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Abstract

Several properties of SOS specifications with negative premises, often used
to define what it means for a specification to be meaningful, are proved
undecidable. This includes the existence of least or unique supported or
stable models, and specification completeness.
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1. Introduction

Structural Operational Semantics (SOS, see [1] for the original account and [2,
3] for surveys) is a standard way of defining labeled transition systems (LTSs)
whose states are terms over some algebraic signature. A typical SOS speci-
fication consists of rules such as

x a→ x′

f(x, y) a→ g(y, x′)
,
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where f and g are operation symbols from the signature and a is a transition
label. This rule says that for all terms t and s, if t makes an a-labeled
transition to a term t′ then the term f(t, s) makes a similar transition to
g(s, t′).

The general intuition is that a set of rules defines an LTS that consists of
all transitions that can be proved by composing (closed instances of) those
rules. As long as the specification is positive, i.e., it conditions the presence
of some transitions only on the presence (and not on the absence) of other
transitions, this intuition can be made entirely formal. However, if rules
contain so-called negative premises, matters become complicated [4]. For
example, for the specification

C 6 a→
C a→ D

(1)

(where C, D are constants in the signature), it is not clear whether an a-labeled
transition from C to D should be included in the LTS under consideration or
not: if no a-labeled transitions from C are present then it should be included,
but its presence invalidates the only reason for its inclusion.

Another problematic example is:

C a→ q(C)

x a→ x′ x′ 6 b→
q(x) b→ D

(2)

Here it is intuitively clear that the only transition from C should be C a→ q(C).

However, it is less clear whether a transition q(C) b→ D should be included.
If the rule on the right is instantiated with x = C and x′ = q(C) then the
first premise is satisfied, but the second premise is invalidated by the rule
conclusion, much as in (1).

The questions of whether an SOS specification is meaningful, and if it is,
what is the LTS it defines, can be answered in several different ways. A
variety of possible answers is surveyed in [2], and more elaborately in [5].
For example, it may be required that a specification have a least model, or a
unique supported model [6], or a stable model [7], or that it is complete [5]
or stratifiable [4]. Specifications (1) and (2) satisfy none of these conditions.

For the answers surveyed in [5], it is not immediately apparent whether a
given specification satisfies them. More syntactic, but considerably more
restrictive conditions are provided by the so-called SOS rule formats [2].
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These formats are usually defined with more ambitious purposes in mind,
such as to guarantee that bisimilarity on the defined LTS is a congruence,
but in particular they guarantee that an LTS is meaningfully defined. One
such format is GSOS [6], where (i) no terms other than variables are allowed
in rule premises, and (ii) no lookahead, where variables can be tested for
transitions of depth more than one, is allowed. Another is coGSOS [8],
called “safe ntree” in [9], where lookahead is allowed, but only one operation
symbol is allowed on the right-hand side of a rule conclusion. For example,
rule (1) is neither GSOS nor coGSOS, the first rule in (2) is GSOS but not
coGSOS, and the second rule is coGSOS but not GSOS.

If a specification consists entirely of GSOS rules or entirely of coGSOS rules,
most answers surveyed in [5] hold and the specification defines an LTS very
unambiguously. However, as the example in (2) shows, this fails if one allows
both GSOS and coGSOS rules in a single specification.

GSOS and coGSOS formats may be considered somewhat restrictive, and
several generalizations have been proposed in the literature (see [2] for a sur-
vey), with the so-called ntyft/ntyxt format [4] as a rather expressive example.
Since these formats typically generalize both GSOS and coGSOS, to avoid
specifications such as (2) they are normally stated with additional semantic
conditions such as completeness, that guarantee LTSs to be meaningfully
defined.

This paper shows that those additional conditions are problematic. Tech-
nically, we prove that most conditions surveyed in [5] that guarantee SOS
specifications to be meaningful, are undecidable. Specifically, given an SOS
specification, it is undecidable whether it (i) has a supported model, (ii) has a
least supported model, (iii) has a unique supported model, (iv) has a unique
stable model, or (v) is complete. This remains true even if only GSOS and
coGSOS rules are allowed in specifications. From this one may conclude that
formats such as “complete ntyft/ntyxt” [10] are not bona fide syntactic for-
mats, as there is no algorithmic way to tell whether a given specification fits
such a format.

Specifications used in our undecidadibility proofs are actually quite simple,
barely extending both GSOS and coGSOS. There seems to remain little space
for properly syntactic rule formats that would generalize both these formats.
One available option is to consider stratifiable specifications (see [2, 4]), as
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the specifications that we use fail to be stratifiable.1 Another option is to
consider one of several existing extensions of the basic SOS framework, such
as formats for weak process equivalences [11], ordered specifications [12],
processes with name binding features [13], etc. One could perhaps use their
additional features to weed out problematic examples and still be able to
cover a wide range of useful ones. For example, one typically applies ordered
SOS to avoid using negative premises in rules. In this paper we deal only with
the basic SOS framework as presented in [2], and we leave other approaches
for future consideration.

This paper is a follow-up to the workshop presentation [14]. There, we proved
that it is undecidable whether an SOS specification defines a distributive law
of a monad over a comonad, a property useful in the bialgebraic theory
of operational semantics [9, 8]. Most proofs in this paper are variations
of the one in [14], but we present them here in much more detail. We also
avoid categorical terminology altogether and present all results in the classical
parlance of SOS theory.

2. Queue machines

All our undecidability results will be by a reduction of the halting problem
of queue machines. Such a machine is similar to a classical pushdown au-
tomaton, except that it maintains a queue (rather than a stack) of symbols.
In the standard definition (see e.g. [15, Exercise 99]), in each transition step
a machine, before moving to a new state:

• removes exactly one element from the start of the queue, and

• adds zero, one or more elements to the end of the queue.

For our purposes, it will be convenient to consider a different variant of queue
machine which, in each step:

• removes zero, one or two elements from the queue, and

• adds exactly one element to the end of the queue.

The following definition formalizes this notion.

