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Let
k = C be the field of complex numbers,
G be a reductive group over k (not necessarly connected),
X be an affine G-variety.
Then k[X] is a G-algebra :
Vf € k[X], Vg € G, Vx € X, (g.f)(x) = f(g " x)

In particular, k[X] is a G-module.

Ronan TERPEREAU Invariant Hilbert Schemes



Motivation

Ronan TERPEREA Invariant Hilbert Sc




To what extend the algebra structure of k[X] is determined by the
G-module structure of k[X] ?
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To what extend the algebra structure of k[X] is determined by the
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Some answers :
e If G = (k*)V is a torus and X a toric variety, then k[X] as a

G-module determines k[X] as a G-algebra up to a G-isomorphism.
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To what extend the algebra structure of k[X] is determined by the
G-module structure of k[X] ?

Some answers :

e If G = (k*)V is a torus and X a toric variety, then k[X] as a
G-module determines k[X] as a G-algebra up to a G-isomorphism.
e If G is a connected reductive group and X a smooth variety such
that k[X] is a multiplicity free G-module, then k[X] as a
G-module determines k[X] as a G-algebra up to a G-isomorphism.
(I. Losev, 2009)
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But without the smoothness condition, we have counter-examples :

Example :
Let g : k> — k be the the quadratic form defined by
q(x,y) := x>+ y? and G := SO(q).
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But without the smoothness condition, we have counter-examples :

Example :

Let g : k> — k be the the quadratic form defined by

q(x,y) := x>+ y? and G := SO(q).

Then g defines a flat familly with generic fiber X; := g~%(t),
t # 0, and special fiber Xo := g~1(0).
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But without the smoothness condition, we have counter-examples :

Example :

Let g : k> — k be the the quadratic form defined by

q(x,y) := x>+ y? and G := SO(q).

Then g defines a flat familly with generic fiber X; := g~%(t),

t # 0, and special fiber Xo := g~1(0).

We can check that Xy 2 Xy but k[Xo] = k[X1] as G-modules by
flatness.

Ronan TERPEREAU Invariant Hilbert Schemes



Definition of the invariant Hilbert scheme

Ronan TERPEREA Invariant Hilbert Sc




Definition of the invariant Hilbert scheme

e The invariant Hilbert scheme appears for the first time in 2002 in
the article "Multigraded Hilbert Schemes” of Haiman and
Sturmfels.
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Definition of the invariant Hilbert scheme

e The invariant Hilbert scheme appears for the first time in 2002 in
the article "Multigraded Hilbert Schemes” of Haiman and
Sturmfels. They construct the invariant Hilbert scheme when

G = (k*)N is a torus.

e In 2003, Alexeev and Brion give a construction of the invariant
Hilbert scheme for G a connected reductive group in " Moduli of
affine schemes with reductive group action "

e Finally, in 2010, Brion gives a construction of the invariant
Hilbert scheme for G a reductive group (without connectedness
assumption) in the survey paper "Invariant Hilbert schemes”.

Ronan TERPEREAU Invariant Hilbert Schemes



Definition of the invariant Hilbert scheme

Given the following data

Ronan TERPEREAU Invariant Hilbert S




Definition of the invariant Hilbert scheme

Given the following data :

G is a reductive group,
W is an affine G-variety,
h is a function from /rr(G) to N called Hilbert function.
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Definition of the invariant Hilbert scheme

Given the following data :

G is a reductive group,
W is an affine G-variety,
h is a function from /rr(G) to N called Hilbert function.

We have the following set-theoritically description of the invariant
Hilbert scheme :

X is a G-stable closed subscheme such that ]

q1.G _
Hilby (W) = {X cw ‘ k[X] = @Mem(G) h(M)M as G-module J
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Definition of the invariant Hilbert scheme

Given the following data :

G is a reductive group,
W is an affine G-variety,
h is a function from /rr(G) to N called Hilbert function.

