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Decision problems

Problem Satisfiability
Input: φ

Output: tt P TrA | t |ù φu
?
‰ H

Theorem (Rabin [1969])
Satisfiability problem is decidable. ùùù synthesis, model-checking, . . .

“the mother of all decidability results”

Problem Probability
Input: φ

Output: P
`

t |ù φ
˘ ?

‰ 0

Theorem (Niwiński, Parys, S. [2023]) [THIS WORK]
Probability problem is decidable.
Moreover, P

`

t |ù φ
˘

is algebraic and computable.

ùùù stochastic synthesis, stochastic model-checking, . . .
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Decidability frontier

Probability for ω-regular languages L Ď Aω (Courcoubetis, Yannakakis [1995])
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Probability for deterministic tree automata (Chen, Dräger, Kiefer [2012])

Probability for game tree automata (Michalewski, Mio [2015])

Probability for fragments of first-order logic (Przybyłko [2019])

Probability for weak-mso over trees (Niwiński, Przybyłko, S. [2020])

Non-emptiness for probabilistic automata over words (Paz [1971])
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Probability for full mso over trees (Niwiński, Parys, S. [2023])
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Overview

`

Q — states of A s.t. A ” φ
˘

1. Types

τ : TrA ÝÑ PpQq

E.g. tpA : t ÞÝÑ
␣

q P Q | A accepts t from q
(

AKA random variables over Ω :“ TrA

2. Distributions
τ P DpPpQqq

τpX q “ P
`

tt P TrA | τptq “ Xu
˘

3. Vectors
τ P R|PpQq|

4. First-order logic over R (Tarski [1951])

ψ
`

x1, . . . , x|PpQq|

˘

ô
`

x1, . . . , x|PpQq|

˘

“ tpA

5. Computability

P
`

t |ù φ
˘

P Q
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Types / random variables

τ P
`

TrA Ñ PpQq
˘

Complete lattice:
τ1 Ď τ2

Basic functions:
E.g. τ ÞÑ ∆pτ, τq

Connectives:
τ1 ^ τ2, τ1 _ τ2, . . .

ùùù µ-calculus
E.g. ντ. ∆pτ, τq

”” ”

␣

pt, qq P TrA ˆ Q | Dρ. runpρ, tq ^ ρpϵq“q
(

Distributions

τ P DpPpQqq

Partial order:
τ1 ĺ τ2

“probabilistic powerdomain”
(Saheb-Djahromi [1980])
(Jones, Plotkin [1989])

Liftings:
E.g. τ ÞÑ ∆pτq

Lattice:
τ1 ��̂ τ2, τ1 ��_ τ2, . . .

??? ??? ???
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Unary vs. binary

Random variables

τ f pτq

Distributions

τ f
`

τ
˘

“ f pτq

τ1

τ2

pτ1, τ2q

τ1

τ2

pτ1, τ2q pτ1, τ2q‰
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Unary µ-calculus

— If we cannot compute _ and ^, what can we do?
— Use chain completeness of the order!
— Compute contracting fixpoints:

µX . F pX_X0q where F pX0q ě X0!
“

typing system
‰

=

lim
ηÑ8

F ηpX0q

:=

F ÒpX0q

— The functions can be composed and the fixpoints can be nested:
`

F1; F2Ó
˘

Ò pX0q
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Summary

1. Write a formula of unary µ-calculus Φ.

2. Interpret it over types, i.e. in
`

TrA Ñ PpQq
˘

3. Prove that the result equals

tpA : TrA Ñ PpQq

4. Interpret it over distributions, i.e. in

D
`

PpQq
˘

5. The result necessarily is

tpA P DpPpQqq

6. Compute the result in Tarki’s first-order theory of

R|PpQq|

ùùù may work for other Probability-like problems
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4. Interpret it over distributions, i.e. in

D
`

PpQq
˘

5. The result necessarily is

tpA P DpPpQqq

6. Compute the result in Tarki’s first-order theory of

R|PpQq|
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