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Introduction Hes1 gene expression model

Hes1 gene expression process

P in Hes1 f i : ky
@ Protein Hes1 forms dimers; @ @0

@ Hes1 dimers bounds to Hes1
DNA blocking transcription. f B

@ Intensity of mRNA production Hes1 0
depends on the protein (dimer)
concentration — more Hes1
protein, the grater probability
DNA to be blocked, thus @
intensity is decreasing (a
negative feedback loop). Classical Hes1 model describes

the framed process using one
variable.

Experimentally oscillations were observed

(H. Hirata i in., Science, 298: 840—843, (2002))

M. Bodnar (University of Warsaw) Time delays in gene expression model 7 Forum PTM 1/22



Family of models Classical Simplified model More complex model(s)

Classical Hes1 gene expression model

Proposed in 2003. (N.A. Monk, Curr. Biol., 13: 1409—1413, (2003))

i(t) =f(p(l‘ —71,) — kr(t), rescaling  X(¢) = fOy(t — 1)) — x(8),
f——
p(t) = Br(t —7,) — kyp(1), (@) = x(t — 12) — py(t),

f

@ r(t) — mRNA concentration;
@ p(t) — Hes1 concentration;

@ f—\ function; influence of DNA blocking
on mMRNA production; f(1) = y;

@ k, and k, — intensities of mMRNA and protein degradation;
@ B — intensity of protein production (translation);

@ 7, i1, —times of transcriptions and translations;
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Family of models Classical Simplified model More complex model(s)

What is known about model properties

v/ Non-negative, unique, bounded solution globally defined;
— The (local) stability of the unique postive steady state

T+ T :
3 unstable
globally* | /[We have analitical]
stable i formula for 7,
i locally stable Ter
H L7 (D

If f77(1) < —a/(f”(l))z, then the Hopf bifurcation is supercritical, «
depends on f’(1), and model parameters.

S. Bernard et al., Phil. Trans. R. Soc. A, 364: 1155—-1170, (2006)

M.B., A. Barttomiejczyk, Non. Anal. RWA, 13: 2228-2239, (2013)
*Global stability of the steady state is proved under additional
assumptions, M.B., J. Diff. Egs, 259: 777-795, (2015)
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Family of models Classical Simplified model More complex model(s)

The model with distributed delay

Question: How does distribution of delay affect the model
dynamics (stability of the steady state)?
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Family of models Classical Simplified model More complex model(s)

The model with distributed delay

Question: How does distribution of delay affect the model
dynamics (stability of the steady state)?

The model formulation

i) = f ( fo Byt - s)) (1),

y(@) = x(t) — py(0),

6 — a probabilistic measure with a finite expectation.

Assumption: f(1) = pu.
A unique positive steady state: (u, 1). Denote d; = —f'(1) > 0.
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Family of models Classical Simplified model More complex model(s)

The model with distributed delay

Question: How does distribution of delay affect the model
dynamics (stability of the steady state)?

The model formulation

i) = f ( fo Byt - s)) (1),

y(@) = x(t) — py(0),

6 — a probabilistic measure with a finite expectation.

Assumption: f(1) = pu.
A unique positive steady state: (u, 1). Denote d; = —f'(1) > 0.

Characteristic function

W) = 22+ (u+ DA+u+didQ), Q)= foo B(s)eds.
0
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Family of models Classical Simplified model More complex model(s)

Distributed delay is “more stable”

Assumption: The function 6 depends on a parameter 7,

+00 +00
6(1,0) = f 0(s;:00e¥ds =1, and 7+ O(1;7) = f 0(s; T)e Y ds
0 0

is continuous in .

If u > dy then the steady state is stable for all T > 0. l
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Family of models Classical Simplified model More complex model(s)

Distributed delay is “more stable”

Assumption: The function 6 depends on a parameter 7,

+00 +00
6(1,0) = f 0(s;:00e¥ds =1, and 7+ O(1;7) = f 0(s; T)e Y ds
0 0

is continuous in .

If u > dy then the steady state is stable for all T > 0. \

o If 7 =0, then W) = 22 + (u+ 1)A + u + dy, and ReA < 0;

@ Due to continuity, stability change require W(iw) = 0 for some
w>0and 7> 0.

o Thus, |-w? + (u+ Dwi +4f° = d?|fiw)[.

