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1. Introduction

We focus on the Cauchy problem for a scalar hyperbolic conservation law

u,t + divFFF(x, u) = 0 in Rd+1
+ ,

u(0, ·) = u0 in Rd,
(1.1)

where Rd+1
+ := (0,∞)×Rd, d denotes an arbitrary spatial dimension, u : Rd+1

+ → R
is an unknown and FFF : Rd × R→ Rd is a given flux of the quantity u. In addition,

we assume that u vanishes as |x| → ∞. Our main goal in the paper is to identify a

class of fluxes FFF for which one can develop “well-posedness” of the problem (1.1). By

well-posedness we mean that we want to find a proper notion of (entropy) solution

to (1.1) for which we are able to prove the existence, uniqueness and stability of the

solution with respect to data in an a priori chosen class. In particular, our primary

motivation is that such class is equivalent to Kružkov entropy solution in case that

FFF is a sufficiently smooth function. For brevity, we recall that for smooth FFF a weak

solution to (1.1) is called the Kružkov entropy solution if it satisfies for all k ∈ R
the following entropy inequality in the distributional sense in Rd+1

+

|u− k|,t + div (sgn(u− k)(FFF(x, u)− FFF(x, k)))

+ sgn(u− k) divFFF(x, k) ≤ 0.
(1.2)

To generalize this notion to a class of fluxes FFF(x, u) discontinuous with respect

both to x and to u we shall follow several recent results and combine them in a

proper way to develop a unified theory. An important approach to problems with

x−discontinuous fluxes appears for d = 1 in the Ref. 9 and later in Ref. 7. The

authors generalized the entropy inequality (1.2) in a way that instead of a constant

k they considered a stationary solution, namely a function k(x) solving the equation

∂xFFF(x, k(x)) = 0. (1.3)

This idea of extending the definition of Kružkov solutions to a discontinuous case

consisted in introducing adapted entropies E(x, u) = |u− k(x)|. For such choice of

entropies we observe that the last term in (1.2), which is not well-defined in case

of non-smooth FFF vanishes. For a sufficiently large class of k’s satisfying (1.3) the

uniqueness of solutions to (1.1)–(1.2) can be proved. We discuss here the assump-

tions under which one is able to find this rich class of k’s fulfilling (1.3). The Ref. 9

concerns the case of injective fluxes. In Ref. 7 the authors assumed that there exist

continuous functions f, g; f(u)→∞ as |u| → ∞ such that

FFF(x, u) is Carathéodory, (1.4)

f(u) ≤ |FFF(x, u)| ≤ g(u), (1.5)

FFF(x, u) is for a.a. x one to one locally Lipschitz . (1.6)
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Alternatively, instead of (1.6) the authors assumed the following

There is a function uM (x) : R→ R such that for a.a. x ∈ R
F (x, ·) is a one to one locally Lipschitz function from [−∞, uM (x)]

and [uM (x),∞] to [0,∞] that satisfies F (x, uM (x)) = 0.

(1.7)

Under such conditions the authors were able to prove uniqueness (in a given

class) of the solution to (1.1), that is equivalent to the Kružkov entropy solution in

case that FFF is smooth. This equivalence, as well as an existence of such a solution

was proved in Ref. 18. In case of (1.7) there are multiple solutions to (1.3) and then

the choice of k’s needs to be restricted only to some of them.

Later Panov33 generalized the method developed in Ref. 7 in the following way.

He assumed that FFF is of the form

FFF(x, u) = GGG(θ(x, u)), (1.8)

where GGG ∈ C(R;Rd) and θ(x, u) : Rd × R → R is a Carathéodory function that

is for almost all x strictly increasing with respect to u and for which there exist

continuous functions f and g fulfilling f(u)→∞ as |u| → ∞ such that

f(u) ≤ |θ(x, u)| ≤ g(u). (1.9)

In this setting it is shown in Ref. 33 that it is natural to rewrite the notion of Kružkov

solution in the following way: Let η(x, v) be the inverse to θ, i.e., θ(x, η(x, v)) = v.

Then assuming that GGG, θ, η and u are smooth one easily shows that u solves (1.1)–

(1.2) if and only if u(t, x) := η(x, v(t, x)) (that is again smooth) solves for all k ∈ R
the following system in the sense of distribution

η(x, v),t + divGGG(v) = 0 in Rd+1
+ , (1.10)

η(x, v(x, 0)) = u0(x) in Rd, (1.11)

|η(x, v)− η(x, k)|,t+ div(sgn(v − k)(GGG(v)−GGG(k))) ≤ 0, in Rd+1
+ . (1.12)

From Ref. 33 and 18 one observes that solving (1.10)–(1.12) is equivalent with

solving (1.1)–(1.2) provided that FFF = GGG(θ(x, u)) with sufficiently smooth GGG and θ.

In addition, it is evident that for introducing a notion of a weak solution satisfying

(1.12) we do not need to require any smoothness of θ with respect to x, which

is the case if one assumes (1.2). Thus, the system (1.10)–(1.12) seems to be a

natural extension of the concept of Kružkov entropy solution and the existence and

uniqueness of such a solution is established in Ref. 33 provided that GGG is sufficiently

smooth (Hölder continuous)a.

Finally, in Ref. 10 the authors considered fluxes being independent of x but

discontinuous with respect to u. They showed that for jump continuous fluxesb, one

can find nondecreasing U such that FFF◦U is continuous and define a notion of entropy

aIn Ref. 33 such theorem is stated in any d but the rigorous proof is provided for d = 1
bA function FFF is called jump continuous if for all s ∈ R there exists a finite limt→s± FFF(s) and there

is at most countable set where FFF is not continuous.
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weak solution that is equivalent to the Kružkov entropy weak solution for smooth

fluxes in the following way: A function v is an entropy weak solution to (1.10)–(1.12)

if it solves for all k ∈ R the following system in the sense of distribution

U(v),t + divFFF(U(v)) = 0 in Rd+1
+ , (1.13)

U(v(x, 0)) = u0(x) in Rd, (1.14)

|U(v)− U(k)|,t+ div(sgn(v − k)(FFF(U(v))− FFF(U(k)))) ≤ 0, in Rd+1
+ . (1.15)

The authors showed in Ref. 10 that for jump continuous FFF that is additionally Hölder

continuous at zero there exists just one entropy weak solution to (1.13)–(1.15).

Thus, our main goal in the paper and also our strategy is to combine the methods

developed in Ref. 7, 10 and 33 and to develop a theory that covers both possible

discontinuities of the flux, i.e. discontinuities with respect to u and x.

Moreover, to simplify the presentation we frequently use the following notations:

Small letters in italics always denote the scalar functions mapping Rd+1
+ , Rd respec-

tively on R, i.e., v(t, x) : Rd+1
+ → R and v(x) : Rd → R. The real function of one

real variable will be always denoted by capital letter, i.e., P : R→ R. On the other

hand vector-valued function of one real variable is denoted by capital bold letter,

i.e., QQQ : R→ Rd. Similarly, vector-valued function of (t, x) or x respectively will be

denoted by small bold letter, i.e., v(t, x) : Rd+1
+ → Rd and v(x) : Rd → Rd.

1.1. Assumptions on the flux and admissible parametrization

In the whole paper we assume that there are GGG : R→ Rd and θ : Rd ×R→ R such

that FFF(x, u) = GGG(θ(x, u)). Moreover, we assume that

(A1) GGG(v) is jump continuous

(A2) θ is a Carathéodory strictly increasing function such that θ(x, 0) = 0 and

there exists a Carathéodory function η(x, v) such that θ(x, η(x, v)) = v for

all v ∈ R and a.a. x ∈ Rd.
(A3) there exist continuous functions h1 and h2 such that for all x ∈ Rd

h1(u) ≤ |θ(x, u)| ≤ h2(u),

and such that for all R > 0 there exists CR so that h2(u) ≤ CRh1(u) for

all |u| ≤ R; in addition we require that lim|u|→∞ h1(u) =∞.

Note that it directly follows from (A3) that also η(x, v) is bounded by some function

dependent only on v and not on x, namely

(A3∗) there exists h3 such that for all x ∈ Rd

|η(x, v)| ≤ h3(v)

Already Kružkov29 pointed out that if FFF is not sufficiently regular at zero one

can get non-uniqueness of entropy solution. On the other hand it was shown in

Ref. 37 for continuous fluxes and in Ref. 10 that only appropriate Hölder continuity
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at zero is required for obtaining uniqueness of solution providedc that the initial

data u0 belongs to L1(Rd). Thus, having this in mind it is natural to introduce a new

assumption on a flux that will guarantee the uniqueness of a solution. Therefore, in

addition to (A1)–(A3) we assume that for given GGG and θ

(A4) there exists 1 ≤ p ≤ d
d−1 and constants R∞ > 0 and C∞ > 0 such that for

all x ∈ Rd \BR∞(0)

|GGG(s)|p ≤ C∞|η(x, s)|.

Finally, we introduce an admissible parametrization of (possibly) discontinu-

ous GGG. We denote by zk ∈ R, k ∈ N the points such that lims→(zk)+ GGG(s) 6=
lims→(zk)− GGG(s). Recall that the set of such points is countabled. Next we con-

struct a multi-valued mapping G by filling the jumps of GGG with intervals connecting

lims→(zk)+ GGG(s) and lims→(zk)− GGG(s) and in what follows we identify GGG with G for

simplicity. Then, we say that a couple (AAA, U) is an admissible parametrization of GGG

if it satisfies the following conditions:

• the function U ∈ C(R) is nondecreasing and lim
s→±∞

U(s) = ±∞,

• let αk := inf
α; U(α)=zk

α, βk := sup
β; U(β)=zk

β,

then for all k ∈ N there holds αk < βk < αk+1,

• the function U is constant on [αk, βk] and strictly increasing

on (βk, αk+1) for all k ∈ N,
• the function AAA ∈ C(R)d satisfies AAA(s) ∈ GGG(U(s)),

• the function AAA is linear on [αk, βk] for all k ∈ N.

(1.16)

For every jump continuous function GGG there exists such an admissible parametriza-

tion, what we discuss in more detail at the beginning of Section 2.

