A WEAK COMPACTNESS RESULT FOR CRITICAL
ELLIPTIC SYSTEMS OF n-HARMONIC TYPE

MICHAEL MISKIEWICZ

ABSTRACT. The paper considers systems of the form
—div (|Vu|""*Vu) = [Vu[" Q- Vu

on a bounded domain in R™ with u € W™, a matrix Q € L™ (depending
on u) and some additional structural assumptions on Q. We prove that
if a sequence of solutions of the above system converges weakly, the
limit itself is also a solution. The class of systems considered includes
the n-harmonic system and the presented reasoning is a generalization
of C. Wang’s proof for n-harmonic maps.

1. INTRODUCTION

Let N/ C RY be a compact, smooth submanifold with no boundary and
U C R™ a bounded domain. The Sobolev space W™ (U, N) is defined as

W U,N) := {u e WH(U,R") : u(z) € N for a.e. € U}.
The Dirichlet n-energy functional E,,: Wh™(U,N) — R is given by

n/2
= [ |Vu|"dz = /
[rwae- [ (5

dx.
Here, the sum is taken over alla =1,...,nand j=1,..., L.
A map u € WH™(U,N) is an n-harmonic map, if it is a critical point of
E,, in the space W™ (U, N') with respect to variations in the range, i.e. it
satisfies the Euler-Lagrange system

(1.1) —div (|Vu|"?Vu) = |Vu|"_2A(u)(Vu Vu)
Ou Ou
— n—2 A
= [Vul Z <8:L‘a 8xa>

called the n-harmonic system. Here div is the divergence operator in R"
and A(-)(-,-) is the second fundamental form of the submanifold N' C R”.
We could define the Dirichlet p-energy functional E,: WHP(U,N') — R and
p-harmonic maps for any exponent 1 < p < n in exactly the same way.
However, in this paper we focus on the critical exponent.
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Changyou Wang proved in his 2005 paper [14] that any weak limit of
n-harmonic maps is itself n-harmonic. Actually, his result is a bit more
general — the sequence of functions wug is only assumed to satisfy a per-
turbed n-harmonic system, as long as the perturbation tends to zero in
(Wl’”(U, N ))* with & — oco. Nonetheless, the following can be considered
the main result of Wang’s paper [14, Corollary C].

Theorem 1.1 (Wang, 2005). Assume that n > 2 and that a sequence
uy € WE(U,N') of n-harmonic maps tends to u weakly in W™ (U, N),
then u is an n-harmonic map.

Our goal is to generalize Wang’s result to a slightly wider class of equa-
tions. Namely, the n-harmonic system can be expressed in the form

—6 (|du|"2du) = |du|"*Q - du

for some matrix 2 of 1-forms. As we explain later, one can choose ) to be
the antisymmetric matrix

L
Q=3 (A;.l - Agl) dil, i j=1,.... L,

=1
where A;l are the coefficients of the second fundamental form of A/ at point .
Note that the matrix {2 depends on the choice of the function u. It is crucial
for the proof that the entries of this matrix have particular structure — they
are sums of products of the form Ddv, where D € Wbl’n = Whr N L*® and
v € Whn. Therefore, it is natural to assume that the matrix Q takes the
form

m
(1.2) Q=Y Djdv, i,j=1,...,L
s=1

for some m and Dy; e Wbl’n, LIS Wm, The antisymmetry of € is also
important for the proof (see Theorem 2.8).

Our main theorem is formulated in the generality presented above, hence
it is a slight generalization of Wang’s result.

Theorem 1.2. Let U C R™ be a bounded domain and n > 2. Assume that
each of the functions u, € WH™(U,RY) satisfies the system

(1.3) -0 (]duk]"_Qduk) = ‘duk’n_QQk . duk,

where the entries of the antisymmetric matrices Qy € L™(U,so(L) @ A'R™)
of 1-forms take the form (1.2) for some m and the coefficients D, v are
uniformly bounded:
sup ||Dj}
1’7]7 78
If in addition uyp — w in WL and Q, — Q in L™, then u satisfies the limit
system

(1.4) —6 (|du[""2du) = |du|" Q- du.

gt 1725 |ze < 0.
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The above statement remains valid if we only assume the functions uy to
satisfy the system (1.3) in the perturbed form. Thus the following remark
corresponds to the aforementioned theorem of Wang [14, Th. B.

