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Protein production directly out of gene

DNA > protein > O

birth and death process - Markov jump process

We assume that if at time ¢ there was n protein molecules, then

e probability of production (birth) of one protein molecule at the time
interval (t,1+ h) is equal to kh + o(h)

e probability of degradation (death) of one protein molecule at the time
interval (¢, + h) is equal to ynh 4 o(h)

e probability of more than one reaction to take place at the time interval
(t,t 4+ h) is equal to o(h).



f(n,t) - probability that there are n protein molecules
In the cell attime t

We can write an expression for the total probability:

fn,t+h)=khf(n—1t)+(n+1)vhf(n+1,1) 4+ (1 — kh —nvh)f(n,t)+ o(h),
f(O,t+h)=~hf(l,t)+ (1 —kh)f(0.t) + o(h).

Master equation

T =2F(1,8) —k£(0,2)

{ﬁwm!f( Lt) + (n+D)yf(n+1,8) — (k+ny)f(n,t), n > 1,

stationary probability distribution

kf(n—1)+(n+ 1)’}f(3:r +1)—(k+ny)f(n)=0, n>1,
vf(1) = kf(0) =



kfln—1)+(n+1)yfn+1)—(k+ny)f(n)=0, n>1,
vf(1) —kf(0)=0

from the equation for n=0 we get kf(0) = ~f(1)

from the equation for n=1 we get kf(l) = 2vf(2)

for an arbitrary n we have Ef(n)=(n+1)vf(n+1)

we say that the dynamics satisfies detailed balance conditions

we get f(n) = f(O)(k/y)"/n!

and finally we get the stationary probability distribution
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Self-repressing gen

degradation
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Master equation

fo(n.t), fi(n,t) probability that there are n protein molecules in the cell
' & h and gen is respectively at state 0 or 1 at time t

fﬂff?- | — kolfoln — 1) = fo(n)] +~v[(n+1)fo(n + 1) = nfo(n)] — 3-nfoln) +afi(n)

DD — alfiln =)= )] + i+ 1) = (0= D) + 5 nfolrn) — afi(n)
3
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D Kolfoln = 1) = folm)] + 1[0+ Dol +1) = nfo(m)] = B - nfofm) + afi(n)

BD sl fa(n = 1) = Alw)] + 5[l + 1) = (= DA + 8- nfoln) - afaln)

A=Y fin), i =0,1 (n); =Y. 20 nfi(n)

+20 +20
F@(:.r}:z.:”fn{n.r) and Fl{;*r):Z:”fl(n.r)
n=>0 n=()

Fy(z=1,£) = A,(t), i=0,1
o ({_)Fg d <1 >; _
A % = OF;
Oz Ot |2=1 dt 5, (%1 )l=1 =<1 >4 (1)
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In the stationary state we obtain a system of algebraic equations for moments

Ao+ A1 =1

p{n)o—aA; =0

koAo — y (n)o — B(n*)o +a(n)1 =0

kiAy —y(n)1+y A1+ B{n?)o—a(n); =0

The above system is not closed, equations for lower moments involve higher moments

How to close it ?



Self-consistent mean-field approximation

f“f; fe kolfo(n — 1) — fo(n)] +~[(n + 1) fo(n +1) = nfo(n)] - 53 @fcrfﬂ) + afi(n)

dfi;gn) = kol[fo(n — 1) — fo(n)] +~v[(n+ 1) fo(n+ 1) —nfy(n)] — 3 “(n) +afi(n)

We use generating function approach and obtain a closed system of equations

Ag+ A =1
p{n)o —aA; =0

koAo — y (n)o — ﬁ%(n)g +aln) =0
kiAr —y(n)1 + y Al +ﬁ%(ff)0 —a(n)1 =0



We obtained formulas

for expected values and variance of n

Bulletin of Mathematical Biology 2013, JM and Paulina Szymanska
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Fast switching gene
adiabatic limit

Ao+ A1 =1

B{n)o —aA; =0

koAo — y (n)o — B(n*)o +a(n)1 =0

kiA1 —y(n)1 +y A1+ B(n?)o—a(n); =0

We assume
<n>g= Ap<n>

<m>y= A <n>

o,

and we solve the system of equations



Alternatively

In the adiabatic limit, for every given number of molecules n,
the gene is in the equilibrium and we may write
8! Bn(t)

Ao(t) = -
Aalt) =~y Al = o

We construct the following birth and death process

e probability of production (birth) of one protein molecule at the time
imterval (t,t + h) 1s equal to (kgAg + k1A41)h + o(h)

e probability of degradation (death) of one protein molecule at the time
interval (t,t+ h) 1s equal to ynh + o(h)

We recovered detailed balance and so we can write a formula for stationary state



Singular perturbations

f“g L = kolfo(n — 1) = fo(m)] +(n+ 1) fo(n + 1) = nfo(n)] = 3 nfo(n) + afy(n)
dflér;-TtJ =ki[filn— 1) = fi(n)] +v[nfi(n+1) — (n = D) fi(n)] + B nfo(n) — afi(n)
f(n,0), 6 =+,— a:; ﬁ:?
df(n,o)

l F
= L.f(n6)= E.{,ﬂf(u. c)+Lif(n,o)

f=fot+efi+elp+...



Goal :

= (koAg(n — 1) +kiA1(n—1))f(n—1) — (koAo(n) +k1A{(n)) f(n) + degradation terms

e —0 o =Lf(n)
Lofo=0 afo(n,—)=bnfo(n,+)
dfo(n, ) = Lofi(n,6)+Li fo(n,0)

dt

d fo(n, ;
fﬁf;.:.ﬁ) —Llfl](”*.ﬁ) € Ranly = (KE.’FLE)J_

Ker(L§)— ~ (x,—x)

fo(n) = fo(n,+)+ fo(n,—)



In general, we consider a Markov jump process
with intensities of jumps k(x,y) for any two discrete states X # vy

We start with a process which satisfies detailed balance conditions

For example, if  ko(x,y) = e VW)

e~ U

A

then the stationary state is given by po =

Then we add an extra flux f(x,y) = - f(y,x) of energy in the transition x 2> vy
which cannot be written as the difference V(x) — V(y) for some potential V

. e o
We set ke(z,y) = ko(x,y)ez /(@Y

The goal is to construct an € expansion
for the non-equilibrium stationary state p;



Time delays in production

Differential equation in adiabatic limit

dx B k ——
& 142 "
Stochastic model
Fop(u,t:t—7) = i u” foo(n, t;t —7),
r=1{}
-
Fiotutit—7)= Y u"fro(n,t;t—7)
=TI

Fao(l,t) = Z foo(n,t;t— 1) = Ao,

=0

o
Fio(1,t) =) fig(n.tit —7) = Asp

=0



Ag+ 4, =1

B<n>y—ald; =0

koAoo —7 <n >0 —B35% <n>p+a<n>1=0
koAig—7 <n>1 4741 + J%‘l <m>g—a<n>=0

small time delays

Appo=Ag— BT <n>g
Aio=081 <n >p

Expected value increases with time delay
Variance decreases with time delay
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