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Infinite trees

TrA Q t : tL, Ru˚ Ñ A
A – alphabet

e.g. A “ ta, b, cu
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cacb

b a

cbba

a c

c a

cacc

a c

cacc

TrA – 2ω

the Cantor set
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Infinite trees

TrA Q t : tL, Ru˚ Ñ A
A – alphabet

e.g. A “ ta, b, cu
a

c a

a b

a b

b c

c b

b a

a b

b a

bacc

a c

babb

a c

c b

baba

a a

cbbb

b b

a a

b a

cbaa

a c

caca

c c

b a

ccba

c a

abbb

a a

b b

b a

b c

aaab

a b

caba

a b

c a

baba

c a

aabb

a c

c b

b b

bbab

a c

abcc

c b

c b

caab

b a

bcba

b b

b a

c b

a a

a b

abbb

c c

cabc

c b

b b

cccc

b b

bbac

c c

b a

b b

babc

b a

bcbc

c a

b a

abac

c a

caab

c a

c a

a b

b c

babb

c a

bcbc

b a

b a

abbb

a c

ccba

a a

a a

a b

ccca

b c

bcca

a c

b b

ccbc

c b

aaba

a b

a c

b a

b a

b b

c a

bbac

c a

bcbc

c a

b a

caaa

b b

bccc

a b

c a

a c

cbcc

a c

acaa

c b

b b

bbcc

a a

abba

a a

b a

c b

b a

caac

b b

abab

a a

a c

cabc

c b

bbbb

a b

c b

b b

aabc

a a

cabc

a b

b c

cbca

a a

bcba

b c

b b

a c

c c

c c

bccc

c b

cbac

b c

b a

aaaa

a c

cbba

a a

a a

c b

acac

c c

bbbb

b b

b b

bcbc

c c

aabc

c c

c c

c a

b b

abba

a c

bcbb

b a

b c

abba

a b

bcba

b b

b b

c a

acab

b a

baaa

a a

a c

babb

b b

baaa

c b

b b

b b

a a

c b

c c

b b

cbbc

a c

accb

c b

b a

acba

a a

bcba

b c

c a

c a

bbbb

a b

abca

a a

c b

cabc

a b

caba

a c

c c

c a

a c

bbac

c a

acac

a c

b a

bcbb

a b

abac

b c

a b

c a

accc

c c

cbcb

a c

c b

baca

c a

cbba

c c

b b

c c

b c

c b

ccbb

c b

aacb

c c

c b

accc

c a

baab

a b

a a

a c

aacb

b b

cbca

a b

c c

bbab

c b

cacc

a c

a b

c b

b b

ccac

b b

bcac

a a

c c

babb

c a

bbca

a b

b a

b b

cbaa

b a

cbba

a c

c b

bbab

a c

abba

c b

b a

b b

a b

b b

a c

bbba

b b

bacb

c c

c a

ccba

a a

cbca

b b

b b

b a

aaab

b c

aabb

a c

c b

bbca

b a

cbca

b c

c c

c c

b c

bcca

b c

bccc

c c

a a

bbba

a c

acaa

b a

c c

c c

ccab

a b

bbcb

b b

c b

aaab

b a

aacb

b a

a c

c b

b c

a a

baaa

a a

aaca

c b

c b

bcab

a b

aaca

c b

c c

c a

acbc

b a

aabc

c c

c b

acbc

b b

ccbb

c a

a a

a b

c c

acbc

b a

abab

a c

b c

bcbc

b c

cacc

a b

b a

b c

cacb

b a

cbba

a c

c a

cacc

a c

cacc

TrA – 2ω
the Cantor set
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Monadic second-order logic (mso):

ϕ ::“ Dx . ϕ | ϕ_ ϕ |  ϕ | x “ y | DX . ϕ | x P X | x ĺ y | x ďlex y | apxq

first-order logic (fo) monadic variables tree signature

ùùù rootpxq; succdpxq for d “ L, R ; branchpX q; even-depthpxq; . . .
Ď-maximal ĺ-chain