Remark 1.3. Assume that each of the functions u, € WH™(U,RE) satisfies
the perturbed system

(1.5) —d (|duk|"_2duk) = |duk|n_29k - duy, + Py,

where P, — 0 w (Wl’"(U, RL))*, and all other assumptions of Theorem 1.2
hold. Then the limit function u satisfies the system (1.4).

With assumptions as above, our proof remains valid with only minor
changes. We shall discuss these after we complete the proof of Theorem 1.2.
Now we explain how Wang’s Theorem 1.1 follows from Theorem 1.2.

Proof of Theorem 1.1. The problem is to show that the n-harmonic system
(1.1) is of the form (1.4). More precisely, to express the term A(u)(Vu, Vu)
as - du for a matrix € of the required form. To this end we shall use a trick
first introduced by Frederic Heélein [8, Ch. 4. The form A can be understood
as a symmetric bilinear form on TR”|; it is enough to choose it to be zero
on the orthogonal complement of TN. Let A; = A(u)(e;, €;) be the matrix
of A in the standard basis of RY. Tt follows from the orthogonality A; L TN
that

L .
Z ALV = 0.
j=1
Multiplying the above by Vu! and summing over [ = 1,2,..., L yields
L
> AV VW = 0.

J,l=1

Subtracting from A(Vu, Vu) the expression above, we obtain

:i(

7,0=1

L
AY(Vu, Vu) = A;qul V!
=1

L

= ZQl - dud

Al — ) vl -Vl
J

—_

<

where the matrix

Qi]’ =

M=

< ( é‘l —Agz) du'

is antisymmetric, Q € L™(U,so(L) ® A'R"). Note also that A(u) as a com-
position of the functions u € W™ and A € C§° is in the class Wbl’" and
|A(w)||lwin Sa ||ully1e. Hence the matrix €2 is of the required form
Qij = Yty Djjdvy; (1.2) if we set m = L. Moreover, by the Rellich-
Kondrashov theorem, the convergence uy — u in W™ (U, N') implies uj, — u
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in L™= Thus by composing with A € C§° we get A(uz) — A(u) in
L (=1 and finally, Q) — Q in L" by Lemma 2.1.

We presented the n-harmonic equation in the form (1.4). This allows us
to use Theorem 1.2, pass to the limit and conclude that « is an n-harmonic
map. O

The proof of Theorem 1.2 presented in this paper follows the proof of
Wang. However, we take an approach that allows us to use the same methods
in a more general setting. In particular, the equation we consider is not
directly connected to the geometry of manifolds, hence it is necessary to use
Uhlenbeck decomposition theorem in an abstract formulation due to Tristan
Riviere [12].

The key difficulty is that the right-hand side of the equation (1.3) is only
bounded in L' and therefore we can only assume that it is weakly-* con-
vergent to some measure. The difference of this measure and the right-hand
side of the limit equation (1.4) can be proved to satisfy a reverse Holder-type
inequality, then the concentration compactness principle due to Pierre-Louis
Lions (Lemma 2.6) together with a capacity argument allows us to prove
that the difference is actually zero.

The main idea of the proof is to use the Hodge and Uhlenbeck decom-
positions in order to obtain expressions with a div-curl structure. Then it
is possible to conclude their higher regularity and also convergence through
application of the compensated compactness lemma (Proposition 2.5) and
the classical div-curl lemma, yielding the desired reverse Holder’s inequality.

2. PRELIMINARIES

2.1. Notation. The proof of Theorem 1.2 relies on the particular differential
structure of certain terms in our reasoning (see Proposition 2.5). Therefore
we find it more convenient to use the language of differential forms. We use
the following notation for the differential operators connected to standard
differential structure of the space R™:

e A°R”™ —the space of alternating s-forms on R™ (note that the standard
notation would be A*(R™)*),

e d — the exterior derivative,

e « - [ — the inner product of two forms «, 5 € A’R",

e § — the codifferential.

