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Abstract. We study the deterministic Horn fragment of ALC, which
restricts the general Horn fragment of ALC only in that, the construc-
tor ∀R.C is allowed in bodies of program clauses and queries only in
the form ∀∃R.C, which is defined as ∀R.C � ∃R.C. We present an algo-
rithm that for a deterministic positive logic program P given as a TBox
constructs a finite least pseudo-model I of P such that for every deter-
ministic positive concept C, P |= C iff I validates C (and more strongly,
iff I, τ |= C, where τ is the distinguished object of I and the satisfac-
tion means τ is an instance of C w.r.t. I). Pseudo-interpretations are
very similar to (traditional) interpretations, except that they have two
interpretation functions for roles, one to deal with the constructor ∃R.C
and the other to deal with ∀R.C. They are ordered by comparing the
sets of validated positive concepts. Our algorithm runs in time 2O(n) and
returns a pseudo-interpretation of size 2O(n). Our method is extendable
for instance checking w.r.t. knowledge bases containing also an ABox in
more expressive description logics.

1 Introduction

Description logics (DLs) are logics that represent the domain of interest in terms
of concepts, objects, and roles. They are useful for modeling and reasoning about
structured knowledge. In the recent years, the combination of description logics
and Horn logic has been studied by a considerable number of researchers (see,
e.g., [2, 8, 6, 5, 7, 3]).

In [8], Levy and Rousset developed the CARIN family of representation lan-
guages that combines the expressive power of Horn rules and DLs. CARIN knowl-
edge bases contain a DL terminology and a set of Horn rules defined on the top of
the terminology. CARIN combines the two formalisms by allowing the concepts
and roles, defined in the terminology, to appear as predicates in the antecedents
of the Horn rules. Some works related with this approach are, e.g., [4, 2, 5].

Another approach is to study Horn fragments of DLs [6, 7, 3]. In [6], Grosof et
al. introduced the description Horn logic (DHL), which is a restricted fragment of
DL, and studied it through a transformation to classical Horn logic. A DHL pro-
gram consists of Horn clauses defining (relations between) concepts, (relations
between) roles, and instances of concepts and roles. Inverse roles and transitive
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roles are allowed in DHL programs. In order to make the transformation possi-
ble, the constructor ∀R.C is disallowed in bodies and the constructor ∃R.C is
disallowed in heads of DHL program clauses. In [7], Hustadt et al. introduced
a more relaxed Horn version for the expressive description logic SHIQ, which
is called Horn-SHIQ. In comparison with DHL, Horn-SHIQ also disallows the
constructor ∀R.C in bodies of program clauses and queries, but it allows the
constructor ∃R.C to appear in heads of program clauses. Using a transforma-
tion to Datalog and treating the TBox of a knowledge base as the intensional
part and the ABox as the extensional part, Hustadt et al. [7] proved that the
data complexity of Horn-SHIQ is complete in PTIME. In [3], Calvanese et al.
also studied data complexity of query answering in DLs. To obtain low data
complexity they adopted strong restrictions for the form of Horn clauses.

In this paper, we study the deterministic Horn fragment of the description
logic ALC. It restricts the general Horn fragment only in that, the constructor
∀R.C is allowed in bodies of program clauses and queries only in the form ∀∃R.C,
which is defined as ∀R.C � ∃R.C. That is, in the deterministic Horn fragment
of ALC, the constructors ∃R.C and ∀∃R.C are allowed in bodies of program
clauses and queries, and the constructors ∃R.C and ∀R.C are allowed in heads
of programs clauses. In the current version, we consider only logic programs
which are a TBox and the problem of checking whether P |= C for a program P
and a concept C. With the current setting, our programs do not contain certain
features allowed in [6, 7]. On the other hand, when restricting only to the problem
of checking P |= C for a program P being a TBox in ALC, our deterministic
Horn fragment is more general than the Horn fragments studied by Grosof et
al. [6] and Hustadt et al. [7]. Recall that in both DHL [6] and Horn-SHIQ [7],
the constructor ∀R.C is disallowed in bodies of program clauses and queries.

The deterministic Horn fragment without ABox of ALC maybe not useful
enough for practical applications. However, it shows how we can extend the
results of other authors for more general Horn fragments of DLs. For example,
we can extend Horn-SHIQ to dHorn-SHIQ by allowing the constructor ∀∃R.C
to appear in bodies of program clauses and queries. Then CARIN-like systems
that use dHorn-SHIQ for the terminology layer are very expressive systems for
which we believe that the data complexity is complete in PTIME.

