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The main issues we address in this erratum for [Bucz10] concern the
claims about the results of [Kebe01] and [Kebe05]. There are two gaps in
[Kebe05], one of which have been discovered shortly before the completion
of [Bucz10], and another one was discovered more recently. Moreover, in
[Bucz10, Thm 3.1] we claim that [Kebe01] and [Kebe05] prove more than it
is actually written there, and given the gaps we clarify these issues in this
note.

A consolidated version of [Bucz10] that takes into the account this er-
ratum is available as arXiv:1002.0698. The statements of the main results
[Bucz10, Thms 1.3�1.5] remain unchanged, the modi�cations only a�ect the
proofs. In order to provide correct arguments we discuss facts about P1-
bundles. This discussion should be inserted into the paper as Subsection 2.1
at the end of Section 2.

The mistakes in [Kebe05] and [Bucz10] have been discovered and con-
�rmed by Jun-Muk Hwang, Stefan Kebekus, and the author, and in the last
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years, between the three of us, we have thoroughly discussed if and how we
can �x the gaps. The present erratum is based on some of these conversations,
for which I sincerely thank Jun-Muk Hwang and Stefan Kebekus and also
for their expressions of support on the initial version of this note. I am also
grateful to Joachim Jelisiejew, Michaª Kapustka, and Jarosªaw Wi±niewski
for further suggestions. The author is supported by the NCN project �Com-
plex contact manifolds and geometry of secants�, 2017/26/E/ST1/00231.

2.1 Bundles of projective lines

The situation we are primarily interested in is the following:

Setting 2.3. Let Y, U,B be normal projective varieties, such that π : U → B
is an analytically locally trivial P1-bundle with a section s : B → U and a
map ξ : U → Y that is birational onto its image and the section s(B) is
contracted to a point y ∈ Y :

U
ξ //

π
��

Y

B.

s

HH

The lemmas in this subsection seem to be classical and known to experts,
but hard to reference explicitly. Setting 2.3 (with more details spelled out as
Setting 2.9) appears in [Kebe05, �6.1]. It seems that most of the statements
in this subsection have been known to Kebekus, and have been implicitly
used in his arguments. However, since there is a gap in his arguments (more
on this below), we provide all necessary details in order to avoid analogous
bugs at the cost of being somewhat tedious.

In the �rst two lemmas we focus on P1-bundles with one section.

Lemma 2.4. Suppose U and B are normal projective varieties and π : U →
B is an analytically locally trivial P1-bundle with a section s : B → U . Then
U = P(E), where E is a vector bundle of rank 2 over B. In particular, U is
a Zariski locally trivial P1-bundle over B. Moreover,

π∗(k · s(B)) = Symk(E ⊗M∗),

where k · s(B) is the divisor on U (the k-fold multiple of s(B)) andM⊂ E
is the line subbundle corresponding to s(B).

Proof. The image s(B) is a divisor on U which is analytically locally given
as vanishing of a single holomorphic function. Since U is projective, by
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GAGA, s(B) is a Cartier divisor. Let OU(s(B)) be the corresponding line
bundle. Note that OU(s(B)) is π-ample by [Laza04, Thm 1.7.8], and its
restriction to any �bre P1 is OP1(1). Thus by [AD14, Prop. 4.10] the bundle
is a projectivisation of a vector bundle E as claimed.

Note that in the setting of Lemma 2.4 the vector bundle E such that
U ' P(E) is not unique. Instead, E is well de�ned up to a twist by a line
bundle on B. Nevertheless, the formula π∗(k · s(B)) = Symk(E ⊗ M∗) is
independent of the choice of E .

Lemma 2.5. Suppose U and B are reduced schemes and π : U → B is a
projective morphism that is a Zariski locally trivial P1-bundle with a section
s : B → U . Suppose further that S ⊂ U is a subscheme S supported on s(B).
Then S = s(B) (as schemes) if and only if for all b ∈ B the intersection of
the �bre π−1(b) and S is the single reduced point {s(B)}.