1We are grateful to Pedro D’Argenio for pointing this out.
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Definition 1. A queue machine (QM) M = (Q,Γ, a1, q1, δ0, δ1, δ2) consists
of a finite set Q of states with a chosen initial state q1 ∈ Q, a finite alphabet
Γ with a chosen initial symbol a1 ∈ Γ, and three partial transition functions:

δ0 : Q ⇀ Γ×Q δ1 : Q× Γ ⇀ Γ×Q δ2 : Q× Γ× Γ ⇀ Γ×Q

that are disjoint and jointly total, i.e., such that for each q ∈ A and a, b ∈ Γ,
exactly one of δ0(q), δ1(q, a) and δ2(q, a, b) is defined. A configuration of M
is a pair (q, w) ∈ Q× Γ∗. The machine induces a transition function on the
set of configurations by:

(q, w) .M (q′, wc) if δ0(q) = (c, q′)

(q, aw) .M (q′, wc) if δ1(q, a) = (c, q′)

(q, abw) .M (q′, wc) if δ2(q, a, b) = (c, q′).

A QM never makes a queue empty, and it halts if and only if, starting from
the initial configuration (q1, a1), it reaches a configuration (q, a) with a single
letter a in the queue, such that δ0(q) and δ1(q, a) are undefined.

Note that if a machine M, starting from the initial configuration (q1, a1),
reaches a configuration (q, w) in n steps, then necessarily |w| ≤ n.

Example 2. A queue machine is naturally depicted as a directed graph
whose vertices are states and edges transitions between them. Each edge can
have two labels: at the beginning of an edge are symbols that the machine
removes from the queue to make the corresponding transition. The label at
the end of an edge is the symbol inserted to the queue in the transition. For
example, consider a queue machine M• given by the graph:

q1 q2 q3

b ab b

babaa

Its transitions are formally defined by the following transition functions:

δ0(q1) = (b, q2)

δ2(q2, a, b) = (b, q3)

δ2(q2, b, a) = (a, q1)

δ1(q3, b) = (a, q2) (3)
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Formally, to make the transition functions jointly total, one needs to consider
another “error” state q⊥, omitted in the drawing above, and extend the above
definition with e.g.:

δ2(q2, a, a) = δ2(q2, b, b) = δ1(q3, a) = δ0(q⊥) = (a, q⊥)

The machine M• = ({q1, q2, q3, q⊥}, {a, b}, a, q1, δ0, δ1, δ2) makes three steps
from the initial configuration (q1, a)::

(q1, a) .M• (q2, ab) .M• (q3, b) .M• (q2, a)

and then stops.

If the transition function in state q3 is modified, replacing (3) with:

δ0(q3) = (a, q2)

then the graph changes to:

q1 q2 q3

b ab b

abaa

This machine, which we call M	, after four steps returns to the initial con-
figuration:

(q1, a) .M	 (q2, ab) .M	 (q3, b) .M	 (q2, ba) .M	 (q1, a)

therefore it does not halt.

Theorem 3. It is undecidable whether a given queue machine halts from
the initial configuration.

Proof. See Appendix A.

3. Structural Operational Semantics

We begin by recalling some standard notions related to Structural Opera-
tional Semantics (SOS); for more information see [2].
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Definition 4. A labelled transition system (LTS) consists of a setX of states,
a set A of labels, and a transition relation → ⊆ X × A×X. We write x a→ y
for 〈x, a, y〉 ∈ →.

In SOS, one considers LTSs where states are terms over some algebraic sig-
nature.

Definition 5. A signature Σ is a set of operation symbols, where each symbol
f ∈ Σ is equipped with an arity, a natural number. Given a set X, the set
Σ∗X of Σ-terms over X is the least set such that

• every x ∈ X is a term, and

• if t1, . . . tn are terms and f ∈ Σ with an arity n, then f(t1, . . . , tn) is a
term.

A term of the form f(x1, . . . , xn) where x1, . . . , xn ∈ X is called flat. A term
is closed if it contains no variables; the set of all such terms is denoted Σ∗∅.

From now on, fix a countably infinite set of variables V 3 x, y, z, . . ., a signa-
ture Σ, and a set of labels A.

Definition 6. An SOS rule is an expression of the form

P1 P2 · · · Pm
Q

where:

• each Pi, called a premise, is either of the form t a→ t′ for some t, t′ ∈
Σ∗V and a ∈ A (a positive premise) or of the form t 6 a→ for some
t ∈ Σ∗V and a ∈ A (a negative premise), and

• Q, the conclusion, is of the form t a→ t′ for some t, t′ ∈ Σ∗V and a ∈ A.

The left-hand side and the right-hand side of a premise (or the conclusion)
are called the source and the target of that premise (resp. the conclusion).

We shall write t 6 → for the set of negative premises {t 6 a→ | a ∈ A}.

An SOS specification is a set of SOS rules. A specification is finite if Σ and
A are finite, there are finitely many rules, and each rule has finitely many
premises. Throughout this paper we consider only finite specifications.
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A closed instance of a rule arises by replacing variables with closed terms
according to some substitution σ : V → Σ∗∅.

In this paper we consider only SOS rules of two rather specific shapes.

Definition 7. A GSOS rule [2, 6] is an SOS rule where:

• all terms in premises are variables from V ,

• the source of the conclusion is a flat term with all variables pairwise
different,

• variables from the source of the conclusion are not allowed as targets
of premises,

• no variable appears as the target of more than one premise,

• only variables from the source of the conclusion are allowed as sources
of premises,

• every variable that appears in the target of the conclusion must appear
elsewhere in the rule.

An example of a GSOS rule is

x1
a→ y x1

b→ z x1 6 c→ x2
c→ w

f(x1, x2)
d→ f(g(z, x2, x2), y)

(4)

Definition 8. A coGSOS rule [8] is an SOS rule where:

• all terms in premises are variables from V ,

• the source of the conclusion is a flat term with all variables pairwise
different,

• the target of the conclusion is a flat term or a variable,

• variables from the source of the conclusion are not allowed as targets
of premises,

• no variable appears as the target of more than one premise,

• for each variable z present in a premise, either z appears in the source
of the conclusion or there is a sequence of positive premises:

x1
a1→ x2 x2

a2→ x3 · · · xn
an→ z
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where x1 appears in the source of the conclusion,

• every variable that appears in the target of the conclusion must appear
elsewhere in the rule.

An example of a coGSOS rule is

x a→ y y b→ z y 6 c→
f(x) d→ g(y, x)

(5)

Note that premises y b→ z and y 6 c→, whose sources do not appear in the
source of the conclusion, prevent this from being a GSOS rule. On the other
hand, rule (4) is not a coGSOS rule, as its conclusion is neither a flat term
nor a variable.