Vector and matrix-valued functions are used frequently in this paper and
most of the equalities are formulated for vector-valued functions. For the
sake of brevity we shall abuse the notation presented above. As an example,
for a matrix Q € Mpyr(R) ® A'R"™ of 1-forms and a vector v € R* @ A'R"
of 1-forms, the product €2 - v is to be understood as a matrix product with
scalar multiplication replaced by the inner product of forms, i.e

L
(Qv)’ == ZQ” -Uj.
j=1
The meaning should be always clear from the context.

We denote the space of bounded Sobolev functions by Wbl’” =whrnL>®,
Note that this space is closed under multiplication in view of the elementary
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inequalities

VUL < [1fVgllen + gV flln <[l IV gllzr + [lgllLe= IV |-

The asymptotic inequality symbol < is used here very often. The state-
ment A S B for two expressions A, B reads: there is a constant C' > 0 such
that A < C'B. The constant is assumed to depend only on fixed parameters
such as the space dimensions n, L. Sometimes, to emphasize the dependence
on some of these parameters, we shall write e.g. <.

2.2. Technical lemmata. First we note two elementary observations, which
we shall use frequently. The utility of the second one comes from the fact that
the Sobolev and Rellich-Kondrashov theorems imply a continuous embedding
WP < L9 for ¢ < p* = n"—fp, which is compact only for ¢ < p*. Therefore
we may assume a weakly convergent sequence in WP to be strongly conver-
gent (up to a subsequence) in L? for ¢ < p*, but this is not necessarily true

for ¢ = p*.
Lemma 2.1 (on weak convergence).
e Letp,qg,r>1 Satisfy%—i—% = % If up, — win LP and vy — v in LY,
then upve — uv in L.
o Let the space U have finite measure, 1 < p < oo, vy, € LP(U) be

a bounded sequence and v € LP(U). If vy — v in LY(U), then also
v — v in LP(U).

The next lemma gives us particular test functions, which will be used to
remove the singularities from the equation in Section 3.3. The construction
relies on the existence of unbounded functions in the space W5H?(R™). The
proof follows the paper of Goldstein et al. [6, Lemma 3.2].

Lemma 2.2. There is a sequence of functions ¢, € C§°(R™) such that
0<pr <1, pp =1 on the ball B(0,r), v = 0 outside the ball B(0, Ry),
where 0 < rp, < R, — 0 and ||@g||y1n — 0.

Proof. Let us define the function
n(r) =loglog(e —logr) for r € (0,1).

For r € (0,1) we have e — logr > e and hence log(e — logr) > 1; this
implies that n(r) > 0. The function n has an infinite limit at zero and the
asymptotics of its derivative can be estimated as follows:

}77/(7“){ _ - 1 < 1 1

(e —logr)log(e —logr) ~
Cauchy’s condensation test then concludes that the function r™~1|n/(r)|
has a finite integral on the interval (0, 1), if only n > 1.
Now we introduce the radial function f(z) = n(|z|). We will show that
f € Whn(B"). It is easy to check that f € L™(B"). Rotational invariance
yields |V f(z)| = |n'(Jz|)|, so we can compute

/Bn IV f(2)|" dz = /01 /S 7' (r)[" dy dr = /01 1S, | |0 ()| dr < o,

where the last integral is finite by our previous considerations.

r(e —logr) ~ T rlogr’

n
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The idea of the construction of the sequence ¢y is the following: divide
the graph of f into horizontal ‘slices’; i.e. choose ¢ so that they satisfy

Yo, ¢k = min(f,m) for each m = 1,2,.... We formalize it in a slightly
different manner. Choose a function ¢ € C*°(R) satisfying 0 < (<1, (=0
on (—00,0], ¢ =1 on [1,00). Define ¢i(z) = ((f(x) — k) for z € B" and

k=1,2,.... Evidently 0 < ¢ < 1. Moreover,
flx) <k = pr(z) =0,
F2) 2 k+1 = gpla) = 1,

which implies that ¢ has the required behaviour. Since the function f is
smooth except at the origin, the function ¢y is smooth in B" and can be
extended by zero to a function ¢y, € Cg°(R"™). Finally, [Vor| S [V X{r>k)
and f € WL imply that ||¢g|[jp1n — 0. O

The following compactness theorem for maps with p-Laplacian bounded
in L' is due to Hardt, Lin and Mou and independently to Courilleau |2,
Th. 1.1|. Here we state it with p = n.