1.2. Definition of entropy weak solutions and main result

Definition 1.1. Let FFF = GGG ◦ θ with GGG and θ satisfying (A1)–(A3) and let u0 ∈
L1(Rd)∩L∞(Rd). We say that u ∈ L∞(0,∞;L1(Rd)∩L∞(Rd)) is an entropy weak

solution to (1.1) related to (GGG, θ) and u0 for an admissible parametrization (AAA, U)

of GGG if there exists a function g ∈ L∞(Rd+1
+ ) such that

η(x, U(g(t, x))) = u(t, x), AAA(g(t, x)) ∈ GGG(θ(x, u(t, x))) a.e. in Rd+1
+ , (1.17)

lim inf
t→0

∫
K

|u(t, x)− u0(x)| dx = 0, for any compact K ⊂ Rd, (1.18)

cNote that if initial data are assumed to be only bounded, then the requirement on Hölder conti-
nuity of the flux at zero is not sufficient and one has to assume the Hölder continuity of the flux
at each point.
dIt follows from the fact that GGG is jump continuous function



June 27, 2012 15:12 WSPC/INSTRUCTION FILE BulicekGwiazdaSwier-
czewska˙Revised˙Final
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and for all nonnegative ψ ∈ D(Rd+1
+ ) and arbitrary k ∈ R\

⋃
l∈N (αl, βl) there holds∫

Rd+1
+

|η(x, U(g(t, x)))− η(x, U(k))|ψ,t(t, x) dx dt

+

∫
Rd+1

+

(sgn(g(t, x)− k)(AAA(g(t, x))−AAA(k))) · ∇ψ(t, x) dx dt ≥ 0.

(1.19)

The numbers αl, βl, l ∈ N are defined in (1.16).

Remark 1.1. Any entropy weak solution is the sense of Definition 1.1 is a weak

solution to (1.1). Indeed, since g ∈ L∞ we may take k := ±‖g‖∞ in (1.19) (or pos-

sibly we increase/decrease the value of k such that U is strictly increasing in k) and

by using the strict monotonicity of η (guaranteed by (A2)) and the monotonicity

of U we conclude that

u,t + divAAA(g) = 0, in the sense of distribution in Rd+1
+ , (1.20)

which is exactly (1.1)1. Next, we can use the fact that by functions |u− ·| one can

generate any convex function and therefore it is a direct consequence of (1.19) that

(see Ref. 10 for details) for all smooth convex Ẽ, such that Ẽ is linear on (αk, βk)

for all N, where αk and βk are introduced in (1.16), there holds

Qu(x, g),t + divQQQAAA ≤ 0, in sense of distribution in Rd+1
+ (1.21)

with Qu and QQQAAA given by

∂sQ
′
u(x, s) = ∂sη(x, U(s))Ẽ′(s), ∂sQQQAAA(s) = ∂sAAA(s)∂sẼ(s). (1.22)

Having a notion of an entropy weak solution to (1.1) we finally focus on the

existence and uniqueness theorem. The main result of the paper is the following.

Theorem 1.1. Let FFF = GGG ◦ θ with GGG and θ satisfying (A1)–(A4) and let u0 ∈
L1(Rd)∩L∞(Rd). Then there exists a unique entropy weak solution to (1.1) related

to (GGG, θ) and u0 in the sense of Definition 1.1.

Remark 1.2. Note that an entropy weak solution is independent of the choice of

parametrization U unless this parametrization depends on x. Another observation

is that functions GGG and θ are not necessarily given uniquely and thus there arises a

question whether different choice of GGG and θ may lead to different entropy solutions,

namely in the case when GGG2(θ2(x, u)) = GGG1(θ1(x, u)), which was shown in 33. In the

Appendix B we discuss sufficient conditions for independence of the choice of GGG and

θ, see Theorem B.1.

Here, we briefly discuss the optimality of the assumptions of Theorem 1.1 and

the relevance to other results. The assumption (A1) is inspired by Ref. 10 and

covers also the case when GGG has infinitely many jumps. The assumptions (A2) and

(A3) were introduced by Panov33 and define the class of fluxes FFF for which one can

relatively easily introduce a change of variables which eliminates a direct dependence
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of the flux on x. Note that it is in fact restrictive, e.g., it is clear that if (A1)–(A2)

are satisfied then necessarily for fixed x the Im (F (x, u)) does not depend on x.

For some physical phenomena such an assumption may not be valid (e.g. flows in

porous media, sedimentation, cf. Ref. 12, 14, 21, 27). Finally, the last assumption

(A4) combines the requirements on the behavior of FFF(x, ·) near zero and behavior

of FFF(·, u) near infinity. Indeed, one could alternatively assume that GGG is α−Hölder

continuous in zero with an appropriate exponent α and that |θ(x, u)| ≤ C∞|u| for

|x| → ∞ and/or to introduce other assumptions on the behavior of FFF near ∞ for

u = 0 that would lead to the uniqueness of the solution.

Besides the results described above we shall mention various other approaches to

scalar conservation laws including discontinuities of fluxes. According to our knowl-

edge the case of discontinuity in both variables x and u has not been considered.

The motivation for considering the discontinuity in the flux function with respect

to u comes from the implicit constitutive theory, namely implicit relations between

the flux and the unknown, see e.g. Ref. 35 and also Ref. 10. The strategy is the

following: The discontinuous flux is identified with a continuous curve consisting of

the graph of the function FFF and the intervals filling the jumps.

The framework of fluxes discontinuous in u was also studied in Ref. 4, 17 and 30

for the case of fluxes independent of x in a multi-dimensional case. We shall recall

briefly the approach of Carrillo16,17. He considered a problem in a bounded domain

ut + div Φ(u) 3 f in (0, T )× Ω

u(0) = u0 in Ω
(1.23)

with a piecewise continuous flux function having a finite number of jumps. The

author further provides an appropriate change of variables which leads to a ”new”

problem

g(v)t + div Ψ(u) 3 f in (0, T )× Ω,

g(v(0)) = u0 in Ω.
(1.24)

For the details we refer to Ref. 17. The proof bases upon the comparison principle

and the entropy inequality involving a version of semi Kružkov entropies, namely

E(v, k) = (g(v)−g(k))+. It is worth to notice that the change of variables introduced

by Carrillo is a prototype of the change of variables used in Ref. 10.

Most of the studies on fluxes discontinuous in x confine to one-dimensional

case. We recall here an overview paper of Risebro36 concerned mostly with a front

tracking method, see also Ref. 25, 28. The author describes various motivations for

considering such problems. The multidimensional problem was considered in Ref. 5,

26 and 31.

In the works basing upon the classical Kružkov entropies the problem of giving

sense to the last term in the entropy inequality (1.2) arises. Some approaches require

introducing an interface entropy condition, see e.g. Ref. 1, which was mostly entailed

with the assumptions on the total variation of the flux function. Nevertheless, one
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can show that the entropy solution with a total variation not necessarily bounded,

admits strong boundary traces, cf. Ref 32.

Another interesting approaches to x−discontinuous fluxes are the strong pre-

compactness result based on H-measures techniques by Panov34 and the approach

of kinetic formulation for conservation laws presented by Bachmann and Vovelle8.

In the first case the method requires that the flux is non-degenerate (for almost all x,

for all ξ ∈ Rd, ξ = 0 the functions λ 7→ ξF (x, λ) are not constant on non-degenerate

intervals).

Among the variety of entropy conditions for the problems with x−discontinuous

fluxes an interesting question arises which of them have an appropriate physical

meaning. An important observation is that the same formal equation may admit

different solutions (Ref. 2, 6, 11, 14, 24). However these differences refer to different

dissipative mechanisms, cf. in particular Ref. 12, 14, 13 and 15.

Nevertheless, the classical framework for answering the question of appropriate

physical meaning is derivation of target equations from primitive equations. With

this strategy in mind, we shall be particularly interested in the entropy conditions

of Audusse and Perthame (and hence also the ones of Panov), due to the rigorous

derivation as a hydrodynamic limit from the particle system, see Ref. 18.

We organize the paper as follows: Section 2 concerns the existence of entropy

measure-valued solutions. We define the entropy measure-valued solutions (Defini-

tion 2.1) and state the theorems on existence and uniqueness of solutions (Theo-

rems 2.1 and 2.2). The crucial tool for these results is the so-called averaged con-

traction property formulated in Lemma 2.1. The meaning of uniqueness of entropy

measure-valued solutions requires the discussion on its appropriate interpretation.

Two entropy measure-valued solutions are meant to be unique in the sense specified

by (2.22)–(2.23), more precisely they are unique up to the level sets of the func-

tion U . The results on measure-valued solutions are essential for passing to entropy

weak solutions. The main difference in comparison to the result on x−independent

fluxes (see Ref. 10) concentrates in showing the well-posedness of entropy measure-

valued solutions and hence these steps are described in details. The passage from

the level of measure-valued to weak solutions follows the same lines. We comment

on this issue in Section 3, where the reader can find the sketch of the proof of

Theorem 1.1.

Finally, Appendix A contains the discussion on relations between various no-

tions of solutions and provides their equivalence for sufficiently smooth fluxes FFF. In

Appendix B we discuss the dependence of solution on different choices of functions

GGG and θ.

2. Entropy measure-valued solutions

In this section we shall be concerned with entropy measure-valued solutions to (1.1)

in case of non-smooth FFF. More precisely, we focus here on fluxes FFF that satisfy (1.8)

with GGG, θ satisfying (A1)–(A4). By M(R) we mean the space of bounded Radon
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measures and by Prob(R) the space of probability measures. As a Young measure

ν we mean a weak∗ measurable map ν : Rd+1
+ → M(R) and such that ν(t,x) ≥

0, ‖ν(t,x)‖M(R) ≤ 1 for a.a. (t, x) ∈ Rd+1
+ . Any bounded sequence un : Rd+1

+ → R
generates a Young measure, which is a probability measure. By L∞w (Rd+1

+ ;M(R))

we understand the space of weak∗ measurable maps ν : Rd+1
+ → M(R) that are

essentially bounded.

We focus on properties of an admissible parametrization (AAA, U) of GGG, i.e., on

functions satisfying (1.16). First note, that if U and AAA satisfy (1.16) then necessarily

AAA(s) =


GGG(U(s)) for s ∈ (βk, αk+1),

GGG+(zk)−GGG−(zk)

βk − αk
(s− αk) +GGG−(zk) for s ∈ [αk, βk],

(2.1)

where GGG±(zk) := lims→(zk)± GGG(s). It is also important to mention here, that there

are many ways how to construct U and AAA such that (1.16) holds. Since according

to Theorem 2.1 the solution will not depend on the choice of U , we introduce here

one possible choice that shall also be used in the proof of the existence theorem.

