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LABRELED  RESODLUTION  CONFI GURATION

Definition 2.9. A labeled resolution configuration is a pair (D, z) of a resolution configura-
tion D and a labeling = of each element of Z(D) by either =, or z_.
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Name Generator Name Generator

a  (Dy(00),z42)  c  (Dp(01),x)
v (DH(OO),CB_|_$_) y (DH(Ol)ax—)
w (DH(OO),CC_33_|_) e (DH(].l),CIZ_33+)
m  (Dy(00),z_z_)  z (Dy(il),z_z_)
b (Du(10),z4) 1 (Dr(11),z124)
x  (Du(10),z4) d (Du(11),z42_)




Let's introdu@ Some\'hhs mone,’.
—m PARTIAL ORDER

Definition 2.10. There is a partial order < on labeled resolution configurations defined as
follows. We declare that (E,y) < (D, z) if:

(1) The labelings = and y induce the same labeling on DN E = EN D.
(2) D is obtained from E by surgering along a single arc of A(E). In particular, either:
(a) Z(E'\ D) contains exactly one circle, say Z;, and Z(D \ E) contains exactly two
circles, say Z; and Zj, or
(b) Z(E \ D) contains exactly two circles, say Z; and Z;, and Z(D \ E) contains
exactly one circle, say Z.
(3) In Case (2a), either y(Z;) = 2(Z;) = z(Z;) = z_ or y(Z;) = =+ and {z(Z;), 2(Zx)} =

{oe, ).
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KHOVANOV ' CHAIN = COMPLE X

Definition 2.15. Given an oriented link diagram L with n crossings and an ordering of the
crossings in L, the Khovanov chain complex is defined as follows.

The chain group KC(L) is the Z-module freely generated by labeled resolution configu-

rations of the form (Dp(u), z) for u € {0,1}". The chain group KC(L) carries two gradings,
a homological grading gr, and a quantum grading gr,, defined as follows:

g (D1 (w), ) = —n_ + [ul,
gr,(Di(u),2)) = ny — 2n_ + |u| + #{Z € Z(Dy(w) | 2(2) = 22} _
—#{Z € Z(D,W)) | 2(2) = z_}.
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‘Name Generator gr, gr, - - Name Generator gry, gr, -

a (Dy(00),z,z,) 0 4 c (Dy(01),zy) 1 4.
v  (Dy(00),z4xz_) 0 2 y  (Dg(01),z_) 1 2
w  (Dg(00),z_zy) 0 2 e (Dyg(1l),z_zy) 2 4
m  (Dy(00),z_z_) 0 O z (Dy(11),z_z_) 2 2 .
b (Dn(10),24) 14 1 (Dy(1l),zi2.) 2 6 -
x  (Du(10),z4) 12 d (Dy(1l),zyz) 2 4

To GET A CRAIN COMPLEX?

o The differential preserves the quantum grading; increases the homological grading by 1,
and is defined as

§(Drlw)y)= Y (~1)*C)(Dy(u),2), ~
gl <« Okp
(Dr(v),y)=(Dr(w),2)

) where s¢(Cy,) € Fy is defined as follows: if u = (e1,...,€-1,1,€41,...,€,) and v =
(€1,---,€i-1,0, €41, ..., €,), then 50(Cy,) = (€1 + - - - + €;_1); see also Definition 4.5.






FRAMED FLOW CATEGORI\ES
Why do We need “ham ?

3.3. Framed flow categories to CW complexes. We are interested in framed flow cat-
egories because one can build a CW complex |%| from a framed flow category % in such a
way that if € refines a chain complex C* then C* is the cellular cochain complex of |¥€|.
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FIGURE 3.1. A neat embedding of the 2-dimensional (3)-manifold ‘tri-
angle’ in (R,)3.



Definition 2.3. A framed flow category consists of a category % with finitely
many objects Ob = Ob(%’), a function |-|: Ob — Z, called the grading, an (n + 1)-
tuple of non-negative integers d = (d, ..., d,+x) and a collection ¢. of immersions
satisfying the following: —

(1) k= min{|z| : z € Ob(¥)} and n = max{|z| : z € Ob(¥)} — k.

