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Introduction

LET S be a surface of general type with irregularity
q > 0 and maximal Albanese dimension. In [2]

it is proved that if there exists a curve C ⊂ S with
pa(C) = q(S), 2-connected, with C2 > 0 then S is bi-
rational to the symmetric square of a curve. In fact, for
C smooth and irreducible and S minimal, S is isomorphic
to C(2).
In [1] the same authors ask whether there is an exam-
ple of a curve C contained in an irregular surface S with
C2 > 0 and q(S) < pa(C) < 2q(S) − 1. We would
like to see wether such a curve exists in the symmet-
ric square of a curve. If a curve C in an irregular sur-
face S has g(C) < 2q(S) − 1 then, by a theorem of Xiao
h0(OS(C)) = 1, that is, C does not move linearly. It is
known that
Lemma 1. Let B ⊂ C(n) be a curve such that:

i) B 6⊂ Supp(Cp) ∀p ∈ C(where Cp denotes the coordi-
nate divisor parametrising all degree n divisors in C
through p ∈ C)

ii) B · Cp = 1

Then B is smooth and there exists a degree n covering
f : C → B. In particular, Σ = {f−1(q) : q ∈ B} ⊂ C(n) is
smooth and isomorphic to B.
In particular, every curve which has C as degree n cov-
ering lies in C(n).
Definition 1. We say that a diagram of morphisms of
curves

Γ
(d:1)

��

(n:1)
// B

C
completes if there existst a curve D such that we can
complete the previous diagram to obtain a commutative
one

Γ
(d:1)

��

(n:1)
// B

(d:1)
��

C (n:1)
// D

My research

AMONG my research interests there are the study of
curves lying in the symmetric square of a curve, and

the study of the existence of curves with low genus and
positive self-intersection.

The first observation is that if B̃ is an irreducible curve in
C(2) not contained in the diagonal, and B is not covered
by C then, by lemma 1 and because B is not covered by
C and Cp is ample in C(2), we have B̃ · Cp = d ≥ 2. We
have proven that

Theorem 1. Let d be a prime number. Given an irre-
ducible curve B, with normalization B and g(C) < g(B),
a birrational model B̃ lies in C(2) with d = B̃ · Cp if, and
only if, there exists a diagram

Γ
(d:1)

��

(2:1)
// B

C

which does not complete, where Γ is a smooth irre-
ducible curve.

As we are interested in curves with positive self-
intersection, we have computed B̃2 for the image of B,
B̃, in C(2)

B̃2 = g(Γ)− 1− d(2g(C)− 2) + 2(pa(B̃)− g(B)) + σ,

where σ depends on the intersection between the graphs
of the two morphisms in Γ(2).

To construct examples of curves in symmetric squares
we use the action of non commutative groups in curves
and we consider the quotients by appropiate elements.
Looking, for instance, hyperelliptic curves and their auto-
morphism grups.
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