Example ϕIF “ DB. branchpBq ^ @u P B. Dv P B. u ĺ v ^ apvq A “ ta, bu

a

b b

a b

b a

a a

a b

b a

b a

b a

babb

b b

baba

b b

a a

bbab

b b

aaaa

a b

a b

a a

bbba

b b

bbaa

b b

b a

abaa

b b

aaba

b b

b a

b a

a b

abab

a a

abbb

b b

a b

abba

a a

baba

b b

b a

a b

aaaa

b b

abaa

a a

b a

abab

b a

abaa

a a

a b

b b

b a

b b

baaa

a a

bbbb

a a

a b

aaaa

a b

abba

b b

b a

a b

abaa

b b

baab

a b

a a

aaba

b b

abbb

b a

b a

b a

a b

abaa

a b

baab

a b

a a

baba

b a

babb

a b

a b

a a

baaa

b a

bbaa

a a

a b

abba

b b

aaab

a b

a b

a a

b a

a a

a b

baaa

a a

baab

b b

b b

abab

b a

aaaa

a b

a b

a b

baaa

b a

bbba

b a

b b

baba

b a

baba

b a

a a

a a

b b

baab

a a

aabb

b b

a a

aaba

b b

abab

a a

b a

a a

aaba

b a

baab

b a

a a

bbaa

b a

bbaa

b b

a a

b b

a b

b b

abba

a a

aabb

b a

a a

aabb

b b

aaba

a b

b a

b a

baab

b a

bbaa

a a

a b

bbaa

a a

bbaa

a b

a b

a a

b a

abaa

a b

bbaa

b a

b b

aabb

b b

aabb

b b

b b

a a

abaa

b b

bbab

a a

b a

bbab

a b

baaa

b b

b a

a a

b a

a b

b a

a b

bbbb

b a

bbba

b a

a b

aaba

b a

abaa

a b

a a

a b

bbaa

b b

baba

b a

a b

baab

b a

bbbb

a a

a a

b a

a b

aabb

b a

bbaa

a b

b a

aabb

b a

bbbb

b a

b b

b a

abab

a b

bbab

b a

a b

babb

b b

baba

b a

a a

a b

a a

a b

abaa

b a

bbba

a a

b b

bbbb

b a

aaab

a b

a a

b b

aabb

b a

baaa

b a

a a

aaaa

a b

bbba

b b

b a

a a

a a

babb

b b

aaaa

b a

a a

bbba

a b

aaab

b b

a b

b b

aaaa

b a

bbab

a b

b b

aaab

b b

abbb

b a

a b

a a

b b

b a

b a

baab

a b

bbaa

b a

a a

baba

a a

abbb

b b

b a

a a

abab

b a

abbb

a b

a a

abaa

b b

aaba

a a

b a

b b

a b

babb

b a

abaa

b b

b a

baba

b b

bbba

b b

b a

b b

baaa

a b

babb

a b

a a

abab

b a

baaa

a a

a a

a b

a a

b b

baab

b a

abba

a b

b a

bbab

a a

abaa

b a

a b

b b

aaab

a a

bbaa

a b

a a

aaab

a b

bbab

a a

a b

a b

a b

aabb

a a

baab

b b

a a

abba

b a

bbab

a b

a b

a a

baba

b a

baaa

a b

b a

baaa

a b

abba

Regular languages: Lpϕq def
“

 

t P TrA | t |ù ϕ
(

Observation (Niwiński [1985])
The language LpϕIFq is ΣΣΣ1

1-complete ùùù non-Borel.

Theorem (Rabin [1969])
The mso theory of infinite trees is decidable:

Input: ϕ

Output: Lpϕq ?
‰ H
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Monadic second-order logic (mso):

ϕ ::“ Dx . ϕ | ϕ_ ϕ |  ϕ | x “ y | DX . ϕ | x P X | x ĺ y | x ďlex y | apxq

first-order logic (fo)

monadic variables tree signature

ùùù rootpxq; succdpxq for d “ L, R ; branchpX q; even-depthpxq; . . .
Ď-maximal ĺ-chain

