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Regular languages

Monadic Second-order logic (mso):
ϕ ::“ DX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @B. branchpBq ñ
`

@u P B. Dv P B. u ĺ v ^ apvq
˘

Lpϕq “
 

t P TrA | t |ù ϕ
(

Weak Monadic Second-order logic:
ϕ ::“ DfinX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @finX . Du R X . apuq
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bcba

b b

b b

c a

acab

b a

baaa

a a

a c

babb

b b

baaa

c b

b b

b b

a a

c b

c c

b b

cbbc

a c

accb

c b

b a

acba

a a

bcba

b c

c a

c a

bbbb

a b

abca

a a

c b

cabc

a b

caba

a c

c c

c a

a c

bbac

c a

acac

a c

b a

bcbb

a b

abac

b c

a b

c a

accc

c c

cbcb

a c

c b

baca

c a

cbba

c c

b b

c c

b c

c b

ccbb

c b

aacb

c c

c b

accc

c a

baab

a b

a a

a c

aacb

b b

cbca

a b

c c

bbab

c b

cacc

a c

a b

c b

b b

ccac

b b

bcac

a a

c c

babb

c a

bbca

a b

b a

b b

cbaa

b a

cbba

a c

c b

bbab

a c

abba

c b

b a

b b

a b

b b

a c

bbba

b b

bacb

c c

c a

ccba

a a

cbca

b b

b b

b a

aaab

b c

aabb

a c

c b

bbca

b a

cbca

b c

c c

c c

b c

bcca

b c

bccc

c c

a a

bbba

a c

acaa

b a

c c

c c

ccab

a b

bbcb

b b

c b

aaab

b a

aacb

b a

a c

c b

b c

a a

baaa

a a

aaca

c b

c b

bcab

a b

aaca

c b

c c

c a

acbc

b a

aabc

c c

c b

acbc

b b

ccbb

c a

a a

a b

c c

acbc

b a

abab

a c

b c

bcbc

b c

cacc

a b

b a

b c

cacb

b a

cbba

a c

c a

cacc

a c

cacc

Regular languages

Monadic Second-order logic (mso):
ϕ ::“ DX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @B. branchpBq ñ
`

@u P B. Dv P B. u ĺ v ^ apvq
˘

Lpϕq “
 

t P TrA | t |ù ϕ
(

Weak Monadic Second-order logic:
ϕ ::“ DfinX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @finX . Du R X . apuq

