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—— Abstract

Alternating automata on infinite trees induce operations on languages which do not preserve
natural equivalence relations, like having the same Mostowski-Rabin index, the same Borel rank,
or being continuously reducible to each other (Wadge equivalence). In order to prevent this,
alternation needs to be restricted to the choice of direction in the tree. For weak alternating
automata with restricted alternation a small set of computable operations generates all definable
operations, which implies that the Wadge degree of a given automaton is computable. The weak
index and the Borel rank coincide, and are computable. An equivalent automaton of minimal
index can be computed in polynomial time (if the productive states of the automaton are given).
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1 Introduction

The structure of a regular language of infinite trees can be analyzed in terms of recognizing
automata, defining formulas, or topological properties. Each approach defines a hierarchy of
classes of similar languages: the Mostowski—Rabin index hierarchy, the u-calculus alternation
hierarchy, the Borel hierarchy, the Wadge hierarchy. Sometimes complementary, sometimes
closely related, together they approximate the missing canonical representation of regular
languages. Understanding them has been a goal pursued for decades, bringing spectacular
successes like the Wagner hierarchy for regular languages of infinite words [24], providing a
full characterization of the topological and combinatorial structure of a language in terms
of certain patterns in the recognizing deterministic automaton. Various versions of this
pattern method were successfully applied to deterministic automata on trees, resulting in a
full classification in terms of Wadge equivalence [16, 18], non-deterministic index [19], and
weak alternating index [17].

Owing to the elegant correspondence between certain set-theoretical and ordinal operations
[4], the whole Wadge hierarchy of Borel sets of finite rank can be generated with several
simple operations, starting from the empty set. The pattern method builds on this result. In
order to obtain lower bounds for the Wadge hierarchy of the considered class of automata, it
is often enough to check that some operations are definable within the class [5, 6].

In obtaining upper bounds and computability results, the pattern method relies on certain
compositionality of deterministic automata with respect to the equivalence relations of having
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Definable Operations On Weakly Recognizable Sets of Trees

the same Mostowski—Rabin index, the same Borel rank, or being continuously reducible to
each other (Wadge equivalence). In a deterministic automaton each sub-automaton can be
replaced with any automaton recognizing an equivalent language without influencing the
equivalence class of the whole language. More generally, each automaton can be seen as a
result of an operation performed on sub-automata by means of some connecting automaton.
If the connecting automaton is deterministic, the operation induces an operation on the
equivalence classes of the corresponding languages (see [16, 18], and also [19]). Sometimes,
these operations can be expressed in terms of computable ordinal operations on Wadge
degrees, and the degree of the recognized language can be obtained by bottom up evaluation
starting from the simple sub-automata [16].

For alternating automata this approach fails in general, because the set-theoretical
operation of union, easily simulated within an alternating automaton, is not an operation on
the equivalence classes. Indeed, the union of arbitrarily complicated languages can be the
whole space. Does it mean that the pattern method is confined to deterministic automata?
Recently it has been shown that the method can be extended beyond deterministic automata,
but the class of considered languages was very small [7]. In this paper we introduce a large
syntactic class of the automata inducing operations compatible with the Wadge equivalence—
we call them game automata—and show that it is the largest such class satisfying natural
closure conditions (Sect. 4). We then focus on weak automata, and identify a small set
of operations on Wadge equivalence classes which generate all other definable operations
(Sect. 5). Based on this we show how to compute the Wadge degree and the Borel rank of
weak game automata (Sect. 6). Finally, we prove that the Borel rank and the weak index
coincide for weak game automata, which leads to an algorithm computing the weak index,
and constructing the equivalent automaton with minimal index (Sect. 7).

Due to space limitations many proofs are moved to the full version of the paper [8].

2  Alternating Tree Automata

Let T denote the set of (full infinite binary) trees over an alphabet X, i.e., functions
t:{0,1}* — X. Given v € dom (t), by t.v we denote the subtree of ¢ rooted in v.

A alternating tree automaton (X, Q, qr, d, rank ) consisting of a finite alphabet ¥, a finite
set of states @, an initial state qr € @, a transition function § : @ x X — BT ({0,1} x Q),
where BT ({0,1} x Q) denotes the set of positive boolean formulae over {0,1} x @, and a
rank function rank : Q — N. As usual, A accepts t € Ty, iff the player { has a winning
strategy in the induced max-parity game (see [8] for details). To underline this connection,
we write transitions with o and ¢ instead of A and v, e.g., (p,o) = ((0,p) v (0,q)) < (1,q),
or p -2 ((0,p) o (0,9)) © (1,q). The class of all alternating automata is denoted by ATA.