Example ϕIF “ DB. branchpBq ^ @u P B. Dv P B. u ĺ v ^ apvq A “ ta, bu

a

b b

a b

b a

a a

a b

b a

b a

b a

babb

b b

baba

b b

a a

bbab

b b

aaaa

a b

a b

a a

bbba

b b

bbaa

b b

b a

abaa

b b

aaba

b b

b a

b a

a b

abab

a a

abbb

b b

a b

abba

a a

baba

b b

b a

a b

aaaa

b b

abaa

a a

b a

abab

b a

abaa

a a

a b

b b

b a

b b

baaa

a a

bbbb

a a

a b

aaaa

a b

abba

b b

b a

a b

abaa

b b

baab

a b

a a

aaba

b b

abbb

b a

b a

b a

a b

abaa

a b

baab

a b

a a

baba

b a

babb

a b

a b

a a

baaa

b a

bbaa

a a

a b

abba

b b

aaab

a b

a b

a a

b a

a a

a b

baaa

a a

baab

b b

b b

abab

b a

aaaa

a b

a b

a b

baaa

b a

bbba

b a

b b

baba

b a

baba

b a

a a

a a

b b

baab

a a

aabb

b b

a a

aaba

b b

abab

a a

b a

a a

aaba

b a

baab

b a

a a

bbaa

b a

bbaa

b b

a a

b b

a b

b b

abba

a a

aabb

b a

a a

aabb

b b

aaba

a b

b a

b a

baab

b a

bbaa

a a

a b

bbaa

a a

bbaa

a b

a b

a a

b a

abaa

a b

bbaa

b a

b b

aabb

b b

aabb

b b

b b

a a

abaa

b b

bbab

a a

b a

bbab

a b

baaa

b b

b a

a a

b a

a b

b a

a b

bbbb

b a

bbba

b a

a b

aaba

b a

abaa

a b

a a

a b

bbaa

b b

baba

b a

a b

baab

b a

bbbb

a a

a a

b a

a b

aabb

b a

bbaa

a b

b a

aabb

b a

bbbb

b a

b b

b a

abab

a b

bbab

b a

a b

babb

b b

baba

b a

a a

a b

a a

a b

abaa

b a

bbba

a a

b b

bbbb

b a

aaab

a b

a a

b b

aabb

b a

baaa

b a

a a

aaaa

a b

bbba

b b

b a

a a

a a

babb

b b

aaaa

b a

a a

bbba

a b

aaab

b b

a b

b b

aaaa

b a

bbab

a b

b b

aaab

b b

abbb

b a

a b

a a

b b

b a

b a

baab

a b

bbaa

b a

a a

baba

a a

abbb

b b

b a

a a

abab

b a

abbb

a b

a a

abaa

b b

aaba

a a

b a

b b

a b

babb

b a

abaa

b b

b a

baba

b b

bbba

b b

b a

b b

baaa

a b

babb

a b

a a

abab

b a

baaa

a a

a a

a b

a a

b b

baab

b a

abba

a b

b a

bbab

a a

abaa

b a

a b

b b

aaab

a a

bbaa

a b

a a

aaab

a b

bbab

a a

a b

a b

a b

aabb

a a

baab

b b

a a

abba

b a

bbab

a b

a b

a a

baba

b a

baaa

a b

b a

baaa

a b

abba

Regular languages: Lpϕq def
“

 

t P TrA | t |ù ϕ
(

Observation (Niwiński [1985])
The language LpϕIFq is ΣΣΣ1

1-complete ùùù non-Borel.

Theorem (Rabin [1969])
The mso theory of infinite trees is decidable:

Input: ϕ

Output: Lpϕq ?
‰ H
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Monadic second-order logic (mso):

ϕ ::“ Dx . ϕ | ϕ_ ϕ |  ϕ | x “ y | DX . ϕ | x P X | x ĺ y | x ďlex y | apxq

first-order logic (fo) monadic variables

tree signature

ùùù rootpxq; succdpxq for d “ L, R ; branchpX q; even-depthpxq; . . .
Ď-maximal ĺ-chain