@ Schwartz inequality = | f0+°° o(s; T)e‘“ds| <.

o W'+ U+ Dw? +p* —di > 0. [ |
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Family of models Classical Simplified model More complex model(s)

The Erlang distribution

It is a Gamma distribution with the shape parameter being
a natural number.

0 S < Tm
0(s) = am

(m-1)!
Notation: 7,, = 0 — non-shifted, 7,,, > 0 — shifted;

(S _ Tm)m—le—a(s—‘rm)

NP ™

0.75 —m=
—m=2
0.5 1 —m=4
0.25 +
0 1
0 2 4 6
s
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Family of models Classical Simplified model More complex model(s)

The Erlang distribution

It is a Gamma distribution with the shape parameter being
a natural number.

0 S < Tm
0(s) = am
(m-1)!
Notation: 7,, = 0 — non-shifted, 7,,, > 0 — shifted;

Distribution parameters 075 |

m
@ averagedelay t =1, + —.
a

(S _ Tm)m—le—a(s—‘rm)

NP ™

0.5
@ variance of delay: ﬁz;
a J 0257
The Laplace transform
A a” O
() = e,

(a+)m

v
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Family of models Classical Simplified model More complex model(s)

A general result for shifted distributions
Assumptions:
@ u < d, (for u > d, the steady state is always locally stable).
Q the steady state is locally stable for t,, = 0.

Then there exists . such that
@ the steady state is stable for0 < 7, < 7.;
@ the steady state is unstable for t,, > 7.;
@ att,, = 1. the Hopf bifurcation occurs.
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Family of models Classical Simplified model More complex model(s)

A general result for shifted distributions
Assumptions:
@ u < d, (for u > d, the steady state is always locally stable).
Q the steady state is locally stable for t,, = 0.

Then there exists . such that
@ the steady state is stable for0 < 7, < 7.;
@ the steady state is unstable for t,, > 7.;
@ att,, = 1. the Hopf bifurcation occurs.

@ Eigenvalues: (a + 2)"(2> + (u + DA + p) = —a"dye ™.
@ Stability change occurs for w > 0 such that
F(w) = (@* + o))" (0* + @ + Do?* + 12) - dia™™.

@ The Descart’s Rule of Signs + Cooke, Driessche (1996). M
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Family of models Classical Simplified model More complex model(s)

The casem =1

Form =1 and, = 0:
2
Q di < (u+1)(1+ yEi) = steady state is stable for all r = 1/a;

2
Q di >+ 1)(1 + \/ﬁ) = there exists 0 < 71 < 1

@ steady state is stable for1/a =1t <t and 1/a =1 > 15;
@ steady state is unstable for T) < T < 1.

@ Eigenvalues are zeros of the polynomial
(a+ D)%+ @+ DA+ ) +ad,.
@ The Rout-Hurwitz criterion implies a condition
wrr(a) = a*(u + 1)+ a((u+ 1)* = dy) + p(u + 1) > 0.

@ d; < (1 +p)?> = wgg(a) > 0fora > 0.
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Family of models Classical Simplified model More complex model(s)

Proof — continuation

wrr(a) = @+ 1)+ a((u+ 1 —di) +p(u + 1) > 0.

@ for d; > (1 + p)*> we calculate discriminant of wgg
Agp = di =2(1 +p’dy + (1 + (1 - p)?
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Family of models Classical Simplified model More complex model(s)

Proof — continuation

wrr(a) = @+ 1)+ a((u+ 1 —di) +p(u + 1) > 0.
@ for d; > (1 + p)*> we calculate discriminant of wgg
Agp = di =2(1 +p’dy + (1 + (1 - p)?

@ Agpy is a quadratic polynomial in d;. Discriminant is
Ag, = 16u(u+1)*> >0

and Agpy is negative for
(u+ 1?2 =2\au+ 1) <d; < (u+ 1% +2yaw+1)
(u+1)(1 - \/ﬁ)2<d1 <(u+D(1+ \/ﬁ)2
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Family of models Classical Simplified model More complex model(s)

Proof — continuation

wrr(a) = @+ 1)+ a((u+ 1 —di) +p(u + 1) > 0.