First, we define

αk = zk +
∑

n; zn<zk

1

n2
and βk = zk +

∑
n;zn≤zk

1

n2

and define Ū as

Ū(g) =


g −

∑
k:zk<g

1

k2
if g /∈ (αm, βm) for all m ∈ N,

zk −
∑

n:zn<zk

1

n2
otherwise.

(2.2)

To normalize U to be zero at zero we set

U(s) := Ū(s)− Ū(0). (2.3)

It is an obvious observation that the function U is continuous, nondecreasing and

ImU(R) = R. Moreover, having U we can immediately find AAA such that (1.16)

holds.

Next, we introduce a notion of a local entropy measure-valued solution, i.e., we

do not prescribe any initial data and any behavior for |x| → ∞.

Definition 2.1. Let FFF = GGG ◦ θ with GGG and θ satisfying (A1)–(A3). Assume that

(AAA, U) is an admissible parametrization of GGG. We say that a Young measure ν :

Rd+1
+ → Prob(R) is a local entropy measure valued solution to (1.1) corresponding

to (GGG, θ) and (AAA, U) if there exists R(t, x) ∈ L∞loc(R
d+1
+ ) such that

supp ν(t,x) ⊂ [−R(t, x), R(t, x)] for a.a. (t, x) ∈ Rd+1
+ (2.4)
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and if for all µ ∈ R and all nonnegative ϕ ∈ D(Rd+1
+ ) there holds∫

Rd+1
+

〈|η(x, U(λ))− η(x, U(µ))|, ν(t,x)(λ)〉ϕ,t(t, x) dx dt

+

∫
Rd+1

+

〈(AAA(λ)−AAA(µ)) sgn(λ− µ), ν(t,x)(λ)〉 · ∇ϕ(t, x) dx dt ≥ 0.

(2.5)

The key observation of the paper, on which all results presented here heavily

rely, is the averaged contraction property, which is also the standard property for

classical results with smooth fluxes FFF, see Ref. 22, 37.

Lemma 2.1. Let FFF = GGG ◦ θ with GGG and θ satisfying (A1)–(A3) and let (AAA1, U1),

(AAA2, U2) be two different admissible parametrizations of GGG. Assume that ν and σ

are two local entropy measure-valued solutions to (1.1) corresponding to (AAA1, U1),

(AAA2, U2) respectively in the sense of Definition 2.1. Then∫
Rd+1

+

〈|η(x, U1(λ))− η(x, U2(µ))|, ν(t,x)(λ)⊗ σ(t,x)(µ)〉ψ,t(t, x) dx dt

+

∫
Rd+1

+

〈QQQ(λ, µ), ν(t,x)(λ)⊗ σ(t,x)(µ)〉 · ∇ψ(t, x) dx dt ≥ 0

(2.6)

for all nonnegative ψ ∈ D(Rd+1
+ ). Here, we defined QQQ(λ, µ) through

QQQ(λ, µ) :=


(AAA1(λ)−AAA2(µ)) sgn

(
λ− α1

k

β1
k − α1

k

− µ− α2
k

β2
k − α2

k

)
if there is k such that λ ∈ [α1

k, β
1
k], µ ∈ [α2

k, β
2
k],

(AAA1(λ)−AAA2(µ)) sgn(U1(λ)− U2(µ)) otherwise.

(2.7)

The numbers αik, β
i
k, i = 1, 2 are defined in (1.16) and correspond to U1, U2 respec-

tively.

Proof. Although the proof is similar to the one given in Ref. 10 and based on the

idea of regularization of Young measures developed in Ref. 22, 37, but the possibly

discontinuous dependence in x of the function η involves new difficulties. The main

difference in the proof consists in using the smoothing kernel in the product form

and then passing to the limit separately, first with the parameter of regularization

with respect to x and then with the one with respect to t. It motivates us to conduct

the whole proof rigorously in order to avoid any unclarity. Let ω ∈ D(−1, 1) be a

regularizing kernel, i.e., ω(x) = ω(−x) and
∫ 1

−1 ω(x) dx = 1. Then, for any γ > 0,

we define

ωγ1 (t) := γ−1ω(t/γ) for all t ∈ R,
ωγ2 (x) := γ−dω(x1/γ) · . . . · ω(xd/γ) for all x = (x1, . . . , xd) ∈ Rd.

For arbitrary ε, δ > 0 we set ωδ,ε(t, x) := ωδ1(t) · ωε2(x). Notice that for any

Young measure ν ∈ L∞w ([0, T ] × Rd;M(R)) there exists a Young measure νδ ∈
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L∞w (Rd; C∞([0, T ];M(R))) with ‖νδ‖L∞w ([0,T ]×Rd;M(R)) ≤ 1 such that for any f ∈
C(R) the following holdse (ωδ1 ∗ 〈f, ν〉) = 〈f, νδ〉 for almost all t ∈ R. Moreover, we

can interchange the derivative as 〈f, ∂tνδ〉 = 〈f, νδ〉,t for all t ∈ R. Similarly, there

exists νε ∈ L∞w ([0, T ]; C∞(Rdloc;M(R))) with ‖νε‖L∞w ([0,T ]×Rd;M(R)) ≤ 1 such that

ωε2 ∗ 〈f, ν〉 = 〈f, νε〉 and 〈f, ∂xiν
ε〉 = ∂xi〈f, νε〉 for all x ∈ Rd, see Ref. 22.

In (2.5) we set

ϕ(t, x) := (ψ ∗ ωδ,ε)(t, x) =

∫
Rd+1

+

ψ(τ, y)ωδ,ε(t− τ, x− y) dy dτ

where nonnegative ψ ∈ D((δ,∞) × Rd) is arbitrary. Note that ϕ ∈ D(Rd+1
+ ) is

nonnegative and therefore such setting is possible. Observe that for all µ ∈ R we

have ∫
Rd+1

+

〈|η(x, U1(λ))− η(x, U1(µ))|, ν(t,x)(λ)〉 (ψ ∗ (ωδ1 · ωε2)),t dx dt

=

∫
Rd+1

+

ωε2 ∗ 〈|η(x, U1(λ))− η(x, U1(µ))|, νδ(t,x)(λ)〉ψ,t dx dt.
(2.8)

Similarly, we obtain for all µ ∈ R∫
Rd+1

+

〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ), ν(t,x)(λ)〉 · ∇(ψ ∗ (ωδ1 · ωε2)) dx dt =

=

∫
Rd+1

+

〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ), νδ,ε(t,x)(λ)〉 · ∇ψ dx dt.
(2.9)

Consequently, using (2.8) and (2.9) in (2.5), we deduce that for all µ ∈ R and all

nonnegative ψ ∈ D((δ,∞)× Rd) there holds∫
Rd+1

+

ωε2 ∗ 〈|η(x, U1(λ))− η(x, U1(µ))|, νδ(t,x)(λ)〉ψ,t dx dt

+

∫
Rd+1

+

〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ), νδ,ε(t,x)(λ)〉 · ∇ψ dx dt ≥ 0,

(2.10)

which in particular implies that for all µ̃ ∈ R and all (t, x) ∈ (δ,∞)×Rd there holds(
ωε2 ∗ 〈|η(x, U1(λ))− η(x, U1(µ̃))|, νδ(t,x)(λ)〉

)
,t

+ div
(
〈(AAA1(λ)−AAA1(µ̃)) sgn(λ− µ̃), νδ,ε(t,x)(λ)〉

)
≤ 0.

(2.11)

Similarly, for a Young measure σ and functions U2 and AAA2, we can deduce that for

any ε > 0, λ̃ ∈ R and all (t, x) ∈ (δ,∞)× Rd we have(
ωε2 ∗ 〈|η(x, U2(λ̃))− η(x, U2(µ))|, σδ(t,x)(µ)〉

)
,t

+ div
(
〈(AAA2(λ̃)−AAA2(µ)) sgn(λ̃− µ), σδ,ε(t,x)(µ)〉

)
≤ 0.

(2.12)

eWe extend the measure for t < 0 and t > T by zero.
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Following Ref. 10 we show that (2.11) and (2.12) imply that for all µ ∈ R the

following inequality holds for any ε > 0 point-wisely(
ωε2 ∗ 〈|η(x, U1(λ))− η(x, U2(µ))|, νδ(t,x)(λ)〉

)
,t

+ div
(
〈QQQ(λ, µ), νδ,ε(t,x)(λ)〉

)
≤ 0

 in (δ,∞)× Rd. (2.13)

Here, QQQ was defined in (2.7). Similarly, one can observe that for all λ ∈ R, there

holds (
ωε2 ∗ 〈|η(x, U1(λ))− η(x, U2(µ))|, σδ(t,x)(µ)〉

)
,t

+ div
(
〈QQQ(λ, µ), σδ,ε(t,x)(µ)〉

)
≤ 0

 in (δ,∞)× Rd. (2.14)

In order to deduce (2.6) we combine (2.13) and (2.14). For brevity, set

ζ(x, λ, µ) := |η(x, U1(λ)) − η(x, U2(µ))|. The main effort is directed to the func-

tion ζ, because of its dependence on the variable x. As a consequence of the Fubini

theorem it holds (note that all expressions are well-defined)

div
(
〈QQQ(λ, µ), νδ,ε(t,x)(λ)⊗ σδ,ε(t,x)(µ)〉

)
=
〈

div
(
〈QQQ(λ, µ), νδ,ε(t,x)(λ)〉

)
, σδ,ε(t,x)(µ)

〉
+
〈

div
(
〈QQQ(λ, µ), σδ,ε(t,x)(µ)〉

)
, νδ,ε(t,x)(λ)

〉
.

(2.15)

We apply σδ,ε(t,x) onto (2.13) (note that it is continuous function of µ), similarly we

apply νδ,ε(t,x) onto (2.14). Summing the resulting expressions and using (2.15) we find

that for all (t, x) ∈ (2ε,∞)× Rd there holds

〈ωε2 ∗ 〈ζ(x, λ, µ), νδ(t,x)(λ)〉,t, σδ,ε(t,x)(µ)〉

+ 〈ωε2 ∗ 〈ζ(x, λ, µ), σδ(t,x)(µ)〉,t, νδ,ε(t,x)(λ)〉

+ div
(
〈QQQ(λ, µ), νδ,ε(t,x)(λ)⊗ σδ,ε(t,x)(µ)〉

)
≤ 0.

