
Complex Manifolds - written exam AD 2026

Problem 1 Let α = dx ∧ dy ∈ A2(C). Write that form in terms of dz and dz̄.

Problem 2 Let f =
�
(z1 + 1)2 + z22

��
(z1 − 1)2 + z22

�
− 1. What is the degree Weierstrass polynomial

g ∈ O(C,0)[z1] (the distinguished variable z1).

Problem 3 Let Xk ⊂ Cn, k ∈ N be a family of analytic sets. Prove that
T
k∈NXk is an analytic set

(can be described locally by a finite set of equations).



Problem 4 Let V be a real vector space and let I ∈ End(V ) be an almost complex structure. Construct
a C-linear embedding (V, I) −→ (V ⊗ C, 1⊗ i) .

Problem 5 Let ϕ : Cn → Cm be a holomorphic map. Check that ϕ∗(α) ∈ Ap,q(U) for α ∈ Ap,q(V ) .

Problem 6 Let X = P1. Let α be a 1–form of the type (0, 1). Does there exist a 0–form β, such that
dβ = α?



Problem 7 Give an example of a number g ­ 0, such that there does not exist a curve C ⊂ P2 of
genus g = dimH1,0(C).

Problem 8 Suppose thatM is a compact Kähler manifold of dimension 3 (over C). Is it possible, that
the cohomology ring (with complex coefficients) is isomorphic to

C[a, b]/(a2, b2), a ∈ H2(M), b ∈ H4(M) ?

Problem 9 LetX be a connected compact Kähler manifold, dim(M) = 4 . Suppose that its cohomology
is generated by the fundamental classes of complex submanifolds and dimH2(X) = dimH4(X) = 6.
Compute the signature of X.



Problem 10 Let X be a smooth surface in P3 od degree 4. Compute χ(X;O(k)). Is it a polynomial
in k?

Problem 11 Let X be a Kähler manifold, L a holomorphic positive line bundle. Prove that χ(X;L⊗d)
is a polynomial in d. Find its degree. Find the leading coefficient in terms of c1(L).

Problem 12 Let X be quintic (a hypersurface of degree 5) in P3. Its χy-genus is equal to 5−45y+5y2
(take it for granted). Write the Hodge diamond hp,q.