Generally, the purpose of SOS specifications is to define LTSs in some way.
Intuitively, an LTS defined from a set of rules should contain those transitions
that can be “inferred” from those rules. However, the presence of negative
premises complicates matters.

Definition 9. A positive literal is an expression t a→ t′, where t, t′ ∈ Σ∗∅
and a ∈ A. A negative literal is an expresion t 6 a→, where t ∈ Σ∗∅ and a ∈ A.

Note that a set of positive literals is simply an LTS with Σ∗∅ as the set of
states. From now on, we focus on LTSs of this form.

Definition 10. A positive literal and a negative literal contradict each other
if they have the same source and transition label. For an LTS L and a set of
literals H, we write L |= H (read: L entails H) if:

• every positive literal in H is also in L,

• for every negative literal in H, there are no literals in L that contradict
it.

Definition 11. Given an SOS specification S, a proof of a literal α from a
set of literals H is a finite, upwardly branching tree with nodes labeled by
literals, where:

• the root is labeled by α, and

• for any node (labeled by some β), if γ1, . . . , γm are the labels of the
nodes directly above it then either m = 0 and β ∈ H, or γ1···γm

β
is a

closed instance of some rule from S.
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If such a proof exists, we say that α is provable from H. A proof where H is
empty is called a closed proof.

Definition 12. An LTS L is a model of an SOS specification S if, for every
closed instance γ1···γm

β
of a rule in S, if L |= {γ1, . . . , γm} then L |= {β}. It is

a supported model [6] if, additionally, every literal in L is provable from a set
H of literals such that L |= H. If H is restricted to a set of negative literals
only, then L is a stable model [7].

Definition 13. A disjoint pair of sets of positive literals 〈L,U〉 is a three-
valued stable model for an SOS specification R if:

• a positive literal is in L if and only if it is provable from a set H of
negative literals such that L ∪ U |= H,

• a positive literal is in L ∪ U if and only if it is provable from a set H
of negative literals such that L |= H.

The set U in a three-valued model is, intuitively, the set of unknown tran-
sitions whose presence in a model is undecided. Each specification has an
(information-)least three-valued stable model [5], i.e., one where L is the
smallest and U the largest among all three-valued stable models. The speci-
fication R is complete if its least three-valued stable model does not contain
unknown transitions. Equivalently, R is complete iff it has a three-valued
stable model 〈L,U〉 with U = ∅, but no three-valued stable models with
U 6= ∅.

Example 14. The specification:

C a→ q(C)

x a→ x′ x′ 6 b→
q(x) a→ D

(6)

has a supported model L:
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C q(C) D

q(q(C))

...

qn(C)

a a

a

a

The transition C a→ q(C) has a closed proof. Every other transition in L

is provable from the set of negative literals H = {q(C) 6 b→, D 6 b→} which is
entailed by L. As a result L is stable, and the pair 〈L, ∅〉 is a three-valued
stable model.

The specification (2) from the Introduction has the same rule for C as (6),
and the second rule is almost the same except for the label in the conclusion.
The specification (2) has no supported or stable models. It has a model with

two literals L = {C a→ q(C), q(C) b→ D}, but the model is not supported, as
the second literal is not provable from literals entailed by L. The least three-

valued stable model is
〈
{C a→ q(C)}, {q(C) b→ D}

〉
, and the specification (2)

is not complete.

In the literature, several answers have been proposed as to when an SOS
specification with negative premises is meaningful. Most of them are present
in the theorem below:

Theorem 15. The following questions of a finite SOS specification S are
undecidable:

• whether S has a supported model,

• whether S has a least supported model,

• whether S has a unique supported model,

• whether S has a unique stable model,

• whether S is complete.

These questions remain undecidable if every rule in S is either a GSOS or a
coGSOS rule.
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The rest of this paper is devoted to proving Theorem 15.

4. From queue machines to SOS specifications

Given a queue machineM = (Q,Γ, a1, q1, δ0, δ1, δ2), consider a signature ΣM
with a single constant (i.e., an operation symbol with arity 0) C and a family
of operation symbols {q | q ∈ Q} each with arity 1, and a set of rules:

C a1→ q1(C) q(x) c→ q′(x)
(R0)

x a→ y

q(x) c→ q′(y)
(R1)

x a→ y y b→ z

q(x) c→ q′(z)
(R2)

x a→ y y 6 →
q(x) a→ q(x)

(R2n) (7)

for all q, q′ ∈ Q and a, b, c ∈ Γ subject to the following conditions:

• R0 is included whenever δ0(q) = (c, q′),

• R1 is included whenever δ1(q, a) = (c, q′), and

• R2 and R2n are included whenever δ2(q, a, b) = (c, q′).

The specification obtained in this way from a machine M will be denoted
SM. Note that rules R0 are GSOS rules, R2 and R2n are coGSOS rules,
and R0 and R1 are both GSOS and coGSOS.

Example 16. The machine M• from Example 2 gives rise to the following
specification over the signature ΣM• = {C, q1, q2, q3, q⊥}:

C a→ q1(C)
(1)

q1(x) b→ q2(x)
(2)

x b→ y

q3(x) a→ q2(y)
(3)

x a→ y y b→ z

q2(x) b→ q3(z)
(4)

x a→ y y 6 →
q2(x) a→ q2(x)

(5)

x b→ y y a→ z

q2(x) a→ q1(z)
(6)

x b→ y y 6 →
q2(x) b→ q2(x)

(7)

These are only the rules that correspond to the transitions presented on
the first graph in Example 2. We omit the remaining rules, since they are
negligible in further considerations.
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The specification SM	 corresponding to the machineM	 differs only on the
rules for operation q3. It has only one such rule, replacing rule (3) above:

q3(x) a→ q2(x)
(3’)

5. Machines that do not halt

Assuming that a machine M does not halt from its initial configuration, we
shall construct a stable model of SM. Suppose that M executes an infinite
computation starting from the initial configuration (q1, w1) where w1 = a1
as follows:

(q1, w1) .M (q2, w2) .M (q3, w3) .M · · · (8)

Define an infinite sequence of closed terms t0, t1, t2, . . . ∈ Σ∗M∅ by:

t0 = C,

tn = qn(tk) where k = n− |wn|, for n > 0.
(9)

This is well defined, since |wn| ≤ n. Now define an LTS on the set {tn | n ∈
N} with exactly one transition for each term tn:

tn
an+1→ tn+1

where an+1 is the last symbol in wn+1. We denote this LTS by LC. Note that
LC is deterministic, i.e., every state in it has exactly one outgoing transition.
In particular, LC contains the transition C a1→ q1(C).