(2.16)

Thus, multiplying (2.16) by an arbitrary fixed nonnegative ψ ∈ D((2δ,∞) × Rd),
integrating the result over Rd+1

+ and using integration by parts, we find that

−
∫
Rd+1

+

(〈
ωε2 ∗ 〈ζ(x, λ, µ), νδ(t,x)(λ)〉,t, σδ,ε(t,x)(µ)

〉
+
〈
ωε2 ∗ 〈ζ(x, λ, µ), σδ(t,x)(µ)〉,t, νδ,ε(t,x)(λ)

〉)
ψ dx dt

+

∫
Rd+1

+

〈
QQQ(λ, µ), νδ,ε(t,x)(λ)⊗ σδ,ε(t,x)(µ)

〉
· ∇ψ dx dt ≥ 0.

(2.17)

First, we let ε → 0+. Then let Ωψ := suppψ. From (2.4) it follows that there

exists a compact set K such that for (t, x) ∈ Ωψ we have supp νδ(t,x) ⊂ K and then

also supp ∂tν
δ
(t,x) ⊂ K. The same holds for σδ(t,x). Since (A3∗) provides that η ∈
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L∞(Rd+1
+ ; C(K)), then also η ∈ L1(Ωψ; C(K)) and consequently ζ ∈ L1(Ωψ; C(K)).

Thus we can extract a subsequence, that we do not relabel, such that

ωε2 ∗ 〈ζ, ∂tνδ〉 → 〈ζ, ∂tνδ〉 strongly in L1(Ωψ; C(K)),

ωε2 ∗ 〈ζ, ∂tσδ〉 → 〈ζ, ∂tσδ〉 strongly in L1(Ωψ; C(K)),

σδ,ε ⇀∗ σδ weakly∗ in L∞w (Ωψ;M(K)),

νδ,ε ⇀∗ νδ weakly∗ in L∞w (Ωψ;M(K)).

Using these convergence results, we observe from (2.17) that

−
∫
Rd+1

+

〈〈ζ(x, λ, µ), νδ(t,x)(λ)〉,t, σδ(t,x)(µ)〉ψ dx dt

−
∫
Rd+1

+

〈〈ζ(x, λ, µ), σδ(t,x)(µ)〉,t, νδ(t,x)(λ)〉ψ dx dt

+

∫
Rd+1

+

〈QQQ(λ, µ), νδ(t,x)(λ)⊗ σδ(t,x)(µ)〉 · ∇ψ dx dt ≥ 0.

(2.18)

Similarly to (2.15) it is not difficult to observe that

〈ζ, νδ(t,x) ⊗ σ
δ
(t,x)〉,t = 〈〈ζ, νδ(t,x)〉, σ

δ
(t,x)〉,t = 〈ωδ ∗ 〈ζ, ν(t,x)〉, σδ(t,x)〉,t

=
〈

(ωδ ∗ 〈ζ, ν(t,x)〉),t, σδ(t,x)
〉

+
〈

(ωδ ∗ 〈ζ, σ(t,x)〉),t, νδ(t,x)
〉
.

(2.19)

Thus, using (2.18), (2.19) and integrating by parts with respect to t, we find that∫
Rd+1

+

〈ζ(x, λ, µ), νδ(t,x)(λ)⊗ σδ(t,x)(µ)〉ψ,t dx dt

+

∫
Rd+1

+

〈QQQ(λ, µ), νδ(t,x)(λ)⊗ σδ(t,x)(µ)〉 · ∇ψ dx dt ≥ 0.

Finally, letting δ → 0+ we conclude (2.6) by the argument of weak∗ convergence of

measures νδ and σδ to ν and σ, respectively.

In Lemma 2.1 we showed that any two local entropy measure-valued solutions

satisfy the contraction property, which is the main tool for proving uniqueness.

However, in order to get such a result, we have to specify in which sense an initial

condition is attained and what is the behavior of the solution for |x| → ∞. Indeed,

if (possibly) two different solutions have different initial and “boundary” value,

one cannot expect that they are identical. The next theorem provides sufficient

conditionsf that provide the “uniqueness” of a solution.

f It is well known that in the case of Lipschitz continuous fluxes there is a finite speed of propagation

which is bounded by the Lipschitz constant of F. Therefore a solution at certain point depends
only on the initial data in some compact subset (and not on some assumption on the behavior

of a solution at infinity) as it is pointed out in Theorem 6.2.3 of Ref. 19. In our opinion, for the
discontinuous fluxes there is no pure hyperbolic feature like finite speed of propagation, which
imposes that some kind of behavior at infinity of a solution needs to be added to get uniqueness.
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Theorem 2.1 (Uniqueness). Let FFF = GGG ◦ θ with GGG and θ satisfying (A1)–(A3)

and let (AAA1, U1), (AAA2, U2) be two different admissible parametrization of GGG. Assume

that ν1, ν2 are two local entropy measure-valued solutions to (1.1) corresponding to

(AAA1, U1) and (AAA2, U2) respectively in the sense of Definition 2.1. Moreover, assume

that

• There exists u0 ∈ L1
loc(Rd) (initial condition) such that for all compact

K ⊂ Rd the following holds

ess-liminf
t→0+

∫
K

〈|η(x, U1(λ))− u0(x)|, ν1(t,x)(λ)〉 dx = 0,

ess-liminf
t→0+

∫
K

〈|η(x, U2(µ))− u0(x)|, ν2(t,x)(µ)〉 dx = 0.

(2.20)

• There exists 1 ≤ p ≤ d
d−1 such that for any T > 0 the following holds∫ T

0

(∫
Rd

∣∣∣〈AAA1(λ), ν1(t,x)(λ)〉
∣∣∣p dx) 1

p

dt <∞∫ T

0

(∫
Rd

∣∣∣〈AAA2(µ), ν2(t,x)(µ)〉
∣∣∣p dx) 1

p

dt <∞.

(2.21)

Then for a.a. (t, x) ∈ Rd+1
+ there exists λ0 = λ0(t, x) such that

supp ν1(t,x) ⊂ {λ; U1(λ) = U1(λ0)},

supp ν2(t,x) ⊂ {µ; U2(µ) = U1(λ0)}.
(2.22)

In particular, defining u(t, x) :=
∫
R η(x, U1(λ)) dν1(t,x)(λ), we have for all M ∈ C(R)

and almost all (t, x) ∈ Rd+1
+ that

M(u(t, x)) =

∫
R
M(η(x, U1(λ))) dν1(t,x)(λ)

=

∫
R
M(η(x, U2(µ))) dν2(t,x)(µ).

(2.23)

Proof. Here, we again proceed rigorously in order to avoid any doubts about the

correctness of the procedure. Let 0 < ε < t0 < T < ∞ be arbitrary. We define an

affine ψ1 as follows

ψ1(t) :=


0 t ∈ [0, t0 − ε) ∪ [T,∞),

t− t0 + ε

ε
t ∈ (t0 − ε, t0),

T − t
T − t0

t ∈ (t0, T ).

Let ψn2 ∈ D(Rd) be arbitrary such that ‖ψn2 ‖∞ ≤ 1. Then we set ψ(t, x) :=

ψ1(t)ψn2 (x) in (2.6) (it is a possible test function since we can mollify ψ1 and then
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pass to the limit) to deduce that

1

T − t0

∫ T

t0

∫
Rd

〈|η(x, U1(λ))− η(x, U2(µ))|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉ψn2 (x) dx dt

≤ 1

ε

∫ t0

t0−ε

∫
Rd

〈|η(x, U1(λ))− η(x, U2(µ))|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉ψn2 (x) dx dt

+

∫ T

t0−ε

∫
Rd

〈QQQ(λ, µ), ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉 · ∇ψn2 (x)ψ1(t) dx dt

=: I1(ε, t0, n) + I2(ε, t0, T, n).

Assume that suppψn2 ⊂ K, where K is a compact subset of Rd and let ε → 0+.

Then one easily shows that

lim
ε→0+

I2(ε, t0, T, n) = I2(t0, T, n),

where

I2(t0, T, n) :=

∫ T

t0

∫
Rd

〈QQQ(λ, µ), ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉 · ∇ψn2 (x)ψ1(t) dx dt

≤
∫ T

0

∫
Rd

〈|QQQ(λ, µ)|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉|∇ψn2 (x)| dx dt,
(2.24)

and where we used the Jensen inequality for estimating the term on the right hand

side. By the mean value theorem we conclude that for almost all t0 ∈ (0, T ) there

holds

lim
ε→0+

I1(ε, t0, n) = I1(t0, n),

where

I1(t0, n) :=

∫
Rd

〈|η(x, U1(λ))− η(x, U2(µ))|, ν1(t0,x)(λ)⊗ ν2(t0,x)(µ)〉ψn2 (x) dx

≤
∫
K

〈|η(x, U1(λ))− η(x, U2(µ))|, ν1(t0,x)(λ)⊗ ν2(t0,x)(µ)〉 dx.

We shall now show that I1 tends to zero as t0 → 0. For this purpose we notice

that ν1 and ν2 are for almost all (t, x) ∈ Rd+1
+ probabilistic measures with compact

support and we use the triangle inequality to conclude that for almost all t0 ∈ (0, T )

I1(t0, n) ≤
∫
K

〈|η(x, U1(λ))− u0(x)|+ |η(x, U2(µ))− u0(x)|,

ν1(t0,x)(λ)⊗ ν2(t0,x)(µ)
〉
dx

=

∫
K

〈
|η(x, U1(λ))− u0(x)|, ν1(t0,x)(λ)

〉
dx

+ C(ψn)

∫
K

〈
|η(x, U2(µ))− u0(x)|, ν2(t0,x)(µ)

〉
dx.
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Hence, using the assumption (2.20), we find that

ess-liminf
t0→0+

I1(t0, n) = 0. (2.25)

Consequently, we first let ε→ 0+ and then t0 → 0+ in (2.6) and with help of (2.25)

and (2.24) we find that for arbitrary ψn2 ∈ D(Rd) such that ‖ψn2 ‖∞ ≤ 1 and any

T > 0 there holds∫ T

0

∫
Rd

〈|η(x, U1(λ))− η(x, U2(µ))|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉ψn2 (x) dx dt

≤ T
∫ T

0

∫
Rd

〈|QQQ(λ, µ)|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉|∇ψn2 (x)| dx dt.
(2.26)

Using the definition of QQQ and the triangle inequality we observe that for almost all

(t, x) ∈ Rd+1
+

〈|QQQ(λ, µ)|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉 ≤ 〈|AAA1(λ)|, ν1(t,x)(λ)〉+ 〈|AAA2(µ)|, ν2(t,x)(µ)〉.