An alternating tree automaton A is

weak (WATA), if for all ¢, ¢’ € Q, if ¢ is reachable from ¢’ and ¢’ is reachable from ¢, then

rank (¢) = rank (¢);

linear (LATA), if for all ¢, ¢’ € Q, if ¢ is reachable from ¢’ and ¢’ is reachable from ¢, then

q = ¢, and for each ¢ € @ either all §(¢,c) use only o or all use only ©;

deterministic (DTA), if for all g € Q, o € %, 6(q,0) € {(0,p) o (1,q) | p,q € Q} .

A state ¢ is reachable from p if there exists a path in A from p to ¢, i.e., a sequence of
states and alphabet symbols poogp107 - . . px—10% Pk such that py = p, pr = ¢, and p; 41 occurs
in §(p;,0;) for all i < k. Throughout the paper we assume that all states are reachable
from the initial state. By convention, T is a singled out all-accepting state, and L is an
all-rejecting state. We assume that all other states are non-trivial, i.e., accept some tree and
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reject some tree. For every state g which is not the initial state ¢q; of the automaton A, by
A, we denote the automaton corresponding exactly to A except the fact that the initial state
now is ¢ and not ¢;. We say that a state ¢ of A is productive if L(A,) # &.

The (Mostowski-Rabin) index of an automaton is given by (7,7) € {0,1} x w, where i is
the minimal and j is the maximal value of rank (scaling down the priorities we can always
assume that the smallest rank is 0 or 1). Classes of languages recognizable with automata of
index (4,j) form the so-called index hierarchy. By a result of Bradfield [3], we know that
the index hierarchy for alternating tree automata, is strict. It is well-known that the class
of weakly recognizable languages forms a strict hierarchy with respect to the index of the
recognizing weak automata (cf. [1]). In the latter case we speak of the weak index hierarchy.

3 Borel classes and Wadge reductions

Consider the space Ty equipped with the standard Cantor (prefix) topology, that is the
topology where a basic open set is the set all trees that extend a certain finite tree. Recall
that the class of Borel sets of a topological space X is the closure of the class of open sets of
X Dby countable unions and complementation. For a topological space X, the initial finite
levels of the Borel hierarchy are defined as follows:

»Y(X) is the class of open subsets of X,

1% (X) contains complements of sets from 30 (X),

Y, 1(X) contains countable unions of sets from IT%(X).

By convention £8(X) = {@} and IIJ(X) = {X}.

The classes defined above are closed under inverse images of continuous functions. Let C
be one of those classes. A set U is called C-hard, if each set in C is an inverse image of U
under some continuous function. If additionally U € C, U is said to be C-complete. It is well
known that every weakly recognizable tree language is a member of a Borel class of finite
rank ([6, 14]). The rank of a language is the rank of the minimal Borel class the language
belongs to. It can be seen as a coarse measure of complexity of languages.

A much finer measure of the topological complexity is the Wadge degree. If T, U < Ty, we
say that T is continuously (or Wadge) reducible to U, T <w U in symbols, if there exists a
continuous function f such that 7= f~(U). For a Borel class C, T is C-hard if U <y T for
every U € C. We write T' =y U whenever T' <y U <w T, and T <w U, if T' <y U but not
U <w T. The Wadge hierarchy is the partial order induced by <y, on the =y -equivalence
classes of Borel sets.

An alternative characterization of continuous reducibility can be given in terms of games.
Let T and U be two arbitrary sets of trees. The Wadge game W(T,U) is played by two
players, player I and player II. Each player builds a tree, say t; and t1y, level by level. In
every round, player I plays first, and both players add one level to their trees. Player II is
allowed to skip her turn, but not forever. Player II wins the game if t; € T' < t;; € U.

» Lemma 1 ([23]). Let T,U € Tx. Then T <w U iff Player II has a winning strategy in the
game W(T,U).

An ordinal number is the order type of a well-ordered set. The least infinite ordinal is
denoted by w and corresponds to the order-type of the set of all natural numbers. We say
that an ordinal « is countable if there is a bijection between o and w. The first uncountable
ordinal is denoted by w;. A subset B of an ordinal « is said to be cofinal if for every a € «
there exists some b € B such that a € b. The cofinality of an ordinal « is thence the smallest
ordinal § that is the order type of a cofinal subset of «.
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Recall that a language L is called self dual if it is equivalent to its complement, otherwise
it is called non self dual. From Borel determinacy [13], if T, U € T are Borel, then W(T,U)
is determined. As a consequence, a variant of Martin-Monk’s result (cf. [11]) shows that
<w is well-founded. Thus, we can associate to every Borel language an ordinal, called the
Wadge degree, i.e. for sets of finite Borel rank, their Wadge degree is inductively defined by:

dw (D) = dw(2") = 1,

dw (L) = sup{dw (K) + 1: K non self dual, K <y L} for L >y &, non self-dual,

dw (L) = sup{dw (K): K non self dual, K <y L} for L self-dual.

