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In [2], it is shown that given two monads (S, ηS , µS) and (T, ηT , µT ), in the presence
of a distributive law λ : TS ⇒ ST , the composite functor ST can again be assigned the
structure of a monad. This result is generalized in [4] for longer chains of monads T1, . . . , Tn

and distributive laws between them, stated in the case n = 3 as follows:

I Proposition 1. Given monads A,B,C, and distributive laws between monads τ : CB ⇒
BC, σ : CA⇒ AC, and λ : BA⇒ AB, such that the axiom

λC ◦Bσ ◦ τA = Aτ ◦ σB ◦ Cλ

holds (the Yang-Baxter condition), there are distributive laws of the composite monad BC
over A, and C over AB, both giving rise to the same composite monad on ABC.

The general case is then derived using an inductive argument from the case n = 3.
Distributive laws between monads and endofunctors and copointed endofunctors have

also been widely studied, and are of importance in coalgebraic and bialgebraic methods:
see e.g. [1] for a comprehensive discussion of these. (For the definitions of distributive laws
between monads, and distributive laws of a monad over a (possibly copointed) endofunctor,
we refer to the literature.)

We are interested in results similar to the above proposition, involving distributive laws
of monads over (copointed) endofunctors. The motivation for this research arises from the
diagram
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an instance of which occurs in [5] with the instantiation of F as the functor for deterministic
automata, S the monad for K-semimodules, and T the monad for monoids. This instantiation
plays a role in the coalgebraic presentation of context-free languages and algebraic power
series. It is well-known (see e.g. [3], where this is shown using quotients of distributive
laws) that there is, in this instance, a distributive law of the composite monad ST over the
endofunctor F , but we’d like to have a categorical formulation of the two-step determinization.

One way in which this can be done is as follows. Consider two monads (S, ηS , µS) and
(T, ηT , µT ) and an endofunctor F (on any category), together with:

λ0 : TS ⇒ ST , a distributive law of the monad T over the monad S.
λ1 : TF ⇒ FST , a natural transformation such that the equalities λ1 ◦ ηTF = FηST and
λ1 ◦ µTF = FµST ◦ λ1T ◦ Tλ1 hold.
We may regard this transformation as a (new?) type of distributive law, of a monad T
over an endofunctor F into the composite monad ST .
λ2 : SF ⇒ FS, a distributive law of the monad S over the endofunctor F .

Such a triple of distributive laws (λ0, λ1, λ2) as above is said to satisfy the following
Yang-Baxter-like condition whenever the following equality holds:

FµST ◦ FSλ0 ◦ λ1S ◦ Tλ2 = FµST ◦ λ2ST ◦ Sλ1 ◦ λ0F
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Note here that the condition can be now represented as an octagonal diagram, rather than
the hexagonal representation of the Yang-Baxter condition in Cheng’s result.

Again, like in the case of Cheng’s result, this gives rise to a composite distributive law:

I Theorem 2. Given three distributive laws as above for monads S and T and an endofunctor
F , the natural transformation FµST ◦ λ2ST ◦ Sλ1 is a distributive law of the composite
monad ST over the endofunctor F if and only if the Yang-Baxter-like condition holds.

When F has a final coalgebra, the resulting two-step determinization can be given as in (1),
with δ] = FµST

X ◦ λ1
ST X ◦ Tδ and δ̂ = FµS

T X ◦ λ2
ST X ◦ Sδ].

The proof (which can be simply generalized to laws over copointed functors) of this
theorem is more involved than that of Cheng’s result: it was shown by a Prolog program1

that, using only naturality squares, the pentagonal diagrams for the various distributive
laws, and the multiplication of the monad, a minimum amount of 23 elementary faces is
required for the proof of commutativity of the most complicated diagram involved in the
result. A modification of the Prolog program2 also showed that, in the case of one of the
more complicated diagrams in Cheng’s result (requiring the Yang-Baxter condition), this
minimum was 8, a somewhat surprising reduction from the 11 faces used in the proof in [4].3

Moreover, this proposition is noteworthy in the sense that the statement of the theorem
gives a sufficient and necessary condition (unlike Cheng’s result) for the existence of a
composite distributive law.