Hence, by (2.21) we conclude that

〈|QQQ(λ, µ)|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉 ∈ L1(0, T ;Lp(Rd)). (2.27)

Finally, we define a sequence ψn2 ↗ 1 of smooth nonnegative compactly supported

functions as ψn2 (x) := 1 in B(0, n), ψn2 (x) := 0 for x ∈ Rd \ B(0, 2n) such that

|∇ψn2 | ≤ c
n . One immediately observes that∫

Rd

|∇ψn2 |q dx ≤ C for all q ≥ d.

Consequently, we obtain that

|∇ψn|⇀∗ 0 weakly∗ in L∞(0, T ;Lq(Rd)) for all q ≥ d. (2.28)

Hence, using (2.27) and the weak∗ convergence (2.28), we see that the right hand

side of (2.26) tends to 0 as n → ∞. With the monotone convergence theorem we

conclude that∫ T

0

∫
Rd

〈|η(x, U1(λ))− η(x, U2(µ))|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉 dx dt ≤ 0, (2.29)

which implies that for almost all (t, x) ∈ Rd+1
+ we have

〈|η(x, U1(λ))− η(x, U2(µ))|, ν1(t,x)(λ)⊗ ν2(t,x)(µ)〉 = 0. (2.30)

As a conclusion of (2.30) we recover relations (2.22) in the same manner as

in Ref. 10. The relation (2.23) then easily follows from (2.22).

Theorem 2.2 (Existence). Let FFF = GGG ◦ θ with GGG and θ satisfying (A1) – (A3).

Assume u0 ∈ L1(Rd) ∩ L∞(Rd). Then there exists an admissible parametrization

(AAA, U) of GGG and there exists a local measure-valued solution ν to (1.1) in the sense

of Definition 2.1 that in addition satisfies

ess-liminf
t→0+

∫
K

∫
R
|η(x, U(λ))− u0(x)| dν(t,x)(λ) dx = 0 (2.31)
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for any compact K ⊂ Rd. Moreover, if GGG satisfies (A4), then for any T > 0 the

following holds ∫ T

0

(∫
Rd

∣∣〈AAA(λ), ν(t,x)(λ)〉
∣∣p dx) 1

p

dt <∞. (2.32)

Proof. For function GGG there exist functions U and AAA as described in (1.16). Before

we pass to constructing the approximative problem let us describe, for the readers’

convenience, the change of variablesg.

u = η(x, U(g)), v = θ(x, u), u = η(x, v),

g = U−1(θ(x, u)), g = U−1(v), v = U(g).

We construct an approximative problem by regularizing U , AAA, and θ. To be more

precise, we define

Un(s) := U(s) +
s

n
. (2.33)

with a standard regularizing kernel ω
1
n . Note that Un is strictly increasing function

and we denote by U−1n its inverse. It is easy to observe that U−1n is Lipschitz

continuous with Lipschitz constant less or equal to n. For the purpose of applying

Lemma A.1 we need to provide that the flux function is at least Lipschitz, so we find

a sequence of continuously differentiable functions AAAn such that for every compact

set K ⊂ R

AAAn → AAA strongly in C(K)d. (2.34)

Note that such a construction is always possible due to the continuity of AAA. Then

we define

η(n)(x, z) := η(x, z) +
z

n
(2.35)

and by θ(n) we mean the inverse to η(n) with respect to the second variable. Note

that the construction is analogous to the construction of the function U−1n , hence

again θ(n)(x, s) is Lipschitz continuos w.r.t. the second variable. Finally, we use a

standard mollification procedure and introduce

θ
1
n (x, s) :=

∫ d

R
ω

1
n (x− y)θ(n)(y, s) dy, (2.36)

where ω
1
n is standard mollification kernel of radius 1

n and we denote by η
1
n (x, z) the

inverse function to θ
1
n (x, s), i.e., η

1
n (x, θ

1
n (x, s)) = s. Note that the inverse surely

exists since θ (and consequently θ(n) and θ
1
n ) is for almost all x strictly increasing

with respect to s.

gThe function U−1 has a single-valued meaning when U is strictly monotone, otherwise we un-
derstand it as a maximal monotone, multi-valued operator.
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The approximative problem we start with is the following

un,t + divAAAn(U−1n (θ1/n(x, un))) = 0 in Rd+1
+ ,

un(0, x) = u0(x) in Rd.
(2.37)

Due to the mollification of θ with respect to x, we can recall the results of Kružkov,29

where the existence of a unique entropy solution is shown.

Due to the all introduced mollification we are now in position when we can apply

Lemma A.1. Hence, defining

gn(t, x) := U−1n (θ
1
n (x, u(t, x))),

we see from (A.5) that it satisfies

η
1
n (x, Un(gn)),t + divAAAn(gn) = 0 in Rd+1

+ , (2.38)

η
1
n (x, Un(gn(0, x))) = u0(x) in Rd, (2.39)

and in addition by Lemma A.1 the following entropy inequality holds∫
Rd+1

+

sgn(Un(gn(t, x))− Un(k))(AAAn(gn(t, x))−AAAn(k)) · ∇ψ(t, x) dx dt

+

∫
Rd+1

+

|η 1
n (x, Un(gn(t, x)))− η 1

n (x, Un(k))|ψ,t dx dt

+

∫
Rd

|u0(x)− η 1
n (x, Un(k))|ψ(0, x) dx ≥ 0.

(2.40)

for any constant k ∈ R and for all nonnegative ψ ∈ D(Rd+1). Our goal now is to

let n→∞ in (2.40).

By using a standard comparison argument (see Ref. 29 or 7, 33), we observe

that

|η 1
n (x, Un(gn(t, x)))| ≤ ‖η 1

n (x, Un(gn(0, x)))‖∞ = ‖u0‖∞ a.e. in Rd+1
+ . (2.41)

Consequently, since η
1
n (x, 0) = Un(0) = 0 and both functions are strictly increasing,

we see that

‖Un(gn)‖∞ ≤ sup
x∈Rd

θ
1
n (x, ‖u0‖∞) ≤ h2(‖u0‖∞), (2.42)

where for the second inequality we used (A3). Thus, finally we get

‖gn‖∞ ≤ U−1n (h2(‖u0‖∞)) ≤ U−1(h2(‖u0‖∞)) ≤ C, (2.43)

where U−1 is understood as a maximal monotone operator. Note that for the second

inequality we used the fact that |U(s)| ≤ |Un(s)| and for the last inequality we used

the fact that U maps any bounded interval onto a bounded interval.

Hence having (2.43), we can find g ∈ L∞(Rd+1
+ ) and a Young measure ν(t,x)

corresponding to a (not relabeled) subsequence {gn}∞n=1, which is for almost all
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(t, x) compactly supported in a a ball B(0,min(U−1(h2(R)))), with R := ‖u0‖∞
such that for any continuous f

gn ⇀∗ g weakly∗ in L∞loc(R
d+1
+ ), (2.44)

f(gn) ⇀∗ f weakly∗ in L∞loc(R
d+1
+ ), (2.45)

where

f(t, x) =

∫
R
f(λ) dν(t,x)(λ). (2.46)

Our goal is to show that the measure ν is an entropy measure valued solution in

the sense of Definition 2.1. First, it directly follows from (2.43) that (2.4) holds. We

let n→∞ in (2.40). For the first term we use the fact that Un is strictly monotone

and therefore

Mn(ξ) := sgn(Un(ξ)− Un(k))(AAAn(ξ)−AAAn(k)) = sgn(ξ − k)(AAAn(ξ)−AAAn(k)).

Moreover, it follows from (2.34) that for every compact set K ⊂ R

Mn(ξ)→M = sgn(ξ − k)(AAA(ξ)−AAA(k)) strongly in C(K)d.

Consequently, using (2.44) and (2.46) we conclude

Mn(gn) ⇀∗ M weakly∗ in L∞loc(R
d+1
+ ).

M(t, x) =

∫
R

sgn(λ− k)(AAA(λ)−AAA(k))dν(t,x)(λ).
(2.47)

For the second and the the third term of (2.40), we recall the convergence properties

of θ
1
n and η

1
n . Since θ is strictly increasing and continuous in u, then the same holds

for θ
1
n . The inverse function η

1
n is also increasing and continuous with respect to u.

The convergence of convolutions and the monotonicity of θ and θ
1
n provide that

θ
1
n (x, u) converges point-wisely with respect to x and uniformly with respect to u

on a bounded interval [−R,R] to the function θ, see Proposition C.1. More precisely,

we have for all R > 0

θ
1
n → θ strongly in L1

loc(Rd; C([−R,R])). (2.48)

Consequently, by using Proposition C.2, we obtain that the inverse functions η
1
n

have the same convergence properties, namely for all R > 0 there holds

η
1
n → η strongly in L1

loc(Rd; C([−R,R])). (2.49)

Moreover, using the definition of Un we see that for all R > 0

Un → U strongly in C([−R,R])). (2.50)

Consequently, it follows from (2.46), (2.49) and (2.50) that defining ζn(x, r) :=

|η 1
n (x, Un(r))− η 1

n (x, Un(k))|ψ,t, we observe

lim
n→∞

∫
Rd+1

+

ζn(x, gn) dx dt = lim
n→∞

〈ζn, gn〉

=

∫
R+×Rd

∫
R
|η(x, U(λ))− η(x, U(k))|dν(t,x)(λ)ψ,t dx dt

(2.51)
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for all ψ ∈ D(Rd+1), where the duality pairing is understood between the spaces

L1(Rd; C((−R,R);R) and L∞w (Rd;M([−R,R])). In the same manner one can also

identify the limit in the last term in (2.40). Hence using all above established con-

vergence results, we can easily let n → ∞ in (2.40) to obtain (2.5). Note that in

fact, we get a stronger result, since we do not require ψ(0, x) = 0. Moreover, it also

implies (2.31), which can be proved by following the scheme used in the proof of

Theorem 3.2 in Ref. 37.

To finish the proof we need to show that condition (2.32) holds and the proof

relies on (A4). Hence, we observe that (A4) also implies that for all x ∈ Rd,
|x| ≥ R∞

|GGG(U(s))|p ≤ C∞|η(x, U(s))|.