As a computational method for DLs one can apply a transformation to clas-
sical logic and use the existing techniques of resolution, logic programming, or
deductive databases. However, the mostly studied computational method for DLs
is the tableau method (see the overview by Baader and Sattler [1]). The work
[8] by Levy and Rousset on CARIN also uses the tableau method. The tableau
method is essentially different from the bottom-up method (used in deductive
databases) because of the “or” splitting rule.

The motivation of this paper is to develop a bottom-up method for query
answering for Horn fragments of DLs, while staying with the syntax of DLs
and adopting as less as possible restrictions on the form of Horn programs and
queries. In general, the bottom-up method for checking P |=L C for a program
P and a query C in a restricted fragment L′ of a logic L is to build a finite
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L-model M (or a similar structure) for a given program P of L′ such that for
every query C of L′, P |=L C iff M |= C. The method is especially useful when
P is a knowledge base that rarely changes, while C is a query and varies. The
problem of constructing such a model M for P is not trivial at all (see, e.g., [9]).

A deterministic positive logic program is a finite set of non-negative concepts
of the deterministic Horn fragment. Queries to such a program are deterministic
positive concepts, which are positive concepts containing the constructor ∀R.C
only in the form ∀∃R.C. To deal with such logic programs and queries, we use
pseudo-interpretations, which are very similar to (traditional) interpretations,
except that they have two interpretation functions for roles, one to deal with
the constructor ∃R.C and the other to deal with ∀R.C. They are ordered by
comparing the sets of validated positive concepts.

In this paper, we present an algorithm that for a deterministic positive logic
program P given as a TBox constructs a finite least pseudo-model I of P such
that for every deterministic positive concept C, P |= C iff I validates C (and
more strongly, iff I, τ |= C, where τ is the distinguished object of I and the
satisfaction means τ is an instance of C w.r.t. I). Our algorithm runs in time
2O(n) and returns a pseudo-interpretation of size 2O(n).

This work is related to our previous work [9]. In [9] we gave an algorithm
that for a given positive modal logic program P , treated as local assumptions,
and a serial monomodal logic L ∈ {KD, T, KDB, B, KD4, S4, KD5, KD45, S5}
constructs a least L-model of P , which is finite if L /∈ {KDB,B}. The monomodal
logic K is non-serial and there are positive modal logic programs that do not
have any least K -model [9]. ALC is a syntactic variant of the multimodal version
of K and it has a similar problem. From the point of view of [9], the challenge of
dealing with ALC is not the problem of multi-modalities and global assumptions,
but is the problem of non-seriality. To overcome this problem for ALC, we restrict
to the deterministic Horn fragment and use pseudo-interpretations.

The rest of this paper is structured as follows. In Section 2, we recall the
notation and semantics of ALC, define the deterministic Horn fragment of ALC,
pseudo-interpretations, the satisfaction relation and an ordering for pseudo-
interpretations. In Section 3, we present our algorithm and prove its correctness.
In Section 4, we prove some characterizations of least pseudo-models. Section 5
contains concluding remarks. Due to the lack of space, some proofs are presented
only in the long version [10] of this paper.

2 Preliminaries

2.1 Notation and Semantics of ALC
Let A denote an atomic concept, C and D arbitrary concepts, and R a role
name. Concepts in ALC are formed with the following syntax:

C, D ::= � | ⊥ | A | ¬C | C � D | C � D | C 	 D | C
.= D | ∀R.C | ∃R.C

An interpretation I = 〈ΔI , ·I〉 consists of a non-empty set ΔI , the domain of
I, and a function ·I , the interpretation function of I, that maps every atomic
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concept to a subset of ΔI and every role name to a subset of ΔI × ΔI . The
interpretation function is extended to interpret every concept as follows:

�I = ΔI , ⊥I = ∅, (¬C)I = ΔI\CI , (C�D)I = CI∩DI , (C�D)I = CI∪DI ,

(C 	 D)I = (¬C � D)I , (C .= D)I = ((C 	 D) � (D 	 C))I ,

(∀R.C)I = {x ∈ ΔI | ∀y.(x, y) ∈ RI implies y ∈ CI}, (∃R.C)I = (¬∀R.¬C)I .

An interpretation I satisfies C if CI �= ∅, and validates C if CI = ΔI .
A TBox Γ (of global axioms) is a finite set of concepts.1 An interpretation

I is a model of Γ if I validates all concepts in Γ . We also use X , Y to denote
finite sets of concepts. We say that I satisfies X if there exists a ∈ ΔI such that
a ∈ CI for all C ∈ X . (Note that satisfaction is defined “locally”, and I satisfies
X does not mean that I is a model of X .)

We say that Γ entails C, written Γ |= C, if every model of Γ validates C.
We say that C is satisfiable w.r.t. Γ if there exists a model of Γ that satisfies

C. Similarly, X is satisfiable w.r.t. (a TBox of global axioms) Γ if there exists a
model of Γ that satisfies X . Observe that Γ |= C iff ¬C is unsatisfiable w.r.t. Γ .