For instance, open, non-closed sets have degree 2, just like closed, non-open sets. All clopens
have degree 1. Let exp(a) = w{, and let “'¢y = sup,,,, exp”(w1), the least fixpoint of the
ordinal exponentiation of base wy. This is known to be the height of the Wadge hierarchy of all
tree languages (recognizable or not) of finite Borel rank. More precisely, if L is 32 -complete
for n > 1, then dy (L) = exp"~*(1) for n > 1 (cf. [4]).

For each degree there are exactly three equivalence classes with the same degree, rep-
resented by U, U and U = {t | t(¢) = a,t.0 € U} u {t | t(¢) # a,t.0 ¢ U} for some non
self-dual set U and a € . It easy to check that U, U’ <y Ut and U? is self-dual.

For each non self-dual set one can determine its sign, + or —, which specifies precisely
the =y -class [4]. For sets U € Tx with dw (U) of countable cofinality, the sign is + if U is
Wadge equivalent to the set of trees over ¥ U {c}, ¢ ¢ X, which have no ¢ on the leftmost
branch, or the first ¢ is in the node 0 and ¢.0° € U. The sign is — if U is equivalent to the
complement of this set. For instance, J and open, non-closed sets have sign -, while the
whole space and closed, non-open sets have sign +. For sets of cofinality wq, the definition is
more complicated, but X0-complete sets have sign —, and IT9-complete sets have sign +. All
self-dual sets by definition have sign +. Thus an ordinal a@ < “?¢y and a sign € € {+, —, +},
determine a =y -class, denoted [a]¢.

4 Game automata

For A, B (over the same alphabet) and an occurrence of a state ¢ in a transition d(p, o) of A,
the substitution Ap is obtained by replacing the occurrence of ¢ in §(p, o) with the initial
state of B. The mapping B — Ap induces an operation on recognized languages, but it need
not preserve coarser equivalence relations, like Wadge equivalence.

As pointed out in the introduction, the operation of union is not compatible with such
equivalence relations. The same is true of intersection.

» Example 2. Take ¥ = {0, 1,2} and consider (X*(1 + 2))¥ and (£*2)“. Clearly, (X*(1 +
2))¥ <w (X*2)“ as witnessed by the letter-to-letter morphism 0 — 0 and 1,2 — 2. The
converse reduction is given by the inclusion. Taking union with X*0%, we obtain (X*(1 +
2))¥ U X*0¥ = X¢, and (X*2)¥ U L¥0¥ #y X¢¥. The language (X*2)* U X*0¥ is at the level
AY of the Borel hierarchy, a deterministic automaton requires three ranks to recognize it,
and an alternating automaton needs two. This makes it much more complex than the whole
space X*, which can be recognized by a deterministic automaton with a single state, whose
rank is 0. Similarly, intersecting with X*(0 + 1) we obtain X*(0*1)¥, and the empty set,
which have very different complexity.

In order to ensure that substitution is well-behaved, we need to prevent the automata
from simulating union and intersection. We call a transition 0(q, a) ambiguous if it contains
two occurrences of some direction d € {0, 1}.
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» Fact 3. Let C € ATA be a class of automata over a fixed alphabet with at least two
letters, closed under substitution and containing the one-state all-rejecting and all-accepting
automata. Substitution preserves the Wadge equivalence in C iff no automaton of C has an
ambiguous transition.

Proof. Assume for simplicity that the alphabet contains the symbols 0, 1, 2. Starting from the
all-accepting and all-rejecting automata over the alphabet {0, 1,2} we can obtain automata
A, A*B, B® recognizing languages Lo, (Lo )", L1y, (L(OH)W)C respectively, where L,
stands for the set of trees whose leftmost branch is a word from the language defined by
the expression a. Observe that L(A) =y L(B), but L(A) u L(B%) #,, L(B) u L(B") and
L(A) n L(A%) #, L(B) n L(A").

Let C € C and let qoogq1071 ... gx be path from the initial state qg to a state g such that
for some oy, 0(qr, o) is an ambiguous transition. By substituting the all-accepting and
all-rejecting automata, we can assume that 6(q;, 0;) = (d;, ¢;+1) for i < k and 0(qx, o) =
(di,po) © (dg,p1) or 6(qr,or) = (dg,po) o (di,p1) for some states pg,p;. Assume that
3(qx,or) = (dk,po) © (di,p1), and let C’ be the result of replacing the occurrence of py with
the initial state of B, and the occurrence of p; with the initial state of B®. For C',, obtained
by replacing the initial state of B with the initial state of A, we have L(C";) =w L(A)uL(B%),
and L(C") =w L(B) u L(B"), which concludes the proof. For 6(qx,o%) = (di,po) o (dy, p1),
use A® instead of BC. “

Observe that each non-ambiguous transition has one of the four forms: (0,p), (1,p),
(0,p) @ (1,q), or (0,p) = (1,q).