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 1 / 10



Infinite trees

TrA Q t : tL, Ru˚ Ñ A

a

c a

a b

a b

b c

c b

b a

a b

b a

bacc

a c

babb

a c

c b

baba

a a

cbbb

b b

a a

b a

cbaa

a c

caca

c c

b a

ccba

c a

abbb

a a

b b

b a

b c

aaab

a b

caba

a b

c a

baba

c a

aabb

a c

c b

b b

bbab

a c

abcc

c b

c b

caab

b a

bcba

b b

b a

c b

a a

a b

abbb

c c

cabc

c b

b b

cccc

b b

bbac

c c

b a

b b

babc

b a

bcbc

c a

b a

abac

c a

caab

c a

c a

a b

b c

babb

c a

bcbc

b a

b a

abbb

a c

ccba

a a

a a

a b

ccca

b c

bcca

a c

b b

ccbc

c b

aaba

a b

a c

b a

b a

b b

c a

bbac

c a

bcbc

c a

b a

caaa

b b

bccc

a b

c a

a c

cbcc

a c

acaa

c b

b b

bbcc

a a

abba

a a

b a

c b

b a

caac

b b

abab

a a

a c

cabc

c b

bbbb

a b

c b

b b

aabc

a a

cabc

a b

b c

cbca

a a

bcba

b c

b b

a c

c c

c c

bccc

c b

cbac

b c

b a

aaaa

a c

cbba

a a

a a

c b

acac

c c

bbbb

b b

b b

bcbc

c c

aabc

c c

c c

c a

b b

abba

a c

bcbb

b a

b c

abba

a b

bcba

b b

b b

c a

acab

b a

baaa

a a

a c

babb

b b

baaa

c b

b b

b b

a a

c b

c c

b b

cbbc

a c

accb

c b

b a

acba

a a

bcba

b c

c a

c a

bbbb

a b

abca

a a

c b

cabc

a b

caba

a c
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c a

a c

bbac

c a

acac

a c

b a

bcbb

a b

abac

b c

a b

c a

accc

c c

cbcb

a c

c b

baca

c a

cbba

c c

b b

c c

b c

c b

ccbb

c b

aacb

c c

c b

accc

c a

baab

a b

a a

a c

aacb

b b

cbca

a b

c c

bbab

c b

cacc

a c

a b

c b

b b
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b b

bcac
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c c
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c a

bbca

a b

b a

b b

cbaa

b a

cbba

a c

c b

bbab

a c

abba

c b

b a

b b

a b

b b

a c

bbba

b b

bacb

c c

c a

ccba

a a

cbca

b b

b b

b a

aaab

b c

aabb

a c

c b

bbca

b a

cbca

b c

c c

c c

b c

bcca

b c

bccc

c c

a a

bbba

a c

acaa

b a

c c

c c

ccab

a b

bbcb

b b

c b

aaab

b a

aacb

b a

a c

c b

b c

a a

baaa

a a

aaca

c b

c b

bcab

a b

aaca

c b

c c

c a

acbc

b a

aabc

c c

c b

acbc

b b

ccbb

c a

a a

a b

c c

acbc

b a

abab

a c

b c

bcbc

b c

cacc

a b

b a

b c

cacb

b a

cbba

a c

c a

cacc

a c

cacc

Regular languages

Monadic Second-order logic (mso):
ϕ ::“ DX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @B. branchpBq ñ
`

@u P B. Dv P B. u ĺ v ^ apvq
˘

Lpϕq “
 

t P TrA | t |ù ϕ
(

Weak Monadic Second-order logic:
ϕ ::“ DfinX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @finX . Du R X . apuq
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Infinite trees

