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Summary. The paper is a continuation of [1]. We study here some geometric properties of the
decompositions determined by actions of a one-dimensional torus on complete smooth algebraic
schemes. We show that in general (even in the projective case) the decompositions are not strati-
fications but we are able to prove that in the projective case they satisfy some weaker conditions
(useful for applications (see [2])). Finally, we find some sufficient conditions (analogous to the
Smale transversality conditions [4]) under which the decompositions are in fact stratifications.

We shall use here results of [1] but we change slightly the notation introduced
therein. The algebraically closed ground field is denoted by k. All algebraic schemes
and morphisms (unless otherwise stated) are supposed to be defined over k. The
n-dimensional vector and projective spaces (over k) will be denoted by P" and A4,
respectively. Let T be a one-dimensional torus. In the sequel we assume the.t an
isomorphism T—G,, is given. This enables us to identify 7 with G,, and T (k) with
G, (k)=k*. Let X be a smooth complete algebraic scheme and let an action of T
on X be defined. For any x€ X, let ¢,: T— X be the morphism (over k(x)) satisfying
conditions ¢, (f)=tx, for any closed re7. Then ¢, can be extended to a morphism
@y: P'>X (defined over k (x)). We denote @, (0) by lim 7x, @, (c0) by lim fx
and for ae X7 we define 50 ey

W (@)={pe X; lim 1x},

-0
W'(@={xeX; lim tx=a}.
t— o0
Then W*(a), W*(a) are locally closed and they are called the stable and unstable
subschemes of a, respectively (cf. [5], p. 798). The fixed point subscheme X7 can
be decomposed into a union of irreducible components X; U ... U X,. Define
Wi={J W*(a), W¥=_) W*(a), for i=1, ..., r. Then W (W) will be called a

acX; acX;
stable (resp. unstable) subscheme of X corresponding to X;. (Notice Wi=X},

Wi=X; using the notation of [1]). It follows from [1] and [5] that {ws}, (Wi}
are decompositions of X into locally closed subschemes. These decompositions

[667]



668 A. Biatynicki-Birula

will be called stable and unstable, respectively. The subschemes W?, W* will be
called cells of the decompositions.

The following example shows that the closure of a cell of the given decomposition
(determined as above by an action of 7 on X) is not in general a union of cells (even
when X is a projective surface). Hence the decompositions are not in general strati-
fications.

Example 1. Let an action of T on P2 be giveniby ¢ [xo, %y, x:]=[x¢::6%1, 12 X321,
for any te T (k) and [x,, x,, x,] € P2 (k). The induced action of T on the tangent
space T, at e;=[0,1,0] to P? is of the form ¢[y,, y,]1=[t"' y,, ty,), for any
teT(k), [y1,y.]€T,,. Let p: X—P? be the blowing up of e,. Since ¢, is fixed
under the action, we have an induced action of T on X.

There exist exactly two fixed points of the action contained in ¢~ (e,)
corresponding to two invariant one-dimensional subspaces of 7, e,- Let p, be the
point corresponding to the subspace spanned by [1, 0] and p, to the subspace spanned
by [0, 1]. Then, for the action of T on X,

Wi (p)=W*(p)=9"'(e;) and

W (py)# {Px} .
Hence

Wi (p)=W"(p)YU{p} and W“(p,) N W"(p,)#D.

On the other hand, W*(p,) does not contain W*(p,) Thus the unstable decom-
position of X is not a stratification.

DEFINITION 2. Decomposition {W;} (resp. {W!}) is said to be filtrable if there
exists a finite decreasing sequence X,>X;>...oX,, of closed subschemes of X
such that:

(i) 1 Xy, X =0

(b) X;—X;., is a cell of the decomposition {W?} (resp. {W!}), for j=0, ...
vy m—1.

If a decomposition is a stratification then it is filtrable.

THEOREM 3. Let the algebraic variety X be projective. Then the stable and unstable
decompositions are filtrable.

Proof. According to [4] there exists an equivariant embedding of X into P*
with a linear action of 7. The decompositions of P* determined by the action are
filtrable (they are even stratifications). This can be shown in the following way. We

may assume that the action of T on P* is diagonal and
t g, <in X =[5, 5 8 ],

where ny, ..., n, are integers and n;<n;,,, for j=0, ..., s—1. Let

o= ..=n

=..=hy, <Ry =..<n; =..=0

and let H; be the projective subspace of P° defined by equations xo=...=x, _,=
=0. Moreover, let P; be the projective subspace of P defined by equations x,=
L=x;=0; for i=0,..;;q: Then

HoH; ., Hy=P,

=...:.XJ‘_1=.xji+l=.