Proof. If S = s(B), then the claim on intersection is clear. So suppose that
S intersects a �bre π−1(b) in the single reduced point. We will show, that S
agrees with s(B) in some neighbourhood of s(b).

LetOS,s(b) be the local ring of S near s(b) and let I ⊂ OS,s(b) be the ideal of
s(B). Note thatOS,s(b)/I ' OB,b and by local triviality alsoOS,s(b) = OB,b⊕I
as OB,b-modules. Let mb ⊂ OB,b be the maximal ideal. The assumption on
the intersection is translated into algebra as

OS,s(b) ⊗OB,b
OB,b/mb = OB,b/mb.

Thus I⊗OB,b
OB,b/mb = 0 and by Nakayama's Lemma I = 0 as claimed.

In the following lemma we focus on P1-bundles that admit two disjoint
sections.

Lemma 2.6. Suppose U and B are normal projective varieties and π : U →
B is an analytically locally trivial P1-bundle with a section s : B → U . Sup-
pose moreover that there exists another section s′ : B → U whose image is
disjoint from s(B). Then

(i) PicU = π∗ Pic(B)⊕Z · s′(B) and the pullback s∗ : Pic(U)→ Pic(B) is
the projection on the �rst component π∗ Pic(B) ' Pic(B), and

(ii) U = P(OB⊕M), whereM is a line bundle on B such that the pullback
of the corresponding Cartier divisor π∗M is linearly equivalent to the
divisor s(B)− s′(B).
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Proof. U = P(E) by Lemma 2.4, and by the assumptions E admits two
line subbundles which do not intersect away from the zero section. Thus
E is decomposable, and twisting by one of the components, without loss of
generality we can assume E = OB ⊕ M for some line bundle M, where
P(OB) ⊂ U is the image of the section s, while P(M) is the image of s′.

In this setting (i) is straightforward. To �nish the proof of (ii) we must
show π∗M = s(B)− s′(B) in Pic(U). Since (s(B)− s′(B)).P1 = 0 (where P1

is the general �bre of π) by (i) we must have s(B)− s′(B) ∈ π∗ Pic(B), thus:

s∗(s(B)− s′(B)) = s∗(s(B)) = Ns(B)⊂U = NP(OB)⊂P(OB⊕M) =M,

where NZ⊂V denotes the normal sheaf of Z inside V . By (i) again we must
have π∗M = s(B)− s′(B).

Lemma 2.7. In Setting 2.3

(i) there exists a section s′ : B → U disjoint from s(B), and

(ii) the image of ξ∗ : PicY → PicU is contained in Z · s′(B).

In particular, for a line bundle L on Y the linear equivalence of ξ∗L is
uniquely determined by its intersection number with a general �bre of π.

Proof. Suppose Z ⊂ Y is a very ample Cartier divisor in Y which does not
contain y = ξ(s(B)). Then ξ∗Z is an e�ective non-zero Cartier divisor on U
which avoids s(B). By [Wi±n89, Lem. A8.5] there exists a section s′ : B → U
disjoint from s(B), as claimed in (i).

Let L be a line bundle on Y . In (ii) we claim that ξ∗L = k ·s′(B) for some
integer k. By Lemma 2.6(i) this claim is equivalent to s∗ξ∗L ' OB. The
latter is true for very ample line bundles L by the argument above applied
to Z in the linear system of L. Any ample line bundle L is a di�erence
(m+ 1)L−mL with both mL and (m+ 1)L very ample for any su�ciently
large m [Laza04, Thm 1.2.6(i),(iv)]. Therefore the claim also holds for ample
line bundles. Finally, since Y is projective, any line bundle can be written
as a di�erence of two ample line bundles, which concludes the proof.

Lemma 2.8. In Setting 2.3 suppose in addition that for every �bre P1 ⊂ U
the restriction ξ|P1 is immersive and injective. Then the scheme-theoretic
preimage ξ−1(y) is s(B). In particular, the preimage is reduced and a Cartier
divisor.