Example ϕIF “ DB. branchpBq ^ @u P B. Dv P B. u ĺ v ^ apvq A “ ta, bu

a

b b

a b

b a

a a

a b

b a

b a

b a

babb

b b

baba

b b

a a

bbab

b b

aaaa

a b

a b

a a

bbba

b b

bbaa

b b

b a

abaa

b b

aaba

b b

b a

b a

a b

abab

a a

abbb

b b

a b

abba

a a

baba

b b

b a

a b

aaaa

b b

abaa

a a

b a

abab

b a

abaa

a a

a b

b b

b a

b b

baaa

a a

bbbb

a a

a b

aaaa

a b

abba

b b

b a

a b

abaa

b b

baab

a b

a a

aaba

b b

abbb

b a

b a

b a

a b

abaa

a b

baab

a b

a a

baba

b a

babb

a b

a b

a a

baaa

b a

bbaa

a a

a b

abba

b b

aaab

a b

a b

a a

b a

a a

a b

baaa

a a

baab

b b

b b

abab

b a

aaaa

a b

a b

a b

baaa

b a

bbba

b a

b b

baba

b a

baba

b a

a a

a a

b b

baab

a a

aabb

b b

a a

aaba

b b

abab

a a

b a

a a

aaba

b a

baab

b a

a a

bbaa

b a

bbaa

b b

a a

b b

a b

b b

abba

a a

aabb

b a

a a

aabb

b b

aaba

a b

b a

b a

baab

b a

bbaa

a a

a b

bbaa

a a

bbaa

a b

a b

a a

b a

abaa

a b

bbaa

b a

b b

aabb

b b

aabb

b b

b b

a a

abaa

b b

bbab

a a

b a

bbab

a b

baaa

b b

b a

a a

b a

a b

b a

a b

bbbb

b a

bbba

b a

a b

aaba

b a

abaa

a b

a a

a b

bbaa

b b

baba

b a

a b

baab

b a

bbbb

a a

a a

b a

a b

aabb

b a

bbaa

a b

b a

aabb

b a

bbbb

b a

b b

b a

abab

a b

bbab

b a

a b

babb

b b

baba

b a

a a

a b

a a

a b

abaa

b a

bbba

a a

b b

bbbb

b a

aaab

a b

a a

b b

aabb

b a

baaa

b a

a a

aaaa

a b

bbba

b b

b a

a a

a a

babb

b b

aaaa

b a

a a

bbba

a b

aaab

b b

a b

b b

aaaa

b a

bbab

a b

b b

aaab

b b

abbb

b a

a b

a a

b b

b a

b a

baab

a b

bbaa

b a

a a

baba

a a

abbb

b b

b a

a a

abab

b a

abbb

a b

a a

abaa

b b

aaba

a a

b a

b b

a b

babb

b a

abaa

b b

b a

baba

b b

bbba

b b

b a

b b

baaa

a b

babb

a b

a a

abab

b a

baaa

a a

a a

a b

a a

b b

baab

b a

abba

a b

b a

bbab

a a

abaa

b a

a b

b b

aaab

a a

bbaa

a b

a a

aaab

a b

bbab

a a

a b

a b

a b

aabb

a a

baab

b b

a a

abba

b a

bbab

a b

a b

a a

baba

b a

baaa

a b

b a

baaa

a b

abba

Regular languages: Lpϕq def
“

 

t P TrA | t |ù ϕ
(

Observation (Niwiński [1985])
The language LpϕIFq is ΣΣΣ1

1-complete ùùù non-Borel.

Theorem (Rabin [1969])
The mso theory of infinite trees is decidable:

Input: ϕ

Output: Lpϕq ?
‰ H
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Monadic second-order logic (mso):

ϕ ::“ Dx . ϕ | ϕ_ ϕ |  ϕ | x “ y | DX . ϕ | x P X | x ĺ y | x ďlex y | apxq

first-order logic (fo) monadic variables tree signature

ùùù rootpxq; succdpxq for d “ L, R ; branchpX q; even-depthpxq; . . .
Ď-maximal ĺ-chain

Example ϕIF “ DB. branchpBq ^ @u P B. Dv P B. u ĺ v ^ apvq A “ ta, bu

a

b b

a b

b a

a a

a b

b a

b a

b a

babb

b b

baba

b b

a a

bbab

b b

aaaa

a b

a b

a a

bbba

b b

bbaa

b b

b a

abaa

b b

aaba

b b

b a

b a

a b

abab

a a

abbb

b b

a b

abba

a a

baba

b b

b a

a b

aaaa

b b

abaa

a a

b a

abab

b a

abaa

a a

a b

b b

b a

b b

baaa

a a

bbbb

a a

a b

aaaa

a b

abba

b b

b a

a b

abaa

b b

baab

a b

a a

aaba

b b

abbb

b a

b a

b a

a b

abaa

a b

baab

a b

a a

baba

b a

babb

a b

a b

a a

baaa

b a

bbaa

a a

a b

abba

b b

aaab

a b

a b

a a

b a

a a

a b

baaa

a a

baab

b b

b b

abab

b a

aaaa

a b

a b

a b

baaa

b a

bbba

b a

b b

baba

b a

baba

b a

a a

a a

b b

baab

a a

aabb

b b

a a

aaba

b b

abab

a a

b a

a a

aaba

b a

baab

b a

a a

bbaa

b a

bbaa

b b

a a

b b

a b

b b

abba

a a

aabb

b a

a a

aabb

b b
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Monadic second-order logic (mso):
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ùùù rootpxq; succdpxq for d “ L, R ; branchpX q; even-depthpxq; . . .
Ď-maximal ĺ-chain
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Monadic second-order logic (mso):

ϕ ::“ Dx . ϕ | ϕ_ ϕ |  ϕ | x “ y | DX . ϕ | x P X | x ĺ y | x ďlex y | apxq

first-order logic (fo) monadic variables tree signature

ùùù rootpxq; succdpxq for d “ L, R ; branchpX q; even-depthpxq; . . .
Ď-maximal ĺ-chain

