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Plan of presentation

@ Maximal operator in Musielak—Orlicz-Sobolev spaces
@ Musielak—Orlicz—Sobolev spaces
@ Boundedness of the maximal operator
@ Continuity of the maximal operator

© Maximal operator in Hélder spaces with variable exponent
@ Holder spaces with variable exponent
@ Boudedness of the maximal operator
@ Discontinuity of a maximal operator in Lipschitz space
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Let AcR"” be a measurable set, by |A| we denote the Lebesgue measure of A and
by L°(A) the set of measurable functions on A.
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Let AcR"” be a measurable set, by |A| we denote the Lebesgue measure of A and
by L°(A) the set of measurable functions on A.

Let ¢ : Ax[0,00) > [0,00), p,q>0. We say that ¢ satisfies (alnc) , if there exists
a€[1,00) such that the inequality holds
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Let AcR"” be a measurable set, by |A| we denote the Lebesgue measure of A and
by L°(A) the set of measurable functions on A.

Let ¢ : Ax[0,00) > [0,00), p,q>0. We say that ¢ satisfies (alnc) , if there exists
a€[1,00) such that the inequality holds

t
p(x5) < aw(:‘; ) for almost all x € A and for all 0 < s < t,

sk

and we say that ¢ satisfies (aDec)q if there exists a € [1,00) such that the
inequality holds

t
p(x,t) < aSD(X(;S) for almost all x € A and for all 0 < s < t.
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Let AcR"” be a measurable set, by |A| we denote the Lebesgue measure of A and
by L°(A) the set of measurable functions on A.

Let ¢ : Ax[0,00) > [0,00), p,q>0. We say that ¢ satisfies (alnc) , if there exists
a€[1,00) such that the inequality holds

¢(x,5) < aw(& t)

for almost all x € A and for all 0 <s< t,
sP tP

and we say that ¢ satisfies (aDec)q if there exists a € [1,00) such that the
inequality holds

P(x,t) __o(x.5)

for almost all x € A and for all 0 < s < t.
td sq

Furthermore, we denote

(alnc) = U (alnc),, (aDec) = [(J (aDec),.

pe(1,00) pe(1,00)
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Let p: A — [1,00). We define ¢: Ax[0,00) - [0,00) as

p(x, 1) = P
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Let p: A — [1,00). We define ¢: Ax[0,00) - [0,00) as

p(x, 1) = P

¢ satisfies (alnc) < p* < o0
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Let p: A — [1,00). We define ¢: Ax[0,00) - [0,00) as

p(x, 1) = P

¢ satisfies (alnc) < p* < o0

¢ satisfies (aDec) < p~ > 1
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We say that ¢ : Ax [0,00) = [0, 00] is a -prefunction if ¢(x,0) =0, p(x,-) is
increasing, lim;_o+ (x,t) =0, lim;_ ©(x,t) = co for almost every x € A and the
map x = (x,|f(x)|) is measurable for f € LO(A).
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We say that ¢ : Ax [0,00) = [0, 00] is a -prefunction if ¢(x,0) =0, p(x,-) is
increasing, lim;_o+ (x,t) =0, lim;_ ©(x,t) = co for almost every x € A and the

map x = (x, |f(x)|) is measurable for f € L°(A). We say that a ®-prefunction ¢
is a

e weak ®-function if it satisfies (alnc),,
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We say that ¢ : Ax [0,00) = [0, 00] is a -prefunction if ¢(x,0) =0, p(x,-) is
increasing, lim;_o+ (x,t) =0, lim;_ ©(x,t) = co for almost every x € A and the

map x = (x, |f(x)|) is measurable for f € L°(A). We say that a ®-prefunction ¢
is a

e weak ®-function if it satisfies (alnc),,

@ convex ®-function if p(x,-) is left continuous and convex for almost every
X €A,
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We say that ¢ : Ax [0,00) = [0, 00] is a -prefunction if ¢(x,0) =0, p(x,-) is
increasing, lim;_o+ (x,t) =0, lim;_ ©(x,t) = co for almost every x € A and the

map x = (x, |f(x)|) is measurable for f € L°(A). We say that a ®-prefunction ¢
is a

e weak ®-function if it satisfies (alnc),,

@ convex ®-function if p(x,-) is left continuous and convex for almost every
X €A,

@ strong ® function if ¢(x,-) is continuous and convex for almost every x € A.
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We say that ¢ : Ax [0,00) = [0, 00] is a -prefunction if ¢(x,0) =0, p(x,-) is
increasing, lim;_o+ (x,t) =0, lim;_ ©(x,t) = co for almost every x € A and the
map x = (x, |f(x)|) is measurable for f € L°(A). We say that a ®-prefunction ¢
is a

e weak ®-function if it satisfies (alnc),,

@ convex ®-function if p(x,-) is left continuous and convex for almost every
X €A,

@ strong ® function if ¢(x,-) is continuous and convex for almost every x € A.