Proof. The inclusion s(B) ⊂ ξ−1(y) is clear, and so is the reverse inclusion
for the reduced structures (ξ−1(y))red ⊂ s(B). By Lemma 2.5 it is enough
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to prove that the intersection ξ−1(y) ∩ π−1(b) is reduced for any b ∈ B. We
have:

ξ−1(y) ∩ π−1(b) =
(
ξ|π−1(b)

)−1
(y),

where the restriction ξ|π−1(b) is immersive and injective. Thus the intersection
ξ−1(y) ∩ π−1(b) is indeed reduced since {y} is reduced.

From now on we will assume in addition to Setting 2.3 that y is a smooth
point of Y and the map ξ lifts to a closed embedding ξ̃ : U → Ỹ , where
Ỹ → Y be the blow-up of Y at y. We also need the case of reducible base
for the applications to the proof of Theorem 3.1.

Setting 2.9. Suppose B = B1 t · · · t Bk is a projective normal reduced
scheme with irreducible components Bi, Y is a normal projective variety,
π : U → B is an analytically locally trivial P1-bundle with a section s : B → U
and a map ξ : U → Y such that s(B) is contracted to a smooth point y ∈ Y .
In particular, restricting to each component Bi we obtain the situation of
Setting 2.3. Let Ỹ → Y be the blow-up of Y at y. We assume in addition
that:

• ξ lifts to a regular immersive and injective map ξ̃ : U → Ỹ , and

• each �bre P1 ⊂ U is immersively mapped to Y via ξ.

Lemma 2.10. In Setting 2.9 the projectivised tangent cone Pτy(ξ(U)) is
isomorphic to B via the map ξ̃ ◦ s. In particular, the projectivised tangent
cone is reduced.

Proof. The projectivised tangent cone Pτy(ξ(U)) is equal (as a scheme) to
the intersection of ξ̃(U) and the exceptional divisor of the blow-up [Harr95,
p. 254]. Since ξ̃ : U → Ỹ is a closed embedding, this intersection is isomorphic
via ξ̃ to the preimage under ξ̃ of the exceptional divisor. The latter is in turn
equal to the (scheme-theoretic) preimage ξ−1(y). Furthermore, ξ−1(y) =
s(B) by Lemma 2.8 and clearly B and s(B) are isomorphic via s, which
concludes the proof of the lemma.

For subvarieties Z1, Z2 ⊂ PN recall that their join Z1 ∗Z2 is the closure of
the locus of lines between points z1 ∈ Z1 and z2 ∈ Z2.

1 A special case of join
that is relevant to this subsection is the projective cone: Suppose Z ⊂ PN−1
is a projective variety, then by cone(Z) ⊂ PN we denote the projective cone
Z ∗ {v} over Z, where v ∈ PN \ PN−1.

1De�ning the join here makes the same de�nition redundant in �3.2 of the orginal
article.

5



Proposition 2.11. In Setting 2.9 the normalisations of cone (Pτy(ξ(U)))
and of ξ(U) are isomorphic in such a way that for each b ∈ B the underlying
birational map cone (Pτy(ξ(U))) 99K ξ(U) takes the line in cone (Pτy(ξ(U)))
joining the vertex v and ξ̃ ◦ s(b) ∈ Pτy(ξ(U) onto ξ(π−1(b)).