Example ϕIF “ DB. branchpBq ^ @u P B. Dv P B. u ĺ v ^ apvq
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Monadic second-order logic (mso):

ϕ ::“ Dx . ϕ | ϕ_ ϕ |  ϕ | x “ y | DX . ϕ | x P X | x ĺ y | x ďlex y | apxq

first-order logic (fo) monadic variables tree signature

ùùù rootpxq; succdpxq for d “ L, R ; branchpX q; even-depthpxq; . . .
Ď-maximal ĺ-chain

Example ϕIF “ DB. branchpBq ^ @u P B. Dv P B. u ĺ v ^ apvq A “ ta, bu
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Regular languages: Lpϕq def
“

 

t P TrA | t |ù ϕ
(

Observation (Niwiński [1985])
The language LpϕIFq is ΣΣΣ1

1-complete ùùù non-Borel.

Theorem (Rabin [1969])
The mso theory of infinite trees is decidable:

Input: ϕ

Output: Lpϕq ?
‰ H
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Random trees

TrA “
`

tL, Ru˚ Ñ A
˘

”
ź

uPtL,Ru˚
A ùùù P – probabilistic measure on TrA

P
´

 

t P TrA | tpu0q “ a0
(

¯

“ |A|´1

“coin-flipping measure” (for an A-sided coin)
Example

ϕ “ @B. branchpBq ñ Dv P B. apvq ^
`

@u ă v . bpuq
˘

^ evenpvq
“the first a on every branch is at an even depth” A “ ta, bu

r a variant of Lpϕq is First-order definable s

(Potthoff [1994])

P
`

Lpϕq
˘

“ ?P
`

Lpϕq
˘

“ x “ 1
2 `

a

? ?

`1
2
˘3
¨ x 4

b

b b

t0 t1 t2 t3

t0, t1, t2, t3 P Lpϕq

x0 “ 0.508347 . . . x1 “ 1.79358 . . .???

Caution: x0 R Q !

What if x0, x1 P r0, 1s ?

Who said that Lpϕq is measurable at all ???
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“the first a on every branch is at an even depth” A “ ta, bu

r a variant of Lpϕq is First-order definable s

(Potthoff [1994])

P
`

Lpϕq
˘

“ ?P
`

Lpϕq
˘

“ x “ 1
2 `

a

? ?

`1
2
˘3
¨ x 4

b

b b

t0 t1 t2 t3

t0, t1, t2, t3 P Lpϕq

x0 “ 0.508347 . . . x1 “ 1.79358 . . .???

Caution: x0 R Q !

What if x0, x1 P r0, 1s ?

Who said that Lpϕq is measurable at all ???
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mso ” Alternating parity tree automata

A
qI

Q

a

b

a

δpqI, aq “ pq5, Lq^pq2, Lq

δpqI, bq “ pq4, Rq_
`

pq1, Lq^pq1, Rq
˘

δpqI, cq “ pq1, Rq_pq3, Rq
... ... ... ...

b

t
a

c a
a b

a b
b c
c b
baab

b a
bacc

a c
b a
bbac

c b
baba

a a
c b
b b
bbaa

b a
cbaa

a c
c a
cacc

b a
ccba

c a
a b

b b
a a
bbba

b c
aaab

a b
c a
baab

c a
baba

c a
a a

b b
ac cb

b b
bbab

a c
a b
cc cb

c b
caab

“

GpA, tq

^

qI

^

q5

_

q2

^

q5

_

q3

_

q3

^

q4

_

q4

^

q2

^

q2

^

q3

_

q2

^

q4

_

q2

_

q2

^

q4

^

q2

^

q1

_

q5

_

q3

^

q2

_

q4

^

q2

^

q3

^

q2

^

q4

^

q4

_

q5

^

q4

^

q5

^

q3

_

q3

_

q2

_

q3

^

q2

_

q3

^

q2

^

q5

_

q2

^

q4

^

q1

^

q4

_

q1

_

q3

_

q1

^

q3

^

q2

^

q5

_

q4

_

q1

^

q1

_

q4

^

q4

^

q3

_

q5

_

q5

_

q1

^

q4

^

q4

^

q4

_

q3

_

q2

_

q3

^

q5

^

q2

_

q1

_

q2

^

q4

^

q3

^

q3

^

q3

^

q5

^

q2

_

q1

_

q5

_

q2

^

q4

_

q4

_

q2

^

q5

_

q4

_

q2

_

q5

^

q5

_

q5

_

q5

_

q2

^

q3

^

q2

^

q4

^

q5

_

q4

^

q3

_

q5

^

q4

_

q5

_

q5

^

q1

_

q5

^

q1

_

q5

^

q3

^

q4

_

q1

_

q5

^

q5

^

q5

_

q5

^

q1

_

q5

^

q3

_

q5

_

q3

^

q2

^

q3

_

q3

_

q5

_

q2

^

q4

^

q5

_

q2

^

q3

^

q3

_

q2

^

q5

^

q3

_

q3

Game played between and

Parity condition: Ω: Q Ñ N

wins a play through pqnqnPN
iff

lim sup
nÑ8

Ωpqnq ” 0 pmod 2q

LpAq “
!

t P TrA | has a winning strategy in GpA, tq
)

.

