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GIVEN a smooth projective curve X, we write Grd(X)
for the variety parameterizing linear series of de-

gree d and rank r on X. The nature of this variety for
general curves is the central focus of two of the most
celebrated theorems in modern algebraic geometry.

Brill-Noether Theorem. [4] If X is a general curve of
genus g, then dim Grd(X) = ρ = g − (r + 1)(g − d+ r).

Gieseker-Petri Theorem. [3] If X is a general curve,
then Grd(X) is smooth.

Recently, a team consisting of Cools, Draisma, Payne
and Robeva provided an independent proof of the Brill-
Noether Theorem using techniques from tropical geom-
etry [2]. This semester, I led a small group of undergrad-
uates towards a proof of the r = 1 case of the Gieseker-
Petri Theorem using a similar approach.

Theorem. The graph Γg does not admit a positive-rank
divisor D such that KΓg

− 2D is linearly equivalent to an
effective divisor.
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Figure 1: The graph Γg from [2]

Linear Series on Tropical Curves

ADivisor on a metric graph Γ is a formal sum of points
of Γ. Given a continuous PL function ψ on Γ with

integer slopes, we define ordp(ψ) to be the sum of the
incoming slopes of ψ at the point p ∈ Γ. Two divisors D1,

D2 on Γ are equivalent if D1 −D2 is of the form

div(ψ) :=
∑
p∈Γ

ordp(ψ)p.

We say that a divisor D has rank r if r is the greatest in-
teger such that D−E is equivalent to an effective divisor
for every effective divisor E of degree r.
Let R be a DVR with field of fractions K and residue
field k, and let X be a smooth projective curve over K.
Each point p ∈ X(K) specializes to a smooth point of
the special fiber Xk, and hence is associated to a well-
defined vertex τ∗(p) of the dual graph Γ. Baker’s Special-
ization Lemma then says that, for any divisor D on XK̄ ,
r(τ∗(D)) ≥ r(D) [1]. As a consequence, we see:

Theorem. If the central fiber has dual graph Γg, then the
theorem above implies that G1

d(X) is smooth.

Idea of the Proof

We work by induction on the genus g. The basic idea
of the proof is to remove carefully chosen loops from the
graph Γg as in the picture below. Notably, given a PL
function ψ on the graph Γg, one can define a PL func-
tions ψ′ on Γg−1 whose slope at every point other than
the gluing vertex is identical to that of ψ.
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Figure 2: Removing Loops
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