UPJ'=(PS)T’ Hq+1=®

and the diffe
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and the difference H; — H,, , is the cell of the stable decomposition (of P*) composed

of those points x that limtx e P;.
-0
" In order to show that the stable decomposition {W;} is filtrable notice

first that

XT=P)'nX=JP;nX and P;NP;,=O

for j#j'. Hence irreducible components of P;nX, for j=1I, ..., g, coincide with
irreducible components of X7. Moreover, the intersection (H; —H, ;) N X is compo-
sed of all such points xe X that lim rxe P,nX. Hence (H;NX)—(H;;; NX)

t— 0

is a union of some cells of the stable decomposition, say
HiNX)—(Hiy1NX)= Wislu UW:,'

Let n;: (H;—H;,,)—P; be the fibration of the cell H;—H;,, determined by
the action of T on P°. Then

W,.Sjc T i (Wi‘j NP).
Since

(W;‘jr\Pi)m(WfknPi)zﬂ for -j#k,

and W; NP is closed (as an irreducible component of X™), the intersection Wy N
nW,.’k, for j#k, is contained in H;,; N X. Therefore the union

Hi, N XVUW; V..UW;
is closed, for r=1, ..., L
Suppose that we have already defined a sequence X, >...o X, of closed subsche-
mes of X such that Xo=X, X,=H; N X and X;— X, is a cell of the stable decom-
position, for j=0, ..., p—1. Then we put

Xy =(Hiy " X)UWE U UWS for j=1,..,1.

=3

This proves that the stable decomposition {W;} is filtrable. The same result also
holds for the unstable decomposition.

Remark. In fact we have proved above that the decompositions of a projective
space are filtrable and that the property of the action that the stable and unstable
decompositions are filtrable is hereditary (with respect to equivariant inclusions).
The author is not able to prove that Theorem 3 holds when projectivity of X is
replaced by the weaker assumption of completeness.

DeriNiTION 4. We say that the action of 7 on X satisfies the transversa-
lity condition (of Smale) if any cell W] intersects any cell W} transversally (i.e. if
for any closed point xeW; NW}, the tangent space to X at x is spanned by the tangent
spaces to W; and W} at x).

THEOREM 5. Let X be complete and suppose that XT is finite and the action of
T on X satisfies the transversality condition. Then stable and unstable decompositions
are stratifications.
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In the sequel we shall always assume that X7 is finite and the transversality con-
dition holds for the action. First we fix some notation and prove some results which
play an auxiliary role in the proof of Theorem 5, but may have an independent
value.

It follows from [1, 6] that for any ae X7 there exists a T-invariant etale morphism
y of a T-invariant neighbourhood U of a into 4" (with a diagonal action of T) which
maps a into the origin of 4". In some coordinate system of A" the action of T on
A" is given by

t [xl’ o] ')Cll]z[t$l X5 oees tsm Xins tsm+l Xmt 15 ey ts" xn]’

where sy, ..., 5, are negative and S,y ..., s, positive integers, m=dim W*(a),
n—m=dim W* (a). Suppo._se that be X7 and that W*(a) N W" (b)#D. Let m, be
the restriction to y (W*(b)) of the projection of A" onto the product of the first
m axis.

LEMMA 6. 7, is dominant.

Proof. Since W*(a), W*(b) are smooth and intersect transversally at any
ceW(@NW"(b) and since y is etale, y(W*(a)), y (W"(b)) are also smooth
and intersect transversally at y (c). Hence the map dn, of the tangent space of
w (W" (b)) at w(c) into the tangent space of A™ (equal to the product of the first
m axis) at the origin induced by 7, is surjective. Thus dim 7, (w (W* (b)))=m
and 7, is dominant. '

LeMMA 7. Let a, b be points of X*. If

Ws(a)nW"(B)#@D, then W*(b) > W*(a).
If »

Wh@NW*B)#D; then W (b)>W(a).

Proof. Suppose that
Ws(@)nW*(b)#£OD.