Lemma 2.3. Let U C R" be a bounded domain and u be a bounded sequence
in WU, RY) such that the sequence

div (| V" *Vuy)

is bounded in LY (U,RY). Assume that uy, — u in WH(U,RE). Then there is
a subsequence for which we have Vuy, — Vu in LI(U,RY) for any 1 < q¢ < n.

The proof of Remark 1.3 requires a more generalized version of the above
lemma.

Lemma 2.4. Let U C R" be a bounded domain and uy be a bounded sequence
in WH™(U,RE) such that

div (|Vug[""2Vug) = fi, + @y,

where the sequence fy, is bounded in L' (U, RY) and @y — 0 in (W"(U, ]RL))*.
Assume that u, — w in WH(U,RY). Then there is a subsequence for which
we have Vuy, — Vu in LY(U,R¥*) for any 1 < q < n.

The proof of Courilleau [2, Th. 1.1] applies here as well. The only differ-
ence lies in the estimation of the integral

/ div (| Vug|""*Vuy,) Be(up — u)é dz
U

appearing in [2], which in our case is decomposed into a sum of two terms.
Since ®; — 0 in (WI”)* and the sequence S:(uj — u)¢ is bounded in Whn,

the additional term <<I>k, gg(uk — u)§> tends to zero.

2.3. Spaces H! and BMO. Now we recall the basic properties of the Hardy
space H!(R™) and the space BMO(R™).
A function f € L'(R™) belongs to the Hardy space H!(R"), if

fo = SuP“ZSe * f’ € Ll(Rn)v
e>0
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where ¢.(z) := "¢ (£) and ¢ € C3°(R") is a fixed nonnegative function
satisfying [, ¢ dy = 1. The space H!(R™) equipped with the norm

[l ey = f Ly @ny + 1 fell 1 @)

is a Banach space.
A function f € L _(R™) belongs to the space BMO(R") (bounded mean

loc
oscillation, see [10]), if

1

/ |f—fB|dy:Bballin]R”}<oo,
|B| /g

1 fllBMO(RR) = sup {

where fp = ﬁ fB fdy is the mean of f over the ball B.

A function f € BMO(R"™) belongs to the subspace VMO(R™) (vanishing
mean oscillation), if in addition we have the convergence

r—0

i)
f—feldy—0
B Joen ' 1!

uniformly in z € R”. This is a closed subspace of BMO(R") and it can

be alternatively characterised as the closure of the subspace C5°(R"™) in the
norm BMO(R™). Note that for a function f € WH*(R") we have

1/n
1 /
o L sl s ([ ey
’B(.Z',T‘)‘ B(z,r) ’ B’ B(z,r) ’ ’

thanks to the Poincaré inequality, hence W1 (R") C VMO(R") and

Hf”BMO(R”) S/ vaHL”(Rﬂ)

Fefferman and Stein [5] proved that the dual space to H*(R") is BMO(R™).

Moreover,

[ o] o lallosiogen

for any f € H'(R™) and g € L>° N BMO(R"). Additionally, the dual space
to VMO(R") is H!(R™).

We recall an important theorem of Coifman, Lions, Meyer and Semmes
[1] (see also [4]) on compensated compactness.

Proposition 2.5. Let 1 < p,q < oo and % + % = 1. Assume that we have
f € WHP(R™) and g € WH4(R™, A2R"™). Then df - 6g € H*(R™), moreover

df - dgllar mny SNV FllLe@n) [Vl La@r)-

In particular, by the duality of H'(R™) and BMO(R") we obtain the inequal-
ity

/ hdf - 59dy‘ SV Flle @) IVl La@ny [V Lo ey

1,71 n
for any h € W,""(R™).
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2.4. Concentration-compactness. We shall use the concentration-com-
pactness principle of P.-L. Lions.

Lemma 2.6. Let u, v be finite positive measures on the ball B C R™. As-
sume that

1/q 1/p
( / |¢\de) < ( / |¢|”du> for all € CE*(B),
B B

where 1 < p < g < oo. Then there exists an at most countable set J,
a sequence of distinct points (xj)jecy in B and a positive sequence (aj)jcs

such that
V= Z a;j0z;-
jeJ
In particular,

In the statement above we have the ball B in place of the space R", see

[11, Remark 1.5]. We shall apply the lemma also to signed measures, as
explained below.