Proof. Since B is normal, it is a disjoint union of its irreducible components.
Thus it is enough to argue for each component separately, and assume that
B is irreducible. We use Lemma 2.10 to identify Pτy(ξ(U)) and B. The
embedding Pτy(ξ(U)) ⊂ P(TyY ) determines a natural very ample line bundle
OPτy(ξ(U))(1). We begin the proof by recognising this line bundle as a line

bundle on B. Denote by E ⊂ Ỹ the exceptional divisor (preimage of y under
the blow up map). Note that

OPτy(ξ(U))(−1) = E|Pτy(ξ(U)) and s
∗ ◦ ξ̃∗E = s∗(s(B)) =M

in the notation of Lemma 2.6. Thus OPτy(ξ(U))(1) =M∗ via the isomorphism

ξ̃ ◦ s and in particular,M∗ is very ample.
Therefore the normalisation of cone (Pτy(ξ(U))) is equal to C(B,M∗), the

normal cone on (B,M∗) in the language of [BS95, �1.1.8]. By construction,

C(B,M∗) = Proj

(
∞⊕
i=0

H0
(
Symi (OB ⊕M∗)

))

= Proj

(
∞⊕
i=0

H0
(
Symik (OB ⊕M∗)

))
(the latter equality holds for any integer k > 0 by taking the Veronese sub-
algebra).

Let L be a very ample line bundle on Y and suppose that for a general
�bre P1 ⊂ U the image ξ(P1) has degree k > 0 with respect to L. Recall from
Lemma 2.7 that ξ∗(i·L) = ik ·s′(B) and from Lemma 2.4 that π∗(ik ·s′(B)) =
Symik(OB ⊗M∗). Therefore we obtain a map of algebras:

∞⊕
i=0

H0(Y, i · L) ξ∗−→
∞⊕
i=0

H0(U, ik · s′(B))
π∗=

∞⊕
i=0

H0(B, Symik(OB ⊗M∗)).

The map induces a morphism of projective spectra:

ζ : C(B,M∗)→ Y

that factorises ξ through U → C(B,M∗)
ζ−→ Y . This is because

U = ProjB

(
∞⊕
i=0

Symik(OB ⊗M∗)

)
,
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that is, U is the relative Proj of a sheaf of algebras, while C(B,M∗) is the
non-relative Proj of the sections of the same sheaf (moreover, OB⊗M∗ and its
symmetric powers are base point free, sinceM∗ is very ample). Furthermore,
the map U → C(B,M∗) contracts s(B) = P(OB) ⊂ P(OB ⊕M) = U to a
single point by construction.

Therefore ζ is bijective onto ξ(U), in particular, �nite and birational,
hence ζ must be the normalisation of ξ(U). Thus the two varieties, ξ(U) and
cone (Pτy(ξ(U))), indeed have isomorphic normalisations, and the desired
correspondence between lines follows from the naturality of the construction.

Note that we do not know if the birational map cone (Pτy(ξ(U))) 99K ξ(U)
or its inverse is regular. In [Kebe05, �6.1] Kebekus claims (without proof)
that under additional assumptions the map is an isomorphism. Unfortu-
nately, it is not clear how to prove the claim, and this gap invalidates the
proof of the claim about cone in [Kebe05, Thm 1.1].

On Theorem 3.1

In Theorem 3.1(iii) of [Bucz10] we claim that each irreducible component
of C x is linearly non-degenerate in P(Fx), which is not su�ciently justi-
�ed. That is, the last three sentences of the proof begining �Each irreducible
component C x is non-degenerate in PFx by [Kebe01, Thm 4.4] (. . . )� and
concluding at the end of the proof are incorrect.

Moreover, the same item also mentions that Cx is a projective cone over
C x and the claim is attributed to [Kebe05, Thm 1.1]. Jun-Muk Hwang
pointed out that the proof in [Kebe05, �6.1] has a gap (see [Hwan19], or the
concluding paragraph of �2.1).

The correct version of Theorem 3.1 and its proof should be:

Theorem 3.1. With X as in Notation 2.1 let x ∈ X be any point. Then:

(i) There exist lines through x, in particular Cx and C x are non-empty.

(ii) Cx is Legendrian in X and C x ⊂ P(Fx) and C x is Legendrian in P(Fx).

