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Last time we defined χ(Rd) as the smallest number of colors required to color Rd so that any two
points in distance 1 have different colors. For any subset X ⊆ Rd we defined the (possibly infinite)
graph UX with vertex set X and with edges between any two points at distance exactly 1. Of course
χ(Rd) = χ(URd). We also showed χ(R2) ≤ 9.

Proposition 1. χ(R2) ≤ 7.

Proof. Consider a covering of R2 with squares of diagonal 1 (that is, of side 1/
√

2):

Use the colors as indicated, remembering to color the interior of the square, its top-right corner, the
top edge without the top-left corner and the right edge without the bottom-right corner.

Remark 2. Another coloring uses a covering by hexagons. Each small hexagon should have diameter
0.99:

Proposition 3. χ(R2) ≥ 4.

Proof. Suppose, on the contrary, that c : R2 → {1, 2, 3} is a coloring of UR2 with 3 colors. I claim that

d(x, y) =
√

3 =⇒ c(x) = c(y).

Indeed, if d(x, y) =
√

3 then there are points z, t with d(x, z) = d(y, z) = d(x, t) = d(y, t) = d(z, t) = 1,
because x, y are the “opposite” vertices of two equilateral triangles joined at one base. Since c(x), c(z), c(t)
are all different and so are c(y), c(z), c(t), we conclude c(x) = c(y).

It means that for any x ∈ R2, all points on the circle centered at x of radius
√

3 have the same color.
But on that circle we can find two points in distance 1, contradiction.

Remark 4. The proof above can be turned into a construction of a finite subgraph H of UR2 with
χ(H) = 4. It is called the Moser graph, left. Another graph with this property is the Golomb graph,
right.



Remark 5. The bounds 4 ≤ χ(R2) ≤ 7 are all that we know in general about χ(R2).

We can now move on to higher dimensions, where the gaps in our knowledge are even bigger. For
example, it is only known that

6 ≤ χ(R3) ≤ 15.

However, the rate of growth of χ(Rd) as d→∞ is generally understood to be exponential.

Theorem 6. There are constants 1 < c1 < c2 such that for all d:

cd1 ≤ χ(Rd) ≤ cd2.

The current best are c1 ≈ 1.23 and c2 = 3 + ε. We are not going to prove the theorem with the
optimal constants, but we are going to show some weaker exponential upper and lower bounds. There
will be some especially nice mathematics involved in the lower bounds, in particular!

We start with an upper bound.

Theorem 7. For sufficiently large d we have χ(Rd) ≤ 14d.

Proof. We will tile Rd with small cubes, and color each cube with one color, similarly to the 3×3 strategy
used to show χ(R2) ≤ 9. As we saw in the exercises, repetitive coloring may not work for d ≥ 4. Instead,
we will color the small cubes greedily.

For simplicity, suppose first that d = 2k. We need two prerequisites: the formula for the volume of
the d-dimensional ball Bd(x, r) with center x and radius r for d = 2k is

Vol(Bd(x, r)) =
πk

k!
r2k.

We will also need the inequality k! ≥ (k/e)k, or equivalently kk/k! ≤ ek.
Divide Rd into “small cubes” of size

0.99
1√
d
× 0.99

1√
d
× · · · × 0.99

1√
d
.

Each cube has diameter (main diagonal) 0.99 < 1 and volume 0.99dd−d/2 = 0.992k(2k)−k. Denote any
such small cube by C.

Now we ask: how many small cubes are completely contained in any ball Bd(x, 3) of radius 3?
Comparing volumes gives that this number is at most

Vol(Bd(x, 3))

Vol(C)
=

32kπk(2k)k

k!0.992k
=
kk

k!
· ( 18π

0.992
)k ≤ (

18πe

0.992
)k < 163k < 13d.

Now order the (countably many) small cubes into a sequence C1, C2, . . . and let xi be the center of
Ci. We color each Ci according to the greedy rule: choose any color that is not used for cubes Cj , j < i
such that Cj ⊆ Bd(xi, 3). By the previous observation there are at most 13d − 1 cubes Cj we have to
consider, and there always is a spare color so that the greedy algorithm will do with at most 13d colors.
(It does not matter which color we use on points common to more than one cube, for example we can
color closed cubes and repaint anything that is already colored).

Now, two points inside one small cube are in distance at most 0.99 < 1. Consider two points x, y
with d(x, y) = 1 and let x ∈ Ci, y ∈ Cj , with i > j. By the triangle inequality we have that for any
point z ∈ Cj

d(xi, z) ≤ d(xi, x) + d(x, y) + d(y, z) ≤ 0.99 + 1 + 0.99 < 3
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so Cj ⊆ Bd(xi, 3). It means that the greedy algorithm used different colors for x ∈ Ci and y ∈ Cj , and
so we showed χ(Rd) ≤ 13d.

If d is odd and large enough then χ(Rd) ≤ χ(Rd+1) ≤ 13d+1 < 14d by what we already showed.

We can now move on to lower bounds. Clearly, we have χ(Rd) ≥ ω(URd) = d+ 1, but that is far from
exponential.

Definition 8. We say a finite graph G is a unit distance graph in Rd if there is a set X ⊆ Rd with
|X| = |V (G)| for which G is isomorphic to UX .

Lemma 9. If G is a unit distance graph in Rd then χ(Rd) ≥ χ(G).

Proof. For X as in the definition, we have UX ⊆ URd , so χ(Rd) = χ(URd) ≥ χ(UX) = χ(G).

Example 10. • The Moser and Golomb graphs are unit distance graphs in R2.

• The d-cube graph Qd is a unit distance graph in Rd. However, χ(Qd) = 2, so it does not provide
useful lower bounds.

• Take the vertices of the 3-cube Q3, but this time instead of the edges of the cube, take a graph
formed by all the diagonals of the faces of the cube. There are 12 of them, each of length

√
2,

so they form a unit distance graph in R3 (after rescaling by 1/
√

2). We see that this graph is
isomorphic to K4 tK4, so it yields χ(R3) ≥ 4. We knew that already, but it is better than with
the standard cube.

Definition 11. For 1 ≤ u ≤ d let Qd(u) be the graph whose vertices are all binary sequences of length
d:

V (Qd(u)) = {(x1, . . . , xd) : xi ∈ {0, 1}}

and two sequences are adjacent in Qd(u) if and only if they differ in exactly u positions.

Example 12. • Qd(1) = Qd.

• Q3(2) = K4 tK4 is the graph from the previous example.

• Qd(d) is a disjoint union of 2d−1 copies of K2.

Lemma 13. Each Qd(u) is a unit distance graph in Rd.

Proof. Every vertex of Qd(u) can be treated as a point in Rd with the same coordinates. If (x1, . . . , xd)
and (y1, . . . , yd) are seqnences of 0s and 1s which differ in exactly u positions, then their Euclidean
distance is

√
u.

Remark 14. The graphs Qd(u) provide good lower bounds for χ(Rd) for small d (as we will see exper-
imentally in the exercises). They also provide exponential lower bounds for large d (next lecture).

Remark 15. Figures taken from the book The Mathematical Coloring Book: Mathematics of Coloring
and the Colorful Life of its Creators by Alexander Soifer.
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