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Liniowe Uktady Dynamiczne i Chaos Liniowy

1. Liniowa dynamika i jej generator

Liniowa zaleznos¢ dynamiki od warunkéw poczatkowych (NIE od
czasu ... ), zatem:
» Przestrzen stanéw uktadu — przestrzen Banacha X # {0}
» Liniowy Ukfad Dynamiczny w X: rodzina 7 = { Tt }ter
operatoréw ograniczonych T; € B(X), gdzie T — zbicr

czasow — tu:
dla czasu dyskretnego T :=N:={0,1,2,...}

dla czasu ciagtego T :=[0; +0)

oraz T jest:
potgrupa (Tiqs = T Ts)
silnie ciagta ,,po t" (dla czasu ciagtego),



tzn. trajektorie dla x € X
Rotr— Tixe X

s3 ciagte (Co - potgrupa)
Sens fizyczny: T;x — ,stan x po czasie t"
Generator A pétgrupy T:

» gdy czas dyskretny:
A=T



tzn. trajektorie dla x € X
Rotr— Tixe X

s3 ciagte (Co - potgrupa)
Sens fizyczny: T;x — ,stan x po czasie t"
Generator A pétgrupy T:
» gdy czas dyskretny:
A=T, — T,=A", neN
» gdy czas ciggty:
A — infinitezymalny generator Cy pétgrupy 7 (silna pochodna
T: {Tt‘}tGT wt= 0)



tzn. trajektorie dla x € X
Rotr— Tixe X

s3 ciagte (Co - potgrupa)
Sens fizyczny: T;x — ,stan x po czasie t"
Generator A potgrupy T:
» gdy czas dyskretny:
A=T1 — T,=A", neN
» gdy czas ciggty:
A — infinitezymalny generator Cy pétgrupy 7 (silna pochodna
T ={Ti}ter wt=0) = formalie, T, =e"A"
(zawsze — A domkniety operator liniowy z gesta w X
dziedzing, gdy A jest ograniczony, to pow. “=" jest cista)



2. Chaos liniowy (,topologiczny”)

» orbita punktu x: Orb(x):={Tx:t € T}

» x jest okresowy <= ;o9 Tix = x
Pewne dwa pojecia ,topologicznego nieuporzadkowania” 7
Definicja

» 7T jest tranzytywna <= dla kazdego otwartego U C X

U Orb(x) jest gesty w X,
xelU
rownowaznie: kazde dwa niepuste otwarte U,V C X mozna

~potaczy¢ pewna trajektoriy”
» T jest hipercykliczna <= istnieje orbita gesta w X.

Uwaga Dla X osrodkowej: hipercyklicznos¢ <= tranzytywnosé¢



Definicja (Devaney, 1986)
» T jest chaotyczna <= jest tranzytywna i zbiér punktéw
okresowych dla 7 jest gesty w X

» 7T jest sub-chaotyczna <= istnieje domknieta
podprzestrzen X # {0} niezmiennicza dla 7T taka, ze
T ={T; |¢}teT jest chaotyczna jako pétgrupa w X
(, T jest chaotyczna w X ")

> Kazda X j. w.: przestrzen chaotycznosci dla 7
Uwaga 7T jest chaotyczna w X —
> dim X = +o0

» 7T spetnia tzw. “SDIC" — ,wrazliwa zalezno$¢” od warunkéw
poczatkowych



3. Przyktad Rolewicza

Przyktad (Rolewicz 1969) Rozwazmy operator T_1 ,przesuniecia
w lewo” w X = (2(N)

T_1(X0,X1,X2, .. ) = (X17X2,X3, . )

Potgrupa generowana przez ,skalowany” operator T_1
A=pT 1,
dla skalowania |u| > 1 (,operator Rolewicza") jest hipercykliczna.
> Zapewne pierwszy przyktad operatora liniowego o tej wtasnosci
» nazwa ,hipercykliczny” — okoto 1986 (>1969)...
» Dowdéd dziata dla X = ¢P(N) z wszystkimi p € [1; 4+00)

» Czy jest réwniez chaos...??