The set of weak ®-functions, convex ®-functions and strong ®-functions we shall
denote by ®,,(A), ®.(A) and d(A) respectively.
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We say that ¢ : Ax [0,00) = [0, 00] is a -prefunction if ¢(x,0) =0, p(x,-) is
increasing, lim;_o+ (x,t) =0, lim;_ ©(x,t) = co for almost every x € A and the
map x = (x, |f(x)|) is measurable for f € L°(A). We say that a ®-prefunction ¢
is a

e weak ®-function if it satisfies (alnc),,

@ convex ®-function if p(x,-) is left continuous and convex for almost every
X €A,

@ strong ® function if ¢(x,-) is continuous and convex for almost every x € A.

The set of weak ®-functions, convex ®-functions and strong ®-functions we shall
denote by ®,,(A), ®.(A) and ®;(A) respectively. From the very definition we
have ®,(A) c ¢ (A) c o, (A).
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We say that ¢ : Ax [0,00) = [0, 00] is a -prefunction if ¢(x,0) =0, p(x,-) is
increasing, lim;_o+ (x,t) =0, lim;_ ©(x,t) = co for almost every x € A and the
map x = (x, |f(x)|) is measurable for f € L°(A). We say that a ®-prefunction ¢
is a

e weak ®-function if it satisfies (alnc),,

@ convex ®-function if p(x,-) is left continuous and convex for almost every
X €A,

@ strong ® function if ¢(x,-) is continuous and convex for almost every x € A.

The set of weak ®-functions, convex ®-functions and strong ®-functions we shall
denote by ®,,(A), ®.(A) and ®;(A) respectively. From the very definition we
have ®,(A) c ¢ (A) c o, (A).

Example: ¢ € ,(A)
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Musielak—Orlicz spaces

For ¢ € ®,,(A) and f € L°(A) we define
po(F) = [ o IF()) dx,

[lo.a=inf{x>0: p, (£) <1},
and a set
LP(A) = {f e L°(A) : 3(A>0) p(\f) < oo}
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Musielak—Orlicz spaces

For ¢ € ®,,(A) and f € L°(A) we define
po(F) = [ o IF()) dx,

[flpa=inf{A>0: p,(£)<1},
and a set
LP(A) = {f e L°(A) : 3(A>0) p(\f) < oo}
We shall simply write ||f|, when A=R".
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Musielak—Orlicz spaces

For ¢ € ®,,(A) and f € L°(A) we define
po(F) = [ o IF()) dx,

|flpa=inf{A>0: p,(£) <1},
and a set
LP(A) = {f e L°(A) : 3(A>0) p(\f) < oo}
We shall simply write ||f|, when A=R".
Let us note that the Musielak-Orlicz space (L¥, |- |, 4) is a quasi-Banach space
for p € ®,,(A), and (L?, |- |,,a) is a Banach space if ¢ € . (A).
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Musielak—Orlicz spaces

For ¢ € ®,,(A) and f € L°(A) we define
po(F) = [ o IF()) dx,

|flpa=inf{A>0: p,(£) <1},

and a set

LP(A) = {f e L°(A) : 3(A>0) p(\f) < oo}
We shall simply write ||f|, when A=R".
Let us note that the Musielak-Orlicz space (L¥, |- |, 4) is a quasi-Banach space
for p € ®,,(A), and (L?, |- |,,a) is a Banach space if ¢ € . (A).
It is known, that if ¢, € ®,,(A) and ¢ ~ 1, then LP(A) = L¥(A) and
corresponding quasi-norms are equivalent.
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Musielak—Orlicz spaces