Remark 2.7. In Lemma 2.6 we can drop the assumption that v is positive.
Then we need to assume the inequality

1/q 1/p
[lorar) s ( / |¢|”du> for all ¢ € C3°(B)
B B
and as a result the measure v has the form

V= E a;j0z;,

jed

where aj € R, 3. s aj| < oo.

Proof. Apply Hahn’s decomposition to obtain v = v — v~, where v, v~
are mutually singular positive measures. As in the proof of Lemma 2.6 [11],
we can show that the inequality above holds for any bounded function ¢.
Hence it also holds for measures v+ and v~ in place of v. The application
of Lemma 2.6 ends the proof. O

2.5. The Uhlenbeck decomposition. The last key tool of the proof is
a decomposition first introduced by Karen Uhlenbeck [13]|. It was used by
Wang [14] to choose an orthogonal basis of the tangent bundle, for which the
connection matrix of 1-forms is coclosed. Here we use an abstract statement
of this theorem due to Tristan Riviére [12]| — it does not refer to the geometry
of manifolds and thus is better adjusted to the proof of Theorem 1.2.

Theorem 2.8. There is ¢ > 0 such that for any antisymmetric matriz
Q€ L"(B",s0(L) @ A'R™) of 1-forms on B"™ satisfying ||Q||1» < € there
exists a function P € WH™(B",SO(L)) taking values in orthogonal matrices
such that the matriz

(2.1) Q=P P+ PIQP
18 coclosed, 1i.e. 50 = 0, moreover

(2.2) Qlzn + [[dPl|r Sz [1€2] 20
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Remark 2.9. [t is easily checked using a substitution of the form x — xo+rz
that in fact Theorem 2.8 holds for every ball B(xg,r) C R™ with the same
value of € > 0 and the same constant in the inequality (2.2).

3. PROOF OF THE MAIN THEOREM

3.1. Application of the Uhlenbeck decomposition. Suppose that the
assumptions of Theorem 2.8 are satisfied for every k, and so we can apply
the Uhlenbeck decomposition to each of the matrices {2, and choose P, Q
as in (2.1), (2.2). Without loss of generality P, — P in W and Qj, — Q
in L™. Then it is casily checked that P,  satisfy the conditions (2.1), (2.2)
for the matrix 2.

Recall that our system is the following:

(1.4) —6 (|du[""2du) = |du|" Q- du.
Now we transform it using the above decomposition. We calculate:
—6(|du|" 2P~ du) = —dP Y du|"2du — P76(|du| " 2du).

Taking into account the equality dP~' = —P~1dPP~! for the first summand
and the equation (1.4) for the second, we obtain

—6(|du|* 2P~ tdu) = P71dPP Y du|"%du + P~ du|"2Q - du
= |du|""? (P~'dP + P7'QP) - P~ 'du
= |du|"2Q - P\ du.

Thus we obtained a coclosed matrix Q in place of Q. It is also important
that 2 has the form required by Theorem 1.2. Recall that

(1.2) ”_ZDsde, i,j=1,...,L,

for some m and Dy, € Wbl’n, v;; € L™ We shall check that this is the case
for the matrix Q = P~ dP + P~1QP. Indeed, the first term is

pP~'dp),, Z PydPy;,
and so it has the form (1.2) with L summands. The second term is

(P 1QP Z PiQ Py
s,t=1

Thanks to the form of Q and the fact that the space VVb1 " is closed under
multiplication, the entries of the second term are also of the form (1.2).
Therefore Q has the form (1.2) with L 4+ mL? summands instead of m.
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3.2. Local convergence. Our aim is to prove that each side of the system
(1.3) converges to the corresponding term of the system (1.4) in the sense
of distributions. Since Theorem 2.8 on the Uhlenbeck decomposition applies
only to matrices 2 of small L™ norm, we shall prove the convergence locally,
on sufficiently small balls. The following local lemma is the key point of the
proof of Theorem 1.2. It proves our claim under an additional assumption
that the norm ||Q||z» is small enough, up to possible point singularities.