» Definition 4. A game automaton (GA) is an alternating automaton without ambiguous
transitions. For notational simplicity, we assume that

5: QxS —>{poq|pacQ\(TI}u{poq|pqeQ\{L1}},

where p o ¢ and p o ¢ is interpreted as (0,p) ¢ (1,¢) and (0,p) o (1, q), respectively.
A weak game automaton (WGA), is a game automaton which is also weak, and a linear
game automaton (LGA) [7], is a game automaton which is linear.

Fact 3 implies that GA it the largest nontrivial subclass of ATA closed under substitution
for which substitution preserves Wadge equivalence, and similarly for WGA € WATA. In fact,
a more general property holds for GA.

» Fact 5. For every GA A, B, B, every state q of A, and Ap, Ap/ obtained by replacing an
occurrence of ¢ with the initial state of B and B’ respectively, it holds that

1. L(B) <w L(B’) implies L(Ap) <w L(Ap/),

2. L(A,) <w L(A).

Relations between the classes are shown in Fig. 1

ATA
with arrows standing for class inclusion. The classes GA/ \WATA
GA, WGA, and LGA are closed under complementa- ., — = "o T~ LATA
tion: the usual complementation procedure of increas- T~ LGA/

ing the ranks by one and swapping existential and

universal transitions works. However they are neither Figure 1

closed under union nor intersection. For instance, let

Lo = {t € Ty t(0) = t(1) = o}. Obviously, L, and L; are LGA-recognizable, but L, u Ly
is not even GA-recognizable. Note that the last example also shows that all the inclusions in
the diagram above are strict.
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A A
%}b—s a
A A B C

Figure 2 Automata constructions for L, ¢, loop™, 3.

5 Operations induced by automata

LGA, investigated in [7], can be classified in terms of several simple set theoretic operations
(we assume that the alphabet contains letters a, b, ¢):

LuM={t|tle)=a,t.0e L} u{t|tc) #a,t0e M},
LoM={t|t0eLAtleM},
LoM={t|t0eLvtleM},

loop™ (L, M) = U {t| first ¢ is in 0", ¢.0""t € M, and t.0°1 € L for all £ < n} ,

neN

loop™ (L, M) = U {t| first ¢ is in 0", and £.0"*! € M or ¢.0°1 € L for some ¢ < n} U

neN

U {t|t.(0") # c for all n},
V(L, M) =loop™ (L, M) u {t | t.(0") # c for all n, and ¢.0°1 € L for all ¢},
3(L, M) =loop™ (L, M) u {t | t.(0™) # c for all n, and t.0°1 € L for some 0},

where “first ¢ is in 0"” means that ¢(0") = ¢ and #(0¥) # c for all k < n. Observe that
(Lo M)t = L' M*, (loop™ (L, M))* = loop™ (L%, M), and (V(L, M))* = 3(L*, M").

These operations are definable by LGA: automata realizations for i, ¢, loop™, 3 are shown
in Fig. 2, and for o, loop™, V they are obtained by replacing ¢ with o and swapping the rank
parities. Like all operations induced by GA, they are compatible with Wadge equivalence.

» Fact 6. Let op be one of the operations L, o, loop™, 3, or their duals. Whenever L =y L’
and M =y M’, it holds that op(L, M) =w op(L’, M’).
Up to Wadge equivalence, these operations are everything LGA are able to express.

» Fact 7 ([7]). Up to Wadge equivalence, the closure of {T, 1} under 1, ¢, loop*, 3, and
their duals (or equivalently, complementation) gives exactly the family of sets recognized
by LGAs. Moreover, for each LGA one can compute an equivalent canonical term over these
operations and L, T.

Since the operations preserve Wadge equivalence, they can be defined in terms of ordinal
arithmetics and signs [4, 7]. For some operations the definitions are very simple, for instance

€1 if Y1 > Y2
[v1]* u [72]® = [max(y1,72)]¢, where e = ¢ +  if 1 = 75 and €1 # €,
€o  otherwise
loop™ ([7]% [1]7) = [supdw (([v])%)]", where U =UoUo---0U
k %—J
k
(V] [17) = [exp™ 1], for [exp’ 1] <w [7]° <w [exp™ 1]
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Figure 3 Operations definable with WGA.