For ¢ € ®,,(A) and f € L°(A) we define
po(F) = [ o IF()) dx,

|flpa=inf{A>0: p,(£) <1},

and a set

LP(A) = {f e L°(A) : 3(A>0) p(\f) < oo}
We shall simply write ||f|, when A=R".
Let us note that the Musielak-Orlicz space (L?, | - |, 4) is a quasi-Banach space
for p € ®,,(A), and (L?, |- |,,a) is a Banach space if ¢ € . (A).
It is known, that if ¢, € ®,,(A) and ¢ ~ 1, then LP(A) = L¥(A) and
corresponding quasi-norms are equivalent. Moreover, if p € ®,,(A), then there
exists ¥ € ®5(A) such that ¢ ~ ). Thus, even if |- |, a is not a norm for a certain
@ € d,,(A) it has a Banach space structure.
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Musielak—Orlicz spaces

For ¢ € ®,,(A) and f € L°(A) we define
po(F) = [ o IF()) dx,

|flpa=inf{A>0: p,(£) <1},

and a set

LP(A) = {f e L°(A) : 3(A>0) p(\f) < oo}
We shall simply write ||f|, when A=R".
Let us note that the Musielak-Orlicz space (L?, | - |, 4) is a quasi-Banach space
for p € ®,,(A), and (L?, |- |,,a) is a Banach space if ¢ € . (A).
It is known, that if ¢, € ®,,(A) and ¢ ~ 1, then LP(A) = L¥(A) and
corresponding quasi-norms are equivalent. Moreover, if p € ®,,(A), then there
exists ¥ € ®5(A) such that ¢ ~ ). Thus, even if |- |, a is not a norm for a certain
@ € d,,(A) it has a Banach space structure.

Equivalence of ®-functions

Let p,9: Ax[0,00) - [0,00]. We say that ¢ and ¢ are equivalent (¢ ~ ) if
there exists L > 1 such that the inequalities ¥ (x, t/L) < p(x, t) <¥(x, Lt) are
satisfied for almost every x € A and for all t € [0, 00).
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(AQ) property

Let Ac R” be a measurable set. We say that ¢ € ,,(A) satisfies (A0) if there
exists a constant 3 € (0,1] such that 3 < p™(x,1) <1/ for almost everyl x € A,
where o1 is left-inverse of .
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(AQ) property

Let Ac R” be a measurable set. We say that ¢ € ,,(A) satisfies (A0) if there
exists a constant 3 € (0,1] such that 3 < p™(x,1) <1/ for almost everyl x € A,
where o1 is left-inverse of .

Example: For p(x,t) = tP) we have o~ (x, t) = t'/P) Thus, o ~(x,1) = 1, so
 satisfies (A0).
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(AQ) property

Let Ac R” be a measurable set. We say that ¢ € ,,(A) satisfies (A0) if there
exists a constant 3 € (0,1] such that 3 < p™(x,1) <1/ for almost everyl x € A,
where o1 is left-inverse of .
Example: For p(x,t) = tP) we have o~ (x, t) = t'/P) Thus, o ~(x,1) = 1, so
o satisfies (A0).
For ¢(x,t) = tP + a(x)t9, where 1 < p< g < oo and a is measurable it can be
shown that

1 satisfies (AQ) < a€ L (A).

(MINI PW) Maximal operator in function spaces Warsaw, 2nd February 2023



(A1) and (A2) properties

Let Q c R” be an open set and ¢ € 9,,(Q), then

Q ¢ satisfies (A1) if there exists 3 € (0,1) such that for every ball B such that
|B| < 1 the following inequality holds

B (x,t) <o My, t)

for every t € [1,1/|B]] and for almost every x,y € BN Q.
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(A1) and (A2) properties

Let Q c R” be an open set and ¢ € 9,,(Q), then

Q ¢ satisfies (A1) if there exists 3 € (0,1) such that for every ball B such that
|B| < 1 the following inequality holds

Bt (x,t) <o (y, t)

for every t € [1,1/|B]] and for almost every x,y € BN Q.