Lemma 3.1. Let the functions uy, € W™ (B, RY), Qi € L"(B,so(L)@A'R")
satisfy the conditions of Theorem 1.2 on a ball B C U, up, — u in Wb,
Q, — Qin L™. Suppose that ||Q||n(p) < € for each k with ¢ = ¢(n, L)
from Theorem 2.8. Then u € W™ (B,RY) satisfies the system (1.4) with
possible singularities, i.e.
(31)  —6(|du[""2P~ du) = [du[""*Q- P~ du+ Y a;6,; in B,

jed
where the set J is at most countable, x; € B, aj € RE, > jer laj] < oo.

Proof. The assumption ||Q||zn(p)y < € allows us to apply the Uhlenbeck
decomposition inside the ball B. Let us adopt the notation introduced in
Section 3.1. The system (1.4) takes an equivalent form

—6(|du|" 2P du) = |du["%Q - P~ du.

It follows from Lemma 2.3 that we can assume the convergence duy — du
in LY(B) for 1 < ¢ < n. Using this and the convergence Pk_1 — P lin LP
for every p < oo we obtain, by Lemma 2.1,

|duy|" 2P, 'duy, — |du|"?P~'du in L'(B).

Hence
§ (|dug|" 2P duy) — 6 (|du["" 2P~ du) in D'(B).

We shall now investigate the convergence of the term |duk|”*2§k P L duy.
Consider extensions of uy, P, ! from the ball B to the whole of R™, vanishing
outside the ball 2B and with corresponding norm estimates. Namely, we
require the norms

-1 —1
[Vug||r@wey, [[VP on@eys 1Py | Lo )

not to exceed the corresponding norms on the ball B times a constant. This

is possible for the norm L°°, as the matrices Py are orthogonal. We have
—2p-1 -1 -1 -1

||| dug|™ Py dukHLn/(nfl)(Rn) < ||Pk ||L<>°(R")Hvuk||q£n(]gn) N ||vuk’|2n(3)-

Thus we can apply the Hodge decomposition theorem (cf. Iwaniec, Martin
[9]) for |dug|" 2P tduy € LV (R", R @ A'R™) and choose

fk‘ e Wl,n/(nfl) (RH,RL) . gk € Wl,n/(nfl) (Rn,RL ® AQRH)
satisfying
(3.2) ]duk|"*2Pk_1duk =dfy + g,

IV ficll sty @eny + [V il prsen-n ey S VUl
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By these estimates, we can assume without loss of generality that fi — f
and g, — g in W/ (»=1)(B). Passing to the limit in the equation (3.2) and
using Lemma 2.3 again, we obtain

|du|" 2P~ du = df + g in B.
The right-hand side term of our equation can then be rewritten as
|duk]"*2§~2k . Pk_lduk = Q- dfy + Qp - 0.
Since dfy, — df in L "D(B), O — Q in L*(B) and 6Q; = 0 in B, the

classical div-curl lemma gives
Q. - dfy — Q- df in D'(B).

However, we can show this directly using integration by parts. Recall that
fe — fin L=1(B) and Q) — Qin L", so Q- fr, — Q- f in L. For any
¢ € Cg°(B),

[ udiods = - [ 8 fudods
—>—/n£~2-fd¢da:
:/nﬁ.dfgﬁdx.

Recall that by our assumptions each entry of the matrix (NZk is a sum of
L +mL? 1-forms, each of the form Ddv, where D € Wbl’n and v € W, the
norms of D, v are uniformly bounded. For the sake of simplicity we shall
consider only one summand at a time and assume € = Dpdvy for further
calculations; here D;. takes matrix values and v vector values. At the end,
one just needs to sum up the estimates obtained in this way. Without loss
of generality we assume that Dy — D and vy — v in their corresponding
spaces. Let us decompose the difference i - dgr, — 2 - dg in the following
manner:

@k-égk—ﬁ-5g = Dydvy - §gr, — Ddv - dg
= (Dy — D)d(v, —v) - 0(gk — 9)
+Dd(vi —v) - 6(9x — 9)
+Dyd(vp —v) - 0g + (Drdv - dgx, — Ddv - §g)
=I+1I+11la+1ITb.

