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1 Classical Khintchine inequality

1.1 Warm up — Cjy

Suppose we are given a sequence €1,...,&, of i.d.d. symmetric Bernoulli random variables, that is
random variables satisfying P (¢; = 1) = P (g; = —1) = 1/2 and a sequence of real numbers ay, ..., ap.
Let us define S = Y | ase;. The classical Khintchine inequality deals with moments of S, namely
IS, = (E|S|?)'/P. Khintchine proved that for any p > ¢ > 0 there exists a constant C,, depending
only on p, ¢ (that is, not depending on n and on the sequence (a;)), such that

151lp < CgllSlq (1)

We shall assume that C), ; denotes the best constant in this inequality. The main goal of the first part
of these notes is to give an overview of the known techniques leading to the derivation of C) 4 in the
case, when the constant is known. For historical remarks we refer the reader to Section 1.8.

Let us first observe that the second moment of S is particularly nice, namely

n 2 n n n
IE|S|2 =F g aceci| =E g aajeie; | = E a;a;Eeie; = E a?,
i—1 i=1

ij=1 ij=1

since due to independence for i # j one has Ee;e; = Eg;Ee; = 0 and Ee? = 1. Let us now try to
compute the fourth moment,

n

4
n n
E|S|4 =E ( E ai€i> =E E AiQjALAEEFELE] = E aiajakalEaiajEkal.

i=1 3,5,k 1=1 i,k 1=1

Observe that in order for the expectation Ee;e;ere; to be nonzero, every index has to occur an even
number of times. Indeed, in general one has

Ji _J2 L odn i a2 LR
Eet'ey” - ... gt = Eey'Eey® - ... - Eell
and Eel* = 1 when j; is even and Ee/' = Ee; = 0 when j; is odd. Therefore

1 2|j; for all 4
0 otherwise

(2)

J1.J2 Ledn —
Eet'ey” - ... 5,;—{

Thus, either i = j = k = [, which contributes the sum ) ;" ; af, or the indexes form two pairs and
are equal in these pairs. For example, in front of the term a3a3 we are going to have the coefficient

equal to the number of choices of (i, 7, k,[) such that two of these indexes are equal to 1 and the other
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two equal to 2. The number of way of choosing such indexes is (3) = 6, since we just have to declare
which two indexes among these four will be equal to 1. As a consequence one gets

n
E|S|* = Za? + GZa?a?.
i—1 i<j

Observe that by homogeneity the inequality (1) does not change when we rescale all the a; by some
fixed number X # 0, that is consider Aa; instead of a;. Thus we can always assume that » ;" ; a? =1.
In this case

n 2 n n
1= (Z a§> => a}+2) ala}  whichimplies 6 afal =3-3) a.
=1 =1 =1

i<j 1<j
Therefore .
E[S|*=3-2) af <3.
i=1
The constant Cy 2 = v/3 is optimal, as can be seen by taking a; = ... = a, = n~ /2 in which case one

gets E|S|* =3 — % — 3 when n — oco. In fact due to the inequality between means one has

p p\ 1/p q q\ 1/a
(]a1| —l—...—}—]an|> S<|a1| +...+|an|> 7 (>p>0
n n
with equality for ay = ... = a,. In particular > 1 o} > L (30, a?)2 = 1 with equality for
a; =...=a, =n"Y2. This is fact shows that
4 4

E <E

n
E a;&;
i=1

n 1 n
—&i| a? = 1.

In other words, the quantity Ci’;) = || 320, n7Y/2¢;||4 is the best n-dependent constant in (1).

1.2 Constants Cyy -

Let us now compute the 2k-th moment, where £ > 1 is an integer. Recall the multinomial identity:
for a positive integer p one has

p it j p p!
1+ ...+, = ( )x coexdn where ( >:
( n) Z Jly-5JIn ! " Jly--5JIn

| |
Jittin=p J Jn

Here the sum runs over all integers k; > 0 with > " | j; = p. Applying this identity one gets

N 2%
2% . o ,
E|S[* =E (Z a@-zsi) = Z <j1 j ) al' ... alr Bel' .. eln
1/:1 s Jn

_ 2k %y 2k
. (2]{1’_“,%1)% gk,

ki+...+kn=k

where we have used (2).
We shall now present Khintchine’s derivation of the optimal constants Cyj 2. We can again assume
that >0, a? = 1. Let n! denote the product of all positive integers not exceeding n of the same parity

as n. Note also that (2n)!! = 2"n!. We claim that

2k k
< (2k -1 .
(oo ) =02, )



Indeed, under k1 + ... + k, = k we have

2k _ (2k)! (2k — DHU2FEL (2K — )12k . . 2Fn
lea B (le)

2k L (k) (kD). (k) (2k)!. .. (2ky)!

k
< (2k — 1!
_( ) </<31,...,]{?n>7

which follows from (2k;)! > (2k;)!! = 2¥k;!. As a consequence one gets

k
E[S* < (2k—11 > (k " )ai’“l coadr =2k — DW(af+ ... +ad)f = (26— D).
1, y vny
k1+--~+k)n:k

Note that if G is a standard Gaussian random variable N(0,1), namely G has density ¢(t) =
(2m)~Y2e~1*/2 then EG®* = (2k — 1)!!. Indeed, integrating by parts and using ¢'(t) = —te(t)
we get for kK > 1

EG* = /t%(t)dt = /t%lap'(t)dt =(2k—1) /t2k2cp(t)dt = (2k — 1)EG?2.

Iterating gives the desired identity. We have established the bound E||S||?* < E|G|?*, which is ||S]|ox <
|G||2k||S]|2. This means that Cox 2 = ||G||2x and the optimality can be seen by taking a; = ... =a, =
n~1/2 and taking n — oo, as ﬁ > i, € converges in distribution to G due to the central limit theorem.

This implies convergence of moments as sup,, Hﬁ Yo €illak+e < ||Gll2k+2 as in general convergence
X, — X in distribution together with sup,, ||Xy||p+- < oo for some p,e > 0 imply ||X, ||, = || X ||,

Remark 1. Let p > 1 and assume that Z?:l a? = 1. Then
p P
2
™ ;

p
>E

p

p
E|G]P = E >E

n n n n
ZaiGi Za@€z|Gl| ZCL&:JE‘GJ Zai&'
i=1 i=1 i=1 =1

This shows that C), 2 are finite for p > 2.

1.3 Holder boosting

In this subsection we are going to show that the constants Cp , are finite for every p,q > 0. We need
the following lemma.

Lemma 1. Suppose S is a real random variable. Then the function t — E|S|t is log-convex. In other
words, for every p < q <r one has

ISI1ET= < SRSl 3)

Proof. By Hélder’s inequality we have E[X Y| < (E|X|P)"/?(E|Y'|9)!/9 with p, ¢ > 1 satisfying 1 +% = 1.

Using this with X = [S|**, Y = |S|0~Mt and p = %, qg= ﬁ, where \ € [0, 1], we get

E|S|)\s+(1—)\)t < (E|S‘S)>\(]E|S|t)1_>\,

which is the desired log-concavity. To prove the second part it suffices to use this inequality with

A= % and rewrite it in terms of moments of S. O

Remark 2. Note that for p < ¢ the well-known inequality [|S|, < ||S|q is a consequence of the
convexity of t — E|S|’. Indeed, the slopes
_ logE|S|P  logE|S[P —log E|S|°

p p—0

log ((E|S|")7 )



Let us notice that in order to prove an inequality of the form ||S]|, < Cp, with S =" | aieq,
by homogeneity we can always assume that [|S|l2 = 1. To show the existence of C), 4, it is enough to
prove that under ||S||2 =1 one has A, < ||S||, < B, for some positive constants A,, B,. Then we get
IIS]l, < By < %HSan which implies C) , < %'

Now, we always have, say, [[S]|, < [[Sl2fp) < (2[p] — 1)!. To prove the lower bound we first
observe that if p > 2 then ||S||, > ||S]|2 = 1. If p < 2 we use Lemma 1 with ¢ = 2 and r = 4, obtaining

2(4— 4(2— _
1= SI347 < |s)22)18) ;%77 < ||5)|2322,
which gives ||.S]|, > 3%

1.4 Constants C, 5 for p > 3

Let us prove the following theorem established by Pinelis in [71] and independently by Figiel, Hitczenko,
Johnson, Schechtman and Zinn in [28].

Theorem 2. For even functions ® : R — R such that ®" convex one has

n n
E® (Z ai£i> < E® (Z aiXi>
i=1 i=1
for any symmetric variance one independent random variables X;.

We shall need the following lemma.

Lemma 3. Suppose ® : R — R is an even function such that ®" is convexr. Then for every real
number s the function (x) = ®(y/x + s) + ®(\/x — s) is conver on Ry.

Proof. We want to show that v¢/(x) = (\f“)yfb Wo=s) g non-decreasing. Equivalently, we would

like to show that ¥y (t) = w is non-decreasing. This would follow from the monotonicity
on R} of slopes for 1a(t) = ®'(t + s) + D’(t — s), since 12(0) = 0 as @’ is odd. Thus it is enough to
show that 19 is convex or, equivalently, that ¥3(t) = ®”(t 4+ s) + ®”(¢t — s) is non-decreasing on R,
which is obvious, since 13 is an even convex function, as ®” is even and convex. O

Proof of Theorem 2. Let us take S = Y """ , a;X;. It is enough to show that E®(aje1+S5) < E®(a; X1+
S) for any random variable S and use this fact to exchange X; for ¢; one by one. We can condition
on the values s of S. Thus, we are left with proving that E®(a1e1 + s) < E®(a1X; + s). Let us
consider the function v from the above lemma. Now, observe that due to symmetry X; has the same
distribution as £1|X1|, where £; is independent of X;. Moreover, again by symmetry of X; one can
assume that a; > 0. Thus by Jensen’s inequality one has

Ed(ay X1 + 5) = E®(ar61| X1| + 5) = ED <51, [a?| X1 |2 + s> > Ey(a?X?)
> (afEXT) = ¢(af) = E®(are1 + 5).
O

We are now ready to show that under "  a? = 1 one has E|S|P < E|G|P for p > 3 and thus
Cp2 = |G|, The function ®(z) = |z|P satisfies assumptions of Theorem 2 as ®"(x) = p(p — 1)|z|P~2
is convex. Let X; = G; be i.i.d. N(0,1) random variables. Note that Y, a;G; is also an N(0,1)

random variable and thus
> aiGi

Let T be an independent copy of S, namely T'= Y"1 | a;e}. Let X; = S+Si Then

s
S+T < Z+
\@:2 st Zaz

p p

= E|GJP.