The proof of the theorem is rather involved (and indeed, was originally proven by the
aforementioned Prolog program). What thus remains to be seen, and what may be subject
for further research, is the precise relationship between this result and Cheng’s result, and
whether this can be used for a simplification of the proof of our result (although this appears
unlikely, considering the minimality found by the Prolog program). Furthermore, it may
also be interesting to investigate whether, in the case of Cheng’s result, a converse can be
formulated similar to the case of our result.

The author would like to thank the reviewers of the (rejected) CALCO paper for various
suggestions, notably the pointer to the paper [4], as well as to Henning Basold, Marcello
Bonsangue, Helle Hansen, Bart Jacobs, Bartek Klin, Charles Paperman, Jurriaan Rot, Jan
Rutten, and Alexandra Silva for various types of comments, suggestions, and criticism.
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A Minimal form of one of the diagrams for the proof of Proposition
1 ([4, Theorem 2.1])

We give a minimal form of the proof of the commutativity of the diagram

BCBCA ===
BCλ̂
⇒ BCABC ===

λ̂BC
⇒ ABCBC

BCA

µBCA�
wwwwwwwww

=====================
λ̂

⇒ ABC

AµBC�
wwwwwwwww

where λ̂ = λC ◦ Bσ and µBC = BµC ◦ µBCC ◦ BτC, the multiplication of the composite
monad BC.

The Prolog program found the following diagram as a proof of this equality:

BCBCA =====
BCBσ

⇒ BCBAC =====
BCλC

⇒ BCABC =====
BσBC

⇒ BACBC ====
λCBC

⇒ ABCBC

BBCCA

BτCA�
wwwwwwwww

=====
BBCσ

⇒ BBCAC

BτAC�
wwwwwwwww

=====
BBσC

⇒ BBACC =====
BλCC

⇒ BABCC

BAτC�
wwwwwwwww

====
λBCC

⇒ ABBCC

ABτC�
wwwwwwwww

BCCA

µBCCA�
wwwwwwwww

======
BCσ

⇒ BCAC

µBCAC�
wwwwwwwww

======
BσC

⇒ BACC

µBACC�
wwwwwwwww

=======================
λCC

⇒ ABCC

AµBCC�
wwwwwwwww

BCA

BµCA�
wwwwwwwww

=========================
Bσ

⇒ BAC

BAµC�
wwwwwwwww

=========================
λC

⇒ ABC

ABµC�
wwwwwwwww

Note that, although this proof is shorter (and, indeed minimal among diagrammatic
proofs involving only naturality squares, the multiplication of the monads, the pentagonal
diagrams for the distributive laws, and the Yang-Baxter condition), it is not necessarily
‘better’ (or even significantly different) from the earlier proof, because the proof given in [4]
is more symmetric. It is still fascinating that the Prolog program somehow found a shorter
version.

We count the proof in [4] as having 11 faces (instead of the 12 which it appears to have)
because, on the left, the decomposition µBµC = BµC ◦ µBCC is used, whereas on the right,
the decomposition µBµC = µBC ◦BBµC is used. We implicitly assume the decomposition
µBµC = BµC ◦ µBCC—making this decomposition explicit in both cases would still mean a
reduction from 12 to 10.

B Proof of Theorem 2

Note that one direction of the proof can also be given as a large commuting diagram involving
23 different faces, however, for the sake of presentation we split this diagram up into two
diagrams which are then ‘glued together’.
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Proof. (of Theorem 2)

First, assume that λ1, λ2 and λ0 satisfy the Yang-Baxter-like condition. Then the
following diagram commutes (the commutativity of the combination of this and the next
diagram was proved by the Prolog program):