By (2.1) the function AAA(s) is either equal to GGG(U(s)) or is linear. In the first case

we obtain that

|AAA(s)|p ≤ C∞|η(x, U(s))|

and in the second case, namely for any sk ∈ [αk, βk] we observe that for r ∈ [0, 1]

|AAA(sk)|p = |rGGG+(zk) + (1− r)GGG−(z)|p ≤ C∞|η(x, zk)| ≤ C∞C(sk)|η(x, U(sk))|,

where C(s) is bounded on bounded intervals. Hence∫ T

0

(∫
Rd

|〈AAA, ν(t,x)〉|p dx
) 1

p dt ≤
∫ T

0

(∫
Rd

〈|AAA|, ν(t,x)〉p dx
) 1

p

dt

≤
∫ T

0

(∫
Rd\BR∞ (0)

〈|AAA|, ν(t,x)〉p dx

) 1
p

dt

+

∫ T

0

(∫
BR∞ (0)

〈|AAA|, ν(t,x)〉p dx

) 1
p

dt

≤ C∞
∫ T

0

(∫
Rd

〈|η(x, U)|, ν(t,x)〉 dx
) 1

p

dt+ C

≤ C∞ lim inf
n→∞

∫ T

0

(∫
Rd

|η(x, Un(gn))| dx
) 1

p

dt+ C,

(2.52)

Next, since θ
1
n (x, s) is a convolution of θ(x, s) with respect to x, then for almost

all x ∈ Rd and all s ∈ R we have

inf
x∈Rd

θ(x, s) ≤ θ 1
n (x, s) ≤ sup

x∈Rd

θ(x, s). (2.53)

Consequently, using (A3), we can deduce that for all x ∈ Rd, all R > 0 and all

|s| ≤ R that

C1
Rθ(x, s) ≤ θ

1
n (x, s) ≤ C2

Rθ(x, s). (2.54)
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Hence, by the strict monotonicity of θ we may conclude that the inverse η
1
n satisfies

C2
Rη(x, s) ≤ η 1

n (x, s) ≤ C4
Rη(x, s) for all |s| ≤ R. (2.55)

Hence, since gn is bounded, wee see from (2.55) that

I ≤ C lim inf
n→∞

∫ T

0

(∫
Rd

|η 1
n (x, Un(gn))| dx

) 1
p

dt =

∫ T

0

‖un‖
1
p

1 dt, (2.56)

where un is the Kružkov entropy solution to (2.37) or equivalently the kinetic solu-

tion. However, using the standard stability result for the Kružkov solution, we have

that

‖un(t)‖1 ≤ ‖u0‖1 ≤ C for all t > 0,

see e.g. Proposition 2 in Ref. 20. Note that this stability result formally follows from

setting k = 0 in entropy inequality (1.2) and integration over Rd. Here, the term

sgn(un−k) divFFFn(x, 0) vanishes, since FFFn(x, 0) = AAAn(U−1n (θ
1
n (x, 0))) and θ

1
n (x, 0) =

0. Consequently, we obtain

I ≤ C

which finishes the proof.

3. Proof of Theorem 1.1

In this final section, we provide a short proof of Theorem 1.1 that is based on the

results for entropy measure-valued solution. Having Theorem 2.1 and Theorem 2.2,

the proof follows almost step by step the proof given in Ref. 10. Indeed, according

to Theorem 2.2 we have the existence of a measure-valued solution. Next, we can

use Theorem 2.1 to show that such a measure valued solution is in fact an entropy

weak solution. The final part then concerns the uniqueness property. Hence, assume

that u1 and u2 are two weak entropy solutions in the sense of Definition 1.1 and

g1 and g2 are related to u1, u2 respectively. Then it is shown in Ref. 10 that there

exist two Young measures ν1, ν2 (being entropy measure-valued solutions) such that

νi(t,x) = δgi(t,x) if Ui is strictly monotone at the point gi(t, x). Finally, we use the

uniqueness Theorem 2.1 to get that u1 = u2. For this purpose we need to show the

validity of assumptions of Theorem 2.1. The condition (2.20) is fulfilled trivially.

Next, we show that (2.21) holds, which is a consequence of (A4). Indeed, we have

that for all x ∈ Rd \BR∞

|AAAi(gi(t, x))|p ≤ |GGG(U i(gi(t, x)))|p ≤ C|η(x, U i(gi(t, x))| = |ui(t, x)|.

But since ui, i = 1, 2, are assumed to belong to L∞(0, T ;L1(Rd)) we immediately

deduce (2.21), which completes the proof of uniqueness.
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A. Equivalent notions of entropy solutions

In this section we concentrate on relations between different notions of entropy weak

solutions for the flux function FFF in a form FFF(x, u) = GGG(θ(x, u)) with GGG, θ satisfying

(A1)–(A3) with an additional condition that FFF is sufficiently regular in both vari-

ables. This relations play an important role on the level of approximations, namely

after passing from discontinuous flux to sufficiently smooth one. We formulate the

lemma collecting the relations between different notions of solutions.

Lemma A.1. Let FFF satisfy (1.8) with GGG, θ satisfying (A1)–(A3) and assume that

GGG ∈ C1(R), θ is continuous in u and continuously differentiable in x. In addition let

U : R→ R be smooth, strictly increasing one-to-one mapping with a smooth inverse

U−1 and let u0 ∈ L∞loc(Rd). Assume that u ∈ L∞loc(Rd+1) be given and define

v(t, x) := θ(x, u(t, x)), (A.1)

g(t, x) := U−1(v(t, x)). (A.2)

Then the following statements are equivalent.

(N1) For all k ∈ R and all nonnegative ψ ∈ D(Rd+1) there holds∫
Rd+1

+

|u(t, x)− k|ψ,t(t, x)− sgn(u(t, x)− k) divFFF(x, k)ψ(t, x) dx dt

+

∫
Rd+1

+

sgn(u(x, t)− k)(FFF(x, u(x, t))− FFF(x, k)) · ∇ψ(x, t) dx dt

+

∫
Rd

|u0(x)− k|ψ(0, x) dx ≥ 0.

(A.3)

(N2) For all k ∈ R and all nonnegative ψ ∈ D(Rd+1) there holds∫
Rd+1

+

|η(x, v(t, x))− η(x, k)|ψ,t(t, x) dx dt

+

∫
Rd+1

+

sgn(v(t, x)− k)(GGG(v(t, x))−GGG(k)) · ∇ψ(t, x) dx dt

+

∫
|u0(x)− η(x, k)|ψ(0, x)dx ≥ 0.

(A.4)

(N3) For all k ∈ R and all nonnegative ψ ∈ D(Rd+1) there holds∫
Rd+1

+

sgn(U(g(t, x))− U(k))(GGG(U(g(t, x)))−GGG(U(k))) · ∇ψ(t, x) dx dt

+

∫
Rd+1

+

|η(x, U(g(t, x)))− η(x, U(k))|ψ,t dx dt

+

∫
Rd

|u0(x)− η(x, U(k))|ψ(0, x) dx ≥ 0.

(A.5)

Remark A.1. For the proof of the main result we only need the direction (N1)⇒
(N3). For this direction in the proof of Lemma A.1 we only need that U is Lipschitz.
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Proof. [Proof of Lemma A.1] Showing the equivalence of (N2) and (N3) is obvi-

ous. Indeed, if for any k we define k̃ := U(k), we can use k̃ in (A.4) and by using

the definition of g we get exactly (A.5). The opposite implication is proved in the

same way since U is one-to-one mapping.

To show (N1) ⇒ (N2) consider the equation

(ui),t + divFFF(x, ui) = fi, i = 1, 2.

For any two entropy weak solutions u1, u2 the so-called Kato inequality holds

|u1 − u2|,t + div (sgn(u1 − u2)(FFF(x, u1)− FFF(x, u2)))

≤ sgn(u1 − u2)(f1 − f2) + |f1 − f2|χ{u1=u2}
(A.6)

in D′(Rd+1
+ ), cf. Ref. 23. Choosing in (A.6) u1 = η(x, v1) and u2 = η(x, k) with

f1 = f2 ≡ 0. Note that the set of ks such that |{(t, x) : u1(t, x) = η(x, k)}| > 0 is at

most countable and hence it allows to pass from (A.6) to (N2).

For showing the opposite direction let us consider the problem with fi : Rd+1
+ ×

R→ R satisfying Lipschitz condition with respect to the last variable.

η(x, vi) + divGGG(vi) = fi, i = 1, 2. (A.7)

First we shall show that for any entropy weak solutions v1, v2 in the sense of (N2)

it holds

|η(x, v1)− η(x, v2)|,t + div (sgn(v1 − v2)(GGG(v1)−GGG(v2)))

≤ sgn(v1 − v2)(f1 − f2)
(A.8)

One method to prove (A.8) is the method of doubling the variables. The other

approach allows to prove this inequality through the averaged contraction principle.

We shall use the latter method, since it allows to obtain (A.8) only by extending

the proof of Lemma 2.1. Assume that ν, σ are two local entropy measure-valued

solutions to (A.7) with a right-hand side f1 and f2 respectively. Moreover, let (E,QQQ)

be an entropy-entropy flux pairh, with E ∈ C1(R) and even. Then following the steps

of Lemma 2.1 one can show that∫
Rd+1

+

〈E(η(x, λ)− η(x, µ)), ν(t,x)(λ)⊗ σ(t,x)(µ)〉ψt(t, x) dx dt

+

∫
Rd+1

+

〈QQQ(λ, µ), ν(t,x)(λ)⊗ σ(t,x)(µ)〉 · ∇ψ(t, x) dx dt

+

∫
Rd+1

+

〈E′(λ− µ)(f1(t, x, λ)− f2(t, x, µ)), ν(t,x)(λ)⊗ σ(t,x)(µ)〉ψ(t, x) dx dt ≥ 0

(A.9)

hWe say that (E,QQQ) is an entropy-entropy flux if E is an arbitrary C1 function (entropy) and QQQ
(flux) satisfies ∂uQQQ(x, u) = E′(u)∂uFFF(x, u).
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for all nonnegative ψ ∈ D(Rd+1
+ ). Let v1, v2 be two entropy weak solutions to (A.7),

then obviously ν(t,x) = δv1(t,x) and σ(t,x) = δv2(t,x) are corresponding measure-

valued solutions, which we insert into (A.9) and get∫
Rd+1

+

E(η(x, v1)− η(x, v2))ψt(t, x) dx dt+

∫
Rd+1

+

QQQ(v1, v2) · ∇ψ(t, x) dx dt

+

∫
Rd+1

+

〈E′(v1 − v2)(f1(t, x, v1)− f2(t, x, v2))ψ(t, x) dx dt ≥ 0

(A.10)

In (A.10) we choose

E = Eγ(ξ) :=

{
ξ2/4γ, |ξ| ≤ 2γ,

|ξ| − γ, |ξ| ≥ 2γ,
(A.11)

and pass with γ → 0 to obtain∫
Rd+1

+

|η(x, v1)− η(x, v2)|ψt(t, x) dx dt

+

∫
Rd+1

+

sgn(v1 − v2)(GGG(v1)−GGG(v2)) · ∇ψ(t, x) dx dt

+

∫
Rd+1

+

〈sgn(v1 − v2)(f1(t, x, v1)− f2(t, x, v2))ψ(t, x) dx dt ≥ 0

(A.12)

for all nonnegative ψ ∈ D(Rd+1
+ ). For passing from (A.8) to (N1) we choose again

u1 = η(x, v1) and now v2 = θ(x, k) with f1 ≡ 0 and f2 = divGGG(v2) = divFFF(x, k).

