Kecalt %@" xp the alyady  (ryoved Propev iy,
EXPp VvV eXp W QF‘PC-U\ e xp W) = 'EL?&P ([\;le + terms of cﬂﬂct"ﬂ“e,é‘_?f%>

commutalov c?([} elewment s QXFC@ X F(N)

Ve will charge Hne noYation A Lie alaeb ol o Lie (=
Y CL T"CJL,L;[D
AN L Ae c‘levé:*r%d \05 gftthla e tler ?_3 L

et us suww L.»ue M;?/\ N I oure Ao wviow!
C@mmec'\-efd Lia
bf'm;;a\:j Conne cted) > ataebms
Lie “grousps (Stnite cinersion )
ovey

& >Cj

Mq_ L{,how ZU/\OCL 1?5 D Q PFUV\&\—D*(- DLW»D\ WE L;quw Jr%cf\:
thig i}uwi‘-t@‘r 'S LmJchve on sels on movphisms.
Oy c?goaﬂ s —¥o “]}"’E“@U& Jd/"c{t ’CI/HIS 13 an —QCTLtiVCl_[-QV\C&
QJY Cm.f\'ﬁ%@’r“i{? & Do M%\GAAV lacks (s

. 3§ I and T one e algelras of Lie qroups & and H
W@spé’cti\f@\é and. LQ;’Q;I—"_/[]Z £h o h@m@mowwsm of Lie
<L as dhep theve exisle a Lie qroup h@momorp\msm
§:G —=H sueh ot =1, .

o o E\;eﬂé{ LL‘QJ @LL%Q‘O‘F& Lr) MD‘W\OE‘P‘/\{L —Lo Q. L.'H-?_. QK%QHCL_J
@Sr oo e QY OLp.

l

A e W Tag st exparinesns -4

C@h\fgm /&/Q/\.SL WL/LLHM% /Eujxi~ S dadasua~a
e sl soulexk , net Mﬂ/‘} wmgﬂ gecond_

ovder derms., The ams wer Rion v Mg g\o[LoMm%

M/\-Q/WL—L t@M &&me @M\_Myeﬂﬂ L{Mdo{% %@‘VV\MJJLw



Sheovem: jj} (5 » o uneded W am A ﬂ Ko
Lia algq@loree  aae i o mbhnd of ' Aadl M@uﬂh we have .

CrpV - EXPW = QX‘F(\/”fWﬂLZ h(v,M) Wl

=)

}4% ake e ?@\Bmomla\s m variables Vv apd W

A
My= o [v,wl )”g-‘—"/l/] (Ev;[ufm]ﬂfw Ew,uﬂ>

718

L‘E’,'{: s g&ﬂ z(cCﬂC/Qu \L‘D S»Lwne}v’udaﬂl%ﬁ M CoNtsi heg %m@ergmg
© Yo opoupG!

An LN &u{’@mDTPWSM d&&{med J?na an leme it g (i el do fonaa
auw WmorPMSm of e aloelran Acd,%! %_:?ﬂ

_Shig &WWW\@VEWEW\ IS ah MWMOVPMEQM OS) Lie &[%_QMMJMQL«\QQ_,

Y OV O Ad Ty wl= K/Axo\av) Ad% W |
vfweg[ 366» T

L\]‘f- e ML ok le vmwn -
Lamma, ', 3/& UI G oo L QMM&@&G}%EH %or U,\N(‘:‘%[

=l
QKP\/ Q?CPN Q}(P(U‘) :Q}(FCW—}EV' w\l%,_l )

2
Troo £+ (R¥p V) =exp(-v)

QXpVEXDW QX@["\O =PV Qw(b\l ~V A ﬁ Ew;xﬂi—,” ):QXFV@PQU,V 4 gmw}r__
— Q}C? C\r+w—u -+ iﬁﬁlwl "‘Y% [Vf W =t + %Ew;_"ﬂ] =

= exp (Wt [vwl+lly-vlt ;TvCw-vIl*..+ =
:} Anigher oroder

Tt Tywlt... D)




M @[i‘i-gf ne 3' o acrieon ol & on 531’ )Zn.lkiﬂaa‘r M&’FS)S@ Vio qv‘@LLF[/l@mm
Ad @ G ﬂr—ac-}L(o%)
’E/adﬂcwul s derivaline awd wMﬁ Lﬂt Q%adm%ﬂ_%
Revnean Maap ocned  Lie  aloyelye, %@m@mor?mim