Convergence of the summands [/ to 0. The convergence of Il/a,
I11bto 0in D'(B) is a straightforward consequence of the Sobolev embedding
theorem and technical Lemma 2.1. Indeed, we know that D, — D, v, — v
in W' (and thus strongly in L? for p < o0), gi — g in W™/ (=1 and the
sequence Dy, is bounded in L>°. This implies Dyd(vy —v) — 0in L', so also
in L™, and finally I71a — 0 in L'. Similarly, Dgégk — DT§g in L', so also
in L/ (=1 and by Lemma 2.1 again we have dv - DkTégk —dv-DT6gin L.
This, together with the linear algebra identity Ddv - 6g = dv - DT g, yields
IITh — 0 in L.
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Convergence of the summand I/ to 0. Consider extensions of the
functions vg, v, D from the ball B to the space R"™ with corresponding
norm estimates; we can assume the convergence vy — v in Wi g, — g in
Whn/(n=1) ig preserved. It follows that d(vy — v) - 6(gx — g) — 0 in D'(R™);
the argument is similar to that for the term f~2k - dfy,. By Proposition 2.5,
the sequence d(vy, — v) - 6(gx — g) is bounded in H!(R™), so without loss of
generality it is weakly-* convergent to some function s € H(R"™). Then we
know that

/¢d(vk —v)-0(gr — g)dx — 0 for ¢ € C§°(R"),

/¢d(vk —v)-0(gr — g)dx — /(bs dz for ¢ € VMO(R").

which shows that s = 0. Choose any test function ¢ € C§°(B); since
#D € WI(R"), we have D € VMO(R"), and so

/gi)Dd(vk —v) - (g — g)dz — 0,

which proves IT — 0 in D'(B).

Convergence of the summand I. For k£ = 1,2,... we define the aux-
iliary measures

dvy, = ((Dy, = D)d(vg — v) - 6(gk — 9)) da,
dug = (IV(Dg = D) + [V (og = 0)|" + [V (gr — 9)|"/ V) .
Up to this point, we have proved that for any ¢ € C§°(B),

/ng (!duk\”’Qﬁk - P duy, — |dul" 20 - P’ldu> da

_ /¢(Dk — D)d(vg, — ) - 8(gi — g) dz + o(1)

Fix any ¢ € C§°(B). Now we derive the following estimate:

(n+1)/n
\ [omtan] < ( / |¢\"duk) To1).

First, observe that

/¢”+1 dyy, = /¢”+1(Dk — D)d(vg —v) - 6(gk — g) dw

— / &(Dy — D)d((vy — v)) - 6(6" gk — 9)) da + o(1).

Indeed, the difference of the integrands is a sum of products, each of them
having at least one of the factors vy — v, gr — g not differentiated. Recall
that by the Sobolev and Rellich-Kondrashov theorems,

Dy — D — 0 weakly in W1, strongly in L?, p < oo,
vy —v — 0 weakly in Win, strongly in L?, p < oo,
g —g — 0 weakly in Wwin/(n=1) strongly in LP, p <

n
n—2"



WEAK COMPACTNESS FOR SYSTEMS OF n-HARMONIC TYPE 13

Hence the difference converges weakly to zero in L' by Hélder’s inequality
and Lemma 2.1. We apply Proposition 2.5 to the obtained integral and get

‘ [ 001 = Dyt~ ) 56" (g1 - 9) s

< [|¢(Dy, — D)|[emol [V (¢(vr — ))|e [V (8" (gr — 9| prscn-1)-
Each of the factors is estimated in the same manner:

l|¢(Drx — D)l[Bmo S 1IV(¢(Dk — D))||1n
[V (Dg — D)||r + [|V@|L || Dg — D||n

(/ r¢|"duk)l/n +o(1),

IV ((vr = v)l|zn < [|@V (0r = 0)l[Ln + [[V@l|Loo| g — v]|r

<(/ |¢|”duk>1/n +o(1),

V(6" (g = )| ooy < 116"V gi = 9|,y + 196"l gk — gl oy

(n=1)/n
< ( / \¢|"duk) +o(1)

Multiplying these inequalities gives

(n+1)/n
[orran| s ( / Wduk) o),

as claimed. Now it follows from Holder’s inequality that the densities of
measures v, and jy are uniformly bounded in L!'(B), so we can assume
without loss of generality that

IN

IN

vy — v, ik — o weakly-* in M(B).