TrA Q t : tL, Ru˚ Ñ A

a

c a

a b

a b

b c

c b

b a

a b

b a

bacc

a c

babb

a c

c b

baba

a a

cbbb

b b

a a

b a

cbaa

a c

caca

c c

b a

ccba

c a

abbb

a a

b b

b a

b c

aaab

a b

caba

a b

c a

baba

c a

aabb

a c

c b

b b

bbab

a c

abcc

c b

c b

caab

b a

bcba

b b

b a

c b

a a

a b

abbb

c c

cabc

c b

b b

cccc

b b

bbac

c c

b a

b b

babc

b a

bcbc

c a

b a

abac

c a

caab

c a

c a

a b

b c

babb

c a

bcbc

b a

b a

abbb

a c

ccba

a a

a a

a b

ccca

b c

bcca

a c

b b

ccbc

c b

aaba

a b

a c

b a

b a

b b

c a

bbac

c a

bcbc

c a

b a

caaa

b b

bccc

a b

c a

a c

cbcc

a c

acaa

c b

b b

bbcc

a a

abba

a a

b a

c b

b a

caac

b b

abab

a a

a c

cabc

c b

bbbb

a b

c b

b b

aabc

a a

cabc

a b

b c

cbca

a a

bcba

b c

b b

a c

c c

c c

bccc

c b

cbac

b c

b a

aaaa

a c

cbba

a a

a a

c b

acac

c c

bbbb

b b

b b

bcbc

c c

aabc

c c

c c

c a

b b

abba

a c

bcbb

b a

b c

abba

a b

bcba

b b

b b

c a

acab

b a

baaa

a a

a c

babb

b b

baaa

c b

b b

b b

a a

c b

c c

b b

cbbc

a c

accb

c b

b a

acba

a a

bcba

b c

c a

c a

bbbb

a b

abca

a a

c b

cabc

a b

caba

a c

c c

c a

a c

bbac

c a

acac

a c

b a

bcbb

a b

abac

b c

a b

c a

accc

c c

cbcb

a c

c b

baca

c a

cbba

c c

b b

c c

b c

c b

ccbb

c b

aacb

c c

c b

accc

c a

baab

a b

a a

a c

aacb

b b

cbca

a b

c c

bbab

c b

cacc

a c

a b

c b

b b

ccac

b b

bcac

a a

c c

babb

c a

bbca

a b

b a

b b

cbaa

b a

cbba

a c

c b

bbab

a c

abba

c b

b a

b b

a b

b b

a c

bbba

b b

bacb

c c

c a

ccba

a a

cbca

b b

b b

b a

aaab

b c

aabb

a c

c b

bbca

b a

cbca

b c

c c

c c

b c

bcca

b c

bccc

c c

a a

bbba

a c

acaa

b a

c c

c c

ccab

a b

bbcb

b b

c b

aaab

b a

aacb

b a

a c

c b

b c

a a

baaa

a a

aaca

c b

c b

bcab

a b

aaca

c b

c c

c a

acbc

b a

aabc

c c

c b

acbc

b b

ccbb

c a

a a

a b

c c

acbc

b a

abab

a c

b c

bcbc

b c

cacc

a b

b a

b c

cacb

b a

cbba

a c

c a

cacc

a c

cacc

Regular languages

Monadic Second-order logic (mso):
ϕ ::“ DX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @B. branchpBq ñ
`

@u P B. Dv P B. u ĺ v ^ apvq
˘

Lpϕq “
 

t P TrA | t |ù ϕ
(

Weak Monadic Second-order logic:
ϕ ::“ DfinX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @finX . Du R X . apuq
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Infinite trees

