, θkj = ∑j

l=1 exp(ζkj ), 1 ≤ j ≤ M − 1, can be
used to obtain the original thresholds for the individuals. We assume independent multivariate
normal priors ζ k ∼ N (π k,�k) for the thresholds associated with each ordinal response. For
simplicity, the values for π k and �k can be chosen to be the same across all response variables.
Moreover, the different thresholds for a variable k can be considered a priori independent, i.e.,
�k can be considered a diagonal matrix.

Full Conditional Distributions

The full conditional distributions for the MCMC steps are described below.
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(1) The full conditional distribution for the individual-level parameters λi is based on the
Polya-urn representation of the Dirichlet Process (Blackwell and MacQueen 1973). Inte-
grating over the random population distribution, the prior for λi , is a mixture of distribu-
tions of the form:

λi |λ1, . . . ,λi−1 ∼ 1

i − 1 + αλ

i−1∑
m=1

δλm
+ αλ

i − 1 + αλ

Gλ0, (1)

where Gλ0 is the baseline distribution N (0,�). Therefore, the conditional posterior for
λi can be written as:

p(λi | {λl , l �= i}, {uij }, {µt },�, {γij },�) = q0Gb(λi |.) +
∑
k �=i

qkδλk
, (2)

where,
• Gb(λi |.) is the multivariate normal N (λ̂i , Vi) baseline posterior distribution. The

precision matrix V−1
λi

= �−1 + ∑ni

j=1 W′
ij (γij�

−1)Wij and λ̂i = Vλi
[
∑ni

j=1 W′
ij

(γij�
−1)ũij ], where the adjusted utilities ũij = uij − Xijµt(ij ).

• The weight, q0 ∝ αλfi where fi = ∫
fN (ui | µt ,λi , {γij },�) fN (λi)dλi is the

marginal density of the utilities for individual i under the baseline prior N (0,�) and
is obtained by integrating out the random effects. Let Wi be obtained by stacking the
observation specific matrices Wij one below another. Similarly, define Xi by stack-
ing the matrices Xij and let Diγ be a diagonal matrix containing the γ −1

ij ’s associated
with the ni observations of individual i. Finally, let ũi be obtained by stacking the
adjusted utilities. The marginal density is the density at ũi of the multivariate normal
distribution N (0, Wi�W′

i + Diγ ⊗ �). Thus,

q0 = αλ

[
1

(2π )Kni/2|ϒ i |1/2
exp

(
−1

2
ũiϒ

−1
i ũ′

i

)]
,

where ϒ i = Wi�W′
i + Diγ ⊗ �. Because of the special structure for ϒ i , computa-

tional shortcuts based on Woodbury’s identiry (Harville, 1997) are readily available
for computing its inverse and determinant.

• The weight qk is proportional to fN (ui | λk) = ∏ni

j=1 fN (Xijµt(ij ) + Wijλk, γ
−1
ij �),

which is the normal density of the utilities for individual i evaluated using individual
k’s parameters.
Thus, with probability q0, we sample λi from the full conditional under the baseline

distribution and with probability qk , we select it from the mass point distribution δλk
, i.e.,

we set λi = λk . This results in a mixture with one component being a normal distribution
and all other component being point masses.

(2) As the population distribution is discrete, different individuals can share the same parame-
ters. Thus individuals can be naturally grouped into clusters. In any iteration, there is some
number I ∗, (0 < I ∗ ≤ I ) of unique values for the user-specific λis. Denote the unique
parameters as λ∗

m, m = 1 . . . I ∗. These can be interpreted as cluster-specific coefficients.
In addition, let Sm represent the set of individuals with common random effects λ∗

m and
let |Sm| be the number of such individuals. Bush and MacEachern (1996) and Ishwaran
and James (2001) suggest remixing of these cluster-specific parameters to aid the conver-
gence for the MCMC algorithm. After determining the cluster structure of the individual-
specific parameters, the cluster-level parameters λ∗

m are recomputed from the conditional
density p(λ∗

m|.) = N (λ̂
∗
m, V̂λm

), where V̂−1
λm

= �−1 + ∑|Sm|
l=1

∑nl

j=1 W′
lj (γlj�

−1)Wlj and

λ̂
∗
m = V̂λm

[
∑|Sm|

l=1

∑nl

j=1 W′
lj (γlj�

−1)ũlj ]. As the unique values of the random effects can
come only from the baseline distribution, and because the baseline is conjugate with the
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normal utilities, the full conditional distribution is normal. Selecting a new value for the
cluster parameter λ∗