Example 17. Recall the infnite computation of the machine M	 from Ex-
ample 2:

(q1, a) .M	 (q2, ab) .M	 (q3, b) .M	 (q2, ba) .M	 (q1, a) .M	 · · ·

After a sequence of four steps it returns to the initial configuration and it
repeats the same transitions again. This corresponds to the infinite stream
LC of transitions between closed terms of the form:

tn
an+1→ tn+1
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for n ≥ 0, so that t0 = C, a1 = a and:

tn =


q1(tn−1) for every n s.t. n mod 4 = 1

q2(tn−2) for every n s.t. n mod 4 = 2 or n mod 4 = 0

q3(tn−1) for every n s.t. n mod 4 = 3

for n > 0. A transition label an+1 = b if n mod 4 = 1 or n mod 4 = 2,
otherwise an+1 = a.

The stream LC begins by:

C a→ q1(C) b→ q2(C) b→ q3(q2(C)) a→ q2(q2(C)) a→ q1(q2(q2(C))) b→ · · ·

The following lemma will be useful later. Intuitively it states that the con-
tents of the queue throughout the infinite computation of M can be read
from transition labels of LC.

Lemma 18. Consider the infinite computation in (8). Then, for each n > 0,
wn = ak+1 · · · an−1an, where k = n− |wn|.

Proof. By induction on n. The base case, for n = 1, is w1 = a1, true by
definition. Since wn+1 arises from wn by adding an+1 at the end (and perhaps
removing one or two symbols from the beginning), the inductive step follows
easily. �

We wish to extend LC to an LTS on all Σ∗M-terms. To this end, we introduce
an auxiliary function:

Definition 19. Define ∆ : Σ∗M∅ → N by:

• ∆(t) = 0 if t ∈ LC, that is if t = tn for some n ≥ 0,

• ∆(t) = ∆(s) + 1 if t 6∈ LC and t = q(s) for some q ∈ ΣM.

In words, ∆(t) is the least number of operation symbols that need to be
removed from the top of the term t to obtain a subterm from LC.

Example 20. Consider terms built over the signature ΣM	 induced by the
machine M	 from Example 2. For each term tn for n ≥ 0 defined in Ex-
ample 17 ∆(tn) = 0, since tn ∈ LC. Let us pick one of those terms, say
t16 = q2(t14). According to Definition 19:

∆(t16) = 0, ∆(q3(t16)) = 1, ∆(q⊥(q3(t16))) = 2,

∆(q3(q2(t16))) = 0, ∆(q2(t16)) = 0
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Indeed, t = q3(t16) 6∈ LC hence ∆(t) = ∆(t16) + 1 = 1. LC does not contain
any term with t as a subterm. In particular, t′ = q⊥(q3(t16)) 6∈ LC, hence
∆(t′) = ∆(t) + 1 = 2. On the other hand t18 = q2(t16) and t19 = q3(q2(t16),
hence ∆(t18) = ∆(t19) = 0.

The function ∆ has the following basic properties:

Lemma 21. For any terms s, s′ ∈ Σ∗M∅ and any operations q, q′ ∈ ΣM:

(i) ∆(q(s)) ≤ ∆(s) + 1,

(ii) if ∆(q(s)) > 0 then ∆(s) < ∆(q(s)),

(iii) if ∆(q(s)) > 0 and ∆(s′) ≤ ∆(s) then ∆(q′(s′)) ≤ ∆(q(s)),

Proof. All properties easily follow from Definition 19: for t = q(s), either
∆(t) = 0 or ∆(t) = ∆(s) + 1. �

We shall now extend LC to an LTS, denoted LM, on all closed ΣM-terms.
The new LTS will be deterministic, i.e., every term s will have exactly one
outgoing transition. We define these transitions by induction on the value of
∆(s). Along the inductive definition, we will prove for all terms s that:

whenever s a→ s′ then ∆(s) ≥ ∆(s′). (10)

Notice that this holds for all transitions in LC since by definition ∆(tn) = 0
for each term tn in LC. This is the base case of our inductive construction.

Consider an arbitrary term t = q(s) with ∆(t) > 0 and assume that all
transitions starting from terms with smaller values of ∆ have been defined.
Hence, by Lemma 21(ii), there is a unique transition outgoing from s; let it
be s a→ s′. Since (10) holds for s by the inductive assumption, there is also

a unique transition outgoing from s′; let it be s′ b→ s′′.

Define a transition from t = q(s) as follows:

(a) if δ0(q) = (c, q′), then add q(s) c→ q′(s) to LM,
(b) if δ1(q, a) = (c, q′), then add q(s) c→ q′(s′) to LM,
(c) if δ2(q, a, b) = (c, q′), then add q(s) c→ q′(s′′) to LM.

(11)

Since by Definition 1 exactly one of these three cases holds, this adds a unique
transition from q(s).
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To complete the inductive step we need to prove the property (10) for the
newly added transition. In case (a), since q(s) 6∈ LC, we have ∆(q(s)) =
∆(s) + 1 ≥ ∆(q′(s)) (by Lemma 21(i)). In case (b), since ∆(s) ≥ ∆(s′) by
the inductive assumption, we have ∆(q(s)) ≥ ∆(q′(s′)) by Lemma 21(iii).
Similarly in case (c), since ∆(s) ≥ ∆(s′) ≥ ∆(s′′) by the inductive assump-
tion, we have ∆(q(s)) ≥ ∆(q′(s′′)) by Lemma 21(iii).

Example 22. For the specification SM	 from Example 16, the LTS LM	

extends LC defined in Example 17 with the following additional transitions:

(a) q1(s)
b→ q2(s) for any term s, since δ0(q1) = (b, q2),

(b) q3(s)
a→ q2(s) for any term s, since δ0(q3) = (a, q2),

(c) q2(s)
a→ q⊥(s′′) for any s a→ s′ a→ s′′ ∈ LM	 , since δ2(q2, a, a) =

(a, q⊥),

(d) q2(s)
a→ q⊥(s′′) for any s b→ s′ b→ s′′ ∈ LM	 , since δ2(q2, b, b) =

(a, q⊥),

(e) q2(s)
b→ q3(s

′′) for any s a→ s′ b→ s′′ ∈ LM	 , since δ2(q2, a, b) = (b, q3),

(f) q2(s)
a→ q1(s

′′) for any s b→ s′ a→ s′′ ∈ LM	 , since δ2(q2, b, a) =
(a, q1),

(g) q⊥(s) a→ q⊥(s) for any term s, since δ0(q⊥) = (a, q⊥).