TrA Q t : tL, Ru˚ Ñ A

a

c a

a b

a b

b c

c b

b a

a b

b a

bacc

a c

babb

a c

c b

baba

a a

cbbb

b b

a a

b a

cbaa

a c

caca

c c

b a

ccba

c a

abbb

a a

b b

b a

b c

aaab

a b

caba

a b

c a

baba

c a

aabb

a c

c b

b b

bbab

a c

abcc

c b

c b

caab

b a

bcba

b b

b a

c b

a a

a b

abbb

c c

cabc

c b

b b

cccc

b b

bbac

c c

b a

b b

babc

b a

bcbc

c a

b a

abac

c a

caab

c a

c a

a b

b c

babb

c a

bcbc

b a

b a

abbb

a c

ccba

a a

a a

a b

ccca

b c

bcca

a c

b b

ccbc

c b

aaba

a b

a c

b a

b a

b b

c a

bbac

c a

bcbc

c a

b a

caaa

b b

bccc

a b

c a

a c

cbcc

a c

acaa

c b

b b

bbcc

a a

abba

a a

b a

c b

b a

caac

b b

abab

a a

a c

cabc

c b

bbbb

a b

c b

b b

aabc

a a

cabc

a b

b c

cbca

a a

bcba

b c

b b

a c

c c

c c

bccc

c b

cbac

b c

b a

aaaa

a c

cbba

a a

a a

c b

acac

c c

bbbb

b b

b b

bcbc

c c

aabc

c c

c c

c a

b b

abba

a c

bcbb

b a

b c

abba

a b

bcba

b b

b b

c a

acab

b a

baaa

a a

a c

babb

b b

baaa

c b

b b

b b

a a

c b

c c

b b

cbbc

a c

accb

c b

b a

acba

a a

bcba

b c

c a

c a

bbbb

a b

abca

a a

c b

cabc

a b

caba

a c

c c

c a

a c

bbac

c a

acac

a c

b a

bcbb

a b

abac

b c

a b

c a

accc

c c

cbcb

a c

c b

baca

c a

cbba

c c

b b

c c

b c

c b

ccbb

c b

aacb

c c

c b

accc

c a

baab

a b

a a

a c

aacb

b b

cbca

a b

c c

bbab

c b

cacc

a c

a b

c b

b b

ccac

b b

bcac

a a

c c

babb

c a

bbca

a b

b a

b b

cbaa

b a

cbba

a c

c b

bbab

a c

abba

c b

b a

b b

a b

b b

a c

bbba

b b

bacb

c c

c a

ccba

a a

cbca

b b

b b

b a

aaab

b c

aabb

a c

c b

bbca

b a

cbca

b c

c c

c c

b c

bcca

b c

bccc

c c

a a

bbba

a c

acaa

b a

c c

c c

ccab

a b

bbcb

b b

c b

aaab

b a

aacb

b a

a c

c b

b c

a a

baaa

a a

aaca

c b

c b

bcab

a b

aaca

c b

c c

c a

acbc

b a

aabc

c c

c b

acbc

b b

ccbb

c a

a a

a b

c c

acbc

b a

abab

a c

b c

bcbc

b c

cacc

a b

b a

b c

cacb

b a

cbba

a c

c a

cacc

a c

cacc

Regular languages

Monadic Second-order logic (mso):
ϕ ::“ DX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @B. branchpBq ñ
`

@u P B. Dv P B. u ĺ v ^ apvq
˘

Lpϕq “
 

t P TrA | t |ù ϕ
(

Weak Monadic Second-order logic:
ϕ ::“ DfinX . ϕ | Dx . ϕ | ϕ_ ϕ |  ϕ

x P X | x ĺ y | x ďlex y | apxq

Ex. ϕ ” @finX . Du R X . apuq
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Infinite trees

TrA Q t : tL, Ru˚ Ñ A

a

c a

a b

a b

b c

c b

b a

a b

b a

bacc

a c

babb

a c

c b

baba

a a

cbbb

b b

a a

b a

cbaa

a c

caca

c c

b a

ccba

c a

abbb

a a

b b

b a

b c

aaab

a b

caba

a b

c a

baba

c a

aabb

a c

c b

b b

bbab

a c

abcc

c b

c b

caab

b a

bcba

b b

b a

c b

a a

a b

abbb

c c

cabc

c b

b b

cccc

b b

bbac

c c

b a

b b

babc

b a

bcbc

c a

b a

abac

c a

caab

c a

c a

a b

b c

babb

c a

bcbc

b a

b a

abbb

a c

ccba

a a

a a

a b

ccca

b c

bcca

a c

b b

ccbc

c b

aaba

a b

a c

b a

b a

b b

c a

bbac

c a

bcbc

c a

b a

caaa

b b

bccc

a b

c a

a c

cbcc

a c

acaa

c b

b b

bbcc

a a

abba

a a

b a

c b

b a

caac

b b

abab

a a

a c

cabc

c b

bbbb

a b

c b

b b

aabc

a a

cabc

a b

b c

cbca

a a

bcba

b c

b b

a c

c c

c c

bccc

c b

cbac

b c

b a

aaaa

a c

cbba

a a

a a

c b

acac

c c

bbbb

b b

b b

bcbc

c c

aabc

c c

c c

c a

b b

abba

a c

bcbb

b a

b c

abba

a b

bcba

b b

b b

c a

acab

b a

baaa

a a

a c

babb

b b

baaa

c b

b b

b b

a a

c b

c c

b b

cbbc

a c

accb

c b

b a

acba

a a

bcba

b c

c a

c a

bbbb

a b

abca

a a

c b

cabc

a b

caba

a c

c c

c a

a c

bbac

c a

acac

a c

b a

bcbb

a b

abac

b c

a b

c a

accc

c c

cbcb

a c

c b

baca

c a

cbba

c c

b b

c c

b c

c b

ccbb

c b

aacb

c c

c b

accc

c a

baab

a b

a a

a c

aacb

b b

cbca

a b

c c

bbab

c b

cacc

a c

a b

c b

b b

ccac

b b

bcac

a a

c c

babb

c a

bbca

a b

b a

b b

cbaa

b a

cbba

a c

c b

bbab

a c

abba

c b

b a

b b

a b

b b

a c

bbba

b b

bacb

c c

c a

ccba

a a

cbca

b b

b b

b a

aaab

b c

aabb

a c

c b

bbca

b a

cbca

b c

c c

c c

b c

bcca

b c

bccc

c c

a a

bbba

a c

acaa

b a

c c

c c

ccab

a b

bbcb

b b

c b

aaab

b a

aacb

b a

a c

c b

b c

a a

baaa

a a

aaca

c b

c b

bcab

a b

aaca

c b

c c

c a

acbc

b a

aabc

c c

c b

acbc

b b

ccbb

c a

a a

a b

c c

acbc

b a

abab

a c

b c

bcbc

b c

cacc

a b

b a

b c

cacb

b a

cbba
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Logics’ zoo
(on infinite trees)

weak-mso Ĺ mso µ-calculus”
alternation-free
µ-calculus ”