We have the following set-theoritically description of the invariant
Hilbert scheme :

X is a G-stable closed subscheme such that ]

q1.G _
Hilby (W) = {X cw ‘ k[X] = @Mem(G) h(M)M as G-module J

The invariant Hilbert scheme encodes all the differents structures
of quotient G-algebra induced by a given structure of G-module.
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Definition of the invariant Hilbert scheme

Formally, we define the following functor :
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Definition of the invariant Hilbert scheme

Formally, we define the following functor :
FffW . Sch°P — Sets

ZC W xS Z G-stable closed subscheme,
S— 7r l 7 flat morphism,

V"\\ VS € S, k[Zs] = ®M€/H‘(G) h(M)M

S
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Definition of the invariant Hilbert scheme

Formally, we define the following functor :

FffW . Sch°P — Sets

ZC W xS Z G-stable closed subscheme,
S e l 7 flat morphism,
:\\S Vs € S, k[Zs] = ®M€/H‘(G) h(M)M

Alexeev and Brion have shown that this functor is represented by

a quasi-projective scheme noted Hilb,?(W) and called invariant
Hilbert scheme.
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We still note W an affine G-variety. Let W //G be the categorical
quotient of W by G, that is W//G is the affine variety defined by
W//G = Spec(k[W]®).
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We still note W an affine G-variety. Let W //G be the categorical
quotient of W by G, that is W//G is the affine variety defined by
W//G = Spec(k[W]®).

We note v: W — W//G the quotient morphism.

By a generic flatness theorem, we know that there exists an open
subset U C W//G such that v is flat over U.
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Some useful tools

We still note W an affine G-variety. Let W //G be the categorical
quotient of W by G, that is W//G is the affine variety defined by
W//G = Spec(k[W]®).

We note v: W — W//G the quotient morphism.

By a generic flatness theorem, we know that there exists an open
subset U C W//G such that v is flat over U.

It follows that all the fibers of v over U have the same Hilbert
function. We call such a fiber the generic fiber of v.
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Some useful tools

Our fist tool to compute the invariant Hilbert scheme Hilbf(W) is
the existence of the morphism (when h(Vp) =1) :

v : Hilbg (W) — W//G

called the Hilbert-Chow morphism.
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Some useful tools

Our fist tool to compute the invariant Hilbert scheme Hilbf(W) is
the existence of the morphism (when h(Vp) =1) :

v : Hilbg (W) — W//G

called the Hilbert-Chow morphism. This morphism has good
properties, such as :

Proposition (J. Budmiger and M. Brion)

If h is the Hilbert function of the generic fiber of v: W — W//G,
then ~ is an isomorphism between v~1(U) and U.
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Some useful tools

Our fist tool to compute the invariant Hilbert scheme Hilbf(W) is
the existence of the morphism (when h(Vp) =1) :

v: HilbS (W) = W//G

called the Hilbert-Chow morphism. This morphism has good
properties, such as :

Proposition (J. Budmiger and M. Brion)

If h is the Hilbert function of the generic fiber of v: W — W//G,
then ~ is an isomorphism between v~1(U) and U.

In particular, H? := v=1(U) is an irreducible component of
Hilbf (W).
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Some useful tools

Does «y : Hilbf (W) — W//G give a resolution of singularities ?
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Some useful tools

Does «y : Hilbf (W) — W//G give a resolution of singularities ?
And if not, what about y: H® — W//G ?
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Some useful tools

Does «y : Hilbf (W) — W//G give a resolution of singularities ?
And if not, what about y: H® — W//G ?

where, in case you forgot, H? := y~1(U) is an irreducible
component of Hilbg (W).
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Some useful tools

The second tool is a way to construct morphisms from Hilbf(W)
to Grassmannians :
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Some useful tools

The second tool is a way to construct morphisms from Hilbf(W)
to Grassmannians :

Proposition (-)

To each M € Irr(G) we can associate a morphism
S : Hilb (W) — Gr(h(M), Ffy)

where Fry € Hom® (M, k[W]) is some finite dimensional vector
space.
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The third tool makes possible to compute the Zariski tangent
space of Hilb{ (W) :
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Some useful tools

The third tool makes possible to compute the Zariski tangent
space of Hilb{ (W) :

Proposition (V. Alexeev and M. Brion)

Let X be a closed point of Hilb$ (W) and | € k[W] be the ideal
of X, ie X = Spec(k[W]/I).
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Some useful tools

The third tool makes possible to compute the Zariski tangent
space of Hilb{ (W) :

Proposition (V. Alexeev and M. Brion)

Let X be a closed point of Hilb$ (W) and | € k[W] be the ideal
of X, ie X = Spec(k[W]/I). Then we have the isomorphism

TxHilb¢ (W) = Hom&(/ /1%, R
h R

where R := k[W]/I and Hom$ stands for the space of R-linear,
G-equivariant maps.
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Examples

From now on we are interested in the the following situation :
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Examples

From now on we are interested in the the following situation :

Let V be a finite dimensional vector space and G C GL(V) be
a classical group (eg G = SO(V), SL(V), O(V), ...) acting on
W:=Va&...&V (mtimes).
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From now on we are interested in the the following situation :

Let V be a finite dimensional vector space and G C GL(V) be
a classical group (eg G = SO(V), SL(V), O(V), ...) acting on
W:=Va&...&V (mtimes).

