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Parity index for ω-regular languages

C “ ti, . . . , ju

PC
def
“

 

γ P Cω
| lim sup

nÑ8
γpnq ” 0 pmod 2q

(

Problem Given an ω-regular language L Ď Aω and C “ ti, . . . , ju,
can L be recognised by a deterministic C-parity automaton?

Game Played in rounds n “ 0, 1, . . .

Input: an
Automaton: cn

ùùù α P Aω

ùùù γ P Cω

Automaton wins
iff

`

α P Lðñ γ P PC
˘

ω-regular
Theorem (Büchi, Landweber ’69)

ω-regular games are effectively finite-memory determined.

`

f-m win. strategy of Automaton
˘

úúú
`

deterministic C-parity aut. for L
˘

Wadge game for L ďW PC
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[Büchi, Landweber ’69]

`

any win. strategy of @@@
˘ `

f-m win. strategy of DDD
˘

úú ú

mathematical counterexample

úú ú

effective witness

Theorem (Colcombet ’13)
Domination games for cost automata.

Theorem (Bojańczyk ’15)
Star-height via games.

Theorem (Zimmermann ’15-’18)
Finite-memory strategies for delay games.

...

...

...
+ Rabin Separation Theorem
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Disjointness Game

TrA def
“ tL, Ru˚ Ñ A

Non-deterministic tree automata: branching transitions

q

qL qR

a

LpAq def
“

 

t P TrA | Dρ P TrQ

run

. @π P tL, Ruω

branch

. states of ρ on π are accepting
(

Problem Given two automata A and B, decide whether LpAq X LpBq ‰ H?

ppn, qnq Ñ

Automaton:
pn

pL
n pR

n

an

qn

qL
n qR

n

an

Pathfinder: dn P tL, Ru

Ñ ppdn
n , q

dn
n q

Automaton wins
iff

ppnqnPω and pqnqnPω are accepting

Pathfinder wins
iff

one of ppnqnPω, pqnqnPω is rejecting

`

win. strategy of Automaton
˘

úúú
`

a tree t P LpAq X LpBq
˘

Rabin condition

+ positional determinacy for Pathfinder

Lorenzo Clemente, Michał Skrzypczak Separability of tree languages via games 3 / 6
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Rabin Separation Theorem

Theorem (Rabin ’70)
If A, B are Büchi tree automata and LpAq X LpBq “ H

then there exists a weak alternating automaton S
that separates LpAq and LpBq.

LpAq Ď LpSq and LpBq Ď LpSqc

LpAqXLpSqc “ H and LpBqXLpSq “ H

LpSq TrA

LpAq
LpBq

If LpBq “ LpAqc then LpSq “ LpAq.
ùùù separation ùñ membership

Proof
1. Fix a positional (or f-m) win. strategy σσσ of Pathfinder

in the disjointness game for A, B.

2. Prove that σσσ cannot loop between accepting states of A and B.

3. Stratify Aˆ B ˆ σσσ into layers.

4.ùùù a weak alternating automaton S .
�

+ extension to higher indices (Arnold, Santocanale ’05)

Lorenzo Clemente, Michał Skrzypczak Separability of tree languages via games 4 / 6
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Deterministic and game automata

Deterministic automata
For each q P Q, a P A there is a unique transition

q

qL qR

a

ùùù unique run on every tree
Acceptance game for t ?

P LpAq

pqn, unq Ñ

Tree: an “ tpunq,
qn

qL
n qR

n

an

@@@: dn P tL, Ru

Ñ pqdn
n , undnq

Tree wins
iff

pqnqnPω is accepting

Deterministic ” Conjunctive

Game automata
As above, but the player DDD / @@@ choosing dn depends on pqn, anq.

Det. ĹĹĹ Game ĹĹĹ Non-det.
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0.45
Our results

Theorem (Clemente, S. ’21)
Given a pair of tree regular languages L1, L2 and C “ ti, . . . , ju,

it is EXPTime complete to decide
whether they can be separated by:

1. any deterministic parity aut.

separability memberhship

new (?) [NW ’98]

2. a deterministic C-parity aut. new! [NW ’98]

3. any game parity aut. new! [FMS ’13]

4. a game C-parity aut. new! new!
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