This completes the construction of the deterministic LTS LM, defined under
the assumption that M does not halt. Continuing under this assumption,
we shall now prove that LM is a stable model (see Definition 12).

Lemma 23. If M does not halt then LM is a model of SM.

Proof. Consider each rule in (7) in turn:

• The unique instance of the rule
C a1→ q1(C)

infers a transition from C

that is included in LC, hence in LM.

• Consider any instance of R0 in SM:

q(s) c→ q′(s)
.

This means that δ0(q) = (c, q′). There are two cases to consider, de-
pending on ∆(q(s)).
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If ∆(q(s)) > 0, then q(s) c→ q′(s) is the transition added to LM
in (11)-(a).

If ∆(q(s)) = 0, then q(s) = tn ∈ LC for some n > 0. Since δ0(q) is
defined, in the n-th step the machine performs a transition (q, wn) .M
(q′, wnc). Then, by definition of tn, we have that s = tk for k =
n − |wn|. The machine adds c to the queue, hence |wn+1| = |wn| + 1
and n + 1 − |wn+1| = n − |wn| = k. As a result, tn+1 = q′(s) and
q(s) c→ q′(s) ∈ LC ⊆ LM.

• Consider any instance of R1 in SM:

s a→ s′

q(s) c→ q′(s′)

and assume that s a→ s′ ∈ LM. This means that δ1(q, a) = (c, q′).
Again, there are two cases to consider.

If ∆(q(s)) > 0, then q(s) c→ q′(s′) is the transition added to LM
in (11)-(b).

If ∆(q(s)) = 0 then q(s) = tn ∈ LC for some n > 0. Since δ1(q, a) is
defined, in the n-th step the machine takes the first symbol a from the
queue that contains a word wn and adds the symbol c to it. Then, by
definition of tn, we have that s = tk and s′ = tk+1 for k = n − |wn|.
The machine removes a and adds c to the queue, hence |wn+1| = |wn|
and n + 1 − |wn+1| = n + 1 − |wn| = k + 1. As a result, tn+1 = q′(s′)
and q(s) c→ q′(s′) ∈ LC ⊆ LM.

• Consider any instance of R2 in SM:

s a→ s′ s′ b→ s′′

q(s) c→ q′(s′′)

and assume that s a→ s′, s′ b→ s′′ ∈ LM. This means that δ2(q, a, b) =
(c, q′). Again, there are two cases to consider.

If ∆(q(s)) > 0, then q(s) c→ q′(s′′) is the transition added to LM
in (11)-(c).

If ∆(q(s)) = 0 then q(s) = tn ∈ LC for some n > 0. Since δ2(q, a, b) is
defined, in the n-th step the machine takes two symbols a and b from
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the queue that contains a word wn and adds the symbol c to it. Then,
by definition of tn, we have that s = tk, s

′ = tk+1 and s′′ = tk+2 for
k = n− |wn|. SinceM does not halt, there are at least two symbols in
wn, hence k+1 < n. The machine removes ab and adds c to the queue,
hence |wn+1| = |wn| − 1 and n+ 1− |wn+1| = n+ 1− |wn|+ 1 = k+ 2.
As a result tn+1 = q′(s′′), and q(s) c→ q′(s′′) ∈ LC ⊆ LM.

• Consider any instance of R2n in SM:

s a→ s′ s′ 6 →
q(s) a→ q(s)

.

This means that δ2(q, a, b) = (a, q′). Since every term in LM has an
outgoing transition, LM does not entail the premise s′ 6 → and the
model condition holds. �

Lemma 24. If M does not halt then the model LM of SM is stable; more-
over, every transition in LM has a closed proof in SM.

Proof. We will proceed by induction that follows the construction of LM.
As the base case, consider transitions in LC, i.e. those outgoing from terms
tn for n ≥ 0, as defined in (9). For this case, we proceed by induction on n:

• for t0 = C the model LM contains a single transition C a1→ q1(C). The
transition has a one-step closed proof:

C a1→ q1(C)
.

• Assume that all transitions ti
ai+1→ ti+1 for 0 ≤ i < n have closed

proofs. Consider the transition tn
an+1→ tn+1 where tn = qn(tm) for

some m < n. This transition, by definition of LC, corresponds to
the n-th step of the machine M: (qn, wn) . (qn+1, wn+1), for some
word wn such that |wn| = n − m. By definition, tn+1 = qn+1(tk), for
k = n+ 1− |wn+1| and an+1 is the last letter of wn+1. Then:

– if the machine in the n-th step just inserts an+1 to the queue, then
|wn+1| = |wn| + 1, hence k = m. Such a transition is defined by
δ0(qn) = (an+1, qn+1). In this case SM has the following instance
of R0:

qn(tm)
an+1→ qn+1(tm)
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that defines the transition from term tn. The target of the con-
clusion is exactly tn+1 = qn+1(tk) for k = m. The above rule has
no premises, hence it constitutes a closed proof of the transition
tn

an+1→ tn+1.

– If the machine in the n-th step takes the first symbol from the
queue, which by Lemma 18 is am+1, and inserts a new one an+1,
then the length of the queue does not change, i.e., |wn+1| = |wn|,
hence k = n + 1 − |wn+1| = m + 1. Such a transition is defined
by δ1(qn, am+1) = (an+1, qn+1). In this case SM has the following
instance of R1:

tm
am+1→ tm+1

qn(tm)
an+1→ qn+1(tm+1)

The target of the conclusion is exactly tn+1 = qn+1(tk) for k =
m+ 1. The rule has a single premise tm

am+1→ tm+1. Since m < n
we know by the inductive assumption that this transition has a
closed proof. The concatenation of that proof with the above
instance forms a closed proof of tn

an+1→ tn+1.