Spektralne kryteria chaotyczno$ci typu
DSW

1. Selekcje wektoréw wiasnych

A — generator T, ,spektralne kryteria chaotycznosci”, tzn.
wyniki postaci:

pewne wtasnosci spektralne A = chaotycznos¢ / sub-chaot. T

Niech g £A#Q CcCoraz f:Q— X
Definicja f jest selekcja wektoréw wtasnych A (na Q) «~—

Viea f()\) € Ker (A— M)

Uwaga: Nie kazde f(\) musi by¢ wektorem wtasnym! — Moze
by¢ jeszcze f(\) = 0...— wtedy moze by¢ A & o,(A)



Selekcja f jest:
> nietrywialna <= f # 0 (0 — funkcja stale réwna zero)

» analityczna < ( jest otwarty i f jest wektorowa funkcja
analityczna



2. Podstawowe spektralne kryterium (sub-)chaotycznosci

Oznaczmy:

IB%::{U



2. Podstawowe spektralne kryterium (sub-)chaotycznosci

Oznaczmy:
U:={ze C: |z| =1} dla czasu dyskretnego
B:=4q . .
iR dla czasu ciaggtego

Kryterium (Godefroy + Shapiro, DSW = Desch + Schappacher
+ Webb, Banasiak + M.M.)

Jesli istnieje nietrywialna analityczna selekcja f wektoréw wtasnych
A na otwartym spéjnym Q C C, takim ze

QONB £ 2,

to T jest sub-chaotyczna. Ponadto, gdy f jest taka jak wyzej, to

lin () jest przestrzenig chaotycznosci dla 7.



Definition x € X is cyclic for B € B(X) iff

lin{B"x : ne N} = X.

The above Criterion + the R.-l. point spectrum results give:

Theorem (“The Right-Inversion Spectral Chaos
Criterion™: M.M. 2014)
Suppose that Ao € o,+(A) and dist (B, Ag) <
» T is sub-chaotic
» lin{B"fy : n € N} is a space of chaoticity for T for any
fo € Ker (A — Xo/) \ {0} and B € Rinv(A, X\o)

» If, moreover, there exists fy € Ker (A — Aol) which is cyclic for
some B € Rinv(A, o), then T is chaotic.

1 .
ATe)" Then:




Example (chaos for Rolewicz type operators) The discrete
dynamical system T generated by the Rolewicz type operator ;1 T_1
with |u| > 1 is chaotic in ¢P(N) with p < 400, and not only
hypercyclic (or only sub-chaotic).

Proof Recall that r.(A,0)~ = |u|. Hence it suffices to take

M =0, B=p"1T,; and fy = e, where (&), = 0 for n > 0,
(eo)o =1.

Remark (chaos for weighted left shift - generated discrete and
continuous d. s.) The same argumentation proves that for

p < 400 both discrete and continuous d. s. generated by the
weighted left shift A:= T_;, in ¢P(N) are chaotic, providing that
s =infp,>1|wn| > 1 (and that A generates a d.s.).



4. Super-upper-triangular chaotic operators

We shall generalize the chaoticity result of the last weighted left
shift example. Here X = ¢P(N) with 1 < p < 400 or X = ¢ (—
complex sequences converging to 0).

Matrix terms for A € B(X):

A(k, 1) :=(Ae)k, k,1€N,,

where e; € X is the s-th standard “base” vector:
s
(0,0,0...,0,1,0,0,...)

Definition
» A is upper-triangular iff A(k,/) =0 forany k >/, k,/ € N
» A is super-upper-triangular iff A(k,/) =0 for any k > 1,
k,l € N (i.e. A posseses only zero terms below the first super
diagonal);



» Asup-dia is the superdiagonal part of A (i.e. the part with only
the first super diagonal of A) and A.g is off-superdiagonal part
of A™

(Asup-diax)j == A(J,j+1)xj11 for x € X,j € N, Ayg := A—Asup-dia-



Theorem Let A be a bounded super-upper-triangular operator in
X. If for some r >0

AG,j+1)>1+r, forany jeN (2.1)

and
Aol < . (22)

then the linear dynamical system 7 in X (discrete or continuous
one) generated by A+ 1 is chaotic, providing

|Re 5| <1 at the continuous case,
|B] <2  at the discrete case.

Proof - is based on “The Right-Inversion Spectral Chaos Criterion”
(used for A+ (1 instead of A and for Ao := /3) and on:



Lemma If B € B(X) satisfies:

j=k+1=B(i,K) £0,  j>k+1= B(j,k)=0
for any j, k € N, then ¢ is cyclic for B.
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R.-1. Point Spectrum and the Local Spectral
Theory

1. Right-inversion point spectrum

X — a Banach space, X # {0}. Denote:

» B(X) — the space of bounded linear operators on X (here the
domain D(A) of A equals X)

» C(X) — the set of closed linear operators in X (the domain
D(A) of A need not be dense)



Let A € C(X). We study a particular part of o,(A) — the point
spectrum (= the set of eigenvalues).

Definition The right-inversion (r.-i.) point spectrum of A:
op(A) == {\ € 0p(A) : Igen(x) (A= A)B = 1}.