P

Thus Theorem 2 implies E ‘S*TQT‘ > E|S|P. The following conjecture was suggested by Zinn and

popularized by Pinelis (mathoverflow.net/questions/208349/).

Conjecture 1. Let S = )" | a;&; and let T be an independent copy of S. Then for p € (2,3) one
P

has E ’HTQT‘ > E|S|P

By iterating this inequality and using central limit theorem one would easily get E|S|P < E|G/P.
The latter is a known inequality due to Haagerup, however all known proofs are technical.

1.5 Schur monotonicity of || S|, for p > 3

Let us introduce some notation.

e For a vector z = (x1,...,zy) jest x7,..., 2} be the nonincreasing rearrangement of coordinates
of x.

e By T-transformation we mean any linear function of the form
Tik(x) = (21, .., xj—1, (L = N)xj + ATk, Tjg1, - - The1, AT + (1 = N) &gy Thg1, -+, Tn)s
where A € [0, 1].

e A matrix P = (pij)?,jzl is called doubly stochastic if p;; > 0 and the sums of elements in each
column and row of P is equal to 1.

e The set of permutations of {1,...,n} will be denoted by S,,. For o € S,, and = = (x1,...,zy)
in R" we also define v, = (245(1), -+, To(n))-

e A function F': R" — R is said to be permutation symmetric if F(z,) = F'(o) for every o € S,,.

e A function F': R” — R is said to be Schur convex if z < y implies F'(z) < F(y). Moreover, F'
is Schur concave if the reverse inequality holds.

The following proposition gives equivalent conditions to the so-called Schur order.

Proposition 4 (Schur order). Let © = (z1,...,zy,) and y = (y1,...,Yn) be two vectors in R". The
following conditions are equivalent:

(a) We have Zle xzf < Zle yfork=1,...,n—1and >} jx; =Y i1 Y.

(b) There exists a doubly stochastic matriz P such that x = Py.

(¢c) Vector x is a convex combination of vectors Yo = (Yu(1)s- - > Yo(n)), where o € Sy,

(d) Vector x is an image of y under composition of finitely many T-transformations.
If one of these conditions holds, we shall write x < y and say that x majorizes y.

For the proof we refer the reader to the Appendix. In the sequel we are going to use the following
fundamental lemma.

Lemma 5. Suppose F' : R™ — R is conver and permutation symmetric. Then F is Schur convex, that
is x <y implies F(z) < F(y). In particular, if f : R — R is convez, then

(l‘l,...,CCn) = (yla"'ayn) g Zf(xl) < Zf(yl)
=1 =1



Proof. From Proposition 4(c) there exists numbers A\, > 0 summing up to one, such that z =
desn AoYo. Thus

F(:L') =F (Z /\0y0> < Z Ao F (yo) = Z A (y> = F(@/)
0ESK 0ESh 0ESh

The second part follows by observing that F'(zi,...,xn) = > ;- f(x;) is convex and permutation
symmetric. [

Remark 3. On the simplex {(z1,...,2,) € R : > | x; = 1} one has the relations

1 1
S D) < (@) < (1,0,...,0).
(5o ) < 1) < (1,000
To prove this, one can check e.g. condition (c), namely z = >_"" | x;e;, where ¢; = (0,...,0,1,0,...,0)

with 1 on the ¢th coordinate. This shows the right inequality. To prove the left comparison, let us
observe that

1 1 1 1 1
— ey — | ==(z1, .y xn) + — (22, T 1) e — (T Ty T
n n n n n

Remark 4. A function F : R™ — R is Schur convex if and only if it is Schur convex with respect to
any pair of coordinates. This follows from the fact that x < y implies that x is an image of y under
composition of finitely many T-transformations. Indeed, note that z = (x1,z2) and y = (y1, y2) satisfy
y < z if and only if y is a T-transformation of x, namely

(W1,92) = (1 = A)zr + Azg, Ay + (1= M) = (1 = A) (21, 22) + Mg, 21),

which follows from Proposition 4(c). If we denote z) = (1 — \)(z1,x2) + A(z2,z1) then note that to
check Schur convexity of a function G of two variables we want to verify F(zy) < F(z9). Observe that
z1_) is obtained by transposing coordinates of z) and thus if G is permutation symmetric, it is enough
to show F(z)) < F(z) only for A € [0, 1]. In fact for 0 < X\ < p < 1 one has 2, < 2). Indeed, to see
this take the interval [z, z1] and observe that it is symmetric with respect to the line ¢ = {x = y}.
As A increases, the point z) gets closer to £ and finally 2/ € £. It is clear that z, is in the interval
[2x, 21—, see below.

Figure 1: The point z, is in [2), 21-,].

As a consequence, in order to check Schur convexity of a function with two variables, it is enough to
prove monotonicity of [0, %] 5 A — G(zy). In fact if G : R2 — R, we can always extend the interval
[20, 21] on which the monotonicity is established to [(x; + x2,0), (0,21 + x2)]. Thus, it is enough to
check that [0, 3] 2 A = G((1 — \)z, Az) is nonincreasing for any given z > 0.

Let us prove the following theorem, which is essentially due to Eaton [22] and Komorowski [45].



Theorem 6. For even functions ® : R — R such that ®" is convex one has

(a2,...,a%) < (b%,...,b2) = E® (Z bi&) <E® <Z am>
=1 i=1

The following corollary is immediate.

Corollary 7. For p > 3 one has

p

3

p
1=El|eP <E <E : a? = 1.

=1

n n 1
E a;&; E —&;
n
=1 =1 \/>

Proof of Theorem 6. By symmetry of €; we can assume that a; and b; are nonnegative. By Remark 4
and by conditioning, it is enough to check monotonicity of the function

0,1/2] 3 A — h(A\) = E®(e11/(1 — Nz + eaV Az + 5).
Recall that by Lemma 3 the function ¢ (t) = $®(—/x + s) + 1®(y/z + s) is convex. We have
h(\) = E®(e3)e1/(1 — Nz + e2V Az + 5) = Ed <z~:3\/:1: + 21802/ A(1 — A) + s)
Bz + 2e180m /NI = A)) = %@b(x + o/ AT = V) 4+ %1,!)(1‘ 2 /A= V).

Since 24/A(1 — A) increases from 0 to 1, it is enough to check that the function ¢ (x +t) + ¢ (x —t) is
non-decreasing in ¢t > 0, which is obvious, since it is a convex and symmetric function of ¢. O

1.6 C,, for p,q even integers
1.6.1 Symmetric functions

Definition 1. A sequence (ag)r>o is called weakly log-concave if the inequality az > apyi1ak—1 is
satisfied for all & > 1. A sequence (aj)r>o is called log-concave if in addition the numbers aj are
nonnegative and {k : aj > 0} is a discrete interval.

(n)

For real numbers ¢y, co, ..., we define symmetric polynomials o, and symmetric functions o via
SN Y | CRRNED ol I
PR 1 k= Ci
SC[n,|S|=k i€S SCN,|S|=k €S

We also define J(()n) =09 = 1.
Proposition 8 (Newton inequalities). Suppose O',(Cn) and oy, are symmetric polynomials and functions
associated with real numbers ci,ca,.... Then

(a) the sequence (aén)/(2)> is weakly log-concave for k > 0;

(b) if ¢ are positive, then the sequence (kloy) is log-concave for k > 0.
Remark 5. The condition ¢; > 0 is not essential. It allows to easily deduce that a,gn) — 0} when
n — oo. The numbers o) might not be finite, but they will be finite if Y77 | ¢, < oo, which will be
the case in our applications.

Proof. Point (b) follows from (a) by taking the limit n — oo. To see this observe that from point (a)

we have )
(ff}(j) > > 01(21 ) Ul(cri)l
W) G G2




This can be written as

(n) n—k

(ko) 2 (k+ D)ty - (k= Diof?, - o

k+1°

Taking the limit n — oo finishes the proof.
To prove point (a) let us assume without loss of generality that the numbers ¢j are nonzero and
take the real rooted polynomial

P@)=(1+c1z)...(1+cpr) = Zglin)xk.
k=0
Operations P(z) — P (z) and P(z) — 2"P(z~!) preserve real-rootedness. Thus

. n ! .
Q)= PU ()= 3 oMk

Rt CE ]
is real rooted of degree n — j + 1. Next
R(z) = 2" 7 Q(x™!) = i U,(cn)k;! gk
Ml (k—j+1)!

is also real rooted of degree n — j 4+ 1. Finally,

it J,gn)k!(n — k)i R+

(n=3-1) () = _ L
. (=) kzjzl(k—j+1)!(j—k+1)! 2"

2
17 + 7T+ 57']'4_1,

(n)

jln—j)l = U(JT) -n!, is a real rooted quadratic polynomial. The discriminant A of this

J
polynomial must therefore be nonnegative, which leads to 7']-2 > 7j_17;j+1 and finishes the proof.

)

i
where 7; = o;

O]

1.6.2 Best constants via Hadamard factorization

We are going to show that for even integers p > ¢ one has C), , = %. The proof presented here
can be found in [35]. For S =" | a;e; we want to show
1
1 E|G|P)r 1
(E|S|P)r < M(E[S!q)}z, P, q — even integers
(E|G|7)4
Equivalently
1 1
(E[S|7)» _ (E|S[7)e
1 — 1
(E|GP)»  (E|G|9)s
In other words, we want to show that the sequence b, = % is such that b,lc/ " is non-increasing. Let

us prove the following simple lemma.

Lemma 9. Let (by)r>0 be a log-concave sequence of positive real numbers with by = 1. Then the
sequence (b)Y is non-increasing for k > 1.

Proof. Take aj, = logby. The goal is to prove that %= is non-increasing. Then api1 + ar—1 < 2ay

for £ > 1. In other words 0;, = ap — ag—1 is non-increasing in k. We have % = %, where we

have used the fact that ag = 0. We can see that all we have to show is that consecutive arithmetic
. . . . . . 61+...+6

means of a non-increasing sequence are non-increasing. The inequality Lt kL AL > ‘51+','g'+5’“ reduces

to kdgyr1 < 01+ ...+ I which is true since g1 < 9; fori=1,... k. O




Now, observe that for z > 0

!
EeV2S = Z V2

I
1>0

Veri
=2

_ SZk
< 2h)!

k S2k

Qk(L'k 2% T E Q?k
=2 e = 2w = 2y
k>0 k>0 k>0
On the other hand
n n n
Ee\/ﬂs _F H e\/ﬂam _ HEex/ﬂaiei = Hcosh (\/ 2$6Li>
i=1

i=1 i=1
Crucially

cosh(z) = ﬁ (1 + WQ(;‘ZZ:)Z) .