– If the machine in the n-th step takes two initial elements from the
queue, which by Lemma 18 are am+1am+2, and inserts a new one
an+1, then the length of the queue decreases by 1, hence |wn+1| =
|wn|− 1. This implies that k = n+ 1− (|wn|− 1) = m+ 2. Such a
transition is defined by δ2(qn, am+1, am+2) = (an+1, qn+1). In this
case SM has the following instance of R2:

tm
am+1→ tm+1 tm+1

am+2→ tm+2

qn(tm)
an+1→ qn+1(tm+2)

The target of the conclusion is exactly tn+1 = qn+1(tk) for k =
m+2. SinceM does not halt, there are at least two elements in wn,
hence m+ 1 < n and, by the inductive assumption, both premises
of the rule have closed proofs. The composition of those proofs
with the above instance constitutes a closed proof of tn

an+1→ tn+1.

This completes the argument to show that all transitions in LC have closed
proofs. We shall now show the same for all remaining transitions in LM, by
induction on ∆.
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Let us consider a term t = q(s) such that ∆(t) > 0 and assume that each
transition r a→ r′ where ∆(r) < ∆(t) has a closed proof. By construction,
LM contains a unique transition from s, say s a→ s′. Similarly, there is a

unique transition from s′, say s′ b→ s′′. Also by construction of LM, we have
∆(t) > ∆(s) ≥ ∆(s′) therefore, by the inductive assumption, transitions

s a→ s′ and s′ b→ s′′ have closed proofs.

The unique transition from q(s) in LM can arise in one of three mutually
exclusive ways, according to (11):

• if δ0(q) = (c, q′), then the transition is q(s) c→ q′(s). According to the
definition of SM, since δ0(q) is defined there is the following instance
of R0:

q(s) c→ q′(s)

The instance is a closed proof.

• If δ1(q, a) = (c, q′), then the transition is q(s) c→ q′(s′). According
to the definition of SM, since δ1(q, a) is defined there is the following
instance of R1:

s a→ s′

q(s) c→ q′(s′)

Since by assumption s a→ s′ has a closed proof, so does q(s) c→ q′(s′).

• If δ2(q, a, b) = (c, q′), then there is a transition q(s) c→ q′(s′′). Ac-
cording to the definition of SM, since δ2(q, a, b) is defined there is the
following instance of R2:

s a→ s′ s′ b→ s′′

q(s) c→ q′(s′′)

By assumption both s a→ s′ and s′ b→ s′′ have closed proofs, hence so
does q(s) c→ q′(s′′). �

Lemma 25. If M does not halt then SM is complete.

Proof. Assume that a machine M does not halt. By Lemma 24, LM is a
stable model, so according to Definition 13, 〈LM, ∅〉 is a three-valued stable
model.
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Now consider any three-valued stable model 〈L,U〉 of SM. By Definition 13,
L contains all transitions that are provable in SM from negative premises
entailed by L ∪ U . By Lemma 24, all transitions in LM have closed proofs,
which do not use any premises, hence LM ⊆ L.

LM, by construction, has an outgoing transition from every term, therefore
so do L and L ∪ U . As a result, in every closed instance of the rule R2n,
the negative premise cannot be entailed by L or L ∪ U . Other rules in SM
have no negative premises. Therefore, being provable in SM from negative
premises H entailed by L (or by L∪U) is equivalent to being provable with
a closed proof. As a result, by Definition 13, L = L ∪ U and U = ∅. �

6. Machines that (may) halt

We defined LTSs LC and LM under the assumption that the machine M
does not halt. However, as the following lemma shows, parts of LC appear in
models of SM for any machine M.

Lemma 26. For any n ∈ N, if a machineM performs at least n steps from
the initial configuration:

(q1, w1) .M (q2, w2) .M · · · .M (qn, wn) .M (qn+1, wn+1),

then every supported model of SM coincides with LC on transitions outgoing
from terms t0, t1, . . . , tn:

t0
a1→ t1

a2→ t2 → · · · → tn
an+1→ tn+1

as defined in (9).

Proof. Let L be any supported model of SM. We proceed by induction on
n. For n = 0, t0 = C, the only possible proof for an outgoing transition is

C a1→ q1(C)
, and the resulting transition is in LC.

For the inductive step, pick any n > 0 and assume that the statement holds
for all numbers smaller than n. The n-th step of the machine is the transition
(qn, wn) .M (qn+1, wn+1), where an+1 is the last symbol in wn+1. By the
inductive assumption tn = qn(tk) for k < n such that |wn| = n − k, and
an is the last element of wn. Hence wn = ak+1, ak+2 · · · , an. The transition
tn

an+1→ tn+1 can arise in one of three possible ways:
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• if δ0(qn) = (an+1, qn+1), then wn+1 = ak+1 . . . anan+1, hence |wn+1| =
|wn| + 1. In this case the only instance of a rule in SM that has tn in
the source is the following instance of R0:

qn(tk)
an+1→ qn+1(tk)

Since L is a model, tn
an+1→ tn+1 is a transition in L, where tn+1 =

qn+1(tk) as prescribed by (9). Since L is supported, this is the only
transition in L originating from tn.

• if δ1(qn, ak+1) = (an+1, qn+1), then wn+1 = ak+2 . . . anan+1, hence |wn+1| =
|wn|. By the inductive assumption, since k < n, the only transition in
L outgoing from tk is tk

ak+1→ tk+1. As a result, the only instance of
a rule in SM that has tn in the source and a premise entailed by L, is
the following instance of R1:

tk
ak+1→ tk+1

qn(tk)
an+1→ qn+1(tk+1)

.

Since L is a model, tn
an+1→ tn+1 is a transition in L, where tn+1 =

qn+1(tk+1) as prescribed by (9). Since L is supported, this is the only
transition in L originating from tn.

• if |wn| = n − k ≥ 2 and δ2(qn, ak+1, ak+2) = (an+1, qn+1), then wn+1 =
ak+3 . . . anan+1, hence |wn+1| = |wn| − 1. By the inductive assumption,
since k+1 < n, the only transition in L outgoing from tk is tk

ak+1→ tk+1

and the only transition in L outgoing from tk+1 is tk+1
ak+2→ tk+2. As

a result, the only instance of a rule in SM that has tn in the source and
premises entailed by L, is the following instance of R2:

tk
ak+1→ tk+1 tk+1

ak+2→ tk+2

qn(tk)
an+1→ qn+1(tk+2)

.