Ĺ

ctl

Ĺ

ctl*

Ĺ

fo
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Random trees

TrA “
`

tL, Ru˚ Ñ A
˘

”
ź

uPtL,Ru˚
A ùùù P

´

 

t P TrA | tpu0q “ a
(

¯

“ |A|´1

“coin-flipping measure”
Problem

Given ϕ compute P
`

Lpϕq
˘

P r0, 1s.

Observation (Niwiński [1985])
There exist non-Borel regular languages of infinite trees.

Theorem (Gogacz, Michalewski, Mio, S. [2017])
Every regular language of infinite trees is measurable.
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Example

ϕ ” @B. branchpBq ñ Dv P B. apvq ^
`

@u ă v . bpuq
˘

^ evenpvq
“the first a on every branch is at an even depth”

A “ ta, bu

r Lpϕq is weak-mso definable (its variant even First-order definable) s

(Potthoff [1994])P
`

Lpϕq
˘

“ ?P
`

Lpϕq
˘

“ x

x “ 1
2 `

a

? ?

`1
2
˘3
¨ x 4

b

b b

t0 t1 t2 t3

t0, t1, t2, t3 P Lpϕq

x0 “ 0.508347 . . . x1 “ 1.79358 . . .???

Caution: x0 R Q

What if x0, x1 P r0, 1s ?
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r Lpϕq is weak-mso definable (its variant even First-order definable) s

(Potthoff [1994])

P
`

Lpϕq
˘

“ ?

P
`

Lpϕq
˘

“ x

x “ 1
2 `

a

? ?

`1
2
˘3
¨ x 4

b

b b

t0 t1 t2 t3

t0, t1, t2, t3 P Lpϕq

x0 “ 0.508347 . . . x1 “ 1.79358 . . .???

Caution: x0 R Q

What if x0, x1 P r0, 1s ?
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Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .

Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Problem: given L compute PpLq P r0, 1s.

Theorem (Courcoubetis, Yannakakis [’95]; Chatterjee, Jurdziński, Henzinger [’04])
Computable for ω-regular languages L Ď Aω, PpLq P Q.

Theorem (Chen, Dräger, Kiefer [2012])
Comparison PpLq ě q for top-down deterministic tree languages L Ď TrA.

Theorem (Michalewski, Mio [2015])
Computable for game automata, PpLq P Q (algebraic).

self-dualisation of det. aut.

Theorem (Przybyłko [PhD thesis 2019])
Computable for fragments of First-order logic, PpLq P Q.

Main result (present work)
Computable for weak-mso, PpLq P Q.

ctl Ď weak-mso ùùù model checking of stochastic branching processes. . .
Michał Skrzypczak Computing measures of weak-MSO definable sets of trees 5 / 10



Weak-mso ” Alternating weak parity automata
(Muller, Saoudi, Schupp [1986])

A
qI a

b

a

δpqI, aq “ pq5, Lq^pq2, Lq

δpqI, bq “ pq4, Rq_
`

pq1, Lq^pq1, Rq
˘

δpqI, cq “ pq1, Rq_pq3, Rq
... ... ... ...