This gives

e/ = [T (1+ o) = I+ o)

i=11=1 i
Let o be the k-th symmetric function of (¢;). We obtained

Zbkkl = \/ﬂS H1+c, ZO’kx

k>0 k>0

Therefore by, = kloj and thus this sequence is log-concave by Lemma 8.

1.6.3 Best constants via binomial convolutions

E‘S‘%

In the previous subsection we proved that the sequence by = E|G2F is log-concave, which gave us best
constants C), , for even p, q. It tuns out that this property is closed under taking independent sums.

We introduce the following multidimensional definition.

Definition 2. We say that random vector X on R" is ultra sub-Gaussian if it is rotation invariant

]ElXPk)

E[GPF ), is log-concave with G ~ N (0, I,,), where I,, is the n x n identity matrix.
>0

and the sequence (

Therefore we have seen that S =)' | a;e; is ultra sub-Gaussian. An alternative proof of this fact is
based on the following theorem.

Theorem 10. Suppose X, Y are independent ultra sub-Gaussian random vectors. Then X +Y is also
ultra sub-Gaussian.

Proof. Let X7 be the first coordinate of X and let G be the first coordinate of G. Let 6 be a uniform
vector on the unit sphere S"~! C R" and let 6 be its first coordinate. We have G ~ §|G| and since

X is rotation invariant we also have X ~ 0| X|, where the factors are independent. Thus by projecting
G1 ~ 01|G| and X; ~ 601|X|. In particular E|G1|P = E|6,|PE|G|P and E|X;|P = E|6;|PE|X|P, which

gives %"él‘p E)G(HZ Since Y and X + Y are also rotation invariant, we have
__E|X|*  EX?#* __E|Y]**  Ey# CEX+4YPP E(X; 4+ Y1)
WTEGPF T BGF P T EGPEF T EGR T T EGPR T EGHE

Then by symmetry of X and Y we have
— 2k 2n— 2k:
n = n_l,.Z( >EX1 EY, n—l”z< > (2k — 1) - by p(2n — 2k — 1)1

1 2"nl(2n — )N
" (2n - D) Z SFRI 2k = T2 (n — R)i2n — 2k = k2R = D - bnp(2n = 2k = DI
k=0

= kZ:O (Z) akbn,k.




Therefore, it is enough to prove the following lemma, which we shall not do here.

Lemma 11 (Walkup, [82]). If (an)n>0 and (by)n>0 are log-concave, then it binomial convolution
(cn)n>0 defined as

1$ also log-concave.

For alternative proofs see [52, 32, 65, 58]. O

It is therefore enough to show that symmetric +1 random variable ¢ is ultra sub-Gaussian. It is
enough to show that ¢ is a Gaussian divisor.

Definition 3. A real random vector X in R" is a Gaussian divisor if G has the same distribution as
RX for some positive random variable R independent of X.

Lemma 12. Suppose X is a Gaussian divisor. Then X is ultra sub-Gaussian.
Proof. We have

E|X|? E|X|PE|RP  ERXP _  EGP 1
E|GPP  E|GPPE[RP  E|G[PPE|RP  E|G[PE[RPP  E[R|P’

Since p — E|R|P is log-convex, its reciprocal is log-concave. O

Note that 6 is a Gaussian divisor, since G = |G| and 6, G are independent. Moreover, a uniform
random variable U on the unit Euclidean ball is also a Gaussian divisor. In fact we have the following
lemma.

Lemma 13. If X is a rotation invariant random vector in R™ with radially decreasing density g(|z|),
then X has the same distribution as RU, where R has density —v,r™rg'(r) on (0,00) and U is uniform
on the unit Fuclidean ball, where v, stands for the volume of the unit Fuclidean ball.

Proof. Let u,(z) = vglr_”lmgr be the density of rU. We have

o) = /| (g ()dr = /0 T L (—g (r)dr = /0 (@) (— v (r))dr

x|

O
In fact we have proved the following theorem.
We have the following theorem.
Theorem 14. Let X1,..., X, be independent ultra sub-Gaussian random vectors (e.g. random vectors

uniform of centered Fuclidean spheres or centered Euclidean balls). Then S = X1 + ...+ X, satisfies

E|spr < EISI?

- W(E]SW)U‘I, p>q even integers.

1.7 Haagerup’s work

Here we are going to present basic ideas from Haagerup’s paper [33]. Unfortunately, certain technical
parts are too complicated to present them here.

10



1.7.1 Fourier transform

A simple change of variables s = xt together with computation of certain explicit integrals leads to
the formulas

C oo 1—cos(zt e 072
|z[P = { bJo e pe02) Cp:gsin (%) I'(p+1)

t)—1+ t )
(=Co) J5? Ldt pe (2.4) ™
Note that the expression changes as we go with p above 2 in order to make the integral convergent. If
X is a symmetric real random variable then its characteristic function is
1

, 1. .
“EetX 4 iEe*’tX = [E cos(Xt).

¢X(t) —_ EeitX _ 5

Therefore, we get the formulas

Cp Jo° zDar € (0,2 2
E|X]P = { ( pJo Tpfl L lexe p (2 ) ’ C, = =sin (@) D(p+1)

—C,) Om%dt pE(2,4) T

Let us now take X = S =Y} | axey, and assume that >, ai = 1. Then by independence

n
= H Eettarer — H cos(agt).
k=1 k=1

By concavity of the logarithm we have
aft oAbt <pran 4 A pan, @1 TPl Pe 20, prb by =1

or taking yj, = x}*

1 L

ylynﬁplyf1++pnyﬁn7 xl;"'axn7p17"'7pn207 p1++pn:1

Thus
n n 1
t) < H | cos(agt)| < Za%\ cos(agt)| % .

Let us define the following function

o0 1=l cos(L)I°
R ={ Gl et 0 P02 2 (M rp )
(—=Cp) Jo %dt p € (2,4)

Note that for p € (0,2) we get

L

o, [T @l cos(at)|F

tp—l—l

11—
yZ—
E|X[P =C / tP+1

1
LY a? (1 | cos(axt) ) \
—2
= Cp/0 eS| dt = ZaiF(ak )
k=1

Since (—Cp) > 0 for p € (2,4), in exactly the same way for p € (2,4) we get

n
EIX|P < Z apFp(a;?).
k=1

11



1.7.2 Constant Cy;

It turns out that the function F} is explicitly computable. We have
o

1 1 —|cost|* 1 21— (cost)
Fi(s) = dt = ————5-dt
1(s) /s /_OO t2 /s Z /_ (t + nm)?

s
n=—oo 2

e S
NOW7 m - anfoo (t+n7r)2 . Therefore

Note that

z 1 / z s—1 o3 z T s+1
/2(1—(cost)s) (-) dt:/2 S(COSt)Slntdt:s/Q(cost)sdt:\/E (%3 ),
0 tgt 0 tgt 0 I (%)

since the boundary terms vanish by computing an appropriate limit. Hence
We now claim that Fj(s) is increasing. Using I'(x 4+ 1) = 2I'(z) one gets

At =y e = (1o ) A

FKS)_

and by iterating

n—1 1 7%
F(s+2n) = Fi(s) H (1 — (s—|—2k+1)2> :

k=0

Taking the limit n — oo the left hand side converges to y/2/7 and therefore

\[H< s+2k+1)>é'

Suppose now that |a| < = for all k. Then

= V2
n n 1
BIX| < Y atFi(e) 2 3 atR(2) = Fi(2) = 7.
k=1 k=1
If for some j we have |a;| > \f’ then

n

E Z ARERE;| =

k=1

E|X]

aj| >

n
=E Z AkRElL
k=1

This proves that Cy 1 = V2.

n
Z akE5k5j
k=1

Sl

1.7.3 Constants Cs, for ¢ € (0,2)

Case qp < q < 2 and Vy, |ag| < \[ In this case a technical argument (simplified in [68]) shows that
Fy(s) > Fp(o0) for s > 2. Therefore

E|X|? > ZakF ) > ZakF F,(c0) = E|G|%.
k=1

12



1

Case qo < q < 2 and Jy, |ag| > 7

want to prove

. Let A, = Oy, g. By homogeneity we can assume that a; = 1 and

E|1+ ageo + ... + anenl? > A;(1 4 a2 + ...+ a2)3.
We shall proceed by induction and strengthen induction hypothesis to

E[1+ agea + ... + anenl|? > Ay®y(a3 + ... +a2),

where

bq(x) z>1 _ q
q(w) = { 264(1) — ¢g(2 — ) z€[0,1] dq(w) = (1+2)2

In other words ®, on [0, 1] is obtained by reflecting the graph of ¢, with respect to (1, ¢4(1)). It is
not hard to prove that

+ ‘I’q(?/)
2 b

(I)Q(x) Z ¢q($)7 a‘nd (I)q <1:;_y> S (I)Q(x) vay Z 05

Let © = a3 + ...+ a2. Suppose that a; = 1 is not the largest coefficient. Then x > 1 and thus the
inequality reduces to its homogeneous version

E[l 4+ asea + ...+ anen|? > Ay(1 —I—a% + ...—|—ai)%,
This is
Eley + agea + ... + anenl? > Aj(1 + a5 + ...+ d2)2,
which by dividing by the largest a; and enumerating becomes an inequality of the form
E|l + boea + ...+ bnen|? > A (1 + 05 + ... +b2)%
with 1 being the largest coefficient. This is weaker than

E[1+ boga + ... + bpen|? > Ay (b3 + ... +b2)

with all 0 < b, < 1 and therefore we can assume that a; = 1 is the largest coefficient.
Under this assumption, if £ > 1, then we are in the case maxy ai <1< H'Tx = %Zzzl ai and
moreover ®, = ¢,, thus we are in the case established previously.
Finally if < 1 and n > 3, then introduce notation x4+ = a3 + ... a%_Q + (an_1 £ ay)?. Then by
induction hypothesis

1
E|l + agea + ... + anenl? = §E!1 +ageg + ...+ an—2en—2 + (an—1 + an)en—1/?

1
+ §E’1 +agea+ ...+ an—2en—2 + (an—1 — ap)en—1|?
) g (525 g
2 2

Case 0 < q < qo. Let us now observe that by (3) with ¢ < gop < 2 we get

q

T1L+ T2

2—q 2—q
E| X9 > (E|X|?)2-2%0 > (E|G|%)2-9%0 =E
[ X7 > (E|X[7) 270 > (E|G|™) 7

i

where the second inequality follows from the previous cases.