B. Independence of solutions on the representation of the flux

FFF(x, u) = GGG(θ(x, u))

In the following section we shall consider whether different choice of GGG and θ can

influence the solution notion that we consider.

Theorem B.1. Let FFF = GGG1 ◦ θ1 = GGG2 ◦ θ2 with GGGi and θi satisfying (A1)–(A4)

and let u0 ∈ L1(Rd) ∩ L∞(Rd). In addition, assume that for all u ∈ R the function

θ1(x, η2(x, u)) has a Darbouxi property. Then the unique entropy weak solution to

(1.1) related to (GGG1, θ1) is equal to the unique entropy weak solution to (1.1) related

to (GGG2, θ2).

We shall not provide the whole proof of this theorem, but focus on a key estimate

formulated in Lemma B.1. Passing from the below stated contraction property to

the uniqueness property follows the procedures developed in the present paper.

Remark B.1. Note that the example presented by Panov33 does not fit into the

framework of Theorem B.1. We recall the details. He considered the equation ut +

iWe say that f(x) has Darboux property if for any x, y ∈ Rd such that f(x) < f(y) and any
u ∈ (f(x), f(y)) there exists x0 ∈ Rd such that f(x0) = u.
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F (u)x = 0 with the representation of the flux F (u) = G(θ(x, u)) as follows G1(u) =

F (u) and θ1(x, u) = u. If one assumes F (0) = F (1) = 0 the equation can be

considered as the particular case of the presented there model equation

G2(θ) =

{
f(θ), θ ≤ 1

f(θ − 1), θ > 1
, θ2(x, u) = u+H(x),

where H is the Heaviside function. Then if F (c) > 0 for some point c ∈ (0, 1) then

the constant solution u ≡ c is a en entropy solution in the sense defined by Panov,

but it is not an entropy solution in the sense of Audusse-Perthame. The theorem

presented below has an assumption that the function θ1(x, η2(x, u)) has a Darboux

property, whereas in the example one has θ2(x, η1(x, u)) = θ2(x, u).

Lemma B.1. Let FFF = GGG1 ◦ θ1 = GGG2 ◦ θ2 with (GGG1, θ1) and (GGG2, θ2) satisfying (A1)–

(A3) and let (AAA1, U1), (AAA2, U2) be admissible parametrization of GGG1 and GGG2 respec-

tively. Assume that ν and σ are two local entropy measure-valued solutions to (1.1)

corresponding to (AAA1, U1), (AAA2, U2) respectively the in sense of Definition 2.1. More-

over, assume that for all u ∈ R the function θ1(x, η2(x, u)) has a Darboux property.

Then∫
Rd+1

+

〈|η1(x, U1(λ))− η2(x, U2(µ))|, ν(t,x)(λ)⊗ σ(t,x)(µ)〉ψ,t(t, x) dx dt

+

∫
Rd+1

+

〈QQQ(x, λ, µ), ν(t,x)(λ)⊗ σ(t,x)(µ)〉 · ∇ψ(t, x) dx dt ≥ 0

(B.1)

for all nonnegative ψ ∈ D(Rd+1
+ ). Here, we defined QQQ through

QQQ(x, λ, µ) :=


(AAA1(λ)−AAA2(µ)) sgn

(
λ− α1

k

β1
k − α1

k

− µ− α2
k

β2
k − α2

k

)
if there is k such that λ ∈ [α1

k, β
1
k] or µ ∈ [α2

k, β
2
k],

(AAA1(λ)−AAA2(µ)) sgn(η1(x, U1(λ))− η2(x, U2(µ))) otherwise.

(B.2)

The numbers αik, β
i
k, i = 1, 2 are defined in (1.16) correspond to U1, U2 respectively.

Moreover, for fixed λ, µ the function x 7→ QQQ(x, λ, µ) is constant.

Proof. The proof follows almost step by step the proof of Lemma 2.1 and is again

inspired by Ref. 10. Therefore we skip here all details and focus only on possible

differences.

Step 1: Independence of QQQ on x. The first key observation is a “curiosity” that

QQQ does not depend on x. Hence let λ and µ be fixed. We show that then QQQ(x, λ, µ)

is constant. Clearly, it is a consequence of the definition that it may depend on x

only if λ ∈ (β1
k, α

1
k+1) and µ ∈ (β2

n, α
2
n+1). In case that AAA1(λ) = AAA2(µ), we see that

QQQ is identically zero (hence x-independent). Thus, consider the case AAA1(λ) 6= AAA2(µ)

and assume a contradiction, i.e., let there exist x ∈ Rd and y ∈ Rd such that

η1(x, U1(λ)) > η2(x, U2(µ)),

η1(y, U1(λ)) < η2(y, U2(µ)).
(B.3)
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Since, θ1 is strictly increasing we deduce from (B.3) that

U1(λ) > θ1(x, η2(x, U2(µ))),

U1(λ) < θ1(y, η2(y, U2(µ))).
(B.4)

As θ1(x, η2(x, U2(µ))) has a Darboux property, there surely exists x0 ∈ Rd such

that

U1(λ) = θ1(x0, η2(x0, U2(µ))). (B.5)

But since λ and µ belong to the intervals where U1 and U2 are strictly increasing

we can use (B.7) to deduce

AAA1(λ) = GGG1(U1(λ))
(B.5)
= GGG1(θ1(x0, η2(x0, U2(µ))))

= GGG2(θ2(x0, η2(x0, U2(µ)))) = GGG2(U2(µ)) = AAA2(µ),
(B.6)

which is a contradiction and finishes the prove of independence of QQQ on x. We shall

use this fact in further parts of the proof and in what follows to avoid unclarity, we

write QQQ(λ, µ).

First, we recall some properties of a parametrization of GGGi. Thus, recalling (2.1)

we have

AAAi(s) =


GGGi(Ui(s)) for s ∈ (βik, α

i
k+1),

(GGGi)+(zik)− (GGGi)−(zik)

βik − αik
(s− αik) + (GGGi)−(zik) for s ∈ [αik, β

i
k].

(B.7)

Moreover, here zik denote the points of discontinuities of GGGi and there is one to one

relation between z1k and z2k since FFF is the same for both GGG1 and GGG2. In addition we

know that Ui is strictly increasing on (βik, α
i
k+1) and constant on [αik, β

i
k]. Next, we

discuss more precise relation between intervals (βik, α
i
k+1) for different i’s. For this

purpose we define Carethéodory mappings vi as

v1(x, s) := θ1(x, η2(x, U2(s))),

v2(x, s) := θ2(x, η1(x, U1(s))).
(B.8)

First, we show that for almost all fixed x ∈ Rd the mapping

v1(x, ·) : [β2
k, α

2
k+1] 7→ [U1(β1

k), U1(α1
k+1)]

is bijection and also

v2(x, ·) : [β1
k, α

1
k+1] 7→ [U2(β2

k), U2(α2
k+1)].

Note that we use convention β0 := −∞. Since, θ1, η1 are strictly increasing and U1

is strictly increasing on each (β1
k, α

1
k+1) and U2 is strictly increasing on (β2

k, α
2
k+1)

as well, it is enough to show that for all k

lim
s→(α2

k)−
v1(x, s) = lim

s→(α1
k)−

U1(s), lim
s→(β2

k)+
v1(x, s) = lim

s→(β1
k)+

U1(s). (B.9)
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However, using the fact that GGG1(v1(x, s)) = GGG2(U2(s)), which follows from definition

of vi and the fact that FFF is the same for both GGG1 and GGG2, we see that (B.9) holds.

Consequently, using (B.9) and the fact that Ui is strictly increasing on each

(βik, α
i
k+1) and constant on [αik, β

i
k], we can define Carathéodory mappings wi that

are for almost all fixed x ∈ Rd bijections by the relation

w1(x, s) :=


U−11 (v1(x, s)) for s ∈ (β2

k, α
2
k+1),

α1
k(s− β2

k)

α2
k − β2

k

− β1
k(s− α2

k)

α2
k − β2

k

for s ∈ [α2
k, β

2
k].

w2(x, s) :=


U−12 (v2(x, s)) for s ∈ (β1

k, α
1
k+1),

α2
k(s− β1

k)

α1
k − β1

k

− β2
k(s− α1

k)

α1
k − β1

k

for s ∈ [α1
k, β

1
k].

(B.10)

Having these auxiliary results, we now prove the lemma. Following the proof of

Lemma 2.1, we can deduce in the same manner that (we keep the notation for the

mollification of measures ν and σ and use the inequalities (2.11)–(2.12)) that for

any µ ∈ R and all (t, x) ∈ (δ,∞)× Rd there holds(
ωε2 ∗ 〈|η1(x, U1(λ))− η1(x, U1(µ))|, νδ(t,x)(λ)〉

)
,t

+ div
(
〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ), νδ,ε(t,x)(λ)〉

)
≤ 0

(B.11)

and for any λ ∈ R and all (t, x) ∈ (δ,∞)× Rd we have(
ωε2 ∗ 〈|η2(x, U2(λ))− η2(x, U2(µ))|, σδ(t,x)(µ)〉

)
,t

+ div
(
〈(AAA2(λ)−AAA2(µ)) sgn(λ− µ), σδ,ε(t,x)(µ)〉

)
≤ 0.