b

t
a

c a
a b

a b
b c
c b
baab

b a
bacc

a c
b a
bbac

c b
baba

a a
c b
b b
bbaa

b a
cbaa

a c
c a
cacc

b a
ccba

c a
a b

b b
a a
bbba

b c
aaab

a b
c a
baab

c a
baba

c a
a a

b b
ac cb

b b
bbab

a c
a b
cc cb

c b
caab

“

GpA, tq

^

qI

^

q5

_

q2

^

q5

_

q3

_

q3

^

q4

_

q4

^

q2

^

q2

^

q3

_

q2

^

q4

_

q2

_

q2

^

q4

^

q2

^

q1

_

q5

_

q3

^

q2

_

q4

^

q2

^

q3

^

q2

^

q4

^

q4

_

q5

^

q4

^

q5

^

q3

_

q3

_

q2

_

q3

^

q2

_

q3

^

q2

^

q5

_

q2

^

q4

^

q1

^

q4

_

q1

_

q3

_

q1

^

q3

^

q2

^

q5

_

q4

_

q1

^

q1

_

q4

^

q4

^

q3

_

q5

_

q5

_

q1

^

q4

^

q4

^

q4

_

q3

_

q2

_

q3

^

q5

^

q2

_

q1

_

q2

^

q4

^

q3

^

q3

^

q3

^

q5

^

q2

_

q1

_

q5

_

q2

^

q4

_

q4

_

q2

^

q5

_

q4

_

q2

_

q5

^

q5

_

q5

_

q5

_

q2

^

q3

^

q2

^

q4

^

q5

_

q4

^

q3

_

q5

^

q4

_

q5

_

q5

^

q1

_

q5

^

q1

_

q5

^

q3

^

q4

_

q1

_

q5

^

q5

^

q5

_

q5

^

q1

_

q5

^

q3

_

q5

_

q3

^

q2

^

q3

_

q3

_

q5

_

q2

^

q4

^

q5

_

q2

^

q3

^

q3

_

q2

^

q5

^

q3

_

q3

Game played between and
wins iff finitely many

LpAq “
!

t P TrA | has a winning strategy in GpA, tq
)

.
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Basic case: safety automata

A
qI

KKK

a b

states QL
`

Aěd˘ def
“ t P TrA |

has a strategy in GpA, tq
such that

t

d no KKK

L
`

Aě0˘ Ě L
`

Aě1˘ Ě L
`

Aě2˘ Ě ¨ ¨ ¨ Ě LpAq

König’s Lemma ùùù LpAq “
č

dPN
L
`

Aěd˘
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From languages to distributions

tpA : TrA ÝÑ PpQq
tpAptq def

“
 

q P Q | wins GpA, tq from q
(

”

t P LpAq ðñ qI P tpAptq
ı

P on TrA ùùù ~PpAq in D
`

PpQq
˘

probability distributions on PpQqFor R P PpQq:
~PpAqpRq def

“ P
`

tt P TrA | tpAptq “ Ru
˘

”

ř

RPPpQq
~PpAqpRq “ 1

ı

L
`

Aě0˘ Ě L
`

Aě1˘ Ě L
`

Aě2˘ Ě ¨ ¨ ¨ Ě LpAq

~P
`

Aě0˘ ~P
`

Aě1˘ ~P
`

Aě2˘ ~PpAq¨ ¨ ¨??? ??? ??? ???
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β

ľ

tq0, q1u

tq0u tq1u

H

α

tq0, q1u

tq0u tq1u

H

β

ń

ł

iff

α ľ β

@U Ď PpQq, U upward-closed.
ÿ

RPU
αpRq ě

ÿ

RPU
βpRq

“probabilistic powerdomains”
(Saheb-Djahromi [1980])
(Jones, Plotkin [1989])
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LpAq “
č

dPN
L
`

Aěd˘

~PpAq “ lim
dÑ8

~P
`

Aěd˘ “

in RPpQq ‰

ùùù ~PpAq is definable as a greatest fixed point in
@

D
`

PpQq
˘

,ľ
D

using First-order theory of reals (Tarski [1951])
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Summary

Theorem
Given an alternating weak parity automaton A:

“

” weak-mso
‰

‚ P
`

LpAq
˘

P Q (algebraic),
‚ P

`

LpAq
˘

is computable in 3-EXPTIME ,
‚ P

`

LpAq
˘ ?
ě q can be decided in 2-EXPTIME .

Proof
Reduction to Tarski’s First-order theory of

@

R, 0, 1,`, ¨
D

.
Exploiting probabilistic powerdomains

@

D
`

PpQq
˘

,ľ
D

.

Moreover
The same for measures µ generated by branching processes (instead of P).

Applications
Probabilistic model checking.
Insights into the general problem for mso. . .
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