2.2 The Deterministic Horn Fragment of ALC

We extend the primitive language with the concept constructor ∀∃, which creates
a concept ∀∃R.C from a role name R and a concept C. The concept ∀∃R.C is
interpreted as (∀R.C) � (∃R.C).

A positive concept is a concept (in the extended language) without the con-
structors ⊥, ¬, 	, .=. A (modal-)deterministic positive concept is a positive con-
cept which does not contain the constructor ∀ (but may contain ∃ and ∀∃).

A deterministic program clause (in ALC) is a concept of one of the forms:

– an atomic concept or �;
– C 	 D, where C is a deterministic positive concept and D is a deterministic

program clause;
– C � D, where C and D are deterministic program clause;
– ∀R.C or ∃R.C, where C is a deterministic program clause.

A deterministic positive logic program (in ALC) is a finite set of deterministic
program clauses.

Example 1. Given the following deterministic positive logic program P :

∀∃child.(doctor � lawyer) 	 happy parent
∀child.doctor

∃child.�

we can ask, for example, whether P |= happy parent and P |= ∀∃child.doctor.
The deterministic positive concepts happy parent and ∀∃child.doctor are queries.
1 Traditionally, a TBox is defined to be a finite set of terminological axioms of the

form C
.= D, where C and D are concepts. The two definitions are equivalent.
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2.3 Pseudo-interpretations

A pseudo-interpretation is a tuple of the form 〈Δ, τ, C, E , U〉, where Δ is the
domain, τ is a distinguished element of Δ (like the actual world in a Kripke
model), C is a function that maps every atomic concept to a subset of Δ, and
E and U are functions that map every role name to a subset of Δ × Δ with the
property that E(R) ⊆ U(R) for every role name R. The function E is used to deal
with the (existential) constructor ∃, while U is used to deal with the (universal)
constructor ∀.

A pseudo-interpretation 〈Δ, τ, C, E , U〉 can be treated as an interpretation if
E = U . Conversely, every interpretation can be treated as a pseudo-interpretation
(with τ being some element of the domain).

Given a pseudo-interpretation I = 〈Δ, τ, C, E , U〉, an element x ∈ Δ, and a
concept C which is either a positive concept or a deterministic program clause,
define I, x |= C as follows:

I, x |= A iff x ∈ C(A)
I, x |= C � D iff I, x |= C and I, x |= D
I, x |= C � D iff I, x |= C or I, x |= D
I, x |= C 	 D iff I, x � C or I, x |= D
I, x |= ∃R.C iff ∃y.(E(R)(x, y) ∧ I, y |= C)
I, x |= ∀R.C iff ∀y.(U(R)(x, y) → I, y |= C)
I, x |= ∀∃R.C iff I, x |= (∀R.C) � (∃R.C)

We say that I validates C if I, x |= C for every x ∈ Δ. For Γ being a set of
positive concepts or deterministic program clauses, we write I, x |= Γ to denote
that I, x |= C for every C ∈ Γ . We say that a pseudo-interpretation I is a
pseudo-model of Γ if I, x |= Γ for every x ∈ Δ.

2.4 Ordering Pseudo-interpretations

In [9] we introduced an ordering between Kripke models. In this subsection, we
provide an analogue for ordering pseudo-interpretations in ALC.

A pseudo-interpretation I is said to be (globally) less than or equal to a
pseudo-interpretation I ′, written I ≤ I′, if for every positive concept C, I
validates C implies that I ′ also validates C. This differs from [9] at the aspect
that, the order ≤ given in [9] for comparing Kripke models is “local”, as it
compares only the contents of the actual worlds.

A pseudo-interpretation I is called a least pseudo-model of a deterministic
positive logic program P if it is a pseudo-model of P and is less than or equal
to every pseudo-model of P . Note that I and I ′ are least pseudo-models of P
does not imply I = I ′, as it only states that, for every positive concept C, I
validates C iff I ′ validates C.

Let I = 〈Δ, τ, C, E , U〉 and I ′ = 〈Δ′, τ ′, C′, E ′, U ′〉 be pseudo-interpretations.
We say that I is locally less than or equal to I ′ w.r.t. a binary relation r ⊆ Δ×Δ′,
and write I ≤r I ′, if the following conditions hold for every role name R and
every atomic concept A:
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1. r(τ, τ ′)
2. ∀ x, x′, y E(R)(x, y) ∧ r(x, x′) → ∃y′ E ′(R)(x′, y′) ∧ r(y, y′)
3. ∀ x, x′, y′ U ′(R)(x′, y′) ∧ r(x, x′) → ∃y U(R)(x, y) ∧ r(y, y′)
4. ∀ x, x′ r(x, x′) → (x ∈ C(A) → x′ ∈ C′(A))

In the above definition, the first three conditions state that r is a forward-
backward bisimulation of the frames of I and I′, starting from τ and τ ′. Intu-
itively, r(x, x′) states that the set of positive concepts containing x is less than
or equal to the set of positive concepts containing x′.