@ for d; > (1 + p)*> we calculate discriminant of wgg
Agp = di =2(1 +p’dy + (1 + (1 - p)?

@ Agpy is a quadratic polynomial in d;. Discriminant is
Ag, = 16u(u+1)*> >0

and Agpy is negative for
(u+ 1?2 =2\au+ 1) <d; < (u+ 1% +2yaw+1)
2 2
(+ (1= Vi) <di <@+ D(1+ va)
@ Thusford; < (u+ 1)(1 + \/ﬁ)z we have wgg(a) > 0, for all a;

2
ford; > (u+ 1)(1 + \/ﬁ) inequality wgy(a) > 0 holds for small
and large a. |
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Family of models Classical Simplified model More complex model(s)

Thecasem=2,1, =0

The situation is more complex. The characteristic function is
a polynomial of degree 4

(a+ D)%+ (u+ DA+ p) + d*d,.

The Rout-Hurwitz criterion implies a condition

1)a () +1-2d))a? w a+ > 0

a4+2(,u+1— d
U+

Observations

@ u < d; <2uthe steady state is stable for all T = 2/a;

@ if d; is large the steady state is stable only for small and
large T;
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Family of models Classical Simplified model More complex model(s)

Numerical results

Parameters as in N.A. Monk, Curr. Biol., 13: 1409-1413, (2003)
100 +
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@ Green line — critical T for the discrete delay;

@ Blue line — critical 7 for the Erlang distribution, m = 1;

@ Red line — critical T for the Erlang distribution, m = 2;
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Family of models Classical Simplified model More complex model(s)

Model simplification

Why do we need to consider mRNA? Consider only the protein

concentration.

f(Hes1) @ H
0
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Family of models Classical Simplified model More complex model(s)

Model simplification

Why do we need to consider mRNA? Consider only the protein

concentration.

f(Hes1) @ H
< ’—‘ 0

Simplified model

i = f(xt =) = (o),

where
@ x(t) — protein concentration;

@ f— \ function; influence of DNA blocking on protein
production; f(1) = y;

@ u — intensity of protein degradation;

@ 7 — time of transcriptions and translations;
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Family of models Classical Simplified model More complex model(s)

Properties of the simplified model

The case without delay

Steady state x = 1 is globally
stable.
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Family of models Classical Simplified model More complex model(s)

Properties of the simplified model

The case without delay The case with delay

Linearisation around x = 1 gives

() ~ —px(t) — |f’(1)|x(t — 7).

Standard theory of delay
differential equation

U
steady state x = 1 is locally

Steady state x = 1 is globally stable.
stable.
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Family of models Classical Simplified model More complex model(s)

Properties of the simplified model

The case without delay The case with delay

Linearisation around x = 1 gives

() ~ —px(t) — |f’(1)|x(t — 7).

Standard theory of delay
differential equation
U

steady state x = 1 is locally

Steady state x = 1 is globally stable.
stable.

There is no large difference in models behaviours. \
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Family of models Classical Simplified model More complex model(s)

More complex models — assumptions

| | | | | | Hes1 DNA

@ Two proteins need bound one to other creating dimer.
© Hes1 promoter has at least three bounding sites.

© Dimer bounded to the promoter blocks transcriptions.
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Family of models Classical Simplified model More complex model(s)

The reaction scheme

The change of the probability is due to one of the following actions:

@ the Hes1 dimer may bound to one of n — j free sites, to each
k.
with probability ——y»;
n-—j

@ one of j bounded dimers may dissolve, each with intensity ;.

jth times jth times
n]ijjf-llyx /7]
XX XL

(n - pth times (n — j)th times
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Family of models Classical Simplified model More complex model(s)

Equations part | (for free/occupied sites)

Equations for probabilities that DNA has 0, 1, ... n binding sites
occupied have the following form

Xy = Y1x1 — koy2Xo,

X = kmixjm1y2 + G+ Dyaxge — (kv +jypxg, 1<j<n-1,
7 = Kno1Y2X0-1 = NYnXn,

@ xo — probability that all binding sites is free,

@ x; — probability that jth of binding sites are occupied,

@ x, — probability that all binding sites are occupied,

@ y; — concentration of Hes1 dimers.

