
Complex manifolds, due 20.11.2023
Fubini–Study form

Exercise 1. Put dc = i
4π (∂−∂) (Warning: this definition follows [GH78], [Huy05] takes dc = i(∂−∂)).

(a) Prove that dc maps real forms to real forms.
(b) Prove that for a smooth function f we have dcf = − 1

4π df ◦ J .
(c) Let (r, θ) be the polar coordinates on C∗, i.e. z = reiθ. Prove that dcr = r

2dθ, d
cθ = −2

rdr.
(d) Prove that ddc = i

2π∂∂.

Exercise 2 (Fubini–Study form). Consider the form ω = ddc log ||z||2 on Cn+1 \ {0}.
(a) Prove that ω is C∗-invariant, hence induces a 2-form ωFS on Pn, called the Fubini–Study form.
(b) Prove that in coordinates (z1, . . . , zn) of an affine piece of Pn, we have ωFS = ddc log(1 +

∑
i |zi|2).

(c) Prove that ωFS is a Kähler form. Deduce that all projective manifolds are compact Kähler.
(d) Let ϕ ∈ Aut (Pn) be an automorphism of Pn given by a unitary matrix. Prove that ϕ∗ωFS = ωFS.
(e) Prove that the restriction of ωFS to a hyperplane Pn−1 ⊆ Pn is again the Fubini–Study form.

Exercise 3. Let ω be a Kähler form on a compact complex manifold X of dimension n, and let
g = ω(J · , · ) be the associated Riemannian metric.
(a) Prove that for any vector v, the vectors v and Jv are g-orthogonal.
(b) Prove that for any complex submanifold Y ⊆ X of dimension d, the restriction 1

d!ω
d|Y is the

volume form induced by the Riemannian metric ω( · , J · ).
(c) Prove that R[x]/(xn+1) 3 x 7→ [ω] ∈ H∗(X,R) is a degree 2 injective ring homomorphism. In

particular, the even Betti numbers of X cannot vanish.

Exercise 4. (a) Prove that the total volume of P1 with respect to the Fubini–Study form is 1.
(b) Prove that the same holds for Pn for arbitrary n (Hint: use part (a), Exercise 2(e), and induction).
(c) Deduce that the class [ωFS] generates H2(Pn,Z). In particular, it is the first Chern class of OPn(1),

and a Poincaré dual to the hyperplane.
(d) Compute the volume of a smooth hypersurface of degree d.

Exercise 5. Prove that a projective manifold contains a smooth hypersurface which represents a
nonzero integral homology class.

Exercise 6 (A non-Kähler complex manifold). Define a Z-action on C2\{0} by k·(z, w) = (2−kz, 2−kw).
The quotient X = (C2 \ {0})/Z is called the Hopf surface.
(a) Prove that the above action is proper and free, hence the quotient X is indeed a complex manifold.
(b) Prove that X is diffeomorphic to S1 × S3.
(c) Conclude that X is non-Kähler.

Exercise∗ 7 (A non-projective compact Kähler manifold). Let Λ ⊆ C2 be a lattice, and let X be a
complex torus C2/Λ. Let (z1, z2) be the holomorphic coordinates on C2.
(a) Prove that X is a compact Kähler manifold, with a Kähler form i

2

∑
i dzi ∧ dzi.

(b) Fix a basis γ1, . . . , γ4 of Λ = H1(X;Z) and let aij =
∫
γi
dzj ∈ C. Prove that there is a basis γi∧γj

of H2(X,Z) such that
∫
γi∧γj dz1 ∧ dz2 = det

[ ai1 aj1
ai2 aj2

]
.

(c) Prove that for a generic choice of Λ, the above determinants are Z-linearly independent, so for a
cycle Z ∈ H2(X,Z) we have

∫
Z dz1 ∧ dz2 = 0 if and only if [Z] = 0.

(d) Using Exercise 5, conclude that for a generic choice of Λ, the torus X is non-projective.
Remark: Here X is deformation-equivalent to a projective manifold. See [Voi04] for a beautiful con-
struction of compact Kähler manifolds that are not even homotopically equivalent to projective ones.
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