Let v, m, be as above. Lét ¢ be any closed point of W*(a) "W* (b). Let O be the
local ring of w (W*(b)) at w (c). Since y (W" (b)) is smooth, 0 is regular. Let us fix
an isomorphism

1: A">Spec k [X, ..., X,]

such that y (a) is the origin 0 of Spec k [X|, ..., X,]. We shall identify (geometric)
points of 4, and Spec k [X, ..., X,] corresponding under 1. The inclusicn y (W)
<A" induces a homomorphism (: k [Xy, ..., X,]=0. Let (cl, .eey Cy) €K™ be the
coordinates of y (¢). Then ¢;=...=c,, =0 (since v (c) e W*(0)) and we may choose
B e X;,, where /=dim W*(b), such that

k[ (Xe= )y o £ (O, —c)]]=0;

moreover, it
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moreover, it follows from Lemma 6 that we may assume that i;=1, ..., i,=m.
There exists a homomorphism «: 0—k [[u, Y; , ..., ¥, ]], where u, Y, , ..., ¥, are
indeterminates such that, for j=1, ..., [,
u LY, , o if
o (C (Xi,—ci,))= Yi,
The homomorphism o determines a &k [[u, et Y,‘]]-rational point of
y (W*(b))= A" with coordinates

S‘1<0’

if Si,>0-

(CrsioniCy) sand - Cr=un i Y gsior Ca=Us" Yo

Now, the action of the geometric point « of 7 on the point with coordinates (¢4, ...
..., G,) gives the point with coordinates

(U2 G yevs oy " Gn) = Xits s 2 UE,)

Sm+
2 ] Ym’ wmt Cnt1s o

14 (Wu (b)) (k [[us Yil9 E5E) },l‘]])‘
Let x be the canonical morphism of k [[u, Yi;’ e Y,-l]] onto
: k[, Yo, ... Y@=k [[Y;, ... Y]]

belonging to

Then the image of

(Yly . savey u®" c,,)

under x has coordinates (Y, ..., ¥}, 0, ..., 0) and the image is a geometric point

of w (W*(b)). Since Y,,..,Y, are indeterminates,
w (W (@)=W"(0) ey (W*(©)).

Sm +
Z) Ynn ut cm+19

Thus W*(a)< W*(b).

The second part of the lemma follows immediately from the first one.

COROLLARY 8. Under the assumption of Lemma 7, if a#b and W*(a) "\W"(b) #9,
then dim W*(b)>dim W*(a); if a#b and W"(a) " W*(b)#D then dim W (b)>
>dim W* (a).

LEMMA 9. Let a,be X7, a#b and ae W (b)NXT. Then

Ws(b) "W (a)#{a}.
Proof. Suppose that

W () "\W* (a)={a}.

Then :
y (W) NU)ny (W (@)={v (@)}

(since y is 1—1 on W*(a) and y~ 'y (W*(a))= W"(a)). As in the proof of Lemma 7
we shall identify A" and Spec k [X4, ..., X,]. Let f; =0, ..., £,=0 be a set of equations
of y/(Ws(b)) in A". We may assume that the polynomials fi, .., f; are semiinvariant
under the induced action of T on k [X, ..., X,]. Since v (a)=(0, ..., 0), it follows
from our assumption that (0, ..., 0) is the only solution of the system

f1=09 ---7f;=07 KXn1=0, ..., X;=0.
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‘Therefore
X;E(ﬁ;- sf;a m+1,-°',Xn)
for some integer r, where i=1, ..., m, i.e., there exists
gij» hij € WX 50 X5

s n—m
X:: E .fjgij_ E Xn|+jhij9 i=l,...,m.
i=1 Jj—-1

We may assume that all summands f; g;j, X+ hi; are semiinvariants of the
same weight as X7. Hence /;; have to be of negative weights, in particular they have
to belong to the ideal (X, ..., X,,). Let Y be the subscheme of 4" defined by the ideal

such that

i CET B iy Vs v Xt D0, L

Then Y::y/(Ws (b)) N U)UW:(a) (because the ideal generated by XT+2X,..; hijs
for i=1, ..., m, is contained in the ideals (X, ..., X,») and (f1, ..., f)-

We shall prove first that the tangent cone C (Y, 0) to Y at the origin 0=(0, ..., 0)
is contained in W*(0). In order to show this it suffices to prove, that for i=1, ..., m,
there exist an integer r; and a polynomial F; € I such that F;=X{'+terms of degree
greater than r;. Let 1<i<m,

m
S
=1

' Jj ’
r,= +1,.r,=r-r
AY'.

and consider
Fi(0)=(X{+):Xm+j hij)r; .