Lemma 1. Let I = 〈Δ, τ, C, E , U〉 and I ′ = 〈Δ′, τ ′, C′, E ′, U ′〉 be pseudo-
interpretations. Suppose that I ≤r I ′. Then for every positive concept C and
every x ∈ Δ and x′ ∈ Δ′ such that r(x, x′) holds, I, x |= C implies I ′, x′ |= C.
In particular, for every positive concept C, I, τ |= C implies I′, τ ′ |= C.

The proofs of this lemma and the following corollary are presented in [10].

Corollary 1. Let P be a deterministic positive logic program and I=〈Δ, τ, C, E , U〉
be a pseudo-model of P . Suppose that for every pseudo-model I′=〈Δ′, τ ′, C′, E ′, U ′〉
of P , there exists r ⊆ Δ × Δ′ such that I ≤r I ′. Then I is a least pseudo-model of
P , and furthermore, for every positive concept C, I validates C iff I, τ |= C.

3 Constructing Finite Least Pseudo-models

In this section, we present an algorithm that, given a deterministic positive logic
program P in ALC, constructs a finite least pseudo-model of P . In that algorithm
we use the following data structures:

– Δ is a set forming the domain of the constructed pseudo-interpretation.
– τ ∈ Δ is a distinguished element of Δ.
– C is a map such that for every x ∈ Δ, C(x) is a set of concepts. We will

treat elements of Δ as possible worlds (as in modal logic), and C(x) thus
denotes the “content” of the possible world x.

– E is a map such that for x ∈ Δ and ∃R.C ∈ C(x), E(x, ∃R.C) ∈ Δ.
The meaning of E(x, ∃R.C) = y is that ∃R.C ∈ C(x), C ∈ C(y), and
the “requirement” ∃R.C is satisfied at x by going to y via R (treating x and
y as possible worlds).

– U is a map such that for x ∈ Δ and a role name R, U(x, R) ∈ Δ. Let us give
the intuition behind the use of this map. If the content of x contains only
∃R.C, then by connecting x to y with C ∈ C(y), ∃R.C will be satisfied at
x, but ∀R.C will also be satisfied at x, which is unexpected. The solution is
that for every x ∈ Δ and every role name R, we connect x via R to some y
with content forced by the content of x (i.e. {D | ∀R.D ∈ C(x)}). However,
this has the undesirable side effect that ∃R.� is satisfied at x. Hence we
need to distinguish the edge R(x, y) from the “normal” edges of R and that
is why we use both the maps E and U.
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Function Find(X)

1. if there exists x ∈ Δ with C(x) = X then return x,
2. else add a new element x to Δ with C(x) := X and return x.

Procedure Simulate-Changing-Content(a,X)

1. a∗ := Find(X);
2. for every b, R, C, if E(b, ∃R.C) = a then E(b, ∃R.C) := a∗;
3. for every b and R, if U(b, R) = a then U(b, R) := a∗;
4. if τ = a then τ := a∗.

(Note that the above procedure causes a be unreachable from τ unless a∗ = a.)

Algorithm 1
Input: A deterministic positive logic program P in ALC.
Output: A least pseudo-model I = 〈Δ, τ, C, E ,U〉 of P .

1. Δ := {τ}; C(τ ) := P ; let E and U be empty;
2. for every a ∈ Δ and every C ∈ C(a)

(a) case C = D � D′ :
Simulate-Changing-Content(a,C(a) ∪ {D, D′});

(b) case C = D 	 D′ : if I, a |=c D then
Simulate-Changing-Content(a,C(a) ∪ {D′});

(c) case C = ∀R.D : for every b ∈ Δ such that U(R)(a, b) holds:
i. b∗ := Find(C(b) ∪ {D});
ii. for every D′, if E(a, ∃R.D′) = b then E(a,∃R.D′) := b∗;
iii. if U(a,R) = b then U(a,R) := b∗;

(d) case C = ∃R.D : if E(a, ∃R.D) is not defined then
E(a, ∃R.D) := Find({D} ∪ P ∪ {D′ | ∀R.D′ ∈ C(a)});

