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Introduction. Sunflower lemma.

1 Kernelization

1.1 Introduction

We are going to study kernelization as a way of preprocessing. We want to shrink our instance of
the problem into some smaller instance (not necessarily a sub-instance of the original instance in
any sense). We can consider this as a noise erasure. Our preprocessing should left only interesting
(hard) part of the problem – a kernel.

Let’s consider we have a poly-time algorithm A for some NP -hard problem that it always shrink
an instance to 99% of its size. We see that such an algorithm should not exist. In other case we
could iterate it and obtain a poly-time algorithm for the NP -hard problem. Similarly there should
not exist a poly time algorithm always reducing size of the instance by one bit.

We study problems with a parameter. It means that for each instance of the problem we have
some integer number. This number could be some measure of the instance. For example a treewidth
could be a parameter for the problem which instances are graphs. Also often, when we want to find
the largest object of some kind, the size of the solution is an interesting parameter (for example
searching the longest path in a graph and the length as a parameter). We are interested in solving
instances with small parameter.

Definition 1. Let’s consider a parametrized language Q where (x, k) ∈ Σ∗ × N. We say A is a
kernelization algorithm for Q with kernel of size g when

(i) A transforms (x, k) (with k in unary format) into (x′, k′) in poly-time,

(ii) (x, k) ∈ Q ⇐⇒ (x′, k′) ∈ Q,

(iii) |x′|, k′ ≤ g(k) and g is a computable function.

There exists also alternative, stronger definition where we demand |x′| ≤ g(k) but k′ ≤ k. In
practice algorithms satisfying the first definition often satisfies also the latter.

Currently known lower bound techniques can show that there is no kernel for both definitions.

Definition 2. Language L ⊆ Σ∗ is fixed parameter tractable (FPT) for parameter k : Σ∗ → N if it
can be solved in O(f(k(x)) · poly(|x|)) time, for some computable function f.

Theorem 3. Let Q be a decideable parametrized language. Then Q ∈ FPT if and only if there
exists a kernelization algorithm for Q.

Proof. Let’s assume that A is a kernelization algorithm for Q that transforms (x, k) into (x′, k′)
where |x′|, k′ ≤ g(k). Then we can use A in poly(|x|, k) and then use any brutal solution on (x′, k′)
in time bounded by a function of g(k).

Now let’s assume that we have a FPT algorithm for Q working in f(k) · |x|c. We can take g = f.
Indeed, if |x| ≤ f(k) then we can return just (x, k). In other case we have that f(k) · |x|c ≤ |x|c+1

so we can solve the problem in poly-time O(nc+1).



So our krenelization algorithm definition is another FPT algorithm definition. But this time
we concentrate our studies on the preprocessing aspect of these algorithms.

We are interested in small functions g :

Definition 4. We say that a kernelization algorithm gives us a polynomial kernel if g = poly(k).
Similarly we say that kernelization algorithm gives us a linear kernel if g = O(k).

Obviously the class of problems with linear kernels is inside the class of problems with poly-
nomial kernels. Both are inside the class of problems with an FPT algorithm. We have strong
motivation to believe that both inclusions are not equalities.

1.2 Examples

1.2.1 Vertex Cover

We study the following problem.

Vertex Cover
Input: A graph G and an integer k
Question: Does there exists a set X ⊆ V (G) of size at most k, such that every edge of G has
at least one endpoint in G?

We can easily give a bunch of simple ideas how to transform an instance of this problem. For
example we can throw away isolated vertices. We have to take vertices with degree ≥ k + 1 to the
solution. Also if there exists a leaf u with a neighbour v in our graph then there exits a solution
containing v and not containing u.

We can take these ideas into more formal reduction rules:

(1) throw away isolated vertices,

(2) if we have v that deg(v) > k then G := G− v and k := k − 1,

(3) if rules (1) and (2) do not work and |E(G)| > k2 then answer NO because after (2) each vertex
can cover at most k edges.

So after these reductions we know that |E| ≤ k2 and |V | ≤ 2k2. These reductions are attributed
to Buss [1].

There are better algorithms, yielding O(k) vertices, but probably we cannot get k2−ε edges [5].