(2) Hom(z,z) = {id} for all z € Ob, and for z # y € Ob, Hom(z,y) is a
smooth, compact (|z| — |y| — 1)-dimensional (|| — |y| — 1)-manifold which
we denote by M (,y), and whose immersions are functions 2, ,: M(z,y) —
E4ly] : [o]).

(3) For z,y, z € Ob with |z| — |y| = m, the composition map

o: M(z,y) x M(z,z) - M(z,y)
is an embedding into 9,, M(z,y). Furthermore,
- IiM(z,y) x M(z, z) for i <m
19 _ y 1
o~ (BiM(z,y)) = { M(z,y) X Oi—mM(z,2) fori>m

and

lo,y(P o q) = (i2,y(P); 0, 42,2(q))-
(4) For z # y € Ob, o induces a diffeomorphism

azM(zay) = H M(z,y) X M(.’E,Z).
z, |z|=|y|+i
(5) The immersions ., for z,y € Ob(%) extend to immersions
Pry: M(z,y) x [€, €)= & Ed{ly] - |z]]
which satisfy

<p(.’L‘,y)(p °0q,tl,... 7td|y|,|z|) =
((Pz,y(p’ tl? R 7td|y|:|z|)) 0) Soa:,z(q) td|y|:|z|+17 R 1td|y|:|z|))
for all p € M(z,y), ¢ € M(z, z) where z € Ob(%).

The manifold M(z,y) is called the moduli space from z to y, and we also set
M(z,z) = 0.
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Rhere - is tha Fﬂbmfsed Q\c\\-o:mPle}?.
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Definition 2.4. Let % be a framed flow category embedded into E? for some
d = (dk, .. .,dk+n). For an arbitrary object a in Ob(%) of degree i, recall that for
each object b in Ob(%¥) of degree j < i, we have the embedding __

Yab : M(a,b) x [—¢,€]%" = [-R,R]% x [0,R] x --- x [0, R] x [-R, R]%~*

where R is chosen to be large enough that all moduli spaces M(a,b) can be em-
bedded in this way. The CW complex |€’| consists of one 0-cell (the basepoint) and
one (dig + -+ + dntk—1 — k +1)-cell C(a) for every object a with |a| = i defined as

[0, R] x [-R, R]%* x---x [~R, R]%* x {0} x [—¢,€]% x {0} x - - - x {0} x [—¢, g] n+*-1,

QXAN?LE adofs
l LN

A
attuwy)
Name Generator gry, gr, Name Generator gry, 8r,
a  (Dg(00), a4+ @ 4 ¢ (Dy(01),z4) 1 4
\% (DH(OO),IE+$_) 2 Yy (DH(O].),m_) 1 2
w  (Dg(00),z_zy) O 2 e (Dg(1l),z_zy) 2 4
m (Dy(00),z.z_) 0 0 z (Dy(1l),z_z_) 2 2
b (Du(10),2,) — 1  (Dy(11),z4z,) 2 6
x  (Du(10),z4) 12, d (Dy(11),z,z_) 2 4
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Definition 2.4. Let € be a framed flow category embedded into E4 for some
d = (dg,..., dk+n). For an arbitrary object @ in Ob(%) of degree i, recall that for
each object b in Ob(%¥) of degree j < i, we have the embedding

Pap : M(a,b) x [—€,€]%" - [-R,R]% x [0,R] x --- x [0, R] x [-R, R]%~*

where R is chosen to be large enough that all moduli spaces M(a,b) can be em-
bedded in this way. The CW complex |€’| consists of one 0-cell (the basepoint) and
one (di +++++dnik—1 =k + i)-cell C(a) for every object a with |a| = i defined as

[0, R] X [—R, R]% x - - - x [-R, R]%~* x {0} x [—¢,€]% x {0} x - - - x {0} x [—¢, g] n+*-1,

Qt's embed celohve d=(4,41)
How do calls ook Wke ?

la)=O ZZPM

C(a) =40 X[~ €,€ T % 40 g"E'S/ 93
lbl='d = lc\ L3

C) = ToR[-R, ij foyxI-&Ef <©
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