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Problem
Take R henselian DVR, FracR = K, residue field k with k = k, X variety over K.

When is X(K) 6= ∅?

Invariants
Index i(X): gcd of degree of closed points
ν-invariant ν(X): minimum of degrees of closed points
Properties:

• i(X) | ν(X)

• X(K) 6= ∅ ⇔ ν(X) = 1

• ν(X) harder to compute then i(X)!

Known results
Theorem (Graber, Harris, Starr). Every rationally connected variety over the function
field of a curve over C has a rational point.

Theorem (Colliot-Thélène & Voisin, Esnault & Wittenberg, Nicaise).
Let X/K be proper, smooth and geometrically connected, char k = 0.
If H i(X,OX) = 0 ∀i > 0, then i(X) = 1.

Proposition (Lafon). There exists a proper, smooth and geometrically connected variety
X over C((t)) such that H i(X,OX) = 0 ∀i > 0 and X(K) = ∅.
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Specialization index
Definition. Take X/R proper, then DX is the set of integers d > 0 s.t. ∃ zero devisor
of degree d on XK with support in sp−1X (x) for some x ∈ X (k).
The specialization index isp(X ) is the minimum of DX .

Take X/K proper. A model for X is a proper and flat scheme X over R with
an isomorphism XK → X. We set

DX = ∩{DX | X is an R-model for X}.

The specialization index isp(X) is the minimum of DX .

Properties
Properties:

• i(X) | isp(X)

• isp(X) ≤ ν(X)

The specialization index is a stronger invariant then the index:

Proposition. There exists a smooth, proper, geometrically connected K-curve C with
i(C) = 1 and isp(C) > 1.

So isp(X) is intermediate between i(X) and the existence of a rational point.

Result
Theorem.
Let X/K be smooth, proper and geometrically connected with char k = 0.
If H i(X,OX) = 0 ∀i > 0, then isp(X) = 1.
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