3. for every a ∈ Δ and every role name R,
if U(a,R) is not defined then

U(a,R) := Find(P ∪ {D′ | ∀R.D′ ∈ C(a)});
4. while some change occurred, go to step 2;
5. for every a ∈ Δ, if a is not reachable from τ (i.e. there does not exist a path a0 = τ ,

a1, . . . , ak−1, ak = a with role names R1, . . . , Rk such that U(Ri)(ai−1, ai) holds
for every 1 ≤ i ≤ k) then delete a from Δ and delete the elements of E and U that
are related with a;

Fig. 1. Algorithm for Constructing Least Pseudo-Models

– C(A) = {x | A ∈ C(x)} for every atomic concept A;
– E(R) = {(x, y) | E(x, ∃R.C) = y for some C} for every role name R;
– U(R) = E(R) ∪ {(x, y) | U(x, R) = y} for every role name R;
– I = 〈Δ, τ, C, E , U〉, as a pseudo-interpretation.

In Algorithm 1 given in Fig. 1, our construction of a least pseudo-model of a
deterministic positive logic program P is done using the technique of building
model graphs as in modal logic [9]. The domain Δ of the constructed pseudo-
interpretation plays the role of a set of possible worlds. The content C(x) of
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each x ∈ Δ is a set of concepts containing P . At the beginning Δ contains only
τ with C(τ) = P . Then for each a ∈ Δ and each concept C ∈ C(a), we “ realize
the requirement C at a ” as follows:

– Case C = D � D′ (step 2a) : Normally, we would like to add both D
and D′ to C(a). But if we do so then there may occur the situation in
which C(a) = C(a′) for some a′ �= a. To restrict the size of the con-
structed pseudo-interpretation, we prevent that situation as follows. We do
not change the content of a, but just “ simulate the role of a ” by a∗ with
C(a∗) = C(a) ∪ {D, D′}. The simulation is done by the procedure Simulate-
Changing-Content, which replaces the connections to a by connections to a∗
(by modifying the maps E and U) and sets τ := a∗ if τ = a.

– Case C = D 	 D′ (step 2b) : If D is “certainly satisfied” at a, denoted by
I, a |=c D, then we simulate the role of a by a∗ with C(a∗) = C(a) ∪ {D′}
by calling the procedure Simulate-Changing-Content. Let us explain the sat-
isfaction relation |=c. Consider the case when C(a) = {D 	 D′, ∃R.A} with
D = ∀∃R.A, E(a, ∃R.A) was defined, but U(a, R) was not. We have that
I, a |= ∀∃R.A, which is undesirable since ∀∃R.A does not follow from ∃R.A.
The problem is that U(a, R) was not yet defined. So, we define the satisfac-
tion relation I, a |=c D for a deterministic positive concept D recursively as
follows:

I, a |=c A iff a ∈ C(A)
I, a |=c D1 � D2 iff I, a |=c D1 and I, a |=c D2
I, a |=c D1 � D2 iff I, a |=c D1 or I, a |=c D2
I, a |=c ∃R.D iff ∃b.(E(R)(a, b) ∧ I, b |=c D)
I, a |=c ∀∃R.D iff ∀b.(U(R)(a, b) → I, b |=c D) and I, a |=c ∃R.D

and U(a, R) is defined.

– Case C = ∀R.D (step 2c) : For every b ∈ Δ such that U(R)(a, b) holds, we
would like to add D to C(b). However, modifying the content of b has two
drawbacks: First, other possible worlds connected to b will be affected. For
example, if D is added to C(b) and E(R′)(c, b) holds, then ∃R′.D becomes
satisfied at c, while a and c may be independent. Second, modifying C(b)
may cause C(b) = C(b′) for some b′ �= b, which is undesirable. The step 2c
contains our solution for these two problems.

– Case C = ∃R.D (step 2d) : We just connect a via R to the possible world
with content {D}∪P ∪{D′ | ∀R.D′ ∈ C(a)}) by setting E(a, ∃R.D) to that
world, if it was not done earlier (i.e. if E(a, ∃R.D) is not defined). Note that
P is included because it plays the role of global axioms.

In the step 3 of Algorithm 1, we also guarantee that for every a ∈ Δ and
every role name R, a is connected via R to the possible world with content
P ∪ {D′ | ∀R.D′ ∈ C(a)} by setting U(a, R) to that world.

When iteration of the steps 2 and 3 does not modify the model graph anymore,
we delete all possible worlds that are not reachable from the distinguished world
τ (via a path using edges of U). This is necessary because such a possible world
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a may contain a concept C which is not satisfied at a (for example, we did not
add D and D′ to C(a) for D � D′ ∈ C(a), but just simulated the task).

Proposition 1. Algorithm 1 terminates in 2O(n) steps and returns a pseudo-
interpretation of size 2O(n), where n is the size of the input program P .

