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• a very simple example of emergence

ordered disorderedcritical

the Ising model
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• the variance explodes 

• divergence of correlation length – fractal structure 

• critical slowing down

critical point
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• N agents / units described by a variable σ

• Maximize the entropy

• under the constraint that observables  

    have the same average as the data

� = (�1,�2, . . . ,�N )

O1,O2, . . .

�Oa⇥model

= �Oa⇥data

�Oa⇥ h�ii, h�i�jiis typically a moment, e.g. 

P (�) =
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e.g. 

(disordered) Ising model!

how to fit model to data – maximum entropy
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 collective activity of neural populations

Schneidman et al. Nature 2006
Shlens et al J. Neuroscience 2006
Tang et al J. Neuroscience 2008
Tkacik et al PLoS CP 2014

 co-variations in protein families ⇨ contact prediction
Weigt et al. PNAS 2009; Morcos et al. PNAS 2011
Marks et al PLoS ONE 2012; Sulkowska et al PNAS 2012

 diversity of antibody repertoires in the immune system
Mora Walczak Callan Bialek PNAS 2010

 DNA motifs of transcription factor binding sites
Santolini Mora Hakim Plos ONE 2014

 collective behaviour of mice
Shemesh et al. eLife 2013

 collective behaviour of bird flocks

Bialek et al. PNAS 2012; Cavagna et al. PRE 2014
Bialek et al. PNAS 2014

maximum entropy in biology
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scale free correlations

ξ

self-organised order, 
not from centralized command



• velocity of bird �vi, �si = �vi/k�vik

maximum entropy model for birds
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Jij =
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J
0

if j is one i’s nc  first neighbors

otherwise

Equivalent to maximum entropy 
with constraint on Cint =

1
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1

nc

X

j2V (i)

h�si�sji

single snapshot — spatial averaging instead of ensemble averaging

(then symmetrized)

parametrisation
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•  similar observations for fluctuations of modulus of speed

speed fluctuations are also scale free
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• orientation is arbitrary ; no preferred direction of flight

• but velocity vi is not; has physical bounds

•Maximum entropy with constraint first two moments of speeds:
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g

Jnc
= 10�2

 in continuous theory, 

 self-organisation (J) dominates 
individual speed control (g)  
to  tightly regulate the speed of the flock

birds are pushovers, yet

 possible function? enhanced response and information  
transfer upon predator attack, environmental cues
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•  we’ve implicitly assumed equilibrium

•  but birds exchange neighbours fast  
 — out of equilibrium dynamics

•  effective number of interaction partners  
could be larger than the instantaneous one.

•  theory: it changes everything  
  - existence of order in 2D (Mermin-Wagner theorem does not apply)  
  - critical exponents Tu Toner 1995, 1998, …

equilibrium vs. dynamics
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 Equilibrium distribution on a fixed network (      constant and symmetric)

 Maximum entropy principle with constraints on                          and hd~si(t)/dt · ~sj(t)ih~si(t) · ~sj(t)i
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3 parameters: nc, J and temperature T (controling noise)

Jij = J exp(�kij/nc)

kij is the rank of i’s neighbour j, ordered by distance

maximum likelihood fit using new exact integration method

Cavagna Castello Dey Giardina Melillo Parisi Viale PRE 2015

parametrisation
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relax
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how fast birds align with 
their local neighbourhood

how fast each bird renews 
its neighbours
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read off directly 
from data

a tale of two time scales

Mora Walczak Del Castello Ginelli Melillo Parisi Viale Cavagna Giardina, Nature Physics 2016
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a tale of two time scales
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the retina

 multielectrode 
array recordings

Stimulus Retina Optic nerve

Photoreceptors Ganglion Cells
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• Binarized responses 

• σi   response from neuron i 

• σ   population response, single time bin 

• P(σ) ?            2N  states

← σ1

← σ2

...

describing the response
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Schneidman et al, Nature 2005

• are hard to fit

Ising model P2(�) =
1

Z
e
P

i hi�i+
P

ij Jij�i�j

P1(�) =
1

Z
e
P

i hi�i

neuron activities are correlated

independent

Maximum Entropy constrained by h�i�jih�ii

• ignore temporal correlations

but Ising models

• don’t describe higher-order correlations well
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Neuron 
firing rate

Hidden unit 
firing rate

Coupling 

• easy to sample (block sampling)

• easy to fit (contrastive divergence)

σik

k

i

• spatial-temporal, high-order correlations



performance on rat retina

60 neurons, rat retina  
10 hidden units per cell 
stimulus: random bar 

Population count:  
number of spikes  
in the population

Explained variance  
of pairwise 
correlations



back to stimulus

 multielectrode 
array recordings

Stimulus Retina Optic nerve

Photoreceptors Ganglion Cells

S σ
P(σ|S)

P(σ)

?
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metric and discrimination

Perturbative approach 
Stimulus: bar in motion, reference + perturbations 
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TRBM metric

• metric defined on hidden variables (modulated by how they impact cells)

• outperforms all existing metrics

P(d < d’)

• unsupervised = no adjustable parameter
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Responses to 
unknown stimuli

Model response 
distribution

Discriminate responses to 
different stimuli

learning without supervision

S σ
P(σ|S)

• supervised learning • unsupervised learning

P(σ)



• statistical physics to study emergent behaviour in biological systems 

• in birds 

‣global correlations from local interactions 

‣ interaction rule is topological, not metric 

‣ critical fluctuations of velocity 

‣local equilibrium 

• in neurons 

‣hidden-variable spin model of  
correlated population activity 

‣derived metric outperforms others 
despite being unsupervised  

•application to other biological networks?

conclusions