Ne  Jave :

e Mo C&) \/ Ao(,@xpv) = QXP(@@V>

(b)) VYV AV wv(w):[v;wl
\/@-(ﬂ we‘%

Pwoa_gi Toit () Collows %@m nateyvaldon ol @xp.
o], —o& "Wip

QP l i‘”‘[:‘
Ad

G > GL[o;)

(b) D e ?TQUUE?LLE cdtfq_.qt*am 6:6\‘ VGO—L Q“ﬂ%ider QX?QQ{.VGG’LC%') Q.ﬂd_
Qs < WE“. G'_.t
Qvoliate KX wéOT/ % ms?&
exp (o) (W)= (I+ ady+ 3(*@ (W + @ad,(w)t-.. )
3 A s eqMQ Reo (Ao\{wPWDBQm) , 5o let s Loole ot Ad{x?v



,Q}(FUGG. We have the commutative diaqram:

Adl

W C ol Spv ?Oﬁ

‘J/M’F o ‘J,Qxf
G h_E':ﬁpU . Q?_KPV); G

exp Ad, (W= expy- oxpwlexpd) = exp (W Ly, Wlr .o )
bk exp G 11\ dose Jo O, So in dhe wblid 05 O we thane.
/E\dw%[w) =w+ Ly, wlr
bo¥h watbs are Unear, so  the eLqualdy Yol ds Q\rer%w\nue,
Thars e have !
(oxp ad ) (w) =W+ ad, [wlt =

= V+Lvw|t.- -

B eromg YBrhe Hreovem,



Q‘x\:} V Qwa exfav—l Qwa—l = Q/\P C LV, Wi+ qulghe? «Sfe)rmfa_..)

We |L’1f§e/f Fp?f\aﬂ‘ fﬁg G o Q@mwﬂ{#{_k*&b\"ﬁi :['Q/\-Q_n %\ﬂ, Lie \D'Y“CIQQ,\ED._.%

‘memmmi 3¢ & 0 commmulative Baw I & o b wel

Lie ol gelove

e oo UL F«wve -u/\& N U@Vs&; /‘-DJVUVC/{“ cCann be /\”Eﬂaveladﬁlb
R~C~H I}c:??f}ﬁftuj_élﬂ for Ho se:zc_f_'oﬂ, QoA e:j:a.&oeﬂm qroups-

Sheorem fgf G Lr ao coeunecken Lie C%T@ULE) Uﬂl’% Ly ald

HS \ﬂ@/ 'Eh@,oﬂr@;m g‘o\l@ms ,?rcam the. Prop@i'xhnn:

pwa[:)cjﬁﬂ%[@ﬂi 3¢ Loy VY vfwe,q [v i wl=zO , Hen

Expv expw = Qxp(V+wW) =xpw: QxpV

Prool: Recall that od (w)=LCv,wl . ANEPN
’A\d Q%P(VB :QFP CGUOlVB‘) So Qoq‘ -Q.&FQ,M;; vQﬁ
A(Qt (Q_YF U‘) = 1 d Src.o’v‘ Q“JQT% W& %m




Cj Adew(vu’> %

Q,“?‘:F ‘ Q%P
V  oxpv- expa/_ v

af > &
S0 Lov ,wewé € JI/

|
expV expW (em?q) <expw

Aich meens Ynal

exr[:v’e eXPpW = qxpwae,xfav

Now we  prove ek exp(V +W) =exp:expW

LJJ U(s) fﬁ}‘ip't/t/sgxp'tw . T L o he T}:’*Tﬂm{(—@i“
SU*ED(TULLP .l

F(L+9) =axp(t+odv explt+s)us oxptrexpves

SV exptw expsw =
“explvexptw expsy expsw = &) B(9)
Ta‘aﬁn?} Pap i fferenbial o £=0 e qof vaw Lhence by
Uhiqueness of one pavameter subgrowps 2yptv - exptw = exp(tCvrw) Z
Qn Pne basig of the aboye goram we comn Proye

_m'emw-ezm: -3—82 G b o n-—ﬂtimt%ﬂ%fahaa connected odoeliam S[rOLps Phen
G o~ 9 xS x TP»MLQ
ey

153

]

Proof: Consider exp; Y| — 6. Fromfe prevics Hreorom (e know that exp .,
.Q-pmomo/)?l«\{sm of L preup Wity am RpvierpNisSi sinte ssvne *mla\nclsg_ Ae (-

by dowtrarunawoh  h Bz {mede oo morpnism exP Lo o mwm%iwﬁ) %0 C&JQP L;
cu droute swharng of -, Sudh o dicute sckqroug b o Lkt

L’E‘_- s G_Ga./vu—raﬂtﬂ—cl- b—ﬂa WGH/% Ji.dePMM \J"E,(L%m oy - Ay Cpﬁﬂﬁ: %cﬂ.&
i}

v S @YX RT e 6 e wad§eld and o L G,
Coln - ol Tt



we ohl\ use exponentiol map‘fb Prove Cartan's dheorem.

