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1. Introduction

We focus on the Cauchy problem for a scalar hyperbolic conservation law

uy +divF(z,u) =0 in RTM, L1

u(0,) =wup in RY, (1)
where Riﬂ := (0,00) x R?, d denotes an arbitrary spatial dimension, v : R:lfl —R
is an unknown and F : R? x R — R? is a given flux of the quantity w. In addition,
we assume that u vanishes as |z| — co. Our main goal in the paper is to identify a
class of fluxes F for which one can develop “well-posedness” of the problem (1.1). By
well-posedness we mean that we want to find a proper notion of (entropy) solution
to (1.1) for which we are able to prove the existence, uniqueness and stability of the
solution with respect to data in an a priori chosen class. In particular, our primary
motivation is that such class is equivalent to Kruzkov entropy solution in case that
F is a sufficiently smooth function. For brevity, we recall that for smooth F a weak
solution to (1.1) is called the Kruzkov entropy solution if it satisfies for all k£ € R
the following entropy inequality in the distributional sense in Ri“

lu — k| ¢+ div (sgn(u — k) (F(z,u) — F(z, k))) (1.2)
+sgn(u — k) divF(z, k) <O0. .

To generalize this notion to a class of fluxes F(z,u) discontinuous with respect
both to z and to u we shall follow several recent results and combine them in a
proper way to develop a unified theory. An important approach to problems with
x—discontinuous fluxes appears for d = 1 in the Ref. 9 and later in Ref. 7. The
authors generalized the entropy inequality (1.2) in a way that instead of a constant
k they considered a stationary solution, namely a function k(x) solving the equation

8,F(z, k(z)) = 0. (1.3)

This idea of extending the definition of Kruzkov solutions to a discontinuous case
consisted in introducing adapted entropies E(x,u) = |u — k(x)|. For such choice of
entropies we observe that the last term in (1.2), which is not well-defined in case
of non-smooth F vanishes. For a sufficiently large class of k’s satisfying (1.3) the
uniqueness of solutions to (1.1)—(1.2) can be proved. We discuss here the assump-
tions under which one is able to find this rich class of &’s fulfilling (1.3). The Ref. 9
concerns the case of injective fluxes. In Ref. 7 the authors assumed that there exist
continuous functions f, g; f(u) — oo as |u| — oo such that

F(z,u)
f(u) < |F(z,u)] < g(u),

F(z,u) is for a.a. « one to one locally Lipschitz . (1.6)

is Carathéodory,
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Alternatively, instead of (1.6) the authors assumed the following

There is a function ups(z) : R = R such that for a.a. x € R
F(z,-) is a one to one locally Lipschitz function from [—oo, ups ()] (1.7)
and [ups(z), 00] to [0, 00] that satisfies F(x, upr(z)) = 0.

Under such conditions the authors were able to prove uniqueness (in a given
class) of the solution to (1.1), that is equivalent to the Kruzkov entropy solution in
case that F is smooth. This equivalence, as well as an existence of such a solution
was proved in Ref. 18. In case of (1.7) there are multiple solutions to (1.3) and then
the choice of k’s needs to be restricted only to some of them.

Later Panov? generalized the method developed in Ref. 7 in the following way.
He assumed that F is of the form

Fz,u) = G(0(z,u)), (1.8)

where G € C(R;R?) and 0(z,u) : R x R — R is a Carathéodory function that
is for almost all x strictly increasing with respect to u and for which there exist
continuous functions f and g fulfilling f(u) — co as |u| — oo such that

flu) <10(z,u)| < g(u). (1.9)

In this setting it is shown in Ref. 33 that it is natural to rewrite the notion of Kruzkov
solution in the following way: Let n(x,v) be the inverse to 0, i.e., 8(z,n(x,v)) = v.
Then assuming that G, 6, 7 and u are smooth one easily shows that u solves (1.1)—
(1.2) if and only if u(t, x) := n(z,v(t,x)) (that is again smooth) solves for all k € R
the following system in the sense of distribution

n(z,v) +divG(v) = 0 in RS, (1.10)
n(z,v(z,0)) = up(z) in RY, (1.11)
In(x,v) —n(z, k)| 4 div(sgn(v — k)(G(v) — G(k))) <0, in RETL. (1.12)

From Ref. 33 and 18 one observes that solving (1.10)—(1.12) is equivalent with
solving (1.1)—(1.2) provided that F = G(0(x,u)) with sufficiently smooth G and 6.
In addition, it is evident that for introducing a notion of a weak solution satisfying
(1.12) we do not need to require any smoothness of 6 with respect to z, which
is the case if one assumes (1.2). Thus, the system (1.10)—(1.12) seems to be a
natural extension of the concept of Kruzkov entropy solution and the existence and
uniqueness of such a solution is established in Ref. 33 provided that G is sufficiently
smooth (Holder continuous)®?.