1.2.2 Planar Independent Set

Planar Independent Set
Input: A planar graph G and an integer k
Question: Does there exists in G an independent set of size k?

We know that in planar graph there exists a vertex of degree ≤ 5. So if k ≤ |V |6 then there exists
a solution (we can find that solution by simple recursive algorithm). Let’s formalize our reduction
rule:

(1) if |V | > 6k answer Y ES.

After applying this rule we know that |V | ≤ 6k.
Note that we have used a 6-colour theorem. We could use a 4-colour theorem and get a better

constant.



1.2.3 Edge Clique Cover

Edge Clique Cover
Input: A graph G and an integer k
Question: Find cliques C1, . . . , Ck ≤ G such that

⋃k
i=1E(Ci) = E(G).

We can also reformulate this question into: if there exists a family {Av ⊆ {1, . . . , k}|v ∈ V (G)}
such that uv ∈ E(G) ⇐⇒ Av ∩Au 6= ∅.

Let’s take the reduction rules:

(1) remove isolated vertices,

(2) if we have an isolated edge uv then G := G \ {u, v}, k := k − 1

(3) if we have an edge uv and N(u) \ {v} = N(v) \ {u} then G := G \ v.

If C1, . . . , Ck is a solution then a family defined that i ∈ Av ⇐⇒ v ∈ Ci is a solution of the
reformulated version of the problem.

After our reductions there is no v such that Av = ∅ because it would be an isolated vertex. Also
there is no u, v such that Au = Av because then N(u) \ {v} = N(v) \ {u}. So sets of the family are
pairwise different and then we can introduce a new rule:

(4) if rules (1)-(3) do not work and |V | > 2k then answer NO.

And we know that |V | ≤ 2k. These reductions are from [6].
There is known that obtaining 2o(k) vertices is impossible under the assumption of Exponential

Time Hypothesis [4]. Moreover O(kc) vertices would cause a collapse of polynomial hierarchy [3].

2 Sunflower Lemma

Definition 5. Let F ⊆ 2U for some set U. We define s-sunflower as A1, . . . , As ∈ F such that
∀1≤i<j≤sAi ∩Aj =

⋂s
r=1Ar.

Theorem 6 (Erdős-Rado 1960). Let F ⊆ 2U for some set U such that ∀A∈F |A| ≤ d and |F| > d!·kd.
Then there exists a (k + 1)-sunflower. Moreover it can be found in poly(|F|, d, k)-time.

Proof. Let’s start with constructing a sunflower with disjoint elements of F . We construct it in a
greedy way and obtain some maximal sunflower A1, . . . , As with disjoint elements.

If s > k then we are done.
If s ≤ k then for C := A1∪. . .∪As we know that |C| ≤ d·k and ∀A∈FA∩C 6= ∅. But |F| > d!·kd

so there exits v ∈ C that for Fv := {A ∈ F|v ∈ A} we have |Fv| > (d− 1)! · kd−1.
Then we can assign F ′ := {A − v|a ∈ Fv} and because |F ′| > (d − 1)! · kd−1 then we can

use an induction to get (k + 1)-sunflower S′ (the case for d = 1 is obvious). To get a desired
(k + 1)-sunflower we add v to every element of the S′.



2.1 Examples

2.1.1 d-Hitting Set

d-Hitting Set
Input: A set U, a family F ⊆ 2U such that ∀a∈F |A| = d and an integer k.
Question: If there exists X ⊆ U such that |X| ≤ k and ∀A∈FA ∩X 6= ∅?

We can observe that if we have (k + 1)-sunflower A1, . . . , Ak+1 ∈ F then if solution X exists
then X ∩

⋂k+1
i=1 Ai 6= ∅. In other case we need to take k + 1 different elements from the sets of the

sunflower to hit them all. So we can add
⋂k+1

i=1 Ai to the family F , but then we do not need sets

A1, . . . , Ak+1 there. Using that we can take F ′ = (F \ {A1, . . . , Ak+1}) ∪ {
⋂k+1

i=1 Ai}. And after
applying such this rule we get |F| ≤ d! · kd and therefore |U | ≤ d · d! · kd.