Observe that the second equation, and its dual, imply that for all &
Ioop+(L,M) Zw L<1~c>7 Ioop_(L, M) >w K] ’

where U¥l = U o U o--- o U. For o the ordinal definition has only been given for =y -classes
k

inhabited by LGA-recognizable languages, [®] = {[a] | a € ®, € € {+, —, +}} with ® denoting

the set of ordinals of the form 22: ~ Bn + a where @ < w and each 3, is of the form

exp™(w)n + Z;:P exp"(p)k, for some n < w* and k, < w. Closure of [®] under L1, ¢, loop™,

3 (and their duals) was the technical core of the proof of Fact 7.

In this work we want to move to sets recognizable by WGA. Surprisingly, only two really
new operations are introduced, loop-reset® (L, M) and loop-reset (L, M). The automata
constructions for them are shown in Fig. 3.

By a Wadge game argument we get a simple characterization in terms of ordinal arith-
metics, showing that WGA-definable operations can multiply some Wadge degrees by w;.

€

» Theorem 8. For every Wadge equivalence class [Y]¢ of a Borel language and p € {+,—}

3] if [ =w [1]",

loop-reset” ([v]%, [1]") = {[dW(Ioop+([v]€, [1]*))w1]u otherwise.

where t = + if p = —, L = — otherwise.

This operation is the source of difference between LGA and WGA, and allows WGA to inhabit
much many Wadge equivalence classes than LGA. Thus, in our algorithm for WGA we
use effective closure for a larger set of ordinals. Let ) be the set of ordinals of the form
¥Y_ . exp(a;)n; where ag, ag_1,...,ap is a strictly decreasing sequence of ordinals from @,
and 7; < w for cofa; = wy or cofey; < w, and 7n; < w* for cofa; = w.

» Lemma 9. [Q] is closed under the operations i, loop™, loop-resett, 3 (and their duals)
and the result of the operation can be computed effectively.

The proof is by induction, with the base cases covered by the closure property for [®].

6 Computing the Wadge degrees of WGA

For game automata, a run (computation tree) over an input tree ¢ is a labeling of the input
tree with states and modes (o or ¢), induced by the transition function of the automaton. A
transition taken from a node v determines the mode of v and the states in its children as
follows: the root is labelled with the initial state, and if a node with label o gets state ¢ and
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C

a

Dl A @—E}C;C b C: A
B B

Figure 4 A simulation (the rank 7 must not be greater then 7).

q - ¢’ 0 ¢” then v gets the mode o, and the left and right children get the states ¢’ and
q" respectively. A run p is resolved up to a subtree p’ if for all v,v0,v1 € dom p such that
exactly one node vd belongs to dom p’, and for the remaining node vd’ the sub-run p.vd’ is
accepting if v’s mode is o and rejecting if it is <.

» Definition 10. A simulation of a run p in a run o is a partial function n : dom p — dom o
such that
domm is a prefix closed subset of dom p (possibly with leaves and infinite branches);
o is resolved up to the subtree induced by the image of 7;
for each v0,v1 € dommn, n(v0),n(vl) are descendants of n(v), their closest common
ancestor has the same mode as v , and the highest rank on the path from n(v) to n(vd)
is equal to the rank of state in vd for d = 0, 1;
for each leaf v € domn, p.v is accepting iff .n(v) is accepting.

» Lemma 11. If there is a game simulation of p in o, then p is accepting iff o is accepting.

Proof. Each strategy in the parity game on p can be carried over to o, and vice versa. <

» Definition 12. A simulation of an automaton A in an automaton B consists of a partition
of Q4 into sets Q1, Q2, Q3 and function 1: Q1 U Q2 — QP such that
¢ € Q1 and each transition of A originating in Q1 leads to Q1 U Qa;
whenever ¢ —%» 4 qo o ¢, for some ¢ € Q; and o € {¢, 0}, there exist a path 7 from 7(q)
to some p and paths 7; from some p; to n(p;) for i = 0,1 such that p —p py o p; or
T . .
p —p p1 o pp and the highest rank on 777; is equal to rank g;;
for all g € Q2, L(A,) <w L(By(q))-

An example of a simulation is given in Fig. 4. A simulation of A in B immediately
provides a continuous reduction from the set of accepting runs of A to the set of accepting
runs of B. The next lemma follows by noticing that for GAs the set of accepting runs is
Wadge equivalent to the recognized language.

» Lemma 13. If there exists a simulation of A in B, then L(A) <w L(B).

Strongly connected components (SCCs) of automata are defined as for graphs in terms of
reachability. An SCC is trivial if it does not contain any loop. A transition ¢ — ¢’ o0 ¢” is
called branching if q,q’, ¢" belong to the same SCC.

» Lemma 14. For each WGA one can effectively compute a Wadge equivalent WGA over
{a, b, ¢} without non-trivial loops.

Proof. First we construct an automaton over a larger alphabet. We collapse each strongly
connected component into one state, proceeding by induction on the DAG of SCCs. Let X
be the root SCC, i.e., the SCC containing the initial state ¢;. By induction hypothesis, we
can assume that all other SCCs consist of a single state.