@ ¢ satisfies (A2) if for all s> 0 there exist 3¢ (0,1] and he L}(Q) n L®(Q)
such that the following inequality holds

Bl (x,t) <@ (y, 1)

for almost every x,y € Q and for all t € [h(x) + h(y),s].
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Proposition

The ®-function ¢(x, t) = tP*) satisifes (A1), iff ,l) € C'°8, j.e., there exists C such
that for every distinct x, y € Q

‘ 11 ’< C
p(x)  p(y)|~ log(e+1/|Ix-y|)’
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Proposition

The ®-function ¢(x, t) = tP*) satisifes (A1), iff ,l) € C'°8, j.e., there exists C such
that for every distinct x, y € Q

‘ 11 ’< C
p(x)  p(y)|~ log(e+1/|Ix-y|)’

Proposition

The d-function ¢(x, t) = tP*) satisfies (A2), if % satisfies log-Holder decay
condition, i.e., there exist C, po such that

C

1 1
< ———F—.
log(e +[x|)

PO P
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Musielak—QOrlicz—Sobolev spaces

Let Q be an open subset of R” and let p € d,,(Q).
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Musielak—QOrlicz—Sobolev spaces

Let Q be an open subset of R” and let ¢ € ®,,(Q2). The Musielak—Orlicz—Sobolev
space W#(Q) is a vector space of all f € L?(2) for which the distributional
derivatives belong to L¥(Q).
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Musielak—QOrlicz—Sobolev spaces

Let Q be an open subset of R” and let ¢ € ®,,(Q2). The Musielak—Orlicz—Sobolev
space W#(Q) is a vector space of all f € L?(2) for which the distributional
derivatives belong to L¥(Q). We equip W% (Q) with the quasi-norm

lkea= D, |Daul

Jel<1

”Ll ©,Q-

Again, we will write simply |lu]q,, if @ =R".
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The maximal operator

If f is locally integrable and A is a measurable set such that 0 < |A| < oo, then we
denote the integral average of the function f over A as

1
fd:—][fd.
fA A
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The maximal operator

If f is locally integrable and A is a measurable set such that 0 < |A| < oo, then we
denote the integral average of the function f over A as

1
fd:—][fd.
fA A

For f € L} (R") we define the maximal function Mf:R"” — R in a standard way

Mf(x) =su ][ f(z)|dz.
(0 =sup £ 1F(z)
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Boundedness of the maximal operator

Let ¢ € ®,,(R") satisfies (A0), (A1), (A2), (alnc) and (aDec). If f € WH#(R"),
then Mf e WH¥(R") and the inequality

|D,Mf(X)| < MD,'f(X),

is satisfied for all i =1,...,n and for almost all x € R".
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Boundedness of the maximal operator

Let ¢ € ®,,(R") satisfies (A0), (A1), (A2), (alnc) and (aDec). If f € WH#(R"),
then Mf e WH¥(R") and the inequality

|D,Mf(X)| < MD,'f(X),

is satisfied for all i =1,...,n and for almost all x € R".

The sketch of the proof: For r > 0 let
1

hr = T57A N XB(0,r)-

B0, )] *#*”

Then, we have
GO = £ 17 dy < M),
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Boundedness of the maximal operator

Let ¢ € ®,,(R") satisfies (A0), (A1), (A2), (alnc) and (aDec). If f € WH#(R"),
then Mf e WH¥(R") and the inequality

|D,Mf(X)| < MD,'f(X),

is satisfied for all i =1,...,n and for almost all x € R".

The sketch of the proof: For r > 0 let

h 1 X
r=arn o XB(O,r):
B(0, r)] B

Then, we have

GO = £ 17 dy < M),
This estimate and properties of convolution yields
|Di([f] * hr) ()| = [(Dilf]) * hr(x)| < MD;|f|(x)

for almost all x € R".

Maximal operator in function spaces Warsaw, 2nd February 2023



A sketch of the proof

We have Mf, MD;|f| e L?(R"), and therefore |f| * h, € W% (R™).
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A sketch of the proof

We have Mf, MD;|f| e L?(R"), and therefore |f| * h, € W12 (R"). Let r,, be a
sequence of all rational positive numbers, then

Mf = sup|f| = h,,.
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A sketch of the proof

We have Mf, MD;|f| e L?(R"), and therefore |f| * h, € W12 (R"). Let r,, be a
sequence of all rational positive numbers, then

Mf = sup|f| = h,,.