(In particular, the following instance of R2n:

tk
ak+1→ tk+1 tk+1 6 →
qn(tk)

ak+1→ qn(tk)
.

has tn in the source as required, but the second premise tk+1 6 → is not
entailed by L.)
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Since L is a model, tn
an+1→ tn+1 is a transition in L, where tn+1 =

qn+1(tk+2) as prescribed by (9). Since L is supported, this is the only
transition in L originating from tn. �

Lemma 27. IfM does not halt then LM is the unique supported model of
SM.

Proof. LM, being stable by Lemma 24, is supported. Since every transition
in LM has a closed proof, every model of SM contains LM. Moreover, by
Lemma 26, since M performs infinitely many steps, every supported model
of SM coincides with LM on transitions outgoing from terms t with ∆(t) = 0.

Assume, towards a contradiction, that there exists a supported model L of
SM such that LM ( L. Pick a transition t c→ t′ from L − LM such that
∆(t) is minimal; necessarily ∆(t) > 0.

Since L is supported, t c→ t′ must have a proof in SM from some premises
entailed by L. If t = q(s) for some term s and q ∈ Q, the last rule instance
in the proof of t c→ t′ is of one of the three forms:

• If t′ = q′(s) and the last instance is

q(s) c→ q′(s)

then δ0(q) = (c, q′) and the resulting transition is in LM.

• If t′ = q′(s′) and the last instance is

s a→ s′

q(s) c→ q′(s′)

then δ1(q, a) = (c, q′) and s a→ s′ is in L. Since ∆(t) > 0, by
Lemma 21(ii) ∆(t) > ∆(s). Then, by the minimality assumption on
t, the transition s a→ s′ is in LM, and since LM is a model of SM by
Lemma 23, the transition q(s) c→ q′(s′) is also in LM.

• If t′ = q′(s′′) and the last instance is

s a→ s′ s′ b→ s′′

q(s) c→ q′(s′′)

then δ2(q, a, b) = (c, q′) and s a→ s′ and s′ b→ s′′ are in L.
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Since ∆(t) > 0, by Lemma 21(ii) ∆(t) > ∆(s) and, by the minimality
assumption on t, s a→ s′ is in LM. Then, by (10), ∆(s) ≥ ∆(s′) and,

again by the minimality assumption on t, s′ b→ s′′ is in LM. As a
result, both premises of the above instance are in LM and, since LM is
a model of SM, its conclusion q(s) c→ q′(s′′) is also in LM.

• If t = q(s) and the last instance is

s c→ s′ s′ 6 →
q(s) c→ q(s)

then, since LM ⊆ L and LM by construction contains an outgoing
transition from every term s′, L does not entail the second premise of
this instance.

In each case a contradiction is obtained, which means that the assumed
transition t c→ t′ cannot exist and L = LM. �

Lemma 28. If M halts then SM has no supported models.

Proof. Assume that, for some n > 0, M terminates after n− 1 steps:

(q1, w1) .M (q2, w2) .M · · · .M (qn, wn),

and that there is a supported model L of SM. By Lemma 26, L contains
transitions:

t0
a1→ t1

a2→ t2 → · · · → tn−1
an→ tn

as defined by (9), and there are no other transitions outgoing from t0, . . . , tn−1.

Since (qn, wn) is a configuration where M halts, it must be that:

• |wn| = 1 (and wn = an), hence tn = qn(tn−1), and

• δ0(qn) and δ1(qn, an) are undefined, therefore δ2(qn, an, b) is defined for
all b ∈ Γ.

Consider two cases:

• L has no outgoing transitions from tn. Consider the following instance
of R2n:

tn−1
an→ tn tn 6 →
tn

an→ tn
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Both premises are entailed by L so, since L is a model, tn
an→ tn is

a transition in L; this is a contradiction, as it is a transition outgoing
from tn.

• L has some outgoing transitions from tn. Let tn
c→ s be such a tran-

sition, chosen so that s is minimal in terms of size (i.e., number of
operation symbols in it). Since L is supported, this transition must
have a proof from premises entailed by L. This is only possible if:

– s = q′(r) for some q′ ∈ Q and some term r,

– δ2(qn, an, b) = (c, q′), for some b ∈ Γ,

– the last rule instance used in the proof is:

tn−1
an→ tn tn

b→ r

tn
c→ s

This means that tn
b→ r is a transition in L, but r is a smaller term

than s = q′(r), which contradicts the minimality of s.

As a result, no supported model L exists. �

Example 29. The machine M• from Example 2 terminates after three
steps:

(q1, a) .M• (q2, ab) .M• (q3, b) .M• (q2, a)

By Lemma 26, a supported model of SM• must contain the four-element
stream of transitions:

C a→ q1(C) b→ q2(C) b→ q3(q2(C)) a→ q2(q3(q2(C)))

Indeed, all these transitions have closed proofs, and no other transitions
outgoing from the terms t0 = C, t1 = q1(C), t2 = q2(C) and t3 = q3(q2(C))
are provable.

What transitions can originate in t4 = q2(q3(q2(C))? There must be at least
one such a transition, otherwise the following instance of R2n:

t3
a→ t4 t4 6 →
t4

a→ t4

would be triggered and infer one.
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Each transition from t4 has to be inferred by an instance of R2 rule. We
have that δ2(q2, a, b) = (b, q3) and δ2(q2, a, a) = (a, q⊥), therefore the following
instances of R2 exist and only these, for some term r, can infer transitions
outgoing from t4:

t3
a→ t4 t4

a→ r

t4
a→ q⊥(r)

t3
a→ t4 t4

b→ r

t4
b→ q3(r)

However, both these instances prove transitions to terms more complex than
r, from premises that are also transitions from t4 to r. As a result, the
transition from t4 to a minimal r cannot have a proof, which contradicts the
assumption that the model is supported.

7. Conclusion

The results of the previous sections are brought together in the following:

Corollary 30. For any queue machineM, the following conditions are equiv-
alent:

(a) M does not halt from the initial configuration (q1, a1),

(b) SM has a supported model,

(c) SM has a least supported model,

(d) SM has a unique supported model,

(e) SM has a unique stable model,

(f) SM is complete.

Proof. • (a) =⇒ (d) is Lemma 27. (d) =⇒ (c) =⇒ (b) are trivial.

• (a) =⇒ (e) follows from Lemmas 23, 24 and 27. (e) =⇒ (b) is trivial.

• (a) =⇒ (f) is Lemma 25. (f) =⇒ (b) is easy: if 〈L, ∅〉 is three-valued
stable then L is stable, therefore supported.