If there is a branching o-transition in X, set ¢; — ¢y © ¢;. Otherwise, set g7 LN qrop
for all p ¢ X such that ¢ — ¢’ op or ¢ — po¢ for some q,¢ € X. Define the transitions
via b and b, analogously, replacing o with <. Finally, let ¢; Crog) pop’ where pop’ ranges over
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a b b a
A B B A b
a
c (& (&
C C C

Figure 5 Strongly connected components of WGA over {a, b, ¢} without non-trivial loops.

pop such that p,p’ ¢ X and ¢ - pop for some g€ X, o € {o,a};

po T such that p¢ X and ¢ - ¢’ op or ¢ = po¢ for some ¢,¢ € X; and

po L such that p¢ X and ¢ == ¢’ o p or ¢ = p o ¢ for some ¢,¢' € X.

For each state g of the new automaton, extend d(g, o) to all symbols in the alphabet by using
one of already defined transitions.

The original automaton can be simulated in the modified one by taking @Q; = X,
Q2 = {p | qL»pororqLTOpforsomeleﬂ“eQ}, and 7(q) = qr for ¢ € Q1, and
n(p) = p for p € Q2. For the converse simulation, only change @1 to {gr}, and for Q2 and 7
keep the definitions above.

To reduce the alphabet to {a,b,c}, modify the construction as follows. In the case
where there is no branching o-transition in X, add a single transition ¢; — g7 o ¢q,
where ¢, is the initial state of the automaton recognizing L(A,,) 1 L(A,,) u---u L(4,,),
where {p1,p2,...,pr} is the set over which p ranges in the original construction. For b the
modification is analogous, and for ¢ add q; = L o ¢., where ¢. is the initial state of the
automaton recognizing [L(4,,) o1 L(Apfl)] L [L(Ap,) o2 L(Apg)] L u [L(Ap,) o L(Apzz)],
where p; o1 p},p2 02 Db, ..., pe 0¢ Py are the triples over which p o p’ ranges in the original
construction. Observe that these modifications do not influence the Wadge equivalence class
of the recognized language. <

Thus we can assume that each non-trivial SCC of a given WGA is of one of the four forms
presented in Fig. 5. By a Wadge game argument we can further simplify the automaton.

» Lemma 15. For each WGA one can compute effectively a Wadge equivalent WGA over
{a, b, ¢} without non-trivial loops and branching transitions (except those for T, L).

After these simplifications we apply Lemma 9 to compute the Wadge degrees.

» Theorem 16. For a given WGA one can effectively compute the Wadge equivalence class
of the language it recognizes.

Proof. By Lemma 15, we can assume that the automaton is over {a, b, ¢}, has no non-trivial
loops, and no branching transitions. By induction on the DAG of SCCs we prove that the
Wadge equivalence class of the recognized language is in [2] and can be computed effectively.

If the whole automaton consists of a single SCC, the result is [1]T or [1]~ depending on
the rank of the unique state.

To perform the inductive step, it suffices to express the recognized language in terms of
the operations from Lemma 9. If there is no transition from the initial state g; that leads
back to gz, the recognized language can be presented as [L(Ap,) oq L(Ay )] 1 [L(Ap,) o
L(Ap'b)] L [L(Apc) O L(Apg)], where q; — p, o, pl, for o = a, b, c.

For the rest of the proof we assume that the automaton is of the form shown in the
leftmost part of Fig. 5; we use the notation q;(A, B, C). For the remaining possibilities the
computations are analogous. If the rank q; is even, consider the following cases.



10

Definable Operations On Weakly Recognizable Sets of Trees

1. L(A) >w Y(L(B),T). Then L(A) >w L(B)l" for every n < w, and we have that either
L(q1(A, B,C)) =w L(q1(A, B',C)) for some B’ recognizing a X{-complete language, if
dw(L(B)) = [2]7, or L(g(A, B,C)) =w L(qr(A, T,C)) otherwise. In the former case the
recognized language is Wadge equivalent to loop-reset* (L(A), L(C)), in the latter case it
is Wadge equivalent to loop™ (L(A), L(C)).

2. L(A) <w L(Y(B,T)). The recognized language is Wadge equivalent to L(qr(L, B, C)),
which gives V(L(B), L(C)).

3. L(A) =w L(Y(B,T))". In this case, as L(A) >y L(B)" for every n < w, we conclude
that the recognized language is Wadge equivalent to L(A) o L(¢(L, B,C)) =w L(A) ¢
Y(L(B), L(C)).

For rank q; odd, dualize the above argument. <

7 Borel rank and weak index

As an immediate corollary of Theorem 16 we obtain decidability of the Borel rank problem.