T&Eﬂrﬂ.m ! }; G— AT Qo QDHHEHC'E-QC‘ Li-e, qrﬂul:. and H =G o Subc&mu{:) u{fu.olq S oo CE,OSQd MEQ:E:

fen H.O a sulbmanilold. (iﬂ, H AS el LEGSE’;E‘-\ Le daw\oodmuf)

(proal aflec Adam's ‘oook)

¢
Recall that o Lt subgroup 4 cu tmeysion; Her G el a. homomorphism of Le
5uba{~mu?g, Tuducen wmap ﬂ%:“[ﬁg[, w oo mon@mnrphfsmj sinee F LS a manﬂmoer’sm i M

nond a«&_ 0. %o {,¥[Z5ﬂ b oo La Emba.},c?rap:rca/
FDT' f"'-\t‘i"‘ijrj UX e P\’E@.Q we ‘S-XGW"\‘ With two ﬁmniﬁaﬂ Lemmas .

Lammo_,j G counected lue qrowp , I = VoW g o veckess s, Rasuc
t{)i U-L___;G %qu):w{;% expw  weV weW Q\_JEE\%QQF’H@Y(P[/\]SM
of Some mbhwfbhcﬂ af A,
L. A mop L CxG Bs6& 6 smooth as a conposition af sk,
Mw) — @’%F vV, expw) —> expViexpW
wraps [fs ol (fererkial ot O yeshicked T cadh sdbspaa V 2W & ideitiliysSo

it MLWM%, Hicn QQ.R%F% o small uphd

Lemma; let H<G be o S alogroyp whidh i a doseol subseT v G

‘1:*.'}-.(. a EECLLQT ?mdm:'t & g, (DLLE?D‘:}E A€ axe c.%i,*ufe-h o Secru.o.mr_L

Ve
Vv, € neMN auch Mot expy, el v,—0 and ] '—'-';’VE‘*’{[.

Then E}cp(’bv)EH ,ﬁo«ewn& tel,.
P£: Let teR Ae avbitrary. As v, |—=0 , then one can choose iﬂte%ws m, € 7 ,ueN

Vi

such that w, v, —=t. Then  wavy = malual - [y7T — TV, Then exP(mmvh) —= exp{tv).
Win
But 2xp(mnv,) =(exp Vo) CH. % axpv)e H  becanse M i a closech subsel,



r-‘r!)rmg c::r,L Hhe theoveus -,

45*6[)'1. Candidle. Sor  Ahe —{*mﬂ%@;ﬁ( sSpace o H < A
{od =3V V exptye H
W= {veop: ¥ esptve Y
We wmust FT‘GUE that W v &Rﬂﬂw‘f‘ ‘f)ubﬂ?ﬂ.f_ﬂ ag C"[ Subset | o btj e.le.(;fmiHoh
closed under scolar wuLﬁPLLCDLTl'm, We maust prove + O closed under addifo
For vV, WE W  we wust show Had E%PCVJFW}E 3 8 gwp?ose VAWFO (for v=-i clear)
r‘\:Dq’“ 51%.1% JCC__:R e‘?‘ip (fv-’rtw) can be &FP'\’G?ﬂma'\Eﬁd bé’ ew?tun Ex?tm‘ 0SS we
kaue He —FO"PW'\L&\.(L
ixp‘tu . Q)Q‘ID'}TN = 2xp (VW + derms of cwolu‘/:'f.l)
As H b o su‘brc.u_,,\g Q.‘:-’-Pt\J'EKP'tWEH, Let _—{l:(-ﬁ,eﬁ—-?fg e %wem I:u.é_

%V({-,): [oabﬂxf (‘tu +tw+ terms eg order > ), ‘EE;J Jc—?f V+wW .