Finally, in Ref. 10 the authors considered fluxes being independent of x but
discontinuous with respect to u. They showed that for jump continuous fluxes®, one
can find nondecreasing U such that FoU is continuous and define a notion of entropy

2In Ref. 33 such theorem is stated in any d but the rigorous proof is provided for d = 1
b A function F is called jump continuous if for all s € R there exists a finite lim¢— s, F(s) and there
is at most countable set where F is not continuous.
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weak solution that is equivalent to the Kruzkov entropy weak solution for smooth
fluxes in the following way: A function v is an entropy weak solution to (1.10)—(1.12)
if it solves for all £ € R the following system in the sense of distribution

Uw),+divF(U(v)) =0 in RTM, (1.13)
U(v(x,0)) = ug(x) in RY (1.14)
|U(v) = U(k)| s+ div(sgn(v — k) (F(U(v)) — F(U(k)))) <0, in REM. (1.15)

The authors showed in Ref. 10 that for jump continuous F that is additionally Hélder
continuous at zero there exists just one entropy weak solution to (1.13)—(1.15).

Thus, our main goal in the paper and also our strategy is to combine the methods
developed in Ref. 7, 10 and 33 and to develop a theory that covers both possible
discontinuities of the flux, i.e. discontinuities with respect to v and =x.

Moreover, to simplify the presentation we frequently use the following notations:
Small letters in italics always denote the scalar functions mapping Riﬂ, R? respec-
tively on R, i.e., v(t,x) : RE™ — R and v(z) : R? — R. The real function of one
real variable will be always denoted by capital letter, i.e., P : R — R. On the other
hand vector-valued function of one real variable is denoted by capital bold letter,
i.e., Q:R — RY Similarly, vector-valued function of (¢,z) or z respectively will be
denoted by small bold letter, i.e., v(t,z) : R — R? and v(z) : R? — R%.

1.1. Assumptions on the flur and admissible parametrization

In the whole paper we assume that there are G : R — R¢ and 6 : R x R — R such
that F(x,u) = G(0(z,u)). Moreover, we assume that

(A1) G(v) is jump continuous
(A2) 6 is a Carathéodory strictly increasing function such that 6(x,0) = 0 and
there exists a Carathéodory function n(z,v) such that 6(x,n(z,v)) = v for

all v € R and a.a. z € R%.
(A3) there exist continuous functions h; and hs such that for all z € R?

hi(u) < [0(z,u)| < ha(u),

and such that for all R > 0 there exists Cr so that ha(u) < Crhy(u) for
all Ju| < R; in addition we require that limj,|_o h1(u) = oo.

Note that it directly follows from (A3) that also n(x, v) is bounded by some function
dependent only on v and not on z, namely

(A3*) there exists hy such that for all x € R?
n(z,v)] < ha(v)

Already Kruzkov?® pointed out that if F is not sufficiently regular at zero one
can get non-uniqueness of entropy solution. On the other hand it was shown in
Ref. 37 for continuous fluxes and in Ref. 10 that only appropriate Holder continuity
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at zero is required for obtaining uniqueness of solution provided® that the initial
data ug belongs to L' (R?). Thus, having this in mind it is natural to introduce a new
assumption on a flux that will guarantee the uniqueness of a solution. Therefore, in
addition to (A1)—-(A3) we assume that for given G and 6

(A4) there exists 1 < p < d%‘ll and constants R, > 0 and Cy > 0 such that for
all z € R?\ Bg__(0)