For gk = maxi<me |f| * hy, we have
Dig(x)| < max [Di([f| + hr,, ) (x)| < M(Dilf[) (x) = M(Dif)(x)

for almost all x ¢ R" and all k ¢ N.
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A sketch of the proof

We have Mf, MD;|f| e L?(R"), and therefore |f| * h, € W12 (R"). Let r,, be a
sequence of all rational positive numbers, then

Mf = sup|f| = h,,.
For gk = maxi<me |f| * hy, we have
Digi(x)] < 1T,§§k|Di(|f| * hy, ) (x)] < M(Di|f[)(x) = M(D;f)(x)

for almost all x e R" and all k € N.Therefore, we have

lgklre < IMFllo + 20 IM(Dif)]y < Clf 1.

i=1
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Auxiliary results

For f e L _(R") and x € R" we define

loc

RF(x) = {r 205 3({re} < (0,00)) rc = r A MF(x) = lim ]ﬁ(m) |f(y)|dy}.
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Auxiliary results

For f e L, .(R") and x € R" we define

RF(x) = {r 205 3({re} < (0,00)) rc = r A MF(x) = lim ﬁ(m) |f(y)|dy}.

Proposition

Let ¢ € &, (R") satisfies (aDec) and (A0), then for every f € L¥(R"), the
following statements hold.
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Auxiliary results

For f e L, .(R") and x € R" we define

RF(x) = {r 205 3({re} < (0,00)) rc = r A MF(x) = lim ﬁ(m) |f(y)|dy}.

Proposition

Let ¢ € &, (R") satisfies (aDec) and (A0), then for every f € L¥(R"), the
following statements hold.

(i) For all x e R" the set Rf(x) is nonempty.
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Auxiliary results

For f e L, .(R") and x € R" we define

RF(x) = {r 205 3({re} < (0,00)) rc = r A MF(x) = lim ﬁ(m) |f(y)|dy}.

Proposition

Let ¢ € &, (R") satisfies (aDec) and (A0), then for every f € L¥(R"), the
following statements hold.

(i) For all x e R" the set Rf(x) is nonempty.
(ii) For all x e R" and r > 0 such that r e Rf(x) the equality

MEG) = . IF)ldy

holds.
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Auxiliary results

For f e L}

loc

(R") and x € R" we define

RF(x) = {r 205 3({re} < (0,00)) rc = r A MF(x) = lim ﬁ(m) |f(y)|dy}.

Proposition

Let ¢ € &, (R") satisfies (aDec) and (A0), then for every f € L¥(R"), the
following statements hold.

(i) For all x e R" the set Rf(x) is nonempty.
(ii) For all x e R" and r > 0 such that r e Rf(x) the equality

MEG) = . IF)ldy

holds.
(iii) For almost all x e R" if 0 € Rf(x), then

Mf (x) = |f ()]
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Auxiliary results

Proposition

Let ¢ € d,,(R") satisfies (A0), (aDec)and (alnc). If 7, f € L?(R") and f,, - f in

L?(R"), then for all R >0 and X > 0 the set {x € B(0,R) : Rf(x) ¢Rf(x)(A)}
is measurable and?

lim [{x € B(0,R) : Rfn(x) ¢ RF(x)(x)}| = 0.

?For nonempty set Ac R" and A > 0 we denote A,y = {x e R" : dist(x, A) < \}.
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Auxiliary results

Proposition

Let ¢ € d,,(R") satisfies (A0), (aDec)and (alnc). If 7, f € L?(R") and f,, - f in
L#(R"), then for all R >0 and A >0 the set {x € B(0,R) : Rfn(x) ¢ Rf(x)(x)}
is measurable and?

[{x € B(0,R) : Rfn(x) ¢ RF(x)n)}| = 0.

lim
m—oo

?For nonempty set Ac R" and A > 0 we denote A(yy = {x € R" : dist(x, A) < A}.

Let us assume that ¢ € ¢, (R") satisfies (A0), (A1), (A2), (alnc) and (aDec). If
f e WH#(R"), then for almost all x € R” and for all i =1,...,n we have

D;Mf(x) = ]é( )D,-|f|(y) dy for all r e Rf(x), r >0 and
D;Mf (x) = Dj|f|(x) if 0 €e Rf(x).
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Continuity of the maximal operator

Let us assume that ¢ € ¢, (R") satisfies (A0), (Al), (A2), (alnc) and (aDec),
then the maximal operator

M:WH#(R") - WH#(R")

is continuous.
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Holder spaces with variable exponent