LpAq ùùù LpϕAq Lpϕq ùùù LpAϕq
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^

q5

_

q4

_

q1

^

q1

_

q4

^

q4

^

q3

_

q5

_

q5

_

q1
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q4
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q4
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q4

_

q3

_

q2

_

q3

^

q5

^

q2

_

q1

_

q2

^

q4

^

q3

^

q3

^

q3

^

q5

^

q2

_

q1

_

q5

_

q2

^

q4

_

q4

_

q2

^

q5

_

q4

_

q2

_

q5

^

q5

_

q5

_

q5

_

q2

^

q3

^

q2

^

q4

^

q5

_

q4

^

q3

_

q5

^

q4

_

q5

_

q5

^

q1

_

q5

^

q1

_

q5

^

q3

^

q4

_

q1

_

q5

^

q5

^

q5

_

q5

^

q1

_

q5

^

q3

_

q5

_

q3

^

q2

^

q3

_

q3

_

q5

_

q2

^

q4

^

q5

_

q2

^

q3

^

q3

_

q2

^

q5

^

q3

_

q3

Game played between and

Parity condition: Ω: Q Ñ N

wins a play through pqnqnPN
iff

lim sup
nÑ8

Ωpqnq ” 0 pmod 2q

LpAq “
!

t P TrA | has a winning strategy in GpA, tq
)

.

LpAq ùùù LpϕAq Lpϕq ùùù LpAϕq
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mso ” Alternating parity tree automata
A

qI

Q

a

b

a

δpqI, aq “ pq5, Lq^pq2, Lq

δpqI, bq “ pq4, Rq_
`

pq1, Lq^pq1, Rq
˘

δpqI, cq “ pq1, Rq_pq3, Rq
... ... ... ...

b

t
a

c a
a b

a b
b c
c b
baab

b a
bacc

a c
b a
bbac

c b
baba

a a
c b
b b
bbaa

b a
cbaa

a c
c a
cacc

b a
ccba

c a
a b

b b
a a
bbba

b c
aaab

a b
c a
baab

c a
baba

c a
a a

b b
ac cb

b b
bbab

a c
a b
cc cb

c b
caab

“

GpA, tq

^

qI

^

q5

_

q2

^

q5

_

q3

_

q3

^

q4

_

q4

^

q2

^

q2

^

q3

_

q2

^

q4

_

q2

_

q2

^

q4

^

q2

^

q1

_

q5

_

q3

^

q2

_

q4

^

q2

^

q3

^

q2

^

q4

^

q4

_

q5

^

q4

^

q5

^

q3

_

q3

_

q2

_

q3

^

q2

_

q3

^

q2

^

q5

_

q2

^

q4

^

q1

^

q4

_

q1

_

q3

_

q1

^

q3

^

q2

^

q5

_

q4

_

q1

^

q1

_

q4

^

q4

^

q3

_

q5

_

q5

_

q1

^

q4

^

q4

^

q4

_

q3

_

q2

_

q3

^

q5

^

q2

_

q1

_

q2

^

q4

^

q3

^

q3

^

q3

^

q5

^

q2

_

q1

_

q5

_

q2

^

q4

_

q4

_

q2

^

q5

_

q4

_

q2

_

q5

^

q5

_

q5

_

q5

_

q2

^

q3

^

q2

^

q4

^

q5

_

q4

^

q3

_

q5

^

q4

_
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_
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^

q1
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^
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^
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^
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q2
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^

q3

^

q3

_

q2

^

q5

^

q3

_

q3
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LpAq “
!

t P TrA | has a winning strategy in GpA, tq
)

.
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Measurability

Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])
Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Measurability
Theorem (Davis [1964]; Martin [1975]; Emerson, Jutla [1991]; Mostowski [1991])

Games with parity winning condition are (positionally) determined.