G(s)I” < Co[n(z, 5)|-

Finally, we introduce an admissible parametrization of (possibly) discontinu-
ous G. We denote by 2z; € R, &k € N the points such that lim,_,,), G(s) #
lim,_,(.,)_ G(s). Recall that the set of such points is countabled. Next we con-
struct a multi-valued mapping G by filling the jumps of G with intervals connecting
20), G(s) and lim,_, .,y G(s) and in what follows we identify G with G for
simplicity. Then, we say that a couple (A,U) is an admissible parametrization of G

limsﬁ(

if it satisfies the following conditions:

e the function U € C(R) is nondecreasing and lim U(s) = +oo,

s—too

elet ay := inf  a, Br:= sup 0,
a; Ula)= 55 U(B)==

then for all £ € N there holds oy < Bk < agt1,
e the function U is constant on [oy, O] and strictly increasing (1.16)
on (B, agy1) for all k € N,
e the function A € C(R)? satisfies A(s) € G(U(s)),
o the function A is linear on [ay, B for all k£ € N.
For every jump continuous function G there exists such an admissible parametriza-
tion, what we discuss in more detail at the beginning of Section 2.

1.2. Definition of entropy weak solutions and main result

Definition 1.1. Let F = G o 6 with G and 0 satisfying (A1)-(A3) and let ug €
L' (R?) N L (R?). We say that u € L(0, oo; L*(R?) N L>®(R?)) is an entropy weak
solution to (1.1) related to (G, 8) and ug for an admissible parametrization (A,U)
of G if there exists a function g € L>®°(R%") such that

n(z,U(g(t, ) = ult,z), Alg(t,z)) € G(O(z,u(t,x)))  ae inRET, (1.17)
lim inf/ lu(t,x) — up(x)| de =0, for any compact K C R, (1.18)
=0 Jp

“Note that if initial data are assumed to be only bounded, then the requirement on Holder conti-
nuity of the flux at zero is not sufficient and one has to assume the Holder continuity of the flux
at each point.

41t follows from the fact that G is jump continuous function



LJune 27,2012 15:12 'WSPC/INSTRUCTION FILE BulicekGwiazdaSwier-
zewska Revised Final

6 M. Bulicek, P. Gwiazda and A. Swierczewska-Gwiazda
and for all nonnegative ¢ € D(R‘fl) and arbitrary k € R\ J;cy (o1, B1) there holds

[ 1 Ut 20) = nla, UEDIa(t,2) do de
R (1.19)
+ [, (smnlalt.) = F)Alg(t,2) = AM) - V(e ) da de > 0.

The numbers «y, 5, | € N are defined in (1.16).

Remark 1.1. Any entropy weak solution is the sense of Definition 1.1 is a weak
solution to (1.1). Indeed, since g € L™ we may take k := %£||¢||c in (1.19) (or pos-
sibly we increase/decrease the value of k such that U is strictly increasing in k) and
by using the strict monotonicity of  (guaranteed by (A2)) and the monotonicity
of U we conclude that

uy+divA(g) =0, in the sense of distribution in R‘iﬂ, (1.20)

which is exactly (1.1);. Next, we can use the fact that by functions |u — -| one can
generate any convex function and therefore it is a direct consequence of (1.19) that
(see Ref. 10 for details) for all smooth convex E, such that E is linear on (a, 8x)
for all N, where ay and (3 are introduced in (1.16), there holds

Qu(z,g):+divQa <0, in sense of distribution in R (1.21)
with @, and Qa given by
05Q’ (x,5) = dgn(z, U(s))E'(s), DsQa(s) = D,A(s)0sE(s). (1.22)

Having a notion of an entropy weak solution to (1.1) we finally focus on the
existence and uniqueness theorem. The main result of the paper is the following.

Theorem 1.1. Let F = G o 0 with G and 0 satisfying (A1)-(A4) and let uy €
LY R N L®(RY). Then there exists a unique entropy weak solution to (1.1) related
to (G,0) and ug in the sense of Definition 1.1.

Remark 1.2. Note that an entropy weak solution is independent of the choice of
parametrization U unless this parametrization depends on z. Another observation
is that functions G and 6 are not necessarily given uniquely and thus there arises a
question whether different choice of G and 6 may lead to different entropy solutions,
namely in the case when Go(02(x,u)) = G1(01(x, uw)), which was shown in 33. In the
Appendix B we discuss sufficient conditions for independence of the choice of G and
0, see Theorem B.1.