STSTF =====
STSλ1

⇒ STSFST SSFSTST ========
Sλ2STST

⇒ SFSSTST =========
SFµSTST

⇒ SFSTST

SSTTF

Sλ0TF�
wwwwwwwww

=====
SSTλ1

⇒ SSTFST

Sλ0FST�
wwwwwwwww

==
==

==
==

==
==

SS
λ
1 S
T ⇒

SSFSSTT

SSFSλ0T�
wwwwwwwww

========
Sλ2SSTT

⇒ SFSSSTT

SFSSλ0T�
wwwwwwwww

=========
SFµSSTT

⇒ SFSSTT

SFSλ0T�
wwwwwwwww

SSFSTT

SSFµSTT�
wwwwwwwww

==========
Sλ2STT

⇒ SFSSTT

SFSµSTT�
wwwwwwwww

==========
SFµSTT

⇒ SFSTT

SFµSTT�
wwwwwwwww

SSTF

SSµTF

�

wwwwwwwwwwwwwwwwwwwwwww
======
SSλ1

⇒ SSFST
⇐=

==
==

==
==

==
=
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F
Sµ

T

FSSSTT

λ2SSTT�
wwwwwwwww

==========
FSµSTT

⇒ FSSTT

λ2STT�
wwwwwwwww

SFSTT

µSFSTT

�

wwwwwwwwwwwwwwwwwwwwwww
===========

λ2STT
⇒ FSSTT

FµSSTT�
wwwwwwwww

============
FµSTT

⇒ FSTT

FµSTT�
wwwwwwwww

STF

µSTF

�

wwwwwwwwwwwwwwwwwwwwwww
====================

Sλ1
⇒ SFST

SFSµT�
wwwwwwwww

============
λ2ST

⇒

=======================

µ
S
F
S
T

⇒

FSST

FSSµT�
wwwwwwwww

=============
FµST

⇒ FST

FSµT�
wwwwwwwww

and thus we have:

FSµT ◦ FµSTT ◦ λ2STT ◦ SFµSTT ◦ SFSλ0T ◦ SFµSTST◦
Sλ2STST ◦ SSλ1ST ◦ Sλ0FST ◦ STSλ1

= FµST ◦ λ2ST ◦ Sλ1 ◦ µSTF ◦ SSµTF ◦ Sλ0TF
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Next, observe the following diagram also commutes,

STSFST ==========
STλ2ST

⇒ STFSST =========
STFµST

⇒ STFST

SSTFST

Sλ0FST�
wwwwwwwww

SFSTSST

Sλ1SST�
wwwwwwwww

SSFSTST

SSλ1ST�
wwwwwwwww

SFSSTST

Sλ2STST�
wwwwwwwww

SFSTST

Sλ1ST

�

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww
================================

S
F
S
T
µ S
T

⇒

SFSTST

SFµSTST�
wwwwwwwww

⇐=========
SFµSTST

SFSSTST

SFSλ0ST

�

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

SFSSTT

SFSλ0T�
wwwwwwwww

⇐=========
SFµSSTT

SFSSSTT

SFSSλ0T�
wwwwwwwww

SFSTT

SFµSTT�
wwwwwwwww

⇐===========
SFµSTT

SFSSTT

SFSµSTT�
wwwwwwwww

⇐=
==

==
==

==
==

==
==

==
==

==
==

==
==

==
==

=

S
F
S
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0 T

FSSTT

λ2STT�
wwwwwwwww

⇐===========
FSµSTT

FSSSTT

λ2SSTT�
wwwwwwwww

⇐========
FSSλ0T

FSSTST

λ2STST

�

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww

FSTT

FµSTT�
wwwwwwwww

⇐============
FµSTT

FSSTT

FµSSTT�
wwwwwwwww

⇐=========
FSλ0T

FSTST

FµSTST�
wwwwwwwww

FST

FSµT�
wwwwwwwww
⇐==============

FµST
FSST

FSSµT�
wwwwwwwww

giving:

FSµT ◦ FµSTT ◦ λ2STT ◦ SFµSTT ◦ SFSλ0T ◦ SFµSTST◦
Sλ2STST ◦ SSλ1ST ◦ Sλ0FST
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= FµST ◦ FSSµT ◦ FSλ0T ◦ FµSTST ◦ λ2STST ◦ Sλ1ST ◦ STFµST ◦ STλ2ST

Combining this, we get

λ̂ ◦ µSTF

= FµST ◦ λ2ST ◦ Sλ1 ◦ µSTF ◦ SSµTF ◦ Sλ0TF

= FSµT ◦ FµSTT ◦ λ2STT ◦ SFµSTT ◦ SFSλ0T ◦ SFµSTST◦
Sλ2STST ◦ SSλ1ST ◦ Sλ0FST ◦ STSλ1

= FµST ◦ FSSµT ◦ FSλ0T ◦ FµSTST ◦ λ2STST ◦ Sλ1ST ◦ STFµST ◦ STλ2ST

= FµST ◦ λ̂ST ◦ ST λ̂

so the main diagram for the distributive law λ̂ commutes.