13



1.7.4 Constants C, 5 for p € (2,3)

This case relies on a very technical proof (see a simplification in [63]) of the fact that Fj(s) < F},(c0)
for s > \/5, which shows that

EIXPP <) aiFy(a?) < Y aiFy(o0) = F(oo) = |G,

k=1 k=1

which shows the inequality when |ay| < 27/4 for all k. Now, if for some k one has |ag| > 27'/4, then
as we have seen at the very beginning, E|X|* =3 —23"}_, a} < 2 and therefore

(EIX]P)? < (E|X ) P(EXP™2 < 2772 < (BIGP)?,

where the last inequality is straightforward to check.

1.8 Bibliographical notes

Let us now briefly discuss the state of the art for the above classical Khintchine inequality (1). The
inequality was first considered a century ago in [40] by Khintchine in his study of the law of the
iterated logarithm and independently by Littlewood [53] in 1930. By monotonicity of moments we
easily see that Cp, = 1 for p < ¢g. The best constants C) , are known when one of the numbers p, ¢
equals 2, in which case one of the sides of the inequality has a simple form. The optimal constant C), »
for p > 2 equals 7,/v2, where v, = (E|G[P)Y/? for G ~ N(0,1). The equality holds asymptotically
when a; = n~1/2 and n — co. For the constant Cs ¢ With ¢ € (0,2) a phase transition occurs, namely
there is qo E (1,2) such that for gy < ¢ < 2 one has Cy4 = 72/74, whereas for 0 < ¢ < gy we have

Coy = 2q 3 , in which case equality holds for n = 2 and a1 = a9 = 1. In fact gg is the solution to the
equation F(%l) = %, go ~ 1.84742. The constant Cp o for p even was found by Khintchine himself
in [40], whereas the constant C o for p > 3 was established by Whittle in [83] and independently by
Young in [84] who was not aware of Whittle’s work. Szarek in [80] showed that optimal Cs 1 equals v/2,
answering the question of Littlewood from [53]. The remaining constants C) o for p € (2,3) and Cy 4
for g € (0,2)\ {1} were found by Haagerup in his celebrated work [33] using Fourier methods, see also
the article [68] of Nazarov and Podkorytov for a simpler proof for C3 4 and the article [63] of Mordhorst
for a simpler proof in the case Cp 2 with p € (2,3), based on the idea of Nazarov and Podkorytov. In
the case of even p, ¢ with p divisible by ¢ the best constants were obtained by Czerwinski in [21]. In
[65] the optimal constants C), , for all even numbers p > ¢ > 0 were found, see also a recent work [35]
for an alternative proof.

In fact for p > 3 a much stronger control on the p-th moments is available. If the vector (a2, ..., a2)
majorizes (b}, ...,b2) in the Schur order, then for p > 3 we have E| Y1, b;e;[P < E| > 1| a;e;[P. This
was proved by Eaton and Komorowski in [22] and [45] (Komorowski checked Eaton’s condition derived
for general function ® in place of |z|P). Pinelis showed in [71] that for even ® with ®” convex one
has E®(D " | aig;) < E®(D°", a;X;) for any symmetric variance one independent random variables
X;. This was also independently proved in [28]. Taking ®(z) = |z|P for p > 3 and X; ~ N (0,1) gives

Cp3 = -

2 Projections of B and Khinchine inequalities
Let us define
By ={(z1,...,2n) €ER" ¢ [m [P + ...+ |2, [P < 13,

which is the unit ball in the £ norm |z, = (32, |z;[P)1/P for p > 1. When p = oo one defines
|z]|cc = maxp=1 . ,|zx| and thus BY = [—1,1]" is the cube. In this section we shall discuss the
problem of finding orthogonal projections of B, onto codimension one hyperplanes having maximal
and minimal (n — 1)-dimensional volume. By Hj we shall denote (1,...,1,0,...,0)" with &k ones.
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2.1 Projections of convex polytopes

Suppose we are give a convex polytope P in R™ and we want to project it onto a hyperplane a', where
a is some unit vector. It is easy to derive a formula for the volume of such a projection. Let Fp be the
set of faces of P. If F' € Fp then |Proj,. F| = |F|-|(a,n(F))|, where n(F') is the unit normal vector
to F. Note that in Proj,. P every point is covered two times, so one gets the following expression for
the volume of projection

) 1
Projos Pl = 5 37 ||| {a.n(F) |
FeFp

Note that for p = oo the normal vectors are the standard basis vectors +e; and therefore one gets the
formula

|Proj,. Pl =2""1Y " ay

=1

Since by Cauchy-Schwarz

n 1/2
1=Za?§2|airsw€<2a%) — Va,
i=1 i=1 i=1

the maximal projection is given by H, and minimal by Hj.

2.2 Projections of B}

We shall consider a more delicate example of BY = {|xi|+...4+|x,| < 1}. It is not hard to see that the
boundary 0BT consists of 2" faces of equal volume. These faces can be indexed by sequences of signs
e = (e1,...,en) € {—1,1}". The face F; is contained in the affine hyperplanes 121 + ...z, = 1
and n(F.) =n~"'2(ey,...,e,). Thus one gets

|Proj,. B =C > [{e,a)] (4)
ee{-1,1}"

One can determine C, plugging in a = e;. Let us rewrite our equality in a probabilistic form.
Let ry,...,r, be ii.d. symmetric Bernoulli random variables, namely P (r; = +1) = % Since for

a=(ay,...,an) one has 3° oy | (e, a) | = 2"E[ 30 airi|, we get

n
E a;T;| -

=1

| Proj,. BY'| =2"C,E

Recall that we assume here that a is a unit vector. This gives a constraint on the second moment
ElY ", a;ri]> = 1. We see that finding extremal projections of B} is equivalent to finding best
constants in the corresponding Khinchine inequality. The maximal projection is therefore given by
H; and minimal by Hy by Szarek’s inequality.

2.3 General formula for projections

Let ox be the normalized surface area measure on 0K and let S be the not normalized surface are
measure, that is S(A) = [0KNA| and o (A) = |[0KNA|/|0K|. Let i be the normalized cone volume
measure, that is, for A C 0K let pur(A) = |conv({0} U A)|/|K|. Let C denote its not normalized
version.

We say that K is a convex body if K is convex, compact and has non empty interior. With every
symmetric convex body K we can associate a norm ||z|[x = min{t > 0 : z € tK}. We have the
following lemma due to Noar and Romik, see [64].

Lemma 15. If K is a symmetric convex body then oi s absolutely continuous with respect to pg
and for almost all x € OK one has

dog
dig

_ n|K]
(z) = M!V(II ) (@)
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Sketch of the proof. For points x such that x is perpendicular to the surface of K one has |z|-dS(z) =
ndC(z). If the angel between the surface and x is «, then | cos af-|z|-dS(z) = ndC(z). We clearly have
|cosal = | (n(x),x/|z])|. Let z= V| -||g(z). If € K then 1 +¢ = ||z +cx|x = ||z||k +€(z,2) =
1+ e(z,x), which gives (z,x2) = 1. Also, z is a vector perpendicular to K. Thus n(z) = z/|z|. We
obtain

Ly L)
cosal = 1| (o), )| = 2
This gives oK @) . .
Kldog(z)  dS(z |z 2 = ndCla) = m i
N @~ VT @~ e W) =ndCl@) =niK|dux ().

O]

The usual Cauchy formula for the volume of projection (explained at the beginning for polytopes)
can be written as

| Proj,. K| = \am/ o) |doc (x).

From Lemma 15 we therefore get
| Proj,. K| = IK\/ (VI lx)(@), a) [dpx (z),

since (V| - [[r)(z) = n(@)[(V]| - ) (2)]

2.4 Probabilistic formula for projections of B}

According to our formula we get

n
> ailzifP " sgn(x;)

=1

dppp (z). (5)

| Proj,. By| = C(p, n)/
B’I’L

p

The cone volume measure pBy enjoys a probabilistic representation in terms of i.i.d. random
variables, discovered by Rachev and Riischendorf in [75] and independently by Schechtman and Zinn
in [79]. Let us formulate a generalization of these results discussed in [74].

Lemma 16. Let K be a symmetric convex body and let Z be any random vector in R™ with density
of the form f(||z||x) for some continuous f : [0,00) — [0,00). Let U be a random variable uniform in
[0,1], independent of Z. Then

(a) ﬁ has distribution pgx and UY™ ”ZZ is uniformly distributed on K,

Il

(b) ﬁ and || Z||k are independent.

In particular, for K = B} one can take Z = (Y1,...,Y,) where Y; are i.i.d. random variables having
densities (2I'(1 + %))*%*ltl”.

Proof. We first claim that for any integrable h : R™ — R the following identity holds

/h: n|K|/O°O rnt /M h(rz)dug (2)dr. (6)

To show it one can assume that h =14, where A = [a,b] - Ag, where Ag C 0K, as these sets generate
the sigma algebra of Borel sets in R". For z € 0K and r > 0 we then have h(rz) = 1j,(r)14,(2).
Thus (6) reduces to

b
4] = |K ( / nd) e (Ao) = [K|(5" — a)juge(Ao) = [[a, 5] Aol )
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and is therefore true. Now, let us notice that for ¢ : R® — R and ¥ : R — R we have
4 T
E S A _ _r d
{‘ﬁ(HzHKW” ”K>] /Rﬁ(”w)w(quK)ﬂuxum .
=nlK n—1 '
k] [ oot [ o)

Taking ¢, 1) = 1 we learn that n|K| [ f(r)r" 'dr = 1. Thus taking 1) = and next ¢ = 1 we arrive at

E[¢ <||ZZ||K>] = [ oG, BWZI01=nlK] [ o)

The first equation shows that Tz ” has distribution px. Moreover, we get

B o () 02| =2 o (17 ) |ERaZI0).

which shows (b). Finally (7) to gether with the fact that U'/" has density nr"~' on [0, 1] shows that

A y ( z > < o Z )
Sl =P (UY™ € [a,b]) P €Ay =P(UY" €A,
& P (U € lad) P (e 1ZT%

which shows the second part of point (a).