i changes the λis for all the users within that cluster.
(3) The posterior distribution of �−1 is Wishart and can be written as p(�−1 | µ, {λ∗

i }) =
W (ρλ + I ∗, [ρλ Rλ + ∑I ∗

m=1 λ∗
mλ∗′

m]−1).
(4) The precision parameter αλ can be sampled using data-augmentation (West, 1992). At

the nth iteration of the MCMC sampler, we first sample a latent variable η1 from the beta
distribution (η1|α(n−1)

λ , I ) ∼ Be(α(n−1)
λ + 1, I ), which has mean (α(n−1)

λ + 1)/(α(n−1)
λ +

1 + I ). Then α
(n)
λ is sampled from the mixture of gamma distributions, i.e.,(

α
(n)
λ |η1, I

∗(n−1)
) ∼ πη1Ga

(
aλ + I ∗(n−1), bλ − log(η1)

)
+ (1 − πη1 )Ga

(
aλ + I ∗(n−1) − 1, bλ − log(η1)

)
, (3)

where the weights πη1 are defined in odds forms by
πη1

1−πη1
= aλ+I ∗(n−1)−1

I (bλ−log(η1)) .

(5) The full conditional for �−1 is Wishart and is given by W (ρω + T , [
∑T

t=1 κt (µt −
Btµt−1)(µt − Btµt−1)′ + ρωRω]−1).

(6) For multinomial choice models, � is decomposed into a vector of standard deviations
and a correlation matrix and the first standard deviation σ11 is set to 1 (i.e., the first
term in ω, which is the vector of log standard deviations is fixed to 0) for identification.
The full conditional distribution for each free element in ω is unknown and we use
Metropolis-Hastings steps to simulate the free elements in ω. A univariate normal proposal
density is used to generate candidates for this procedure. If ω

(m−1)
l is the current value

of lth component of ω, then a candidate value is generated using a random walk chain
ωc

l = ω
(m−1)
l + N (0, τ ), where τ is a tuning constant that controls the acceptance rate.

The proposed candidate ωc
l is accepted as the new value ω

(m)
l with probability,

min

[
L(ωc

l |.)p(ωc
l )

L(ω(m−1)
l |.)p(ω(m−1)

l )
, 1

]
, (4)

where, L(ωc
l |.) is conditioned on other parameters and is the likelihood of observing the

latent utilities, evaluated at the candidate value ωc
l . The quantity p(ωc

l ) represents the prior
normal density evaluated at ωc

l . If the candidate is rejected, then ω
(m)
l = ω

(m−1)
l .

(7) Many different approaches can be used to sample the correlation matrix �. Here, we use
slice sampling to sample each non-redundant correlation in �, separately. The details of
slice sampling can be found in Neal (2003).

(8) The scale mixing parameters γij come from Gγ which comes from a Dirichlet process
prior with a gamma distribution as the baseline distribution. For any γij , let γ −ij denote a
vector containing the scale parameters for all other observations. Let l index the elements
in this vector. A posterior draw for γij can either come from the vector γ −ij or from the
baseline posterior distribution. Thus, the full conditional for γij can be written as:

p(γij |uij ,λi , γ −ij ,µt(ij ),�) ∼ q0Gb(γij |.) +
∑
l �=(ij )

qlδγl
, (5)

where, Gb(γij |.) is the gamma distribution, Ga(a, b) where a = (νγ + K)/2, and b =
(νγ + (uij − Xijµt(ij ) − Wijλi)′�−1(uij − Xijµt(ij ) − Wijλi))/2. The weights in (18)
are given by

q0 ∝ αγ

∫
f (uij |µt(ij ),λi ,�)dGγ 0,

∝ αγ fT (uij |Xijµt(ij ) + Wijλi ,�, νγ ),
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where fT () is the pdf of a t-distribution and ql ∝ fN (uij |Xijµt(ij ) + Wijλi , γ
−1
l �), where

fN () is the pdf of a normal distribution.
(9) As in the full conditional (2), different observations which share the same scale parameter

can be grouped into clusters. In any iteration, there is some number N∗
γ , (0 < N∗