Proof. Before reaching the step 5, no elements of Δ are deleted, and for each
x ∈ Δ, C(x) never changes. Since C(x) is a set of sub-concepts of the clauses of
P , its size is O(n). Since C(x) �= C(x′) for every x �= x′, the size of Δ is 2O(n).
Hence the sizes of the maps E and U are also of rank 2O(n), and the number of
times executing the steps 2d and 3 is 2O(n). For the step 2c, note that b∗ �= b
iff C(b∗) ⊃ C(b). Similarly, for the calls of Simulate-Changing-Content, a∗ �= a
iff C(a∗) ⊃ C(a). Hence the number of times E and U are modified by the
steps 2a - 2c is 2O(n).n = 2O(n). The total number of times modifying E and U
is therefore of rank 2O(n). Hence the time complexity of Algorithm 1 is 2O(n).

Lemma 2. Algorithm 1 has the following properties:

1. During an execution, for every x∈Δ and every concept ∃R.D, if E(x, ∃R.D)=
y then ∃R.D ∈ C(x) and D ∈ C(y).

2. At the end, E(x, ∃R.D) is defined for every x ∈ Δ and every concept ∃R.D ∈
C(x), and U(x, R) is defined for every x ∈ Δ and every role name R.

Proof. The first assertion clearly holds. For the second assertion, just note that,
before executing the step 5, E(x, ∃R.D) is defined for every x ∈ Δ and every
∃R.D ∈ C(x), and U(x, R) is defined for every x ∈ Δ and every role name R.

The following lemma states that the pseudo-interpretation I constructed by
Algorithm 1 for P is a pseudo-model of P .

Lemma 3. Let P be a deterministic positive logic program in ALC and I the
pseudo-interpretation constructed by Algorithm 1 for P . Let Δ and C be the data
structures used by the algorithm. Then for every a ∈ Δ and C ∈ C(a), I, a |= C.
As a consequence, I is a pseudo-model of P (since P ⊆ C(a) for every a ∈ Δ).

Proof. By induction on the construction of C.
Consider the case when C is of the form D 	 D′. Suppose that I, a |= D.

Since U(x, R) is defined for every x ∈ Δ and every role name R, it follows that
I, a |=c D iff I, a |= D. Hence I, a |=c D. When the step 2b is executed the
last time for a and C, because a is reachable from τ via a path using U (as it
remains after executing the step 5) and no changes are made by the step 2b,
we have that a∗ = a (where a∗ is the element simulating the role of a). Since
D 	 D′ ∈ C(a) and I, a |=c D, we have that D′ ∈ C(a∗), i.e. D′ ∈ C(a). By the
inductive assumption, I, a |= D′. Therefore, I, a |= D 	 D′.

The case when C is of the form D �D′ is similar to the above case. The cases
when C is of the form A, ∀R.D, or ∃R.D are straightforward.

We use the following Lemmas 4 and 5 to show that the pseudo-model I of P
constructed by Algorithm 1 is less than or equal to every pseudo-model of P .
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Lemma 4. Let P be a deterministic positive logic program in ALC and I′ =
〈Δ′, τ ′, C′, E ′, U ′〉 be an arbitrary pseudo-model of P . Consider a moment af-
ter executing a numerated step in an execution of Algorithm 1 for P . Let r =
{(x, x′) ∈ Δ × Δ′ | I′, x′ |= C(x)}. Then the following conditions hold:

1. r(τ, τ ′)
2. ∀x, y, x′, y′, R′′, D′′

r(x, x′) ∧ (E(x, ∃R′′.D′′) = y) ∧ E ′(R′′)(x′, y′) ∧ (I ′, y′ |= D′′) → r(y, y′)
3. ∀x, y, x′, y′, R′′ r(x, x′) ∧ (U(x, R′′) = y) ∧ U ′(R′′)(x′, y′) → r(y, y′)

(We use the names R′′ and D′′ because R, D, and D′ occur in Algorithm 1.)
The proof of this lemma is presented in [10].

Lemma 5. Let P be a deterministic positive logic program in ALC, I =
〈Δ, τ, C, E , U〉 be the pseudo-interpretation constructed by Algorithm 1 for P ,
I′ = 〈Δ′, τ ′, C′, E ′, U ′〉 be an arbitrary pseudo-model of P , and r = {(x, x′) ∈
Δ × Δ′ | I′, x′ |= C(x)}. Then I ≤r I ′.

Proof. By Lemma 4, r(τ, τ ′) holds.
We prove that ∀ x, x′, y E(R)(x, y)∧r(x, x′) → ∃y′ E ′(R)(x′, y′)∧r(y, y′). Sup-

pose that E(R)(x, y) and r(x, x′) hold. There must exist D such that E(x, ∃R.D)=
y. Thus ∃R.D ∈ C(x), and hence I ′, x′ |= ∃R.D. Let y′ be an element of Δ′ such
that E ′(R)(x′, y′) holds and I ′, y′ |= D. By Lemma 4, r(y, y′) holds.