» Corollary 17. The problem of deciding the Borel rank of a WGA-recognizable language is
decidable.

We will now proceed to prove that the weak index conjecture holds for languages recognized
by WGA. It has long been known that one implication holds.

» Proposition 18 ([14]). Let A € WGA with index (0,n) (resp. (1,n + 1)). Then it holds
that L(A) € T2 (resp. L(A) e X2).

Using the connections between the structure and topological complexity of automata
explained in the previous sections, we can prove the converse for WGA.

» Theorem 19. For languages recognizable by WGA, the Borel hierarchy and the weak index
hierarchy coincide.

Proof. By duality and Proposition 18 it suffices to show that each WGA A recognizing a IT®
language admits an equivalent WATA of index (0,n). We proceed by induction on the DAG
of SCCs of the automaton.

If n = 0, A accepts every tree, so it is equivalent to a single state automaton of index
(0,0). If n = 1, A cannot contain a productive state reachable from a nontrivial rejecting
SCC, so an equivalent (0,1) automaton can be obtained by setting the rank of all states
reachable from non-trivial rejecting SCCs to 1 and the rank of the remaining states to 0.

Suppose that n > 2, and let X be the root SCC. If X has rank 0 (we can change it to 0
if X is trivial), by Fact 5 (2) and the induction hypothesis we can present all A, with ¢ ¢ X
as (0,n) automata and the claim follows.

Suppose X is non-trivial and has rank 1. Assume that X contains a branching o-transition.
Then it follows that for all states ¢, L(A,) is in 3%_; (otherwise, the whole language would
be 30 hard). In consequence, for all states p ¢ X, A, can be transformed into an equivalent
WATA of index (1,n), and we conclude like before.

The remaining case is that of non-trivial X of rank 1, without branching o-transitions.
Observe that in this case, there are two reasons why a tree can be rejecting:

1. a path of the computation stays forever in X, and for all ¢ transitions in this path, the
branches leaving X are rejecting;

2. arejecting path exits X, and for all ¢ transitions in this path, branches leaving X are
rejecting.
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By induction hypothesis, all A, can be transformed to WATA of index (1,n) if ¢ = po ¢’
or ¢ % ¢’ o p for some q,¢’ € X, or (0,n) otherwise. To check that the second condition
does not hold, use A with the rank X changed to 0. For the first condition, use A’ obtained
from A by replacing ¢ - pop’ with ¢ = Lo 1, ¢ % pogq with ¢ % T o ¢/, and
g -5 ¢ op withqg -2 ¢ oT forall ¢ € X, p,p ¢ X. The e-transition introduced to
implement conjunction can be removed by unraveling the first step of the computation,
without changing the ranks. <

This way the weak index problem reduces to the Borel rank problem. The construction
above in fact gives an effective way of constructing the equivalent WATA of minimal index.

» Corollary 20. The problem of calculating the exact position in the weak index hierarchy
of a language recognized by a WGA is decidable and an equivalent WATA can be constructed
effectively (in polynomial time if the productive states are given).

8 Conclusions

We have isolated the class of game automata, a wide class of automata inducing operations
on Wadge equivalence classes. For weak game automata we were able to use this property
to describe all definable operations in terms of a small set of generators, and based on this
we gave a procedure calculating the Wadge equivalence class of the language recognized by
any given automaton. Using the structural information provided by the latter result we
proved that the weak index hierarchy and the Borel hierarchy coincide, and gave algorithms
computing the weak index and constructing an equivalent weak alternating automaton of
the minimal index.

The results on the Wadge hierarchy subscribe to the line of reaserch aimed at investigating
the hierarchies for families of languages recognized by various devices (cf. [5, 9, 21]). Usually,
lower bounds on the heights of the hierarchies are easier to obtain, tight upper bounds
are more difficult, and decidability results are scarce [7, 16, 24]. The peculiarity of this
work is that we obtain computability of the Wadge degree without determining explicitly
the inhabited levels of the hierarchy. Some lower bounds are easy to obtain based on our
description of the induced operations and an upper bound is given by [Q2], but giving a full
characterization of the inhabited levels seems to be a nontrivial task.

The class of automata we are considering has limited expressivity, but it seems to capture
many interesting topological phenomena. Even more so in the unrestricted case, as game
automata recognize the game languages recently considered by Arnold and Niwinski [2] in
their study of the Wadge hierarchy of non-Borel regular languages. Currently, we are trying
to drop the weakness restriction. One of the challenges is that for non-Borel languages the
shape of Wadge hierarchy is unknown.

Despite the positive results concerning the hierarchy problems for weak game automata,
and hopefully for non-weak, from the methodological point of view the message of this work
is that we are reaching the limits of the topological approach to index problems. Pushing
decidability results beyond game automata seems to require new techniques.