Let (X, d, 1) be a metric measure space equipped with a metric d and the Borel
measure p. We assume that the measure of every open nonempty set is positive
and that the measure of every bounded set is finite.
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Maximal operator in function spaces

Warsaw, 2nd February 2023



Holder spaces with variable exponent

Let (X, d, 1) be a metric measure space equipped with a metric d and the Borel
measure p. We assume that the measure of every open nonempty set is positive
and that the measure of every bounded set is finite.
Given ¢ € (0,1], we say that the space (X, d, u) satisfies the §-annular decay
property if there exists a constant K > 1 such that forall xe X, r>0, 0<e<1,
we have

1w (B(x,r)~ B(x,r(1-¢€))) < K& u(B(x,r)).
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Holder spaces with variable exponent

Let (X, d, 1) be a metric measure space equipped with a metric d and the Borel
measure p. We assume that the measure of every open nonempty set is positive
and that the measure of every bounded set is finite.
Given ¢ € (0,1], we say that the space (X, d, u) satisfies the §-annular decay
property if there exists a constant K > 1 such that forall xe X, r>0, 0<e<1,
we have

1w (B(x,r)~ B(x,r(1-¢€))) < K& u(B(x,r)).

Let (X, d) be a metric space, by C(X) we denote the space of continuous
functions on X such that the norm

Ifllccxy =suplf(x)]
xeX

is finite.
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Holder spaces with variable exponent

Let (X, d, 1) be a metric measure space equipped with a metric d and the Borel
measure p. We assume that the measure of every open nonempty set is positive
and that the measure of every bounded set is finite.

Given ¢ € (0,1], we say that the space (X, d, u) satisfies the §-annular decay
property if there exists a constant K > 1 such that forall xe X, r>0, 0<e<1,
we have

w(B(x,r)~ B(x,r(1-¢))) < Ke u(B(x,r)).

Let (X, d) be a metric space, by C(X) we denote the space of continuous
functions on X such that the norm

Ifllccxy =suplf(x)]
xeX

is finite.Moreover, for ac: X — [0,1] we denote by C%*()(X) the variable
exponent Hélder space, i.e. the space of f € C(X) such that

[FO) —f)l

Hcho a()(x) = HfH C(X) +5UP da(X)(x y)
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Boudedness of the maximal operator

Suppose that 0 <4 <1, and that (X, d, i) satisfies the d-annular property. If
a: X - [0,8], then M: CO*O)(X) - C%*0)(X) and there exists C; > 0 such,
that for £ € C%*()(X) the following estimate holds

IMf | co.oer(x) € Cilfllcomer (x)-
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Continuity of the maximal operator

Let 6 € (0,1] and (X, d, ) satisfies the d-annular property. If a.: X - (0,1] and
B: X = [0,1] satisfy sup,cx 3(x)/a(x) <1, then the operator

M : o0 (X) - %P0 (X)

is continuous.
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Continuity of the maximal operator

Let 6 € (0,1] and (X, d, ) satisfies the d-annular property. If a.: X - (0,1] and
B: X = [0,1] satisfy sup,cx 3(x)/a(x) <1, then the operator

M : o0 (X) - %P0 (X)

is continuous.

A sketch of the proof: Let us note since 3(-) < a(-), we have
Id : C%0)(X) - COPO)(X). Therefore, we get M : C%*O)(X) - COPO(X) is
bounded.
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Continuity of the maximal operator

Let 6 € (0,1] and (X, d, ) satisfies the d-annular property. If a.: X - (0,1] and
B: X = [0,1] satisfy sup,cx 3(x)/a(x) <1, then the operator

M : o0 (X) - %P0 (X)

is continuous.

A sketch of the proof: Let us note since 3(-) < a(-), we have

Id : C%0)(X) - COPO)(X). Therefore, we get M : C%*O)(X) - COPO(X) is
bounded.

In order to prove the continuity of M we fix f € CO’O‘(')(X) and a sequence

{f,} € C%*0O)(X) such that f, - f in C%*C)(X). It is easy to see that Mf, - Mf
in C(X).
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Continuity of the maximal operator

Let 6 € (0,1] and (X, d, ) satisfies the d-annular property. If a.: X - (0,1] and
B: X = [0,1] satisfy sup,cx 3(x)/a(x) <1, then the operator

M : o0 (X) - %P0 (X)

is continuous.