Let aX!*... X! be any monomial occurring in F with a nonzero coefficient a.

m

Since F(® is semi-invariant of (negative) weight r; s; and r; lsil>@=1) Y Isls
eI

there exists an integer k, 1<k<m, such that i,>r. Choose such k and replace in
aX!i... Xin the factor X;* by

Xl (Z e hk,.).

Jd=1
Then aX!i-..-X! and the obtained polynomial are congruent modulo I. Next
make such substltutlons for all monomials occurring in F@—XN=XX,.; k9.
Then we obtain a polynomial XX, , ; A{} congruent to XX, ; h(o) modulo I and such
that the degree of any monomial occurrmg =X b ” in the varlables KX,
is greater than 1. Moreover, 2X,,,+,h(‘) is semi- mvandnt of weight r;s;. Hence
we may proceed as above. After r; steps we get a polynomial XX, ; h{Y congruent
to XX, ;hi; modulo I and such that the degree of any monomial occurring in
D3, (e h(") with respect to the variables X, 4, ..., X, is greater than r;. Hence any
:monomlal occurring in XX, ; A is of degree greater than r; and the polynomial

Fi=X7'+ XXy, ; b

satisfies the desired conditions.
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Since C (Y, 0)<= W*(0), the tangent space 7 (Y, 0) to Y at 0 is also contained in
W*(0). By corollary 2 [3], the union Y, of all irreducible components of Y containing
0 is contained in W*(0). Thus

y (W®)NU)cYoc W 0)=y (W*(@) and UnWs(b)cW:(a).

Hence a=»5, a contradiction.

CoroLLARY 10. Let ay, ..., a, be a finite sequence of closed points of X7 such
that a;#a;,, and

Ws@)nWh(a;,,)#9, for i=1,..,p—1.
Then

p<dim X+1.

Proof. It follows from Lemma 7 that W*(a;))o> W*(a;,,), for i=1,..,p—1.
Since a;#a;,,,

We@)#W?(ai+,) and Wi (a)#W:(a;4,), for i=1, B e

Thus p<dim X +1.

COROLLARY 11. Let a, b be closed points of XT. Then ae W (b) iff there exists
a finite sequence of closed points ay, ..., a,e X7 satisfying the following conditions:
(1) a,=a, a,,':b s
(2) Wi(ai ) NW" (a)#9D.

Proof. Suppose that ae W* (). Let a,=a. If b#a then by Lemma 9 there
exists a closed point x; ¢ X7 belonging to W*(b) "\W"(a). Let a,=lim tx,. Then

t—0

a,e Ws(b) and

Ws(a,) "W (a,))#9.

Hence we may repeat the argument replacing a, by a,. If a,=b, then we find x,
and a; such that

a;eWs(b) and x,eWs(ay)) W' (a,)#D.

By Corollary 10 after at most n+1 steps this procedure must stop. Hence there
exists an integer p<n such that a,=b. The sequence a,, ..., a, satisfies ‘conditions
(1) and (2).

Conversely, if ay, ..., a, satisfy (1) and (2), then it follows from Lemma 7 that

Ws(a)c W*(a;y,) for i=1,..,p—1.
Hence

ae Ws(a)=Ws(a,)< W’ (a,)=W* (b).

Proof of Theorem 5. Let b a closed point of X7. Let ¢ be a closed point
of W*(b) and let a=lim 7c. We shall show that W (a)= W* (b). Clearly a e W*(b).

-0
Let ay, ..., a, and Xy, ..., x, be as in the proof of Corollary 11. If p=1 then a=b
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and the inclusion W*(b)< W*(a) is clear. Suppose that the inclusion W*(b)<= W*(a)
holds if p<k and let p=k + 1. It follows from our assumptions that W* (a,) = W* (b).
Since x; € W*(a,) "\W"(a,), by Lemma 7 W*(a)c=W?* (a,). Thus

We(a)=W*(a)) = W*(az) = W* (b)

and the proof is completed.
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A. Banpinuuku-bupyns, HekoTopsie cBOHCTBA a/re0pautecKux AeKOMIO3HUWK BAPHAHTOD OfIPe-
JejIeHHBIX IeficTBHEM TOpyca .
Conepxanne. Hacrosiwas pa6ora ssnsiercs npogomkenueM [1]. VccieayroTcA reoMeTpPHUYSCKHES
CBOMCTBA IEKOMIIO3HLMA ONpEIEIEHHON AEeHCTBHMEM OAHOMEPHOrO TOpyca Ha MOJHOW TIIagKoi
anrebpam4eckoit cxeme. i