Lt v, =J{’&) for thn,Iﬂ)\ami Yo S g CAE M E M,

n-o &

Vo W

(B}j dhe ﬂl"“ﬁ’“w) |U+w\euv% Viwe W

SteP 2 Construct o map around he H. Take W such hat W @N]‘—"%jm\el conak dar
¢ w@wl — (3 (_Q(w'm')_—@c?w.ewwr‘ ‘B% Qe levmma, o 6 a cLL%‘{—QomarPh{SM
mmﬂbhdtgo,'?g sﬂm@ﬂmﬁtﬂm ) m%ooicﬂ’\@igc{{-%ﬂu’:% mmnm.ige&d/ﬂ_g_(;‘
For Hus e wust show 4hat L?(Un N)iﬁ o nbhd o Ae H §or Su%—(cianj smedl UWa0.
By definthon of W, @ (UnW)e H. Suppose on the wnlvary that theve exists a sequonce.

Whyw,, ) —=0, w,* suech W, Wn)E Ms AS 2xp W C also expw, € 1,

( n) ¥ O ot @(wn,whyeH. As expwnch ,also erpw,eH
E»:.{ wm?ad—ness of 4he sphere U...n..l't‘\l} w2’ o doese a »-’Z'-uJoSQCIL-..ﬂmc.L w"‘f.,.; s uch ot
Wor = WIE \(\Ji. From e Rermamoa £ S:aﬂwwz-. 3o o s é‘x.th e H Lo &uw&‘tepv

I, e |

UJ'Q%C{-., neanms -H,'\a:E., WIE W', QOWPF‘Y‘M[L'::.%'DM,

%Lf’.r% e %a;il/ o mcﬁhbcufhoai avound any other ?ot‘mt of H e laéi
ramsladion,



Cﬁvouow\az rj.p _SC, ——H L a hcmumgw?hism og Lie ea;ois Uroan
krf <G 0 o closed Lie subepoug,

Romank: We will devole mext axeruse session Ro Lie qroup acdions, prouing Hhat

&

Lg H 56 s o clesec lie Ewb%fw Havin /H; o \mc:.m‘\_g:.:.[d S0 f,g‘ ~H in hame

+ U o CELLJ.D—HEﬂt Lie group,

Co"rc?'!‘lmvgz 10 G, R are Lie qroups and £1G—H b <« qrowp homomor phisin
rmdh (v o ntinuous wmap Yaen §: G —7H 4 a Lie aroup WMomoworphismg e

£ b e:mec%j.

PG let T C GxH be o qraph of £ Tt TL; a subqroup whidh is a closed swbsel henw
l—% O oo submanifod aud pilier6xH=" G L o smooth Mo, Map p 2> Soijective
and  *o diffevential ok (1,,4,) 1 am somorphism, Henes p b o teal
A Sgeomorphism around (g, 4y). By translation it 0 Local dif§eomorphism Querywhere,
henee grokal difteomorphism, So L= Typ i smooth,

Covollavy + AW subaroups of Gl.Cw,R) copsideved so Sar COCM‘), 2onY, Uln) <t )

e obviously closed, Wenee g ane saomaniSolds and dosed Lk subyroups.

Ruoticnt construchion -,

dheovem : ‘SCI HSEG » a dosed 5u\gﬁrou.93%em the  3pace ,C?ﬂ i o

Smooth mauni fold, The "cah%ﬂv\i Space fo AH 4 OT//}C

Fn'lrh'-'jg. HL G s o closed nocmal Sufucfwuf
A T 6 o smeeth wanifold (ie a
Lie qpowp) omd T:!G —2 Y b oo oo P

}‘ﬁabﬂomorr:hfslrh wele karmad H.

Ehm: i l’ag i on ideal en Hhe quolient vedor
Space R/T b aLie algabea ik bracket
[veT, w+Il = Cvwi+T
and o homoworphism U —H%/I with kaenel T

THEOREMS on HOoMoMORPHISMSE

Lol §: G2 H le a homomorpnism of e qroups. Jo: LQ — I hamamorpww of La

With 0] amd ko an L olgelras T bhe atqetvs Saw  (er@ 9 6 ou ideal.
—Ealiﬂw{ha Moqgrauw & covmmdakie and e gD“GU&'\:’ﬂg dimgroum commutes:

Ci] __u;_:? wig < 1d

G —2mf s H | /;a;muftgmsm

v A Tl

@ftmg,
Yt o o clored subgroup, Heew for L oproug homomorphisi :
Tseg o droworphic ts ln g of —rebulych
L ,//uemarlahfsm

CJT’/ T (lesrg)