Alternatively we can say that if |F| > d! · (k + 1)d then we have a (k + 2)-sunflower. If X of
size ≤ k hits some (k + 1) sets of this sunflower then it has to hit the intersection, and therefore X
hits all (k + 2) sets of the sunflower. So we can throw away one of those sets from F .

2.1.2 Triangle Hitting

Triangle Hitting
Input: A graph G and an integer k.
Question: If there exists X ⊆ V (G), such that |X| ≤ k and G \X is triangle-free?

We can view this problem as a special case of 3-Hitting Set. Let’s declare a family of sets
F := {{u, v, w}|G[u, v, w] is a triangle }. We will use alternative way of reduction for d-Hitting Set:
We can take (k + 2)-sunflower (if |F| > 3! · (k + 1)3) and throw out one of the sets of sunflower
from F . Then we throw out vertices which are in non of the sets of F . Because we have still a
(k + 1)-sunflower then we still have to take something from the intersection, and then we would
hit also our deleted set. After that we have at most 18(k + 2)3 vertices in the graph. So we have a
kernel for this problem of size O(k3).

2.1.3 Dominating Set

Dominating Set
Input: A graph G and an integer k.
Question: If there exists X ⊆ V (G), such that |X| ≤ k and X ∪N(X) = V (G)?

In the winter term we have shown that this problem is not FPT. Therefore there is no kernel.
Let’s introduce some modifications of this problem.

Definition 7. A graph G is a d-degenerate if ∀H≤G∃v∈V (H)degH(v) ≤ d.

d-deg-Dom-Set
Input: A graph G and an integer k. Moreover a graph G is a d-degenerate
Question: If there exists X ⊆ V (G), such that |X| ≤ k and X ∪N(X) = V ?

Red-Blue-Dom-Set
Input: A bipartite graph G(R,B;E) and an integer k.
Question: If there exists X ⊆ R, such that |X| ≤ k and N(X) = B?



d-deg-Red-Blue-Dom-Set
Input: A bipartite graph G(R,B;E) and an integer k. Moreover G is a d-degenerate.
Question: If there exists X ⊆ R, such that |X| ≤ k and N(X) = B?

We will study the last one. It is easy to reduce d-deg-Dom-Set to (d + 1)-deg-RBDS and
d-deg-RBDS to (d + 1)-deg-Dom-Set.

As a first rule we can take:

(1) if we have v, w ∈ R and N(v) ⊆ N(w) then remove v.

Lets divide R into RD and RM that v ∈ RD ⇐⇒ deg(v) > 2d. We can observe that if (1) does
not work then |RM | ≤

∑2d
i=1

(|B|
i

)
, because neighbourhoods are pairwise different in R. So we have

|RM | ≤ O
(
|B|2d

)
.

Let’s define H = G[RD ∪ B] and divide B into BD and BM that v ∈ BM ⇐⇒ deg(v) ≤ 4d.
In d-degenerate we have |E| < d|V |. Because H is also a d-degenerate then average degree is < 2d

and |BM | ≥ |B|2 .
If we have |B| > 2 · (4k)!(2dk + k + 1)4d then |BM | > (4d)!(2dk + k + 1)4d. So if we define

for v ∈ BM a set Av = N(v) ∩ RD then |Av| ≤ 4d and from the sunflower lemma we have a
(2dk + k + 2)-sunflower given by some vertices v1, . . . , vs ∈ BM .

But if there is a solution X then X ∪ RM dominates ≤ 2dk vertices. So we have to dominate
some k + 2 vertices of v1, . . . , vs by RD ∩X. We can throw away vs from the graph, because then
any solution need to dominate k + 1 vertices of v1, v2, . . . , vs−1 and then still need to use some
vertex of the intersection of sets of the sunflower. So vs still would be dominated by this solution.

We can repeat this procedure while |B| > 2·(4d)!·(2dk+k+1)4d. After that we have |B| ≤ O(k4d)
and |RM | = O(kO(d

2)). Let n be the total number of vertices. The average vertex degree is < 2d

so we know that |RD|·(2d+1)
n < 2d. Therefore n ≤ (2d + 1)(|B|+ |RM |).

The first proof that d-deg-Dom-Set has a polynomial kernel for fixed d is due to [7]. The
proof above is from [2].
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