Acknowledgements

The second author is supported by a grant from the SNFS, n. PBLAP2-132006, while the
third author is supported by the Polish government grant no. N N206 567840.

11



12

Definable Operations On Weakly Recognizable Sets of Trees

—— References

1

10

11

12

13
14

15

16

17
18

19

20

21

22

23

24

A. Arnold, J. Duparc, F. Murlak, D. Niwinski. On the Topological Complexity of Tree
Languages. In J. Flum et al. (Eds.) Logic and Automata - History and Perspectives, Texts
in Logic and Games, Amsterdam University Press: 9-28 (2007).

A. Arnold, D. Niwiniski. Continuous Separation of Game Languages. Fund. Info., 81(1-3):
19-28 (2008).

J. Bradfield. The Modal p-Calculus Alternation Hierarchy is Strict. Theor. Comput. Sci.
195(2): 133-153 (1998).

J. Duparc. Wadge Hierarchy and Veblen Hierarchy Part 1: Borel Sets of Finite Rank. J.
Symb. Log. 66(1): 56-86 (2001).

J. Duparc. A Hierarchy of Deterministic Context-Free w-Languages. Theoret. Comput. Sci.
290:1253-1300 (2003).

J. Duparc, F. Murlak. On the Topological Complexity of Weakly Recognizable Tree Lan-
guages. FCT: 261-273 (2007).

J. Duparc, A. Facchini, F. Murlak. Linear Game Automata: Decidable Hierarchy Problems
for Stripped-Down Alternating Tree Automata. CSL: 225-239 (2009).

J. Duparc, A. Facchini, F. Murlak. Definable Operations On Weakly Recognizable Sets of
Trees. http://wwuw.mimuw.edu.pl/~fmurlak/papers/gamafull.pdf.

O. Finkel. Borel Ranks and Wadge Degrees of w-Context Free Languages. Mathematical
Structures in Computer Science 16: 813-840 (2006).

S. Hummel, H. Michalewski, D. Niwinski. On the Borel Inseparability of Game Tree Lan-
guages. STACS: 565-576 (2009).

A. S. Kechris. Classical Descriptive Set Theory. Graduate Texts in Mathematics, Vol. 156.
Springer-Verlag, New York (1995).

L. H. Landweber. Decision Problems for w-Automata. Math. Systems Theory 3: 376-384
(1969).

D. A. Martin. Borel Determinacy. Ann. of Math. (2), 102(2): 363-371 (1975).

A. W. Mostowski. Hierarchies of Weak Automata and Weak Monadic Formulas. Theoret.
Comput. Sci. 83: 323-335 (1991).

F. Murlak. On Deciding Topological Classes of Deterministic Tree Languages. CSL: 573-584
(2005).

F. Murlak. The Wadge Hierarchy of Deterministic Tree Languages. Logical Methods in
Comput. Sci., 4(4), Paper 15.

F. Murlak. Weak Index vs Borel Rank. STACS: 573-584 (2008).

D. Niwinski, I. Walukiewicz. A Gap Property of Deterministic Tree Languages. Theor.
Comput. Sci. 303: 215-231 (2003).

D. Niwinski, I. Walukiewicz. Deciding Nondeterministic Hierarchy of Deterministic Tree
Automata. Electr. Notes Theor. Comput. Sci. 123: 195-208 (2005).

M. O. Rabin. Decidability of second-order theories and automata on infinite trees. Trans.
Amer. Soc. 141: 1-35 (1969).

V. Selivanov. Wadge Degrees of w-Languages of Deterministic Turing Machines. Theoret.
Informatics Appl., 37: 67-83 (2003).

J. Skurczynski. The Borel Hierarchy is Infinite in the Class of Regular Sets of Trees. Theoret.
Comput. Sci. 112: 413-418 (1993).

W. W. Wadge. Reducibility and Determinateness on the Baire Space. Ph.D. Thesis, Berkeley
(1984).

K. Wagner. On w-Regular Sets. Inform. and Control 43: 123-177 (1979).


http://www.mimuw.edu.pl/~fmurlak/papers/gamafull.pdf

	Introduction
	Alternating Tree Automata
	Borel classes and Wadge reductions
	Game automata
	Operations induced by automata
	Computing the Wadge degrees of WGA
	Borel rank and weak index
	Conclusions
	Alternating parity automata
	Effective closure of ordinals: proof of Lemma 9
	The Wadge hierarchy and the Wadge game
	Set-Theoretical Operations
	Other basic properties of operations on signed ordinals
	Nodes as operations on signed ordinals
	Closure by  and 
	Closure by sup+, sup-, sup-()1 and 

	Simpifying automata: proof of Lemma 15