Next, we check that the unit diagram commutes. This follows from the following diagram:

F ===================
ηTF

⇒ TF =======
ηSTF

⇒ STF

FST

λ1�
wwwwwwwww

=====
ηSFST

⇒ SFST

Sλ1�
wwwwwwwww

FSST

λ2ST�
wwwwwwwww

=============

F
η S
ST

⇒

FST

FµST�
wwwwwwwww

=================================================

η S
T
F

⇒

=======================

1
F

S
T

⇒

This concludes one direction of the proof. For the converse, consider the following
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diagram,

TSF ========
ηSTSF

⇒ STSF =============================
STSηTF

⇒ STSTF

STSFST

STSλ1�
wwwwwwwww

=================================

STSFη ST

⇒

TFS

Tλ2

�

wwwwwwwwwwwwwwwwwwwwwww
========
ηSTFS

⇒ STFS

STλ2

�

wwwwwwwwwwwwwwwwwwwwwww
=============================

STFSηST

⇒ STFSST

STλ2ST�
wwwwwwwww

STFST ========
1ST F ST⇒===

===
===

===
===

==

ST
FS
η
S T ⇒=================

STFSη T

⇒
STFST

STFµST�
wwwwwwwww

FSTS

λ1S

�

wwwwwwwwwwwwwwwwwwwwwww
=======
ηSFSTS

⇒ SFSTS

Sλ1S

�

wwwwwwwwwwwwwwwwwwwwwww
============================

SFSTSηT

⇒ SFSTST

Sλ1ST�
wwwwwwwww

FSSTS

λ2STS�
wwwwwwwww

============================
FSSTSηT

⇒

===============

Fη S
STS

⇒
FSSTST

λ2STST�
wwwwwwwww

FSTS

1F ST S

�

wwwwwwwwwwwwwwwwwwwwwww
===============================================

FSTSηT

⇒⇐===
===

===
===

===

Fµ
S TS

FSTST

FµSTST�
wwwwwwwww

FSST

FSλ0�
wwwwwwwww

===============================================
FSSTηT

⇒ FSSTT

FSλ0T�
wwwwwwwww

FST

FµST�
wwwwwwwww

================================================
FSTηT

⇒ FSTT

FµSTT�
wwwwwwwww

FST

FSµT�
wwwwwwwww

==================================================

1F ST

⇒

which establishes that

FSµST ◦ λ̂ST ◦ ST λ̂ ◦ STSηTF ◦ ηSTSF

= FSµT ◦ FµSTT ◦ FSλ0T ◦ FµSTST ◦ λ2STST ◦ Sλ1ST◦
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STFµST ◦ STλ2ST ◦ STSλ1 ◦ STSηTF ◦ ηSTSF

= FµST ◦ FSλ0 ◦ λ1S ◦ Tλ2

and the following diagram,

TSF =====
ηSTSF

⇒ STSF =======
STSηTF

⇒ STSTF

STF

λ0F�
wwwwwwwww

=====
ηSSTF

⇒ SSTF

Sλ0F�
wwwwwwwww

=======
SSTηTF

⇒ SSTTF

Sλ0TF�
wwwwwwwww

STTF ========
1ST T F ⇒===

===
===

===
===

η
S ST

TF
⇒=============

STη T
F

⇒
STTF

µSTTF�
wwwwwwwww

STF

SµTF�
wwwwwwwww

=======================

1
S

T
F

⇒

⇐===
===

===
===

===

Sµ
T F

which establishes that:

SµSTF ◦ STSηTF ◦ ηSTSF

= SµTF ◦ µSTTF ◦ Sλ0TF ◦ STSηTF ◦ ηSTSF

= λ0F

Combining this, we obtain

FµST ◦ FSλ0 ◦ λ1S ◦ Tλ2

= FSµST ◦ λ̂ST ◦ ST λ̂ ◦ STSηTF ◦ ηSTSF

= λ̂ ◦ FSµST ◦ STSηTF ◦ ηSTSF

= λ̂ ◦ λ0F

completing the proof. J
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