A sketch of the proof: Let us note since 3(-) < a(-), we have

Id : C%0)(X) - COPO)(X). Therefore, we get M : C%*O)(X) - COPO(X) is
bounded.

In order to prove the continuity of M we fix f € CO’O‘(')(X) and a sequence

{f,} € C%*0O)(X) such that f, - f in C%*C)(X). It is easy to see that Mf, - Mf
in C(X).Thus, it is left to show that

sup [Mfn(x) = Mf () = Mfa(y) + MF(y)|
X¢y d(x,y)P)

We know that sequence {Mf,} is bounded in C%*)(X), so we can assume that
there exists N > 1 such that | Mf,||co.ac)(xy < N for all nand | Mf] co.ac(x) S N.
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A sketch of the proof

Therefore, for x,y € X such that x # y, we get the following string of inequalities
|Mfa(x) — Mf (x) — Mfa(y) + Mf(y)|

d(x,y)P0)
- - a)
_ (IMfaC) = MFC) = Min(y) = MEGTN ™ e oy - mie(x) = ME () + MECy)[-
d(x,y)*x)
[Mfy(x) = Mfa(y)| | |MF(x) = Mf(y)[\*® 800
< 2| Mf, - Mf B
_( Ao d(x,y)e® @l leex))
+ B é +
< 2m)() (2 Mt - M| cix)! (%)
where (§)+ = SUPyex i(x) Hence,

ME, (x) = MF(x) — ME,(y) + MF 2 =(2)
i¢y| o d((x)y)ﬁ(x)(y)+ 2 <(2N)(“) (2 Mfy = Mfc(x)) (&)

follows.

Since the right-hand side of the above inequality goes to 0 when n — co, the proof
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Discontinuity of a maximal operator in Lipschitz space
There exist f, f, € C>1(R) such that f, — f in C%}(R) and Mf, 4 Mf in CO1(R). \

Let f: R — R be a continuous and 2—periodic function such that f(x) = |x| for
xe[-1,1].
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Discontinuity of a maximal operator in Lipschitz space
There exist f, f, € C>1(R) such that f, — f in C%}(R) and Mf, 4 Mf in CO1(R). \

Let f: R — R be a continuous and 2—periodic function such that f(x) = |x| for
xe[-1,1].
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Figure: A graph of the funtion f
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A discontinuity of a maximal operator in Lipschitz space

1
MF(x) = 2—-Vx2+2, for?gxéz
X, for 53 <x<1.
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A discontinuity of a maximal operator in Lipschitz space

We define a sequence f,(x) = f(x) - % for x e R.
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A discontinuity of a maximal operator in Lipschitz space

We define a sequence f,(x) = f(x) — 1 for x € R. We see that f, — f in C*!(R).
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A discontinuity of a maximal operator in Lipschitz space

We define a sequence f,(x) = f(x) — 1 for x € R. We see that f, — f in C*!(R).

1.0

09F
o osf
0.7f

— = Mfy

Figure: A graph of few of functions Mf,
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A discontinuity of a maximal operator in Lipschitz space

Let us define d, = 3 - /15
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A discontinuity of a maximal operator in Lipschitz space

1

Let us define d, = % — 7,2-It is easy to calculate that

Mf(dy) - MF(3) 1
3 -d, 3
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A discontinuity of a maximal operator in Lipschitz space

Let us define d, = % - 417.It is easy to calculate that

Mf(dy) - MF(3) 1
3 -d, 3

On the other hand, it can be shown that for sufficiently big n the inequality
Mf,(d,) < Mf,,(%).

is satisfied.
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A discontinuity of a maximal operator in Lipschitz space

Let us define d, = % — L It is easy to calculate that

in?
Mf(dy) - MF(3) 1
3 -d, 3

On the other hand, it can be shown that for sufficiently big n the inequality
Mf,(d,) < Mf,,(%).

is satisfied. Therefore, we obtain that for sufficient big that for sufficiently big n
we have

[MFn(3) = MF(3) = Mfo(dn) + MF (dn)| _ MF(dn) = MF(3)  MFa(3) = Mfr(dy)

|%_d"| %_dn %—dn
Mf (d,) - Mf (%
5 (dn) MFGz) 1
3-dn 6

Hence, it is not true that Mf, — Mf in C%}(R).
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Thank you for your attention!
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