O
We can now prove the probabilistic formula for the volume of hyperplane projection of By
Lemma 17. For p > 1 and every unit vector a € R™, we then have
. VOln 1 Bn 1
Voln_l(PrOJaL (Bg)) = ]E’T Z a/j 7l (8)
where here Xq,..., X, are i.i.d. random variables with density
folr) = ——————|x|»- 1e .
@) = s iram
Proof. By (5) and Lemma 16 (a) for some constant ¢, , we have
n -1 _ n —1
. Y|P Y; ESP-1 v, P
vol,—1(Proj,. By) = C(p,n)E ;ai gz sgn <53) ‘ =C(p,n) - = E z;ai — sgn (Y;)
1= 1=
1
Y. 17 sen ().

It now suffices to observe that X; = |Y;|P~ ' sgn (Y;) for p > 1 have densities f,. We then compute C,,.,
by taking a = e;. O

2.5 Choquet order

We say that p < v in the (symmetric) Choquet order if for any even convex function ¢ : R™ — [0, o]
one has [ ¢ du < [ ¢ dv. We have the following simple lemma.

Lemma 18. Suppose p < v are symmetric measures on R¥. Then for any even symmetric measure
X on R! one has p®@ A < v ® \. In particular p®" < u®".

17



Proof. We have to show that

¢z, y)dp(z)dA(y) < ¢(x, y)dv(z)dA(y).

]Rk""l Rk+l

In suffices to use the definition of Choquet order for p and v with (;5 le x,y)dA(y). This
function is even since

(=) = [ o(=a)arm) /asm—cu /qmydA — (),

since A is symmetric. O

We now provide a sufficient condition for y to be smaller than v in the Choquet order, on the real
line.

Lemma 19. Suppose f, g : R — [0,00) are even probability densities satisfying [ |t|f(¢t)dt = [ |t|g(t)dt <
00. Assume moreover that there are 0 < x < y such that {t > 0 : g(t) < f(t)} = (z,y). Then the
measures |, v with densities f, g satisfy p < v.

Proof. Tt suffices to prove that for any convex ¢ : [0,00) — [0,00] one has [ ¢(¢) f(t)dt < [ ¢(t)g(t)dt
Equivalently

/ (6(t) — (at + b))(g(t) — F(£))dt >0,

where a,b are arbitrary real numbers. Let ¢(t) = ¢(t) — (at + b). Choose a,b in such a way that
¥(z) =¥ (y) = 0. Note that ¢ is convex and thus ¥ (t) < 0 on [z,y] and ¥(t) > 0 on [0, 2] U [y, o0). In
other words (g — f) is non-negative on [0, 00). O

2.6 Largest projections for p € [1,2]

We shall show the inequality E| " , aiXi(p )] < E\Xi(p )], where X; are i.i.d. with densities f,. This
shows the inequality
‘ PrOjaL Bg| S ‘ Proj(1707_._70)L Bg‘

In fact we shall prove that for 1 < p < g < co one has

E‘Zz la’l p’ E‘Zz la’z ‘
Ex?| T Ex?

and use it with ¢ = 2, in which case f; is Gaussian and the right hand side is 1 (the sum of independent
Gaussian random variables is again Gaussian)

Let us introduce Yfm = Xi(p)/IE|XZ-( |. Then E\Y | = E\Y | = 1. Our goal is to prove that

- ai}/i(‘I) .

Since ¢(x) = | D7, a;x;| is symmetric and convex, it suffices to show that K(Yi(p)) =< ﬁ(Yi(q)) and

use Lemma 18. In order to show that L(Y; v® )) < LY, vl )) we shall use Lemma 4. To this end one has
to check that the densities fp and fq of these random variables intersect in exactly two points and
that fq > fp near the origin (which is clear from the asymptotics). The fact that these two functions
intersect in at least two points follows from the next lemma. Below we don’t give a precise definition
of the number of sign change points as we shall use this notion only in very simple situations, where
the meaning of this terms is clear.

Y <E

Lemma 20. Let k,n > 1 be integers and let g : R — R be measurable. Suppose that g changes sign
at exactly k points. Assume moreover that fR 2/g(x)dz =0 for all j =0,1,...,n— 1. Then k > n.
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Proof. We prove the lemma by contradiction. Assume that kK < n — 1. Let 1 < 29 < ... < a3 be
the sign change points of g. From our assumption, for every polynomial P of degree at most n — 1
one has [ Pg = 0. Let us take P(z) = (z — z1)...(z — zx) and h = Pg. We have [h = 0. On the
other hand, h does not change sign since P changes sign exactly at the same points as g. Since h is
not identically zero, we get [ h # 0, contradiction. 0

Using this lemma and the fact that [t f,(t)dt = [;° ¢ fo(¢)dt for i = 0,1, we get that f, and f,
intersect in at least 2 points. We have

fo(t) = ext@re WM () = eppren (1702

where a1 > ao and 1 > fs.
The equation f,(t) = f,(t) on (0, 00) is of the form

t B2 t B1
w(t) = c+ (aq — ) logt + - = =0.
dy dq

o(t) = 4w/ (£) = a1 — s + B (CDBZ B ( >Bl |

The inequality v'(t) > 0 is equivalent to t?2~51 > ﬂ%de B;deﬁl, which holds on some interval |0, z].
Thus v is first increasing and then decreasing. Since v(0) > 0, v can have at most one root. By Roll’s
theorem w can have at most two roots.

In fact we have proved the following corollary.

We have

Corollary 21. Let 1 <p < g < oo and let a be a unit vector in R™. Then

| Proj,. By| _ |Proj,. By
By~ T BT

2.7 Gaussian mixtures

We shall need the following definition.

Definition 4. A random variable X is called a (centered) Gaussian mixture if there exists a positive
random variable R and a standard Gaussian random variable Z, independent of R, such that X has
the same distribution as the product RZ.

For example, a random variable X with density of the form

z2

202
J

pr \/%] !

where p;,0; > 0 are such that 27:1 pj = 1, is a Gaussian mixture corresponding to the discrete
random variable R with P(R = ;) = p;.

Recall that an infinitely differentiable function g : (0,00) — R is called completely monotonic if
(=1)*g™(z) > 0 for all > 0 and n > 0, where for n > 1 we denote by g™ the n-th derivative of g
and ¢(© = g. A classical theorem of Bernstein asserts that ¢ is completely monotonic if and only if it
is the Laplace transform of some measure, i.e. there exists a non-negative Borel measure p on [0, 00)
such that

oo
f@ = [ e, a>o ©)
0
Bernstein’s theorem implies the following equivalence.

Lemma 22. A symmetric random variable X with density f is a Gaussian mixture if and only if the
function x — f(\/x) is completely monotonic for x > 0.
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Proof. Let X be a Gaussian mixture RZ, where R is positive and Z is an independent standard
Gaussian random variable. Denote by v the law of R. Clearly X is symmetric. Furthermore,

P(X € A) =P(RZ € A) = /OO P(rZ € A)dv(r / / ¢ 52 du(r)da. (10)
0

27r

This implies that X has a density

1 o
@)= (1)
Thus, f(y/r) is completely monotonic.
Now, for the converse, let X be a symmetric random variable with density f such that the function
x — f(y/z) is completely monotonic. By Bernstein’s theorem, there exists a non-negative Borel
measure 4 supported on [0,00) such that

f(Wz) = /000 e du(t), for every x >0 (12)

or, equivalently, f f o0 o—ta? ) for every x € R. Notice that u({0}) = 0, because otherwise f
would not be mtegrable Now, for a subset A C R we have

P(X € A) = /A /O h e dp(t)da = /0 h /A e~ dadp(t)
_ /0 h /\@1 ;re_x2/2dx ﬁd,u(t) _ /0 T (VEEA)dL(D).

where du(t f du(t). In particular, choosing A = R, we deduce that v is a probability measure
supported on (0,00). Let V' be a random variable distributed according to v. Clearly V is positive
almost surely. Define R = \/%7 and let Z be a standard Gaussian random variable, independent of R.

Then

1 o
P(RZcA)=P|—-ZcA :/ A(V2tA)du(t) = P(X € A),
(rzed)=F( - zea) = [T ou(VEAWE = F(X < )
that is, X has the same distribution as RZ. ]

The following simple lemma allows us to construct completely monotonic function.
Lemma 23. The following holds true:

(a) If g is a completely monotonic function on (0,00) and h is positive and has a completely mono-
tonic derivative on (0,00), then go h is also completely monotonic on (0,00).

(b) If f, g are completely monotonic on (0,00), then fg is also completely monotonic.

(¢) The densities cpe_mp are Gaussian miztures for p € (0,2]. Also fp is the density of a Gaussian
mixture for p > 2.
2.8 Extremal projections for p > 2
The following lemma is crucial.

Lemma 24. Suppose X1,..., X, are i.i.d. Gaussian miztures and let ® : R — R be even and such
that ¥(x) = ®(y/x) is convex on [0,00). Then

(a2,...,a%) =< (b3,...,b%) — E® (iaX) <E® (ibX)

i=1 =1

If U(z) is concave then the inequality is reversed.
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Proof. Observe that X; = R;Z; for some independent R; > 0 and Z; ~ N (0,1). Thus

ZaiXi = ZaiRiZi ~ <Z a?R?) Zl.
i=1 i=1 i=1
We therefore have
E® (Z aiXZ) — RV <Zf ZafR?) ,
i=1 i=1

which is clearly a permutation symmetric and convex function of (a%, ...,a2) and thus is Schur convex,
which finishes the proof of the lemma. O

Recall that
| Proj,. B | = Ci(p,n

Zaz

From the last section we know that X; are Gaussian mixtures. Thus, using the above lemma with
®(x) = |z|, we get the following theorem.

Theorem 25. Fiz p € (2,00]. For two unit vectors a = (ay,...,a,),b= (b1,...,b,) in R™ we have
(ai,...,a2) 2 (b7,...,b%) => |Proj,. B} > |Proj,. B}|.
In particular for any a € S™~' we have

| Proj(LO’.“’())J_ B;L| S | Projaj_ B;L| S | PrOjn71/2(1’“_,1)L B;L|

3 Extremal sections of Bg

We now turn to the dual question of finding extremal values of |B} N at| for a # 0.

3.1 Formula via negative moments

We are going to follow the idea of Kalton and Koldobsky. We begin with the following simple lemma.