(iii) If in addition x is a general point of X, then C x is smooth. Further,
all lines through x are smooth and two di�erent lines intersecting at x
do not intersect anywhere else, nor they do share a tangent direction.
Every point in C x is a tangent direction to a contact line through x.
Moreover the normalisations of cone(C x) and Cx are isomorphic in
such a way that the natural birational map cone(C x) 99K Cx maps
lines through the vertex of the cone to contact lines through x.
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Proof. Part (i) is proved in [Kebe01, �2.3].
The proof of (ii) is essentially contained in [KPSW00, Prop. 2.9]. Explicit

statements are in [Kebe01, Prop. 4.1] for Cx and in [Wi±n00, Lemma 5] for
C x. Also [HM99] may claim the authorship of this observation, since the
proof in the homogeneous case is no di�erent than in the general case.

Assume x ∈ X is a general point. The statements of (iii) are basically
[Kebe05, Thm 1.1], which however assumes (in the statement) that H is irre-
ducible. This is never used in the proof, with the exception of the argument
for the irreducibility of Cx � see however Remark 3.2.

More explicitly, let B be the scheme parametrising contact lines through
x. Since every curve through x is free [Kebe01, Lem. 3.5], thus B is smooth
by [Koll96, Thms II.1.7, II.2.16]. (See also [BKK20, Prop. 7.3] for a related
discussion). We are going to verify that we are in the situation of Setting 2.9
with Y = X, y = x, B as above, U the universal space of lines through x,
ξ : U → X is the evaluation map, and Cx = ξ(U). Indeed, B is smooth,
hence normal and reduced, the section s : B → U assigns to b ∈ B the point
x in the corresponding P1 ⊂ X (in particular, ξ contracts the section to x).
Every line through x is smooth [Kebe01, Prop 3.3], hence ξ−1(x) = s(B)
by Lemma 2.8. In particular, ξ−1(x) is a Cartier divisor, and by [Hart77,
Prop. II.7.14] (the universal property of blowing up) ξ factorises through
ξ̃ : U → X̃, where β : X̃ → X is the blow-up of X at x. The only thing left
to check from Setting 2.9 is that ξ̃ is injective and immersive.

To check the injectivity we take two distinct points u1, u2 ∈ U and suppose
ξ̃(u1) = ξ̃(u2). In particular, ξ(u1) = ξ(u2). Since ξ is injective upon restrict-
ing to any �bre, we must have π(u1) 6= π(u2), and either both u1, u2 /∈ s(B)
or both u1, u2 ∈ s(B). By [Kebe05, Thm 5.1] the former case is impossible,
and by [Kebe05, Thm 4.1] the latter case is impossible, concluding the proof
of injectivity of ξ̃.

To check that ξ̃ is immersive, we note that π : U → B is �at, and since
ξ̃|π−1(b) is an embedding for any �bre π−1(b), thus ξ̃ × π : U → X̃ × B is an
embedding. Therefore, by the universal property of Hilbert scheme, there is
a natural map B → Hilb(X̃). This map is injective, since each b represents
a di�erent curve in X̃. The tangent space to Hilb(X̃) at the image of b is

H0
(
N(P1 ⊂ X̃)

)
, where P1 is ξ̃(π−1(b)) and N denotes the normal bundle

[Koll96, Thm I.2.8.1]. We will now calculate this tangent space. Let E ⊂ X̃
denote the exceptional divisor of the blow-up β. Then we have the following
short exact sequence [Fult98, Lem. 15.4(iv)]:

0→ TX̃ → β∗TX → TE(E)→ 0.
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Then we can restrict this sequence to P1 = ξ̃(π−1(b)) and obtain:

0→ TX̃|P1 → OP1(2, 1n−1, 0n+1)→ Tξ̃(s(b))E → 0

where the middle term is OP1(2, 1n−1, 0n+1) = O(2) ⊕ O(1)⊕(n−1) ⊕ O⊕(n+1)

by [Kebe01, Lem. 3.5] and Tξ̃(s(b))E is the skyscraper sheaf supported at

ξ(s(b)) (the intersection point of P1 and E) with the �bre Tξ̃(s(b))E. Since

P1 is transversal to E and the O(2) corresponds to the tangent space to P1,
it follows that TX̃|P1 = OP1(2, 0n−1, (−1)n+1). Therefore, N(P1 ⊂ X̃) =
OP1(0n−1, (−1)n+1) and

dimH0
(
N(P1 ⊂ X̃)

)
= n− 1 = dimB.