• (b) =⇒ (a) is Lemma 28. �

This, together with Theorem 3, completes the proof of Theorem 15.
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Appendix A. Queue machines

A standard definition of queue machine (see e.g. [15, Exercise 99]) is some-
what different from our Definition 1:

Definition 31. A standard queue machine (SQM)M = (Q,Γ, a1, q1, δ) con-
sists of a finite set Q of states with a chosen initial state q1 ∈ Q, a finite
alphabet Γ with a chosen initial symbol a1 ∈ Γ, and a transition function

δ : Q× Γ→ Q× Γ∗.

A configuration of M is a pair (q, w) ∈ Q × Γ∗. The machine induces a
transition function on the set of configurations by:

(q, aw) .M (q′, wv) if δ(q, a) = (q′, v).

The machine halts if it reaches a configuration with the queue empty.

It is easy to prove that it is undecidable whether a given SQM halts from
the initial configuration (q1, a1). To prove Theorem 3, for a given SQM
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M = (Q,Γ, a1, q1, δ) we construct a QM M = (Q,Γ, a1, q1, δ0, δ1, δ2) so that
M halts on (q1, a1) if and only if M does.

The construction proceeds as follows:

• Q = Q ∪ Q̃, where Q̃ is a finite set of fresh additional states used to
simulate transitions δ(q, a) = (q′, v) for |v| ≥ 2, as specified below. The
initial state q1 remains the same.

• Γ = Γ ∪ {$} for some $ 6∈ Γ, and the initial symbol a1 remains the
same.

• The transition functions δ0, δ1 and δ2 ofM are defined as follows. For
any q ∈ Q and a ∈ Γ, denote δ(q, a) = (q′, v) and reason by cases:

– if v = ε, then define δ1(q, a) = ($, q′),

– if v = b for b ∈ Γ, then define δ1(q, a) = (b, q′),

– v = b1b2 · · · bn where n ≥ 2, then define the following sequence of
transitions:

δ1(q, a) = (b1, p1) δ0(p1) = (b2, p2) · · · δ0(pn−1) = (bn, q
′)

where p1, p2, · · · , pn−1 ∈ Q̃ are freshly chosen states.

Additionally, define the following transitions for the new symbol $ ∈ Γ:

– δ2(q, $, a) = δ1(q, a) for a ∈ Γ, and

– δ2(q, $, $) = ($, q).

Note that the first case is well defined, since δ1(q, a) is defined for all
q ∈ Q and a ∈ Γ.

The intuition is that the new symbol $ represents a “no symbol” in the queue.
For a word w ∈ Γ

∗
, denote by w ∈ Γ∗ the word obtained from w by removing

all occurrences of $.

We shall now prove that M halts from the initial configuration if and only
if M does.

First, we show that ifM does not halt from the initial configuration thenM
does not halt either. To this end, it is enough to prove that for any transition
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(q, aw) .M (q′, wv) arising from some δ(q, a) = (q′, v) in M, and for any
u ∈ Γ

∗
such that u = aw, M makes a nonempty sequence of transitions:

(q, u) .M
+(q′, u′)

such that u′ = wv. There are three cases to consider, depending on how
many symbols $ occur at the beginning of u:

A. Assume u = au′′ and u′′ = w. There are three subcases, depending on
the length of v:

– if v = ε then δ1(q, a) = ($, q′) hence M makes a transition:

(q, au′′) .M (q′, u′′$)

and u′′$ = u′′ = w;

– if v = b for b ∈ Γ, then δ1(q, a) = (b, q′) hence M makes a transi-
tion:

(q, au′′) .M (q′, u′′b)

and u′′b = wb;

– if v = b1b2 · · · bn where n ≥ 2, then according to our construction
M makes a sequence of transitions:

(q, au′′) .M (p1, u
′′b1) .M (p2, u

′′b1b2) .M · · · (q′, u′′b1 · · · bn)

and u′′b1b2 · · · bn = wb1b2 · · · bn = wv.

B. Assume u = $au′′ and u′′ = w. Since by definition δ2(q, $, a) = δ1(q, a),
Mmakes the same transition from configurations (q, $au′′) and (q, au′′),
and the result follows from case A.

C. Assume u = $$u′′ and u′′ = aw. Since by definition δ2(q, $, $) = ($, q),
M makes the transition

(q, $$u′′) .M (q, u′′$)

Note that u′′$ = aw and the number of $’s at the beginning of u′′$ is
smaller than at the beginning of $$u′′; formally, the result follows by
induction on the number of $’s at the beginning of u.
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Conversely, we now prove that if M does not halt from the initial config-
uration then M does not halt either. To this end, we show that from any
configuration, M can make only finitely many transitions before it makes a
transition that can be simulated by M from a corresponding configuration.
Formally, we show that for every transition (q, u) .M (q′, u′) with q ∈ Q,
one of the following three conditions holds:

A. M makes a transition (q, u) .M (q′, u′), or

B. M makes a finite sequence of transitions (q′, u′) .+M (q′′, u′′) such
that M makes a transition (q, u) .M (q′′, u′′), or

C. q = q′, u = u′ and |u| > |u′|.

By the construction of M, a transition (q, u) .M (q′, u′) with q ∈ Q may
arise from one of the following situations:

• u = aw for a ∈ Γ, u′ = w$, and δ(q, a) = (q′, ε). Then

(q, u) = (q, aw) .M (q′, w) = (q′, u′)

and condition A holds.

• u = aw for a ∈ Γ, u′ = wb, and δ(q, a) = (q′, b). Then

(q, u) = (q, aw) .M (q′, wb) = (q′, u′)

and condition A holds.

• u = aw for a ∈ Γ, u′ = wb1, and δ(q, a) = (q′′, b1b2 · · · bn) for some
q′′ ∈ Q and n ≥ 2, and q′ = p1 6∈ Q is the fresh state such that
δ1(q, a) = (b1, p1). Then

(p1, wb1) .+M (q′′, wb1b2 · · · bn)

and
(q, u) = (q, aw) .M (q′′, wb1b2 · · · bn) = (q′′, u′)

and condition B holds.

• u = $aw for a ∈ Γ, and (q, aw) .M (q′, u′). Then, since u = aw, one
of the above three situations occurs and condition A or B holds.

• u = $$w, u′ = w$ and q = q′. Then condition C holds.

This completes the proof of Theorem 3.
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