Moreover, since the measures p are positive, u is positive as well. The

obtained estimate gives us
(n+1)/n
<(froran)

/ 51 dy

If we replace ¢ by ¢?, where ¢ € C§°(B), we obtain

‘/W"“ e (/\¢|2"du>

Then Lemma 2.6 (concentration compactness) and Remark 2.7 imply that
v is a finite measure of the form

V= E a0z},

jedJ

where the set J is at most countable, z; € B, a; € RE, ZjeJ
Thus we proved that passing to the limit in the system (1.3) yields

(31)  —6(|du[""* P~ du) = |du["*Q- P du+ ) a;d,, in B.
jeJ

la;| < oo.
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3.3. Removing the singularities.

Proof of Theorem 1.2. We begin by showing that in the obtained system
(3.1) the singular term » ;. ; a;0; is in fact necessarily zero. To this end we
use technical Lemma 2.2. Let us choose the functions ¢} as constructed in
the lemma.

Choose any jo € J and for simplicity assume that z;, = 0 € B. The
equation (3.1) can be tested with the function ¢y = (£, ..., £pk), where
the signs are chosen to match the signs of the coordinates of the vector a;,.
Thus we obtain the following:

(=0(dul"2P~1du), ) = (ldu" 2P~ - du, ) + lagy| + 3,45, a5 ()

| |

0 0 0

Indeed, the condition ||pg||y1,» — 0 implies the convergence of the first term.
Since 0 < ¢k < 1 and supp ¢ C B(0, Ry), Rr — 0, the convergence of the
second term follows from the Lebesgue dominated convergence theorem. The
third term is similar: a € I' and for each j # 0 and k large enough we have
Yr(z;) = 0. Therefore we proved that aj, = 0; in consequence the whole
singular part is zero.

Now we can proceed from local to global considerations. Since the se-
quence |€2|™ is bounded in L'(U), without loss of generality it is weakly-*
convergent to some finite positive measure n on U. Let ¢ > 0 be as in
Lemma 3.1 and let us define the set

S={zeU:n{z}) >"}.

The set S is finite, as |Sle™ < n(S) < n(U) < oo. For any point x € U \ S
there is a radius r > 0 for which n(B(z,2r)) < ™. We have

timsup [ |0 dy < n(Blz.20),
k—oo JB(z,r)
hence || Bla) |Qk|" dy < ™ for k large enough. Lemma 3.1 and our previous
remarks on the singularities allow us to conclude that u satisfies the system
(1.4) on the ball B(x,r). Hence u satisfies the system (1.4) on the set U \ S.
In order to finish the proof, we exploit Lemma 2.2 again. Assume that the
set S consists of points x1, ..., xs. Choose any test function ¢» € C§°(U, RE)
and decompose it into two parts as follows:

P(w) = () Y prle—ay)+(@) | 1= erle — ;) | = tor(@)+ri(@).
j=1

j=1

Note that suppt € U \ S and so we can test the system (1.4) with the
function 1y . On the other hand, v, — 0 in Wl’"(U) and in a dominated
way, so by passing to the limit k¥ — oo we obtain the system (1.4) tested
with the funtion . This ends the proof. (]
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Proof of Remark 1.3. Assume that the functions uy satisfy the perturbed
system (1.5). We only need to show that in this case the conclusion of
Lemma 3.1 holds as well. Indeed, the remaining part of the proof of Theo-
rem 1.2 is still valid. Observe that in our case the Uhlenbeck decomposition
gives the following:

—8(|dug "2 P duy) = |dug "2 - POV + Py
For any ¢ € C$°(B,RY) we have
(P '@k, 90)| = [( @k, Prt))| < 19| (wrin ey 1Petd lwrn(ry = 0,

as the sequence Py is bounded in W™, Hence the additional term tends to
zero in the sense of distributions. The proof of convergence for other terms
remains the same, although we have to replace Lemma 2.3 with a slightly
generalized version, i.e. Lemma 2.4. O
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