ùùù LpAq “
!

t P TrA | Dσ_. @π^. σ_ wins with π^ in GpA, tq
)

P ΣΣΣ1
2

“

!

t P TrA | @π^. Dσ_. σ_ wins with π^ in GpA, tq
)

P ΠΠΠ1
2

ùùù P∆∆∆1
2

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable

?

Michał Skrzypczak Measure theory and mso logic over infinite trees 5 / 16



Languages Wi ,j

(Walukiewicz [1996])

Fix i ă j and Ai ,j
def
“

 

,
(

ˆ
 

i , . . . , j
(

.

Wi ,k
def
“

 

t P TrAi ,j | has a winning strategy in the parity game t
(

.

t
3

6 2

6 4

2 6

6 3

3 3

3 2 2 1

4 3

4 3 6 6

7 6

4 2

6 2 5 7

4 6

1 2 7 5

5 2

2 2

7 5

1 7 6 5

6 3

4 3 6 6

7 1

2 5

2 1 6 3

7 5

7 4 5 1

5 7

2 3

3 6

7 4

7 1 7 1

6 6

5 5 4 4

5 5

3 5

7 4 5 6

3 5

1 3 1 2

4 5

3 1

3 4

5 2 1 1

5 7

5 4 4 1

6 2

4 3

5 2 3 3

1 5

3 1 2 5

wins a play through p`nqnPN
iff

lim sup
nÑ8

`n ” 0 pmod 2q

ùùù every regular language L continuously reduces to one of Wi ,j L ďW Wi ,j

ùùù languages W0,j form an infinite chain w.r.t. ăW:

W0,1 ăW W0,2 ăW W0,3 ăW ¨ ¨ ¨
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R transformation (Kolmogorov [1928])

operations ΓpA0,A1, . . .q ÞÑ A e.g.
Ş

or
Ť

R-transformation: RΓ ÞÑ Γ1 RΓ „ ΓpRΓ,RΓ, . . .q „ ΓpΓpΓp. . .qqq

ω-composition
“

R
Ť

” A – Souslin operation
‰

Ť Şco-

co-R
Ť

R
Ť

R

co-
„

Ť

p
Ť

p
Ť

p. . .qqq

ω-composition

`

co-R
˘2 Ť R

`

co-R
˘
Ť

R

co-
„ co-

“

YpYp. . .qq

‰

´

co-
“

YpYp. . .qq

‰

´

. . .
¯¯

ω2-composition

... ...
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R-sets (Kolmogorov [1928]; . . . Barua [1986])

k level of the R-hierarchy:
"

´

pco-Rqk
ď

¯ ´

A0,A1, . . .
¯

ˇ

ˇ pAnqnPN are basic open sets
*

Theorem (Kolmogorov [1928]; Lyapunov [1958])
All R-sets are measurable.

Proof
§
Ť

preserves measurability
§ If

`

Γ preserves measurability
˘

then
`

RΓ preserves measurability
˘

§ If
`

Γ preserves measurability
˘

then
`

co-Γ preserves measurability
˘

§ +induction

Theorem (Gogacz, Mio, Michalewski, S. [2017])
Languages Wi ,j are complete for finite levels of the R hierarchy.

ùùù all regular languages are measurable!

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

measurable

¨ ¨ ¨

ΣΣΣ1
1

ΠΠΠ1
1

∆∆∆1
1

ΣΣΣ1
2

ΠΠΠ1
2

∆∆∆1
2

ΣΣΣ1
3

ΠΠΠ1
3

∆∆∆1
3Borel “

mso

measurable
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Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W

Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable

Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Game quantifier

G

Idea (Moschovakis [1974]):
‚ Take a set W Ď pX ˆ Aˆ Bqω

‚ For α P Xω define a game GW pαq:

I:
II:

a0

b0

a1

b1

a2

b2

a3

b3

a4

b4

a5

b5

a6

b6

a7

b7

a8

b8

a9

b9

I wins iff
`

α, paiqiPN, pbiqiPN
˘

P W
Put: G

pW q
def
“

 

α P Xω | I has a winning strategy in GW pαq
(

Lift to pointclasses:

G

pΓq contains G

pW q for all W P Γ

Pi ,j
def
“

!

p`nqnPN P ti , . . . , juω
ˇ

ˇ lim sup
nÑ8

`n ” 0 pmod 2q
)

P BCpΣΣΣ0
2q Ă Borel

ùùù mso Ď

G`
BCpΣΣΣ0

2q
˘

ùùù measurable
Michał Skrzypczak Measure theory and mso logic over infinite trees 9 / 16



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of first-order logic, PpLq P Q.

Theorem (Niwiński, Przybyłko, S. [2020])
Computable for weak-mso, PpLq P Q.