Here, we briefly discuss the optimality of the assumptions of Theorem 1.1 and
the relevance to other results. The assumption (A1) is inspired by Ref. 10 and
covers also the case when G has infinitely many jumps. The assumptions (A2) and
(A3) were introduced by Panov3? and define the class of fluxes F for which one can
relatively easily introduce a change of variables which eliminates a direct dependence
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of the flux on z. Note that it is in fact restrictive, e.g., it is clear that if (A1)—(A2)
are satisfied then necessarily for fixed x the Im (F(z,u)) does not depend on z.
For some physical phenomena such an assumption may not be valid (e.g. flows in
porous media, sedimentation, cf. Ref. 12, 14, 21, 27). Finally, the last assumption
(A4) combines the requirements on the behavior of F(z,-) near zero and behavior
of F(-,u) near infinity. Indeed, one could alternatively assume that G is a—Holder
continuous in zero with an appropriate exponent « and that |0(z,u)| < Cu|ul for
|x] — oo and/or to introduce other assumptions on the behavior of F near oo for
u = 0 that would lead to the uniqueness of the solution.

Besides the results described above we shall mention various other approaches to
scalar conservation laws including discontinuities of fluxes. According to our knowl-
edge the case of discontinuity in both variables z and u has not been considered.

The motivation for considering the discontinuity in the flux function with respect
to u comes from the implicit constitutive theory, namely implicit relations between
the flux and the unknown, see e.g. Ref. 35 and also Ref. 10. The strategy is the
following: The discontinuous flux is identified with a continuous curve consisting of
the graph of the function F and the intervals filling the jumps.

The framework of fluxes discontinuous in u was also studied in Ref. 4, 17 and 30
for the case of fluxes independent of x in a multi-dimensional case. We shall recall
briefly the approach of Carrillo'®!7. He considered a problem in a bounded domain

u+div®(uw) > f in (0,T) x Q

u(0) =wup in Q (1.23)

with a piecewise continuous flux function having a finite number of jumps. The
author further provides an appropriate change of variables which leads to a "new”
problem

g() +div¥(u) > f in (0,T) x Q,

9(v(0)) =ug in € (1.24)

For the details we refer to Ref. 17. The proof bases upon the comparison principle
and the entropy inequality involving a version of semi Kruzkov entropies, namely
E(v,k) = (g(v)—g(k))*". It is worth to notice that the change of variables introduced
by Carrillo is a prototype of the change of variables used in Ref. 10.

Most of the studies on fluxes discontinuous in x confine to one-dimensional
case. We recall here an overview paper of Risebro®® concerned mostly with a front
tracking method, see also Ref. 25, 28. The author describes various motivations for
considering such problems. The multidimensional problem was considered in Ref. 5,
26 and 31.

In the works basing upon the classical Kruzkov entropies the problem of giving
sense to the last term in the entropy inequality (1.2) arises. Some approaches require
introducing an interface entropy condition, see e.g. Ref. 1, which was mostly entailed
with the assumptions on the total variation of the flux function. Nevertheless, one
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can show that the entropy solution with a total variation not necessarily bounded,
admits strong boundary traces, cf. Ref 32.

Another interesting approaches to x—discontinuous fluxes are the strong pre-
compactness result based on H-measures techniques by Panov3* and the approach
of kinetic formulation for conservation laws presented by Bachmann and Vovelle®.
In the first case the method requires that the flux is non-degenerate (for almost all x,
for all ¢ € RY, ¢ = 0 the functions A +— £F(x, \) are not constant on non-degenerate
intervals).

Among the variety of entropy conditions for the problems with x—discontinuous
fluxes an interesting question arises which of them have an appropriate physical
meaning. An important observation is that the same formal equation may admit
different solutions (Ref. 2, 6, 11, 14, 24). However these differences refer to different
dissipative mechanisms, cf. in particular Ref. 12, 14, 13 and 15.

Nevertheless, the classical framework for answering the question of appropriate
physical meaning is derivation of target equations from primitive equations. With
this strategy in mind, we shall be particularly interested in the entropy conditions
of Audusse and Perthame (and hence also the ones of Panov), due to the rigorous
derivation as a hydrodynamic limit from the particle system, see Ref. 18.

