Complex Manifolds — Problems 05.12.2025

Let V be a complex vector space with a Hermitian structure
<<’U, w>> - <U7 w> - iw(va w) :

The vector space V (as a real vector space) has a natural orientation, thus Hodge * is defined. Consider the real
exterior power AV* := AgV*. Recall that the scalar product in AV* satisfies

(o, Byvol = a A 0.
We extend the scalar product to a Hermitian form on (AgV*) @ C = Ac(V{) by the formula
(v, BYvol = a A *f3.
Problem 1 Show that the Hodge star induces an isomorphism
% AP =, AP—¢n—p
*(dz; Ndzy) = constdzyv Ndzpv
where JV ={1,2,...,n}\ J, IV ={1,2,...,n} \ I. Compute the constant.

Remark: Assume that dx;, dy; form an othonormal basis of V*. The Hodge star is defined on the real vector space
AV™* it is easily described by values on dx; A dyy. The goal is to find what happens in the complexificatation,
when the star is applied to dz; A dz;.

Problem 2 Show that AP? | AP’ if (p,q) # (', q).

Problem 3 ,Linear version of Hard Lefschetz”. Suppose dim¢c V' = n. Show that that a proper power of the
operator L defines isomorphisms between the opposite exterior powers

Lk . An—kV* i An—l—kv* )
Problem 4 Decompose AgV* for V = C? into irreducible representations of sly. For each summand find the
the vectors spanning the lowest weight space.
Problem 5 For a hermitian manifold show that
L= (-1F«Lx restricted to A*V*,

0 = — % Ox,

0" = — % 0%
are the adjoint operators to L, d, 0.

Problem 6 Show that the metric associated to the Fubini-Study form w is given by the following: fix w €
C™*t1\ {0} and let [w] € P™. The scalar product of vectors «, 3 € Tj,,|P™ satisfies

<’LU, w> <d’ B> — <d’ ’LU> (w, B>

(w, w)?

<a76> = %

b

where @&, 3 € T,,C"+1 are lifts of the vectors with respect to the quotient map C™+1 \ {0} — P™.
Problem 7 The Hopf fibration is constructed as follows:

Let S3 C C? be the unit sphere. The group S! of unit complex numbers act
on C? preserving S3. The quotient S3/S! is identified with the projective line
P! ~ §2. The quotient map 52 — S2 is a fibration with the fiber S*.

We say that two disjoined circles S1, So C S3 are linked if for any disk D C S,
such that 9D = S! the intersection D N S, is not empty. Show that any two
fibers of the Hopf fibration are linkled.

The picture from Wikipedia

Mini-talk DK: A Hermitian manifold is Kahler if and only if locally there exist a real valued function ¢, such
that w = i00p. The function ¢ is called the Kéhler potential.
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