Conjecture (Michalewski, Mio [2015]) Computable for mso.
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Weak monadic second-order logic (weak-mso):

ϕ ::“ Dx . ϕ | ϕ_ ϕ |  ϕ | x “ y | DfinX . ϕ | x P X | x ĺ y | x ďlex y | apxq

Example: ϕ “ @finX . Du R X . apuq ” “infinitely many a”

weak-mso Ĺ mso µ-calculus”
alternation-free
µ-calculus ”

Weak-mso ” Alternating weak parity tree automata
(Muller, Saoudi, Schupp [1986])

A
qI a

b

a

δpqI, aq “ pq5, Lq^pq2, Lq

δpqI, bq “ pq4, Rq_
`

pq1, Lq^pq1, Rq
˘

δpqI, cq “ pq1, Rq_pq3, Rq
... ... ... ...

Ω “ 0

Ω “ 1

Ω “ 2

Ω “ 3

q1 P Im
`

δpq, aq
˘

ùñ Ωpq1q ě Ωpqq

wins GpA, tq iff finitely many
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Basic case: safety automata

A
qI

KKK

a b

states QL
`

Aěd˘ def
“ t P TrA |

has a strategy in GpA, tq
such that

t

d no KKK

L
`

Aě0˘ Ě L
`

Aě1˘ Ě L
`

Aě2˘ Ě ¨ ¨ ¨ Ě LpAq

König’s Lemma ùùù LpAq “
č

dăω
L
`

Aěd˘
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From languages to distributions

tpA : TrA ÝÑ PpQq
tpAptq def

“
 

q P Q | wins GpA, tq from q
(

”

t P LpAq ðñ qI P tpAptq
ı

P on TrA ùùù ~PpAq in D
`

PpQq
˘

probability distributions on PpQqFor R P PpQq:
~PpAqpRq def

“ P
`

tt P TrA | tpAptq “ Ru
˘

”

ř

RPPpQq
~PpAqpRq “ 1

ı

L
`

Aě0˘ Ě L
`

Aě1˘ Ě L
`

Aě2˘ Ě ¨ ¨ ¨ Ě LpAq

~P
`

Aě0˘ ~P
`

Aě1˘ ~P
`

Aě2˘ ~PpAq¨ ¨ ¨??? ??? ??? ???
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U U

Order on D
`

PpQq
˘

tq0, q1u

0.6

tq0u

0.3

tq1u

0.0

H

0.1

α

tq0, q1u

0.3

tq0u

0.2

tq1u

0.2

H

0.3

β

ľ

tq0, q1u

0.5

tq0u

0.0

tq1u

0.0

H

0.5

α

tq0, q1u

0.0

tq0u

0.5

tq1u

0.5

H

0.0

β

ń

ł

iff

α ľ β

@U Ď PpQq, U upward-closed.
ÿ

RPU
αpRq ě

ÿ

RPU
βpRq

“probabilistic powerdomains”
(Saheb-Djahromi [1980])
(Jones, Plotkin [1989])

tq0, q1u

0.6

tq0u

0.3

tq1u

0.0

H

0.1

α

tq0, q1u

0.3

tq0u

0.2

tq1u

0.2

H

0.3

β

?
ľ

ř

RPU αpRq “ 0.6` 0.0 “ 0.6 0.5 “ 0.3` 0.2 “
ř

RPU βpRqě

ľ

L
`

Aě0˘ Ě L
`

Aě1˘ Ě L
`

Aě2˘ Ě ¨ ¨ ¨ Ě LpAq

~P
`

Aě0˘ ~P
`

Aě1˘ ~P
`

Aě2˘ ~PpAq¨ ¨ ¨ľ ľ ľ ľ

LpAq “
č

dăω
L
`

Aěd˘

~PpAq “ lim
dÑ8

~P
`

Aěd˘ “

in RPpQq ‰

ùùù ~PpAq is definable as a greatest fixed point in
@

D
`

PpQq
˘

,ľ
D

using First-order theory of reals (Tarski [1951])
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Summary

Theorem (Gogacz, Michalewski, Mio, S. [2017])
Regular tree languages are measurable.
And saturate the hierarchy of R sets of Kolmogorov.

Proof
Correspondence to languages Wi ,j and nested safety games. �

Theorem (Niwiński, Przybyłko, S. [2020])
Measures of weak-mso definable languages are algebraic.
And computable for weak alternating automata in 3-EXPTIME.

Proof
Reduction to Tarski’s first-order theory of

@

R, 0, 1,`, ¨
D

.
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