We prove that ∀ x, x′, y′ U ′(R)(x′, y′) ∧ r(x, x′) → ∃y U(R)(x, y) ∧ r(y, y′).
Suppose that U ′(R)(x′, y′) and r(x, x′) hold. Let U(x, R) = y. By Lemma 4,
r(y, y′) holds.

By the definition of r, we have that r(x, x′) → (x ∈ C(A) → x′ ∈ C′(A)).

Here is the main result of this section:

Theorem 1. Let P be a deterministic positive logic program in ALC and I =
〈Δ, τ, C, E , U〉 be the pseudo-interpretation constructed by Algorithm 1 for P .
Then I is a least pseudo-model of P , and for every positive concept C, I validates
C iff I, τ |= C.

Proof. By Lemma 3, I is a pseudo-model of P . Let I ′ = 〈Δ′, τ ′, C′, E ′, U ′〉 be an
arbitrary pseudo-model of P and let r = {(x, x′) ∈ Δ × Δ′ | I ′, x′ |= C(x)}. By
Lemma 5, I ≤r I ′. By Corollary 1, it follows that I is a least pseudo-model of
P , and for every positive concept C, I validates C iff I, τ |= C.

4 Characterizations of Least Pseudo-models

In this section, we show that every least pseudo-model I of a deterministic
positive logic program P characterizes P in the sense that, for every deterministic
positive concept C, P |= C iff I validates C. Moreover, if I = 〈Δ, τ, C, E , U〉 is
the pseudo-model constructed by Algorithm 1 for P then P |= C iff I, τ |= C.
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Given a pseudo-interpretation I = 〈Δ, τ, C, E , U〉, let I′ = 〈Δ, τ, C, E ′, U ′〉 be
the pseudo-interpretation such that, for every role name R,

E ′(R) = E(R) ∪ {(x, y) | U(R)(x, y) and E(R)(x, y′) hold for some y′},
U ′(R) = U(R) \ {(x, y) | y ∈ W and E(R)(x, y′) does not hold for any y′}.

Fix a role name R and x ∈ Δ. Recall that E(R) ⊆ U(R). If E(R)(x, y′) holds
for some y′ then for every y ∈ Δ, E ′(R)(x, y) ≡ U(R)(x, y) ≡ U ′(R)(x, y). If
E(R)(x, y′) does not hold for any y′ then for every y ∈ Δ, both E ′(R)(x, y) and
U ′(R)(x, y) do not hold. Thus U ′ = E ′ and I ′ can be treated as an interpretation.
We call I ′ the interpretation corresponding to M .

We need the following auxiliary lemma, which is proved in [10].

Lemma 6. Let P be a deterministic positive logic program in ALC, I the pseudo-
model of P constructed by Algorithm 1, I ′ the interpretation corresponding to I,
and C a deterministic positive concept. Let r = {(x, x′) ∈ Δ × Δ | I, x′ |= C(x)},
where Δ and C are the data structures used by Algorithm 1 for P . Then for every
x, x′ ∈ Δ, if r(x, x′) holds and I ′, x |= C then I, x′ |= C. In particular, since r
is reflexive (by Lemma 3), for every x ∈ Δ, I ′, x |= C implies I, x |= C. As a
consequence, if I ′ validates C then I also validates C.

Theorem 2. Let P be a deterministic positive logic program in ALC, I a least
pseudo-model of P , and C a deterministic positive concept. Then P |= C iff I
validates C.

Proof. Consider the “if” direction. Suppose that I validates C. Let I′ be an
arbitrary model of P . As I ′ is also a pseudo-model of P , we have that I ≤ I′.
Hence I ′ validates C. Therefore P |= C.

Now consider the “only if” direction. Suppose that P |= C.
Without loss of generality, we can assume that I = 〈Δ, τ, C, E , U〉 is the

pseudo-model of P constructed by Algorithm 1. Let I ′ = 〈Δ, τ, C, E ′, U ′〉 be
the interpretation corresponding to I. It is sufficient to show that I′ is a model
of P , because this implies that I ′ validates C, and by Lemma 6, I validates C.

Let C be the map used by Algorithm 1 for P . To show that I ′ is a model
of P , we prove by induction on the construction of D that if D ∈ C(x) then
I ′, x |= D. The only non-trivial case is when D is of the form D1 	 D2. Consider
this case and suppose that D ∈ C(x) and I ′, x |= D1. We need to show that
I ′, x |= D2. Since I ′, x |= D1, by Lemma 6, I, x |= D1. Since D ∈ C(x), by
Lemma 3, I, x |= D. Hence I, x |= D2. This implies that I ′, x |= D2 (because
E(R) ⊆ E ′(R) and U ′(R) ⊆ U(R) for every role name R).