Lemma 26. Suppose X is a real random variable with continuous bounded density f. Then

1—
£(0) = lim Tq~E|X|_q.

q—1—

Proof. Our goal is to show that f(0) = lim,_,;- Tq Jg lz|79f(z)dz. Fix e > 0 and 6 > 0 such that
for |z| < § one has f(0) —e < f(z) < f(0) + &. There exists a constant M such that for |x| > M we
have f(z) = 0. We first observe that

1-— 1-
Sl / |z| 79 f(z)dx < 15 0.
2 |z|>6 2

q—1-

Moreover

(1) =612 200 [ e (e < (7(0) + )5t

jo|<s

Taking ¢ — 1~ we therefore arrive at

f(0)—e< hmmf

q—1—

1
/ |z| 79 f(z)dx < limsup

q—1-

-y /R 2] (z)dz < F(0) +<

Taking € — 07 gives the result. O
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Now suppose that X is uniform on some convex body K with |K| = 1. For a unit vector a let us
consider the section function
fult) = |K 1 (a* + ta)
Clearly
o)
|ttt = 1K 0 {(w0) 2 s} =P ((X.0) 2 9
S

and thus f, is the density of (a, X). Therefore

K nat] = fo(0) = tim —TE|(X,0) 7.

q—1-

As for the case of projections, using X ~ %Ul/", where S = ||Y|, and Y = (Y7,...,Y},) with ¥; i.i.d.

with densities c,e” " we get
IES a
E|(X,a) |7 = EU =E[(Y/S,a) | = EU = - == E|(Y/S,a) |
EU = _ -
- ES—4 E’ <K a> ’ 1= CPvQynE‘ <Y7 a’> ’ 1

Therefore
—q

1 _
IBE A at| = f2(0) = lim cpgn—— E
q—1—

3.2 Gaussian mixture case

If p € (1,2) then Y; are Gaussian mixtures, Y; ~ R;G;. Thus

n n 1/2
Z a;Y; ~ (Z a?R?) G1.
i1 i—1

Since lim,_, - %E\Gl\*q = \/% by Lemma 26, we get

_9g
2

I\J\H

2R2

n
2 12
E a; R;

i=1

= \/>Cp,17n

Theorem 27. Let p € [1,2] and let (af,...,a2) < (b3,...,b2) for unit vectors a,b. Then |B} Na*| <
|By N b*|. In particular

|B, N at| = lim ¢pgn(1l —q)E|G1|IE
q—1-

According to Lemma 24 we get the following theorem.

|By N Hy,| < |By Na™| <[By N Hl.

3.3 Casep>2
3.3.1 Minimal sections of the cube

According to Lemma 13 we can always write Y; ~ R;U;, where U; are uniform on [—1,1] and R; ~
cpzvpefxp. Thus

—q
|B”ﬂaL|— lim ¢pgn(l—q)E R:U;
q—)
Let us prove the following lemma.
Lemma 28 (Archimedes-Konig-Kwapien formula). Let Uy, ..., U, be i.i.d. uniform on [—1,1] and

let &1,. .., &, be i.i.d. uniform on the unit Euclidean ball S? in R3. Then
(1- Q)E’ > @il = E’ > @i )
i=1 i=1
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Proof. Due to the Archimedes hat-box theorem for any unit vector # € R3 we have (&,60) ~ U;.
Moreover for v € R? and 6 uniform on S? we have

1 [t 1
Eol (v,0) |0 = [u] 7 - 1 / 2|9z =
2/, 1—

i
q

We get

<Zn: $i€i79> ‘7(] = EaEg‘ zn:xz (&, 0) )7[1 = IE‘ Zn:inl B
i=1 i1 Pt

Lemma 28 allows us the evaluate the limit

E ) aiRU;
=1

—q —q -1

= lim ¢pqnE
q—1-

—1
|BI N at| < 1> =
——— =114+ |E a; R;&;

1By~ p ;

Case p = oo is due to Konig and Koldobsky, [47], namely

IBZf N CLL| = lim Cpgn(l =Cpln
qg—1

Z a; ;& E Z a; R;&;
=1

This gives

|BZ, ﬂaL|
B

We show how this formula gives Hadwiger-Hensley theorem on minimal sections of the cube.
Theorem 29. We have |B% Na*| > |B%1.

Proof. We have

N

|B% Nat|
B

=E [ Y aia;(&.&) 2 | 2 woE(6.6) - (Z a?) -

3,j=1 3,j=1

3.3.2 Kanter’s lemma

We say that a measure p is more peaked than a measure v (to be denoted by p < v) if for every
symmetric convex set K one has u(K) < v(K).

We say that f is log-concave if f = e~ for some convex V : R” — R U {+00}. We need the
following simple lemma.

Lemma 30. Suppose j1 < v. Then for every even log concave function f one has [ fdp < [ fdv.

Proof. We have [ fdu = [;°p({z : f(x) > t})dt and the sets {z : f(z) > t} are symmetric and
convex. 0

We now formulate Kanter’s lemma.

Lemma 31. Suppose p,v are symmetric log-concave measures on R™ and p < v. Then for every
symmetric log-concave measure X on R™ we have u®@A K vRA. Moreover if u; < v; then p1®. . . Qug <
M ®...Q V.
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Proof. 1t suffices to show the first part and for the second part apply induction. Define K, = {y €
R™: (z,y) € K)}. We have

(1 ® N () = / A du(a),

Since A is symmetric and K_, = — K, we get that f(x) = A(K;) is even. We prove that it is also log-
concave. Indeed, by convexity of K we have K, 1 (1—p)z, D PKz, + (1 —p)Ky,. Thus by log-concavity
of \ we get

f(p$1 + (1 p)l‘z) - )‘( pr1+(1— p)a:g) > )\(pKII + (1 p)K ) 2 )\(le)p)\(sz)l—p = f(xl)pf(x2)1_p7

which shows that f is log-concave. Thus by the previous lemma we get

(@ A)(K /f e /f Jdv(z) = (v @ A)(K).
0

Lemma 32. Suppose symmetric measure on the real line p, v have densities f, g satisfying f(0) = g(0).
Then if f — g changes sign once from 7-” to ”+” on (0,00), then u < v

Proof. Since u,v are symmetric it suffices to show that fot g > fot f. Suppose f — g changes its sign in
Yo. In fact we shall show that for every decreasing ¢ on [0, 00) one has [¢f < [1g. Indeed, we have

/ b(v)(9y) — F(y))dy = / () — V() (a(y) — F))dy > 0,

as both factors change their signs at . O

3.3.3 Minimal sections
1
Theorem 33. The function p — “‘BBn 1|‘

is non-decreasing in p on (1,00). In particular
\B;ﬂaL\ > |Bg_1|, p>2, and |BgﬂaL| §|Bg_1|, p < 2.

Proof. Let p, be the measure with density v,(t) = e Peltl” and let Vi(p ) be distributed according to
tp- We have

BrOat  1- o

n
q (p)
———— = lim ——E a; V.
B et 2
In order to check that the normalization is correct we plug in a = (1,0,...,0) and use the fact that
lim —E ’vl(m’ 0,(0) = 1.
q—1-

Note that
o (o) o
E[X ™ =qE/|X| t‘q‘ldt:qE/O t_q_11X|<tdt:q/O P (|X| < t)dt

It is therefore enough to show that

p»—>IP’(
i=1

Z a; V(P)

St) = i ({z €R": [(r,a)| < 1))

is non-decreasing. The set K¢ = {z € R" : |(z,a)| < t} is symmetric and convex. Moreover, for
p1 < p2 we have ,upl < pp, since v, and vp, intersect in only one point on R, . By Kanter’s lemma
we have uff Mpz and the assertion follows. O
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3.4 Maximal section - Ball’s theorem

The goal of this section is to prove the following theorem.
Theorem 34. For any unit vector one has |B", Nat| < 2" 1y/2.

We mention that this celebrated fact provides a negative answer to the Busemann-Petty question
in high dimensions: for n > 10 one has

11"
== n
23] e

where 7, is chosen in such a way that |r, Bf| = 1. Thus, even though all central sections of the cube
are strictly smaller than those of r,Bj, the volumes are the same. Such strange examples exist only
in dimensions n > 5.

We now proceed with the proof of Ball’s inequality. We shall consider the unit volume cube
C=0q, [ 5 2] Without loss of generality we can assume that a; > O for all 4. Suppose there

<V2<

rnBY Nat

exists j such that a; > 1/v/2 V2. In this case consider the section S = C' N a' and project it onto ejL.
The volume of this projection is |S| - | (a,e;) = |S|a;. On the other hand this projection is contained
in Cy,—1 and thus has volume at most 1. W get |S|a; < 1 and thus |S] < aj_l < /2 and we are done.

Now, it suffices to assume that 0 < a; < 1/\/§ for all j. Let X; be ii.d. uniform on [—
let f, be the density of 2?21 a; Xj. The idea is to use the Fourier transform. We have

n 1 Liajt za no
2. e2'%j it sin
<Z5 () Eeﬁgﬂ 1 a; X ||Eezta] — || eztajudu: || _ Il
— ZCL]

1

;,2] and

a]t

—
@ NI

D=

We are going to use the Fourier inversion formula (valid when ¢, is integrable)

fa(z) = % / =it g, (t)dt

Using this formula with £ = 0 and changing variables %t = 7u we arrive at

=40 = [T
Ta;U

Applying Holder inequality (recall that >."_, a? = 1) we get

J=1%3
" (mau) [ )"
sin(mwaju sin(ma;u) | a2
\CmaLy</H 7 ugn / TV du ]
Ta;u i Ta;u
Therefore, it suffices to prove that
) 1
/ sin(mra;u) | a2 du < V2.

Ta;U

Let us substitute # = aju and introduce s = a;? > 2. Then we get the equivalent form of the

J
inequality

sinmzx |® 2

dr <4/ -, s> 2.

S

This is the famous Ball’s integral inequality.

T
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3.4.1 Nazarov-Podkorytov lemma

Suppose f : R — [0,00). The function
F(t)=[{z €R: f(z)>1t}]

is called the distribution function of f. Let F; be the space of functions f : R — [0, c0) such that their
distribution functions are finite and f* is integrable for all s > [.