γ ≤ N ) of
unique values for the observation-specific γij s. Denote the unique scale parameters as γ ∗

m,
m = 1 . . . N∗

γ . In addition, let Sm represent the set of observations with common scale pa-
rameters γ ∗

m and let |Sm| be the number of such observations. The cluster-level parameters
γ ∗

m are recomputed from the conditional density p(γ ∗
m|.) = Ga(df ∗

γm
, V̂ ∗

γm
), where V̂ ∗

γm
=

(νγ + ∑
(ij )∈Sm

(uij − Xijµt(ij ) − Wijλi)′�−1(uij − Xijµt(ij ) − Wijλi))/2 and df ∗
γm

=
(νγ + K|Sm|)/2. Because of the conjugacy of the baseline gamma distribution with the
normal utilities conditional on γij , the full conditional distribution is gamma. Selecting
a new value for the cluster parameter γ ∗

ij changes the γij s for all the observations within
that cluster.

(10) As in (8) above, each scale mixing parameter κt associated with time period t , t = 1 to
T , can be drawn from its full conditional which is a mixture of a Gamma distribution and
mass-points concentrated on the scale-mixing parameters associated with the other time
periods. This full conditional can be derived in a manner analogous to that for γij in step
(8).

(11) Analogous to the previous remixing of the scale parameters associated with each obser-
vation, the scale parameters associated with dynamics κt , t = 1 to T , can also remixed as
in step (9) with appropriate modifications.

(12) The precision parameter ακ can be sampled as in step (4) by replacing I , I ∗, aλ and bλ

with T , T ∗, aκ and bκ respectively.
(13) Similarly, the precision parameter αγ can be sampled as in step (4) with appropriate

changes.
(14) The states {µt }, t = 1 to T , are sampled using the forward-filtering backward-sampling

algorithm, in two steps. In a forward step, the moments of the updated distribution of each
state is computed using a Kalman filter approach. In the backward step, each parameter
is sampled from its conditional distribution conditioned on the preceding draw.

Redefine the model equations in terms of the time periods t = 1 to T .

ũt = Xtµt + et , et ∼ N (0, �t ), �t = � ⊗ Hnt
,

µt = Btµt−1 + ξ t , ξ t ∼ N (0, κ−1
t �),

where, nt is the number of observations in period t , Hnt
is a diagonal matrix that contains

the scale parameters γ −1
ij for the observations pertaining to time period t . In addition, ũt

is the nt × K vector of adjusted utilities stacked observation by observation and obtained
after subtracting the systematic component Wijλi from the utilities for each observation
and Xt is obtained by vertically stacking the Xij matrices for all observations belonging
to time-period t .

In the forward step, the moments of each state are computed recursively. Let the
posterior at time t − 1 be p(µt−1|Dt−1) ∼ N (mt−1, Ct−1), where, Dt−1 is the information
set at time-period t − 1 and includes the utilities up to time period t − 1 and the other
unknowns. The prior for µt can be written as p(µt |Dt−1) ∼ N (Btmt−1,�t ), where,
�t = B′

tCt−1Bt + κ−1
t �. After the data for period t is observed, conditional on the utilities

for the observations in period t , the posterior at time t can be written as p(µt |Dt−1, ũt ) ∼
N (mt , Ct ) by combining the prior and the likelihood ũt ∼ N (Xtµt , �t ). Hence, the
posterior parameters are given by C−1

t = �−1
t + X′

t�
−1
t Xt and mt = Ct [�

−1
t Btmt−1 +

X′
t�

−1
t ũt ]. These posterior moments can be computed and stored in the forward step of

the algorithm.
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Let µ̃ = {µ0,µ1, . . . ,µT } and let the parameters that are not in µ̃ be written as α̃.
Then we can write p(µ̃|DT , α̃) = p(µT |DT , α̃)p(µT −1|µT ,DT −1, α̃) . . . p(µ0|µ1,D0, α̃)
which depends upon the identity p(µT −k|µT −k+1,DT , α̃) = p(µT −k|µT −k+1,DT −k, α̃).
Therefore, µ̃ can be sampled using the following steps:

1. Sample µT from N (mT , CT )
2. For t = T − 1, . . . , 0, sample µt from p(µt |µt+1,Dt , α̃),

where, (µt |µt+1,Dt , α̃) ∼ N (qt , Qt ). The precision, Q−1
t = C−1

t + B′
t+1(κt+1�

−1)Bt+1,
and the mean qt = Qt [C−1

t mt + B′
t+1(κt+1�

−1)µt+1]. For the initial state we have
p(µ0|µ1,D0, α̃) = N (q0, Q0), where, Q−1

0 = C−1
0 + B′

1(κ1�
−1)B1, q0 = Q0[C−1

0 m0 +
B′

1(κ1�
−1)µ1], and C0 and m0 are set to fixed values.