Theorem 3. Let P be a deterministic positive logic program in ALC, I =
〈Δ, τ, C, E , U〉 be the pseudo-model of P constructed by Algorithm 1, and I ′ be
the interpretation corresponding to I. Then:

1. For every deterministic positive concept C, the following conditions are equiv-
alent: (a) P |= C; (b) I validates C; (c) I, τ |= C; (d) I ′ validates C; (e)
I ′, τ |= C.

2. For every positive concept C, if I, τ |= C then P |= C.
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Proof. Consider the first assertion. The equivalence (a) ⇔ (b) follows from The-
orem 2. The equivalence (b) ⇔ (c) follows from Theorem 1. As shown in the
proof of Theorem 2, I ′ is a model P . Hence, (a) : P |= C implies that (d) : I ′

validates C, which implies (e) : I ′, τ |= C. For the implication (e) ⇒ (a), sup-
pose that I ′, τ |= C. By Lemma 6, I, τ |= C. By Theorem 1, it follows that I
validates C. Let I ′′ be an arbitrary model of P . Since I is a least pseudo-model
of P , we have that I ≤ I′′, which implies that I ′′ validates C. Hence P |= C.

The previous four sentences also comprise the proof for the second assertion.

5 Further Work and Conclusions

We have given an algorithm that for a deterministic positive logic program P in
ALC treated as a TBox constructs a finite least pseudo-model I = 〈Δ, τ, C, E , U〉
of P such that for every deterministic positive concept C, P |= C iff I validates C
and iff I, τ |= C. The interpretation I′ corresponding to I also satisfies that
P |= C iff I ′ validates C and iff I ′, τ |= C. Thus I ′ also characterizes P , but the
pseudo-model I has the additional nice property that for every positive concept
C (not necessarily deterministic), if I, τ |= C then P |= C. Our restriction to
the deterministic Horn fragment is to overcome the problem of nondeterminism
caused by non-seriality of the relations interpreting role names.

Apart from the idea of using pseudo-interpretations to deal with non-seriality,
our algorithm given in this paper for ALC differs from our algorithm given in [9]
for basic serial monomodal logics in the aspect that it uses graphs instead of trees
and uses a special caching technique for building model graphs. These techniques
are essential for getting the exponential upper bound for the time complexity and
the size of the constructed pseudo-interpretation. Our technique of simulating
the task of changing contents of nodes is important for the algorithm. Without
it we need to modify the contents of nodes, which may cause that merging
duplicates is necessary and the old nodes will have to be re-created later, and
hence the performance is slowed down and complexity analysis could be difficult.

The exponential time (combined) complexity of our algorithm is not surpris-
ing, because ALC is EXPTIME-complete and in many modal logics, e.g. basic
monomodal logics without axiom 5, the restriction to the Horn fragment does
not reduce the complexity. We believe that: a) there are deterministic positive
logic programs such that their least pseudo-models must have an exponential
size; b) the (combined) complexity of the deterministic Horn fragment of ALC
is EXPTIME-complete.

The main contribution of this work is our bottom-up method for query an-
swering for the deterministic Horn fragment of description logics. By using the
direct approach instead of transformation to classical Horn logic, we can handle
a larger Horn fragment of ALC for TBoxes than DHL studied by Grosof et al.
in [6] and Horn-SHIQ studied by Hustadt et al. in [7].

Our method is extendable for instance checking (i.e. P |= C(a)) w.r.t. logic
programs containing also an ABox and relations between roles of the form Q ⊆ R
or R+ ⊆ R. The extension looks as follows. We incorporate the relations between
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roles by using the corresponding axioms ∀R.C 	 ∀Q.C and ∀R.C 	 ∀R.∀R.C as
in modal logic. When building a model graph for P , we start with the minimal
graph that represents the ABox of P and contains additionally the distinguished
node τ (with no edges connecting to or from). Then the algorithm can continue
in a similar way as Algorithm 1. Of course, the resulting pseudo-interpretation
I does not anymore satisfy that, for every positive concept C, I validates C iff
I, τ |= C (because of the ABox). Further investigation is needed for dealing with
inverse roles as in DHL and Horn-SHIQ.

As a further work, we will extend Horn-SHIQ [7] to dHorn-SHIQ by allowing
the constructor ∀∃R.C to appear in bodies of program clauses and queries and
study the CARIN-like system that uses dHorn-SHIQ for the terminology layer.
We believe that such a system has PTIME data complexity.
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