Let h be the Hilbert function of the generic fiber of the
quotient W — W//G.
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Examples

From now on we are interested in the the following situation :

Let V be a finite dimensional vector space and G C GL(V) be
a classical group (eg G = SO(V), SL(V), O(V), ...) acting on
W:=Va&...&V (mtimes).

Let h be the Hilbert function of the generic fiber of the
quotient W — W//G.

We want to determine Hilb{ (W) in this situtation.
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em (-)
If G = SL(V) then
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Examples

Theorem (-)
If G = SL(V) then

Hilbf (W) = {0} if m < dim(V)
Hilbf (W) = Al if m = dim(V)

—_—

Hilb§ (W) 2 Blo(Gr(dim(V), k™)) if m > dim(V)
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Examples

Theorem (-)
If G = SL(V) then

Hilbf (W) = {0} if m < dim(V)
Hilbf (W) = Al if m = dim(V)

—_—

Hilb§ (W) 2 Blo(Gr(dim(V), k™)) if m > dim(V)

And in all cases, we show that
v HilbS (W) = W//G

gives a resolution of singularities.
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Examples

We have similar results for G = GL(V), SO(V), O(V) when
dim(V) =2 ;

Ronan TERPEREAU Invariant Hilbert Schemes



Examples

We have similar results for G = GL(V), SO(V), O(V) when
dim(V) =2 ;

e If m =1, then Hilb& (W) = W//G.
o If m> 2, then Hilb (W) = Blx(W//G) where X is the singular
locus of W//G.
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We have similar results for G = GL(V), SO(V), O(V) when
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e If m =1, then Hilb& (W) = W//G.
o If m> 2, then Hilb (W) = Blx(W//G) where X is the singular
locus of W//G.

And ~ : Hilbg (W) — W//G gives a resolution of singularities.
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Examples

We have similar results for G = GL(V), SO(V), O(V) when
dim(V) =2 ;

e If m =1, then Hilb& (W) = W//G.
o If m> 2, then Hilb (W) = Blx(W//G) where X is the singular
locus of W//G.

And ~ : Hilbg (W) — W//G gives a resolution of singularities.

Unfortunately, if dim(V) > 2, we have examples where Hilbg (W)
is not smooth anymore for G = GL(V), SO(V), O(V).
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Examples

What can we say about Hilb¢ (W) for G = GL,, Span, Op, SO, . ..
when n>>07
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Examples

Questions

What can we say about Hilb¢ (W) for G = GL,, Span, Op, SO, . ..
when n>>07

What are the good properties of  : Hilbg (W) — W //G when
Hilb§ (W) is smooth (crepant, minimal,...) ?
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Examples

Questions

What can we say about Hilb¢ (W) for G = GL,, Span, Op, SO, . ..
when n>>07

What are the good properties of  : Hilbg (W) — W //G when
Hilb§ (W) is smooth (crepant, minimal,...) ?

When Hilbg (W) is not smooth, does H® := v~1(U) give a
resolution of singularities ?
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Examples

We also have some other results in a symplectic context :
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Examples

We also have some other results in a symplectic context :
we look at 1~1(0) the zero fiber of the moment map

w: W — Lie(G), and then we define the quotient

v: pu~1(0) = u~(0)//G as before.

Ronan TERPEREAU Invariant Hilbert Schemes



Examples

We also have some other results in a symplectic context :
we look at 1~1(0) the zero fiber of the moment map

w: W — Lie(G), and then we define the quotient

v: pu~1(0) = u~(0)//G as before.

Then we still have the Hilbert-Chow morphism

7 HIbE (7 1(0)) = 1 1(0)//G
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Examples

We also have some other results in a symplectic context :
we look at 1~1(0) the zero fiber of the moment map

w: W — Lie(G), and then we define the quotient

v: pu~1(0) = u~(0)//G as before.

Then we still have the Hilbert-Chow morphism

7 HIbE (7 1(0)) = 1 1(0)//G

and we want to know when it gives a resolution of singularities.
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