Lemma 35. Suppose f,g € F; have distribution functions F,G such that F — G changes sign from

7 =" to” +7 at yg. Then
1 S S
o) = [ (=)

S
SYo

is increasing on (l,00). In particular,

/fsoz/gso - /fSZ/gS for all s> sg.
/f(:c)da::// ldtdx:// 1{t<f(x)}da:dt:/ F(t)dt.
R RJO R JO 0

Note that the distribution function of f* is F(y'/*). Thus

/fs = /OOO F(y'*)dy = s/ooo w ™ F(u)du.

o= [ °°<y)8_1 (P(y) - Gly))dy

“wdo \wo

Proof. We have

We get that

Suppose s1 > s2. Then

o)~ (s2) = = [ ((jo)l - (;’())1) (Fly) — Gly)dy 0,

since both factors change their signs in yg. O

3.4.2 Proof of Ball’s integral inequality

Let us define )
sin

fla)y=eT"2  g(z)=

T™r

We note that [ f2 = [¢*> =1 and we want to prove the inequality [¢° < [ f5. We are going to use
Nazarov-Podkorytov lemma with sqg = 2. It is enough to check that F' — G changes sign from 7 —”
to” +7” on [0,00). Note that F(y) = G(y) = 0 for y > 1, so we only consider y € (0,1). We have
F(y) = %ln(%) The main problem is to estimate G(y).
The function g(x) has zeros for © € Z. Let y,, = MaX[, m11) 9 We clearly have y,, < % and
Ym > g(m + %) = - (m1+ 1y Thus y,, € (m, %), which shows that the sequence y,, is decreasing.
2 2

We have the following claims.

Claim 1. The function F' — G changes sign at least once in (0, 1).

To show this we just observe that [~ 2y(F(y) — G(y))dy = [(f* — ¢*) = 0.
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Claim 2. The function F' — G is positive on (yi,1).

Note that if g(z) > y; then y € (0,1). Moreover g(z) < f(z) for x € [0, 1], since

2

sin x e z2 a2 2 2
— 2 — e 5% -z _
T _kl_Il<1_k2>Skl_[16 Bo=eot <em2t o= f(a).

Thus
Gly) =z €(0,1): g(x) >y} <{z € (0,1): flz) >y} < F(y).
Claim 3. The function F' — G is increasing on (0, y1).

It is enough to show that |G'(y)| > |F'(y)| for y € (Ym+1,Ym). For y € (0,y1) such that y # y; we

have
, _ 1
Cwl= 2 G

x>0: g(z)=y

If y € (Ym+1,Ym) then the equation g(x) = y has:

e one root on (0, 1)
e tworootson (k,k+1),k=1,...,m

e 1o roots on (m + 1,00).

For z € (0,1) we have

3 _ 1 ™ 1 ™
g (2)] = sin(mx) — wx cos(mx) _ psintdt < L I
T2 2

For z € (k,k+ 1), k > 1 we have

cos(rz)  sin(rz)

g/ (z)] = 5

<L (ry Lontrle o 1y o)

xT T T

Putting this together we get that for y € (ym+1, ym) we have

2 " 2
|G'(y)| > ;+22kz:%+m+m2.
k=1

Since |F'(y)| = 1

——— Wwe get
y1/27r1n(y) &

21— commfon(() (2 meo) e 1)

We now claim that y, /27 In <%) is increasing on (0, y;). Note that y; < % <e Y2 For0<y<e /12

we have <y21n<;>>/:2yln<;>_y:y(21n<gl/>_1> > 0.

we therefore get

=

1
For Y > Ymsl > m

G'W)| _ Z+m+m® |2 3 2 5r
>z yf—mln{m|{m+ = >3/ —In— > 1.
|EF' ()| m—l—% T 2 T 2
as % +m+m? > % +m+1= % + m. The last inequality follows from In 5z > z for = € [1, 2] (applied

to x = 7/2), which can be checked only at the endpoint x =1 (In5 > 1) and z = 2 (In10 > 2) as the
left hand side is concave.
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Bibliographical notes

Sections of ¢ balls. The topic of sections of £} balls is widely studied and this development relied
on quite a number of interesting and influential ideas. The first result concerning this question has been
obtained independently by Hadwiger in [34]) and Hensley in [36], who proved that |B% Nat| > |B% N
H;|, and was motivated by Good’s question about solvability of systems of inequalities |L;(z)| < 1,
where L; : Z™ — R are linear forms in integer-valued variables. Ball proved in his celebrated paper
[2] that Hy gives the maximal section, providing a simple counterexample to the Busemann-Petty
conjecture from [14]. Ball’s proof is an application of the Fourier inversion formula together with a
brilliant use of Holder’s inequality. In [27] distributional stability of this result for vectors a with
absolute values of coordinates at most 1/v/2 is proved.

The case of finite p has been treated for the first time by Meyer and Pajor in [59], who showed
that for p € [1,2] the maximal section is given by Hj, whereas for p € [2,00) this subspace gives the
minimal section. The proof relies on the monotonicity in p of the function p — |By N H| - |BI’§\_1 for
any k-dimensional subspace, where the notion of peakedness and Kanter’s lemma (see [39]) are used.
For p € [1,2] Koldobsky showed in [41], using a Fourier-analytic argument, that the minimal section
is given by the diagonal subspace H,,. See also [24] for a simple proofs in the case p € [1,2] using
the Gaussian mixture technique. Recently Eskenazis, Tkocz and the author proved in [26] that Hy
is maximal not only for p = oo, but also for every p > 10'°. Stability estimates for codimension one
sections of B} were established in [15].

The first result concerning lower dimensional sections is due to Vaaler [85], who proved that for
any k-dimensional subspace one has |B% N H| > 2* with equality for subspaces spanned by some k
standard basis vectors, see also [1] for an alternative topological proof. As for the upper bound, Ball

proved in [3] that for any k-dimensional subspace H one has |BY N H| < min(y/n/ kk, \/infk), which
is sharp when k divides n and when k£ > % For k = 2 maximal sections has recently been found in
[37]. Meyer and Pajor in [59] proved that for any k-dimensional subspace H one has |By N H| < |BE|
for p € [1,2] and [By N H| > |B]’;| for p > 2. For p > 2 Barthe proved in [7] the inequality |By N H| <

(n/k)k(%_%)\B;fL which is sharp only when k divides n. For 2 < k < n — 1 and p € [1,2) minimal
sections of B, are unknown except for (k,p) = (2,1) in which case Nazarov proved the sharp bound
|BY N H| > n?tg(5%) sin? (%), see [15].

In the articles of Vaaler [85] and Meyer and Pajor [59] the authors point out that the analogues
of their results hold in the complex case, namely for any complex k-dimensional subspace H one has
’B;L,(C NH|> \B;;’C\ for 2 < p < oo, whereas reverse inequality holds for p € [1,2]. Minimal complex
codimension one sections for p € [1,2] are given by complex H,, see the result of Koldobsky and
Zymonopoulou [43]. Finally, as we already mentioned, an analogue of Ball’s inequality in the complex

case is due to Oleszkiewicz and Pelczytiski who proved in [70] the inequality |D" Nat| < |D™ N Ha|.

Projections of () balls. The problem of finding Cs;1 was posed by Littlewood in 1930 in [53],
where his famous %—inequality for bilinear forms was derived. It was Szarek who solved Littlewood’s
problem in [80], proving that ¢, = 1/4/2. Szarek’s result was rephrased in terms of projections of
BT by Ball in [4], namely one has | Proj,. (B})| > | Projy, (BY")|. Szarek’s inequality has now several
simplified proofs, see [33, 51, 81].

Barthe and Naor proved in [9], using the so-called convex ordering of densities, that H; gives the
maximal projections for p € (1,2) and the minimal projections for p > 2. They also showed that H,
gives the maximal projection for p > 2. In the problematic case of minimal projections for p € (1,2)
only the case p < 1+ 107!2 is known due to the recent work [26]. In [27] a distributional stability
of Szarek’s inequality was given in the case when |a;| < 1/v/2 for all i = 1,...,n, which leads to an
alternative proof for p close to 1, however with an additional restriction on the sequence (a;).

Lower dimensional projections of B, are much less understood. The result of Meyer and Pajor from

[59] about sections trivially gives |Projy (By)| > [B, N H| > \B}I,f| for every k-dimensional subspace

1 1
H and p > 2. Barthe in [8] proved for p € [1,2] the inequality | Projy(By)| > (%)k(ﬁ_i)]B;ﬂ, which
is sharp when k divides n. For the complex case, besides the fact that minimizers for p > 2 are given
by Hj, nothing seems to be known.
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For more information about sections and projections of £} balls we refer the reader to the recent
survey [67] by Tkocz and the author.

Appendix A
Prékopa-Leindler inequality

We are going to prove the following fundamental theorem.

Theorem 36. Let f,g,m be nonnegative measerable functions on R™ and let A € [0,1]. If for all
x,y € R™ we have

m((1 =Nz + \y) > f(2) g(y)*,

for= (L) (L) R

We first prove the one-dimensional Brunn-Minkowski inequality.

then

Lemma 37. Suppose A, B are non-empty Borel sets. Then |A+ B| > |A| + |B|.

Sketch of the proof. By simple approximation argument one can assume that A, B are compact. Shift-
ing A and B does not affect the inequality, so one can assume that inf A = 0 = sup B. Then
A+ B> AUB and AN B ={0}. Thus |A+ B| > |A| + |B|. O

Remark 6. The sum of measurable sets is not always measurable. The sum of two Borel sets might
not be Borel, but it is always Lebesgue measurable.

We first give two proof of this fact in dimension n = 1.
Proof. Let us first justify the Prekopa-Leindler inequality in dimension one. We can assume, consid-

ering f1y<yr and gly<ps instead of f and g, that f, g are bounded. If we multiply f, g, m by numbers
cf, Cq, Cm satisfying

Cm = c}_)‘c;\,
then the hyphotesis and the thesis do not change. Therefore, taking c; = || f|l=l, ¢4 = |lgll5 and
Cm = ||f||go(1‘”\|g\|g§ we can assume (since we are in the situation when f and g are bounded) that

I fllsc = llglloc = 1. But then

[m=[Tionzopas, [r= [z [o= [ oz

Note also that if z € {f > r} and y € {g > r} then by the assumption of the theorem we have
(1 =Nz + Ay € {m > r}. Hence,

A=M{f=zr}+Mg=>r}C{m=>r}.

Moreover, the sets {f > r} and {g > r} are non-empty for » € [0,1). This is very important since we
want to use one-dimensional Brunn-Minkowski inequality. We have

“+o00 1 1
/m—/0 {er}rdrz/O r{mzr}\drz/o (1= N{f > 7} + Mg > r}ldr

z<1—A>/01|{fzr}|dr+x/01|{gzr}rdr=<1—A>/f+A/gz (/f)H (/g>x.

Suppose our inequality in true in dimension n — 1. We will prove it in dimension n. Suppose we
have a numbers yo, y1,y2 € R satisfying yo = (1 — A)y1 + Ay2. Define my,, fy,, gy, : R"1 — R4 by

my,(z) = m(yo, ), fiu(x) = f(y1,7), gy(x) = (y2,2),
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where x € R"~!. Note that since yo = (1 — A)y1 + Ay2 we have
My, (1 — XNz + Aza) = m((1 — N)y1 + Ayz, (1 — XN)z1 + Aza)
> f(y1,21) gy, 22)* = fy (21) gy, (22),

hence my,, fy, and g,, satisfies the assumption of the (n — 1)-dimensional Prékopa-Leindler inequality.