Remark X € 0,x(A) = Ran (A — M) = X.
Hence, defining also the surjective point spectrum of A by

ops(A) = {A € 0p(A) : Ran(A—\I) = X},

we get ,x(A) C ops(A).



Denote:  Rinv(A,\) :={B e B(X): (A—A)B=1}.
Note:

> 0,+(A) = {A € 0p(A) : Rinv(A,\) # o}

» if B € Rinv(A,\) and B’ € B(X), then
B’ € Rinv(A,\) <= Ran (B’ — B) C Ker (A — \/).
For A € ox(A) denote:

r(A,A) ;== inf{||B]| : B € Rinv(A,\)}.



Proposition If A € C(X), then ¢,,«(A) is an open subset of C,
moreover if Ao € o,%(A), then

D( Mo, (A, Xo)h) C o (A),

where: D(Xg, r) :={Ae€ C: |A—Xo| <r}.



Example Rolewicz type operator A := uT_q,
where T_1 is the left-shift

T_l(Xo,Xl,XQ, . ) = (X1,X2,X3, - )

in X =(P(N),1<p<+4ooand ueC\{0}. We have:

» 0 € o,x(A) and B:= 1 T11 € Rinv(A,0), where T, is the
forward shift operator

T11(x0, x1, %2, ...) :== (0, x0, X1, - . .),

> r.(A,0) = |u|~! (the “inf" is reached by B as above)

> pe(A) = op(A) = D(Xo, |1 7Y).
Note that in the case p = 2 and |u| > 1 this operator is known as

Rolewicz operator



Example weighted left shift A:= T_;, in X :=¢P(N),
where w = {w;},~; — "the weight” — a complex sequence with
all w, # 0 and s :=inf,>1 |wy| >0,

T_1,w(x0, X1, %2, - . .) := (dix1, daxa, d3x3, . . .),
i.e., T_1, is defined by the upper-diagonal semi-infinite matrix:

0W1
0 w

Note: it is a generalization of the Rolewicz type oper. and T_; ,,
can be unbounded!



We have:
» 0 € o,«(A) and B:= T, ,-1 € Rinv(A,0), where T ,-1 is
the “w~!-weighted” forward shift operator
X1

X0
Ti1w-1(x0,x1,%2,...) :== (0, i s

» r.(A,0) =s! (the “inf" is reached by B as above)
> D(Mo,s) C opr(A).



2. R.-l. point spectrum and LSP

Let A€ C(X) and let f : Q — X, where @ # Q C C.

Definition f is a selection of eigenvectors for A (on Q) iff
f(\) e Ker (A—Al) forany AeQ

abbreviation: e.v. selection (alternative name: spanning
eigenvector field).
An e.v. selection f is:

» non-trivial iff f # 0 (0 — the constant-zero function);

> analytic iff Q is an open set and f is an X-vector-valued
analytic function.

For o £ Q C C, Q — open, denote:

S(Q,A) :={f : f is an analytic e. v. selection for A on Q}.



We are interested in such A € C(X) that possess a non-trivial
analytic e.v. selection on a neighborhood of a given point )y € C.

Proposition Let A € C(X), Ao € 0,+(A), B € Rinv(A, o)
and let U := D\, ||B||™Y)
Then for any fy € Ker (A — Aol) \ {0} there exists f € S(U, A)
such that f(\o) = fy and f(X) # 0 for any A € U. Such f can be
given by

+oo

F(A) =Y (A= X)"B"h, XeU. (3.3)
n=0



Definition A € C(X) has the local selection property at )\ iff
there exists € > 0 such that S(D(\o,€), A) # {0}.

Abbreviation: LSP .

Proposition If A has the LSP at )\g, then there exists ¢ > 0 and
such f € S(D(\o, €),A), that f(\o) # 0.

In particular Ao € Int op,(A).

Corollary  Defining the LSP point spectrum of A by

orLsp(A) :={A € C: A has the LSP at A}

we get

> o,+(A) C orsp(A) C op(A);

» orsp(A) is an open subset of C.



But recall that also: opx(A) C op,s(A)

Question Is there any inclusion between op,5(A) and o1,sp(A)?



3. Relations with Local Spectral Theory

The answer can be obtained with the usie of some basic facts from
Local Spectral Theory
Recall the main definition:

Definition A has the SVEP at )\ iff S(Q2, A) = {0} for any
open connected neighborhood Q of A\g. A has the non-SVEP at
Ao iff A does not have the SVEP at ).

Corollary A has the LSP at \g iff A has the NON-SVEP at \q.

Hence, using a J.K. Finch “non-SVEP" result (1975) we can get:
Theorem If A € C(X), then

opx(A) C ops(A) C orsp(A) C op(A).