We conclude that the connected component of the Hilbert scheme containing
the image of B is smooth and isomorphic to B and U is the restriction of
the universal subscheme to this component. By the decomposition of the
normal bundle its sections do not vanish anywhere. Thus ξ̃ is immersive by
[Koll96, Prop. II.3.4], taking into account the correspondence between the
Hom-scheme and the Chow variety [Koll96, Thm II.2.16] and the fact that
the Hilbert to Chow is an isomorphism on this component [Koll96, Thms
I.3.17, I.3.21].

Once we have estalished that this is the situation of Setting 2.9, the claim
of (iii) follows from Lemma 2.10 and Proposition 2.11.

On the proof of Theorem 3.6

The modi�cation of Theorem 3.1 has an impact on the proof of Theorem 3.6
(the statement remains unchanged). At the end of the proof an additional
case needs to be excluded. Thus the three paragraphs after Equation (3.7)
should be replaced by the following four paragraphs.

Now we claim that Fx ⊂ τxDx. For this purpose we analyse three cases.
In the �rst case C ′ = (Cx)

• and the corresponding component of C x is
nondegenerate in PFx. Then PτxC ′ is non-degenerate in PFx by Theorem 3.1
and thus

(PτxC ′) ∗ (Pτx(Cx)•) = σ2(PτxC ′) = P(Fx)

by Proposition 3.5. Combining with (3.7) we obtain the claim.
In the second case C ′ and (Cx)

• are di�erent components of Cx. Then
by generality of x and by Theorem 3.1, the two tangent cones (PτxC ′) and
(Pτx(Cx)•) are disjoint. Thus again

(PτxC ′) ∗ (Pτx(Cx)•) = P(Fx)
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by Proposition 3.5. Combining with (3.7) we obtain the claim.
Finally, we exclude the possibility that C ′ = (Cx)

• and the corresponding
component of C x is contained in a hyperplane H ⊂ PFx. Then, since the
component of C x is smooth by Theorem 3.1(iii), it must be a linear space
by [Bucz06, Thm 3.4] or [LM07, Prop. 17, item 1]. By Theorem 3.1(iii) the
normalisation of (Cx)

• is ι : Pn → (Cx)
• and since contact lines through x

in (Cx)
• are pulled back to ordinary lines in Pn, we must have ι∗L|(Cx)• =

OPn(1). Therefore images of all lines in Pn are also contact lines in X and
since C ′ = (Cx)

•, we would have (Dx)
• = (Cx)

•. However, there are other
lines through x by [Kebe01, Thm 4.4] and (Cx)

• is strictly contained in
another component of Dx, which is a contradiction, as it shows that (Dx)

• is
not an irreducible component of Dx.

The concluding paragraph of the proof remains unchanged.

Quaternion-Kähler manifolds

The discussion of quaternion-Kähler manifolds in the introduction is not
accurate. This concerns the paragraph between Conjectures 1.1 and 1.2, the
statement of Conjecture 1.2, and the following paragraph. The assumption
on positivity of metric ofM and simple-connectedness ofM is missing in this
discussion. In particular, the claim that �ifM is compact, then it has positive
scalar curvature,� is incorrect. For a correct and more detailed discussion we
refer the reader to [BM19, Sect. 4].

On Theorem 6.3

In item (ii) of Theorem 6.3 the statement should be:

(ii) For general y in any of the irreducible components of Cx all lines
through y are either Dx-integral or contained in the singular locus of Dx.

The second sentence of the proof should read:
To prove part (ii) let l be a line through y which is not contained in the

singular locus of Dx.
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