(15) For the ordinal model, we need the full conditionals for the thresholds. The transformed
thresholds for the ordinal variables can be sampled one at a time as we assume that
these are independent a priori. For each threshold ζkl , a Metropolis step is used, as its
full conditional distribution cannot be written in closed form. Given the independence
assumption, the covariance matrix �k for the prior p(ζ k) = N (π k,�k) for response k is
a diagonal matrix. The likelihood associated with ζ k can be written as

L({yijk} | µ, {λi}, θ k(ζ k)) =
I∏

i=1

ni∏
j=1

M∏
l=0

[
�

[
θkl − ϕk√

σk|−k

]
− �

[
θkl−1 − ϕk√

σk|−k

]]δijkl

, (6)

where, ϕk represents the conditional mean of kth utility obtained from the multivariate
normal distribution uij ∼ N (Xijµ + Wijλi , γ

−1
ij �) and σk|−k represents the conditional

variance. The quantity δijkl = 1 if yijk = l otherwise zero, and θ k is expressed in terms of
the unrestricted ζ k . Even though we sample each ζkl independently, the same likelihood
and the same prior can be used for each threshold associated with response k. The full
conditional is proportional to the product of the above likelihood and the normal prior.
If ζ

(m)
kl is the current value of the lth threshold for question k, then in the (m + 1)th step,

a candidate threshold ζ
(c)
kl is generated specifying a random walk chain ζ

(c)
kl = ζ

(m)
kl + h

where h is an random normal increment with E[h] = 0 and V [h] = τ . The value of the
tuning constant τ is set so as to ensure rapid mixing. Let ζ (c)

k be the vector of thresholds for
variable k such that its lth component is ζ

(c)
kl and all other components are unchanged from

the previous iteration. The candidate ζ
(c)
k is accepted or rejected based on the acceptance

probability

min

[
L

(
y | ζ

(c)
k

)
p
(
ζ

(c)
k

)
L

(
y | ζ

(m)
k

)
p
(
ζ

(m)
k

) , 1

]
. (7)

If the candidate is accepted then ζ
(m+1)
kl = ζ

(c)
kl , otherwise ζ

(m+1)
kl = ζ

(m)
kl . The process

is repeated for each ζkl , l = 1 to M − 1 and for k = 1 to K .
(16) The full conditional distributions associated with the identified set of utilities uij differ

across the three choice decisions.

In a multinomial choice situation, this is a K-variate normal distribution N (Xijµt(ij ) +
Wijλi , γ

−1
ij �) truncated over a multidimensional cone (see McCulloch and Rossi (1994) for the

case of the traditional multinomial probit model). If the chosen brand is brand m, i.e., yijm = 1,
then uijm > max(uij,−m, 0); If yijm = 0, then uijm < max(uij,−m, 0), where uij,−m is a (K − 1) -
dimensional vector of all the components of uij excluding uijm.

For the multivariate ordinal and binary choice decisions, the underlying utilities are sam-
pled in an analogous manner. However, as a comparison of utilities is not required, the condi-
tional normal distribution for a utility uijk is truncated from above and below using appropriate
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thresholds. For example, in an ordinal choice setting, if yijk = l, then the conditional distribution
for uijk is truncated to lie in the interval [θkl−1, θkl). Similarly, in the binary choice situation, the
utility is truncated from above at zero if the response yijk is zero, and is truncated from below at
zero if yijk = 1.

Sampling these identified set of utilities uij can be done observation by observation in a data
augmentation step as in Albert and Chib (1993) and McCulloch and Rossi (1994) by sampling
each component of uij in a mini-Gibbs sampling step. The truncated multivariate normal draw
for uij can be pieced together from the truncated conditional univariate normal draws of each
component of uij .
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Böckenholt, U. (1990). Multivariate Thurstonian models. Psychometrika, 55, 391–403.
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