Moreover, xg + x1 + ... +x, = 1.
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Family of models Classical Simplified model More complex model(s)

Equations part Il (for mRNA, protein and dimers)

Vi = 2yyy2 — 2k, y% +7y2 = 0y V1,

n—1

Yy = Z kixjya + mej Y2+ ky v,

@ v, — intensity of
dissolving a Hes1 dimers

@ k, —intensity of
a formation of Hes1
dimers
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Family of models Classical Simplified model More complex model(s)

Reduction

@ The full model is complex enough (even without delay) to
investigate first simpler system.

@ We assume that dynamic of binding to/dissolving from
DNA promoter is much faster.

@ We use quasi-stationary approximation (Tikhonov theorem).
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Family of models Classical Simplified model More complex model(s)

Reduction

@ The full model is complex enough (even without delay) to
investigate first simpler system.

@ We assume that dynamic of binding to/dissolving from
DNA promoter is much faster.

@ We use quasi-stationary approximation (Tikhonov theorem).

After some algebra we get, for a fixed y;

xo =f(2),
1ko.. 1 ]
Xj== J y’2 0n), 1<j<n,
] ’}/1...
where 1
f(Y2)=1 T
j=1 1 7y1.. 7] 2

M. Bodnar (University of Warsaw) Time delays in gene expression model 7 Forum PTM



Family of models Classical Simplified model More complex model(s)

Model with dimers

Y| = 2yyy2 = 2ky Y2 + ryz = 8y y1, 1
Yy = =y + ki fo9=— TR
7 =rf(n) -6z j=1 1 Yy 02
where

@ y; — concentration of the Hes1 protein,
@ y; —concentration of Hes1 dimers,

@ z—concentration of hes1 mRNA,

@ vy, —intensity of dissolving a Hes1 dimer,

@ k, —intensity of a formation of Hes1 dimers,

(4]

ry i r, — production rates of Hes1 and its mRNA, respectively,

(4]

0y i 0, degradation rates of Hes1 and its mRNA, respectively.
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Family of models Classical Simplified model More complex model(s)

Stability of the steady state

If

(431 + 0y + 5 )((GhyF1 + 6y + 6205 + (B + 62)yy)

If @2)| < 2kyryr:y1
then the positive steady state of the system with dimers is locally
asymptotically stable.
1
If the function f is given by f(y») = then

L+ayys+ - +any,

@ forn < 4 the steady state is locally asymptotically stable,

Q@ forn > 5 there exists set of parameters as well as the function
f such that the steady state is unstable.
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Family of models Classical Simplified model More complex model(s)

Model with dimers and time delay

Time delay in transcription

Yi(0) = 2yyy2 = 2k Y1) + 1y2() = S, 31 (0),
Y1) = =yyya(1) + ky y1(0),
(O = rof (2t = 1)) = 6, 2(0),

If the steady state is stable for 7 = 0

(4,31 + 8y + 7, )((@hy 31 + 6, + 605, + (8 +8.)yy)

|f’ 6)2)| < 2kyryry

then
0,0
o if|f'()| < %% ihenitis stable for all > 0.
2kyryr v

e |pr e 7y6y6z o o
o if |f'(2)| > ==~——— then itis stable for all 0 < 7 < 7¢; and it is
2kyryr v

unstable for larger 7. At 7., the Hopf bifurcation occurs.
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Conclusions

Summary and conclusions

Are oscillation possible?

model without delay discrete delay distributed delay
only protein no no no
classical no Yes,h>1+¢ Yes,h>1+¢
with dimers Yes, h>5 Yes ?Yes,?
full model  probably yes  probably yes probably yes
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Conclusions

Summary and conclusions

Are oscillation possible?

model without delay discrete delay distributed delay
only protein no no no
classical no Yes,h>1+e Yes,h>1+¢
with dimers Yes, h>5 Yes ?Yes,?
full model  probably yes  probably yes probably yes

v

Conclusions

@ We compared different “levels” of the same model of gene
expression with a negative feedback loop.

@ In the simplest model oscillation are impossible, even after
introducing time delay.

@ Taking into account more details of the process, oscillation are
possible for the model without time delay.

v
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