(B.12)

Since wi are Carathéodory functions we can use the push-forward formula and define

Young measures ν̃ and σ̃ as

〈f(µ), σ̃δ,ε(t,x)(µ)〉 := 〈f(w1(x, µ)), σδ,ε(t,x)(µ)〉,

〈f(µ), ν̃δ,ε(t,x)(λ)〉 := 〈f(w2(x, λ)), νδ,ε(t,x)(λ)〉.
(B.13)

For any fixed (t, x) we apply σ̃(t,x) onto (B.11) to get〈(
ωε2 ∗ 〈|η1(x, U1(λ))− η1(x, U1(µ))|, νδ(t,x)(λ)〉

)
,t
, σ̃δ,ε(t,x)(µ)

〉
+
〈

div
(
〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ̃), νδ,ε(t,x)(λ)〉

)
, σ̃δ,ε(t,x)(µ)

〉
≤ 0

(B.14)

and focus on the second term. The operator div is acting on the measure νδ,ε, hence

using (B.13) we deduce that〈
div
(
〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ), νδ,ε(t,x)(λ)〉

)
, σ̃δ,ε(t,x)(µ)

〉
=
〈
〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ),∇νδ,ε(t,x)(λ)〉, σ̃δ,ε(t,x)(µ)

〉
=
〈
〈(AAA1(λ)−AAA1(w1(x, µ))) sgn(λ− w1(x, µ)),∇νδ,ε(t,x)(λ)〉, σδ,ε(t,x)(µ)

〉 (B.15)
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Next, we evaluate the terms depending on w1. Hence using (B.8), (B.10), (B.7) and

strict monotonicity of θi, ηi and Ui we get that for all µ ∈ (β2
k, α

2
k+1)

AAA1(w1(x, µ)) = GGG1(v1(x, µ)) = GGG1(θ1(x, η2(x, U2(µ))))

= GGG2(θ2(x, η2(x, U2(µ)))) = GGG2(U2(µ)) = AAA2(µ),

sgn(λ− w1(x, µ)) = sgn(U1(λ)− v1(x, µ))

= sgn(η1(x, U1(λ))− η2(x, U2(µ))).

(B.16)

Moreover, using (B.10), we see from (B.16) that if µ ∈ (β2
k, α

2
k+1) and λ ∈ [α1

n, β
1
n]

for some n then we directly obtain

sgn(λ− w1(x, µ)) = sgn

(
λ− α1

k

β1
k − α1

k

− s− α2
k

β2
k − α2

k

)
. (B.17)

On the other hand, for µ ∈ [α2
k, β

2
k], we know from (B.10) that w1(x, µ) ∈

[α1
k, β

1
k]. Consequently, we can use (B.7) and (B.10) and by simple algebraic manip-

ulation we deduce that

AAA1(w1(x, µ)) =
(GGG1)+(z1k)− (GGG1)−(z1k)

β1
k − α1

k

(w1(x, µ)− α1
k) + (GGG1)−(z1k)

=
(GGG2)+(z2k)− (GGG2)−(z2k)

β1
k − α1

k

(w1(x, µ)− α1
k) + (GGG2)−(z2k)

=
(GGG2)+(z2k)− (GGG2)−(z2k)

β2
k − α2

k

(µ− α2
k) + (GGG2)−(z2k)

= AAA2(µ),

sgn(λ− w1(x, µ)) = sgn

(
λ− α1

k −
(α1
k − β1

k)s− (α1
k − β1

k)α2
k

α2
k − β2

k

)
= sgn

(
λ− α1

k

β1
k − α1

k

− s− α2
k

β2
k − α2

k

)
.

(B.18)

Thus, inserting (B.16)–(B.18) into (B.15) and using the definition of QQQ we get〈
div
(
〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ), νδ,ε(t,x)(λ)〉

)
, σ̃δ,ε(t,x)(µ)

〉
=
〈
〈(QQQ(λ, µ)),∇νδ,ε(t,x)(λ)〉, σδ,ε(t,x)(µ)

〉 (B.19)

Thus, since QQQ does not depend on x we can rewrite (B.19) as〈
div
(
〈(AAA1(λ)−AAA1(µ)) sgn(λ− µ), νδ,ε(t,x)(λ)〉

)
, σ̃δ,ε(t,x)(µ)

〉
=
〈

div
(
〈QQQ(λ, µ), νδ,ε(t,x)(λ)〉

)
, σδ,ε(t,x)(µ)

〉 (B.20)

Thus, substituting this into (B.14) we obtain〈(
ωε2 ∗ 〈|η1(x, U1(λ))− η1(x, U1(µ))|, νδ(t,x)(λ)〉

)
,t
, σ̃δ,ε(t,x)(µ)

〉
+
〈

div
(
〈QQQ(λ, µ), νδ,ε(t,x)(λ)〉

)
, σδ,ε(t,x)(µ)

〉
≤ 0

(B.21)
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and in the same spirit we can deduce that〈(
ωε2 ∗ 〈|η2(x, U2(λ))− η2(x, U2(µ))|, σδ(t,x)(µ)〉

)
,t
, ν̃δ,ε(t,x)(λ)

〉
+
〈

div
(
〈QQQ(λ, µ), σδ,ε(t,x)(µ)〉

)
, νδ,ε(t,x)(λ)

〉
≤ 0

(B.22)

Summing (B.21) and (B.22) and recalling the same procedure as in Lemma 2.1 we

deduce that〈(
ωε2 ∗ 〈|η1(x, U1(λ))− η1(x, U1(µ))|, νδ(t,x)(λ)〉

)
,t
, σ̃δ,ε(t,x)(µ)

〉
+

〈(
ωε2 ∗ 〈|η2(x, U2(λ))− η2(x, U2(µ))|, σδ(t,x)(µ)〉

)
,t
, ν̃δ,ε(t,x)(λ)

〉
+ div

〈
QQQ(λ, µ), νδ,ε(t,x)(λ)⊗ σδ,ε(t,x)(µ)

〉
≤ 0

(B.23)

Hence, we can let ε→ 0+ to conclude that (see the proof of Lemma 2.1 for details)

for all t > δ and all nonnegative ψ ∈ D(Rd)∫
Rd

〈(
〈|η1(x, U1(λ))− η1(x, U1(µ))|, νδ(t,x)(λ)〉

)
,t
, σ̃δ(t,x)(µ)

〉
ψ(x) dx

+

∫
Rd

〈(
〈|η2(x, U2(λ))− η2(x, U2(µ))|, σδ(t,x)(µ)〉

)
,t
, ν̃δ(t,x)(λ)

〉
ψ(x) dx

≤
∫
Rd

〈
QQQ(λ, µ), νδ(t,x)(λ)⊗ σδ(t,x)(µ)

〉
· ∇ψ(x) dx,

(B.24)

where ν̃δ and σ̃δ are defined through

〈f(µ), σ̃δ(t,x)(µ)〉 := 〈f(w1(x, µ)), σδ(t,x)(µ)〉,

〈f(µ), ν̃δ(t,x)(λ)〉 := 〈f(w2(x, λ)), νδ(t,x)(λ)〉.
(B.25)

Finally, we evaluate η1(x, U1(w1(x, µ))). First, for µ ∈ (β2
k, α

2
k+1), by (B.10) we get

η1(x, U1(w1(x, µ))) = η1(x, θ1(x, η2(x, U2(µ)))) = η2(x, U2(µ)). (B.26)

On the other hand, if µ ∈ [α2
k, β

2
k] we can again use (B.8) and (B.10) to conclude

that for all µ

η1(x, U1(w1(x, µ))) = η2(x, U2(µ)). (B.27)

Therefore (B.24) reduces to∫
Rd

〈(
〈|η1(x, U1(λ))− η2(x, U2(µ))|, νδ(t,x)(λ)〉

)
,t
, σδ(t,x)(µ)

〉
ψ(x) dx

+

∫
Rd

〈(
〈|η1(x, U1(λ))− η2(x, U2(µ))|, σδ(t,x)(µ)〉

)
,t
, νδ(t,x)(λ)

〉
ψ(x) dx

≤
∫
Rd

〈
QQQ(λ, µ), νδ(t,x)(λ)⊗ σδ(t,x)(µ)

〉
· ∇ψ(x) dx,

(B.28)
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which implies

d

dt

∫
Rd

〈
|η1(x, U1(λ))− η2(x, U2(µ))|, νδ(t,x)(λ)⊗ σδ(t,x)(µ)

〉
ψ(x) dx

≤
∫
Rd

〈
QQQ(λ, µ), νδ(t,x)(λ)⊗ σδ(t,x)(µ)

〉
· ∇ψ(x) dx.

(B.29)

Consequently, letting δ → 0+ and following again the proof of Lemma 2.1, we

observe (B.1). Thus, the proof is complete.

C. Auxiliary results

Proposition C.1. Let [a, b] ⊂ R and let f be continuous, f, fn be monotone func-

tions such that fn → f pointwisely. Then fn → f uniformly on [a, b].

The above fact in an elementary exercise. For the proof see e.g. Ref. 3.

Proposition C.2. Let [a, b] ⊂ R and let f, fn : R → R, Im (f) = R, Im (fn) = R,
f, fn be strictly monotone functions such that fn → f point-wisely. Then the inverse

functions converge locally uniformly to the inverse of the limit, namely (fn)−1 →
f−1 uniformly on every compact subset of R.

Proof. We provide the proof by contradiction. Assume that fn converges uniformly

to f and that (fn)−1 does not converge point-wisely to f−1. Hence there exists

y, ε > 0 and a subsequence (fnk
)−1 such that

(fnk
)−1(y) /∈ [f−1(y)− ε, f−1(y) + ε]. (C.1)

We only prove the case (fnk
)−1(y) > f−1(y)+ε. The second case follows analogously.

Let ȳnk
:= f−1nk

(f(y)). By (C.1) we have the estimate

ȳnk
> y + ε.

Using the strict monotonicity of f , monotonicity of fnk
and the definition of ȳnk

we conclude an existence of δ such that

0 < δ ≤ f(y + ε)− f(y) = f(y + ε)− fnk
(ȳnk

) ≤ f(y + ε)− fnk
(y + ε) (C.2)

which contradicts the uniform convergence of fn. Hence (fn)−1 converges point-

wisely to f−1. The uniform convergence of (fn)−1 can be concluded by Proposi-

tion C.1.
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