Therefore we have
1-X A
/ My, = </ fy1> (/ 9y2> .
Rnfl Rnfl Rnfl

Define new functions M, F,G : R — R,

M(yo) = /Rn_l My, Fy1) = /Rn_l fors G(y2) = /Rn_1 Gyo-

We have seen (the above inequality) that when yo = (1 — X\)y1 + Ay2 then there holds
M((1=Ny1+ Ayz) > F(yn)' G y)™.

Hence, by one-dimensional Prékopa-Leindler inequality we get

Jor= (L) (fe)
[or=fom [r=f0 fo=[a

so the assertion follows. O

But

Brunn-Minkowski inequality

Taking f =14, g =1p and m = 1,4, (1_»)B we get the multiplicative form of the Brunn-Minkowski
inequality
IAMA + (1 — N)B| > |A}B)F .

.. . . ~ ~ ~ MK/
If we apply this inequality with K = K/|K|'/", L = L/|L|"/™ and \ = A|K|1/”L(1|*A)\L\1/n' we get the

classical form of the Brunn-Minkowski inequality.
Theorem 38. If A, B are Borel non-empty sets, then for A € [0,1] we have
IMA 4 (1= N)B[Y™ > NA|Y™ + (1 — \)|B|V™.
Remark 7. Note that the above can also be written in the form |A 4+ B|'/™ > |A|Y/™ + |B|'/".

Brunn’s principle

We shall prove the following theorem.

Theorem 39. Suppose K is a convex body in R™ and let w € S"~'. Then the function
t = vol,_1 (K N (ut + tu))/m1

18 concave on its support.

Proof. We can assume that v = e;. Let K; = K N (ut 4+ tu) = K N {x; = t} and consider these as
sets in R?~1. We claim that AK; + (1 — \) K, C Ki4(1-1)s- Indeed, suppose a € K; and b € K.
Then by convexity of K we have A\(t,a) + (1 — A\)(s,b) = (At + (1 — A)s,Aa+ (1 — A\)b) € K and thus
Aa+ (1= A)b € Ky (1-»)s Suppose K, K; are non-empty (i.e. we are on the support of our map).
By Brunn-Minkowski we get

1 1 1 1
[ B xis (1-n)s| "7 2 [AK + (1 = A) K |77 > A[Ky[n=T + (1 = A)[K|»-T,
which proves the desired concavity. O

Corollary 40. If K is a symmetric convex set the the section having the largest section is always a
central section, that is a section passing through the origin.

1
n—1

Proof. The above section function is even and -concave, so its maximum is at the origin. O
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Isoperimetric inequality
For a compact sets K in R" we define K; = K +tB5.

Theorem 41. Let K be a compact set in R™ and let B be a ball such that |K| = |B|. Then
1/n n
() 15 = 15 = ()" + ) 18,
(b) 10K| > |0B| = n|K|"" | B .
Proof. Suppose B = rBj. By the Brunn-Minkowski inequality we have

n n
K| = K+ B3| > (|K|7 + 1B )" = (1BI7 + B3| )
= (r+6)"|B| = |(r + 1) B3| = | B + tBY| = |Bi.

To prove the second part we recall that

|OK | = lim inf K + B3| - ‘K’
e—0*t £
Thus from point (a) we get
K B.|—|B
|OK| = hmlnfM > liminfM = |0B].
e—0t € e—0t €

Log-concave measures and functions

We say that a measure y on R” is log-concave if u(AA 4 (1 — \)B) > pu(A)*u(B)' = for all Borel sets
in R™. We shall need the description of such measures due to Borel: p is log-concave if and only if
either p is a Dirac delta, or there exists an affine subspace H of certain dimension 1 < d < n and a
convex function V : H — R U {+o0} such that p has density eV on H.

We now show that a measure with log-concave density is log-concave.

Theorem 42. Suppose p is a measure with log-concave density. Then
A+ (1= N)B) = (AP u(B)

Proof. Let A, B be measurable in R™ and let h be the density of u. Define f = 14h, g = 1ph and
m = 1ya4(1—x)ph. Then these function clearly satisfy m(\z + (1 — A)y) > f(x)*g(y)*. Thus

pas-n5| = [m> (/f)A (/g)“ — AP B,

Fact 1. Suppose f : R™ x R™ — R is log-concave. Then F(x me x,y)dy is also log-concave.

Proof. Define f.(y) = f(z,y), fr : R™ — R. Take x1,22 € R". The functions fy, 41—a)wo» fr1s far
satisfy

P (1=nyz Mun + (1= Ny2) > fa, (1) o (y2)
Thus by Prékopa-Leindler

F(Azy + (1= N)a2) /f)\x1+ 1-M\)z (/fac1> (/fx2) = F(21) F(22)' .
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Fact 2. Let f,g be log-concave on R™. Then f * g is also log-concave.

Proof. The function (z,y) — f(y)g(x — y) is clearly log concave. Thus it suffices to integrate it in y
and use Fact 1. ]

Fact 3. Let f be log-concave on R™ and let v € R™ be a fixed vector.

Rat+— f(z)dz

1$ also log-concave.

Proof. The function (z,t) = f(2)1(;.)>¢ is log-concave (the function (z,t) = 1, ,y> is log-concave
as it is of the form 1x for a convex K with K being a half-space). It suffices to use Fact 1. O

Appendix B

We are going to prove equivalences of conditions (a)-(d) from Proposition 4. We first show that (b)
implies (a).

Lemma 43. If P is doubly stochastic, then Py <y for all y € R™ in the sense of definition (a).

Proof. Let x = Py and let 1 = (1,...,1). We can assume that z; > ... > z, and y1 > ... > y,
since otherwise just take matrices of permutations Q and R such that x = Q' and y = Ry, where
2’,y’ have non-increasing sequences of coordinates, and observe that < y if and only if 2/ < 3’ and
v =Q 'z = Q'Py = Q'PRy’. Here Q 'PR is again doubly stochastic as a product of three
doubly stochastic. To see that a product of two doubly stochastic matrices is doubly stochastic we
observe that P is doubly stochastic if and only if P1 =1 and P71 = 1, where 1 = (1,...,1). Thus if
Py, Py are doubly stochastic then PyPi1 = P,1 =1 and (PPy)'1 = PI'Pf1=Pl'1=1.

Now, clearly 17z = 1TPy = (PT1)Ty = 17y, which means that Y  2; = >0 y;. Let t; =
Zle pij- Note that t; € [0,1] and >°7_, t; = k. We have

k kK n n k n
in = ZZPijyj = Zszjyj = thyj-
i1 =1

i=1 j=1 j=1i=1
Thus
k k n n k n
Somi=Y ui=Y by — > = tyi— Y vitue k=Dt
i=1 i—1 j=1 i=1 j=1 i=1 j=1

n

(95— w5 — 1)+ Y t5(y; — o) <O.
j=k+1

I
™) =

<.
I
—

O

We now show that (a) implies (d) which clearly implies (b). Thus we get equivalence of (a), (b)
and (d).

Lemma 44. If x < y in the sense of (a), then x can be obtained from y by applying finitely many
T-transformations. In particular, there exists a doubly stochastic matriz P such that x = Py.

Proof. We can assume that 1 > ... > z, and y; > ... > y, since permutation matrices are com-
positions of finite number of T-transformations (transpositions of elements are T-transformation, just
take A = 1). We can assume = # y. Let j be the biggest index satisfying x; < y; (such j must exist
since z # y and > . x; = Y .-, y;) and then let k& be the smallest index greater than j such that
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), > Yk (such an index must exist since otherwise » I, x; < 71 y;, which gives Zf;ll x; > Zf;ll Yis
contradiction with = < y). Thus

Ye < i < x5 < Yy, ] <k.

Take 0 = min(z, — yx, y; — =;) and consider y; + ¢ and y; — 0 instead of y;, and y; (this gives a new
vector y'). This is a T-transform. Note that after applying this operation the cardinality of the set
I = {i: z; = y;} increased. We shall prove that x < ¢’ < y. Then we can perform induction with
respects to |I| to finish the proof.

+0 —0

/N TE o TEa it N\

Py Py Py Py Py
\ 4 @ O S @ ® 9 @ @ @

Yn Yk+1 Y Yy Ye—1 "~ Yj+1 Ly Y; Yj—1 W

Note that y' < y follows from the previous lemma. We shall show that x < . Let s;(x) = Zﬁzl x;.
It is clear from the construction that (y,)* =y} (see the above picture). We clearly have s;(z) > s;(v')
for I € [1,j—1]U[k+1,n], since then s;(y’) = s;(y). Since s;_1(y) > s;-1(2), y¥; > z; and y; = y; = 7,
for I € [j + 1,k — 1] we also have s;(y/) > s;(z) for I € [j, k]. O

Since a convex combination of permutation matrices is doubly stochastic, we get that (c) implies
(b). It suffices to show that (b) implies (c). It is enough to show that any doubly stochastic matrix
is a convex combination of permutation matrices.

Lemma 45. If P = (pij>2j:1 is doubly stochastic, then there exists a permutation (ii,...,in) of
{1,...,n}, such that p1i, - ...pni, > 0.

Proof. We shall use Hall’s marriage theorem. Let I be the set of rows and J the set of columns of P.
We shall build a bipartite graph with parts I and J as follows: for ¢ € I and j € J there is an edge
between ¢ and j if and only if p;; > 0. It is enough to find a perfect matching in this graph. Now
we check Hall’s condition. Suppose we have a set of rows of cardinality k. Suppose all the non-zero
elements in these rows belong to [ columns. Thus their sum s is at most [. On the other hand s = k.
Thus k <. O

Lemma 46. (Birkhoff-von Neumann theorem) Every doubly stochastic matriz is a convex combination
of permutation matrices.

Proof. From the previous lemma there exists a permutation (i1, ...,i,) of {1,...,n} such that py;, -
e Dni, > 0. Let ¢ = min{p1s,,...,Pni,} and let P’ be a permutation matrix corresponding to
(41,...,4,). We can assume ¢ < 1 since otherwise P is a permutation matrix. The matrix R = %

is double stochastic and P = ¢P’ + (1 — ¢)R. Note that R has less non-zero elements than P, so an
inductive reasoning gives the result. O
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