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Introduction. In [3], a coalgebraic presentation of context-free grammars and
languages was given based on behavioural differential equations, yielding final
coalgebra semantics via the functor 2× (−)A of deterministic automata. There,
the correctness was given via the well-known notion of derivations in a grammar.
Another classical approach to the semantics of context-free grammars (which
generalizes to algebraic power series in noncommuting variables) is through sys-
tems of (language) equations (see, e.g., [2]). In this note, we explore the con-
nection between systems of behavioural differential equations and these classical
systems, and give an elementary proof of their correspondence.

Solutions by initiality. A map s is a solution to a grammar p (over an alphabet A
and a finite set X of nonterminals) if it makes the left diagram below commute:
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- P(A∗) X

s
- P(A∗)
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]
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∼=
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Here [s, η] is the co-tupling of the solution mapping s and the injection η of
alphabet symbols into languages, and Pω(−) is the finite powerset functor. The
]-symbol denotes the inductive extension based on language union and concate-
nation. Classically, the (denotational) semantics of a grammar p is the (point-
wise) least solution. Whenever p is in Greibach normal form, it has a unique
solution s, and there is an isomorphism

Pω((X +A)∗)GNF
∼= 2× Pω(X∗)A

transforming p into an equivalent mapping p′. Moreover, the final coalgebra
structure on Pω(A∗) also is an isomorphism. We thus obtain the diagram to
the right of the previous diagram, and observe that s makes the left diagram
commute iff it makes the right diagram commute.
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Solutions by finality. We recall from [3] that context-free grammars can be rep-
resented using systems of behavioural differential equations: given a grammar p,
the corresponding system is (by definition) identical to p′ as defined above. Now
p′ can be extended inductively to a mapping p̂′ by defining union and concatena-
tion using behavoural differential equations. As p̂′ defines a 2× (−)A-coalgebra
on Pω(X∗), we now obtain a unique mapping J−K into the final coalgebra, as in
the following diagram:

X ⊂

η
- Pω(X∗)

J−K
- P(A∗)

2× Pω(X∗)A

p′

?

id× J−KA
-

�
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′
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∼=
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It is easy to prove that the mapping J−K is an algebra morphism for the monad
Pω(−∗): this can be done either directly by induction, or by making use of a
distributive law [1]. In both cases the crux is that the behavioural differential
equations ‘correctly’ define union and concatenation.

Equivalence. We will now show that, given a system p′ : X → 2 × Pω(X∗)A,
the (extended) solutions s] and J−K, both uniquely defined, necessarily coincide.
First, we obtain the following lemma as a direct consequence of the fact that
J−K is an Pω(−∗)-algebra morphism:

Lemma. (J−K ◦ η)] = J−K.

Hence the mapping J−K ◦ η, when substituted for s (with J−K substituting s]

by the lemma), is a solution to the first diagram. Since there is a unique such
solution, we obtain our main result:

Theorem. A mapping s : X → P(A∗) is a solution to a (classical) system of
equations iff s = J−K ◦ η.

Generalizations. As a final remark, we note that the preceding lemma and the-
orem can directly be generalized from languages to formal power series over any
commutative semiring K: J−K now is an algebra morphism for the monad K〈−〉,
the semiring of (noncommuting) polynomials, generalizing the monad Pω(−∗);
and the final coalgebra now is K〈〈A〉〉, the semiring of formal power series over
noncommuting variables in A, generalizing P(A∗).
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