We organize the paper as follows: Section 2 concerns the existence of entropy
measure-valued solutions. We define the entropy measure-valued solutions (Defini-
tion 2.1) and state the theorems on existence and uniqueness of solutions (Theo-
rems 2.1 and 2.2). The crucial tool for these results is the so-called averaged con-
traction property formulated in Lemma 2.1. The meaning of uniqueness of entropy
measure-valued solutions requires the discussion on its appropriate interpretation.
Two entropy measure-valued solutions are meant to be unique in the sense specified
by (2.22)—(2.23), more precisely they are unique up to the level sets of the func-
tion U. The results on measure-valued solutions are essential for passing to entropy
weak solutions. The main difference in comparison to the result on x—independent
fluxes (see Ref. 10) concentrates in showing the well-posedness of entropy measure-
valued solutions and hence these steps are described in details. The passage from
the level of measure-valued to weak solutions follows the same lines. We comment
on this issue in Section 3, where the reader can find the sketch of the proof of
Theorem 1.1.

Finally, Appendix A contains the discussion on relations between various no-
tions of solutions and provides their equivalence for sufficiently smooth fluxes F. In
Appendix B we discuss the dependence of solution on different choices of functions
G and 6.

2. Entropy measure-valued solutions

In this section we shall be concerned with entropy measure-valued solutions to (1.1)
in case of non-smooth F. More precisely, we focus here on fluxes F that satisfy (1.8)
with G, 6 satisfying (A1)-(A4). By M(R) we mean the space of bounded Radon
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measures and by Prob(R) the space of probability measures. As a Young measure
v we mean a weak® measurable map v : Rf‘l — M(R) and such that v g >
0, [vt,a)llmmy < 1 for aa. (t,z) € Ri“. Any bounded sequence u" : Ri"’l - R
generates a Young measure, which is a probability measure. By LZY (R’f‘l; M(R))
we understand the space of weak® measurable maps v : ]Ri“ — M(R) that are
essentially bounded.

We focus on properties of an admissible parametrization (A,U) of G, i.e., on
functions satisfying (1.16). First note, that if U and A satisfy (1.16) then necessarily

G(U(S)) for s € (5k7ak+1),

A(s) = G (2k) — G—(2) (s —ar)+G_(2) fors € [ay, B, =y
Br — o

where G (2;) := limy_,(.,), G(s). It is also important to mention here, that there
are many ways how to construct U and A such that (1.16) holds. Since according
to Theorem 2.1 the solution will not depend on the choice of U, we introduce here
one possible choice that shall also be used in the proof of the existence theorem.
First, we define

1 1
ap = 2k + Z ? and ﬂk:szr Z ﬁ

n; zn <2k n;zn <2k

and define U as

1 .
9= Z 72 if g ¢ (am,Bm) for all m € N,

Ulg) = ) (22)
2k — Z 2 otherwise.
n:zn<zZk

To normalize U to be zero at zero we set
U(s) := U(s) — 17(0). (2.3)

It is an obvious observation that the function U is continuous, nondecreasing and
ImU(R) = R. Moreover, having U we can immediately find A such that (1.16)
holds.

Next, we introduce a notion of a local entropy measure-valued solution, i.e., we
do not prescribe any initial data and any behavior for |z| — co.

Definition 2.1. Let F = Go 0 with G and 6 satisfying (A1)—(A3). Assume that
(A,U) is an admissible parametrization of G. We say that a Young measure v :
Rf‘l — Prob(R) is a local entropy measure valued solution to (1.1) corresponding
to (G,0) and (A,U) if there exists R(t,z) € LS, (R{™) such that

loc

SUPP V(1,0) C [-R(t, ), R(t, 7)] for a.a. (t,z) € R4 (2.4)
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and if for all € R and all nonnegative ¢ € D(RT™) there holds

L. (00U ) =0 UG v (t.2) d
- (2.5)
[ AO) = AG) sen(A 1) (0 (V) - Tiplt, ) d e > 0.

The key observation of the paper, on which all results presented here heavily
rely, is the averaged contraction property, which is also the standard property for
classical results with smooth fluxes F, see Ref. 22, 37.

Lemma 2.1. Let F = Go 0 with G and 0 satisfying (A1)—(A3) and let (A1,Uy),
(A2, Uz) be two different admissible parametrizations of G. Assume that v and o
are two local entropy measure-valued solutions to (1.1) corresponding to (A1, Uy),
(A2, Us) respectively in the sense of Definition 2.1. Then

/RMUW(% Ur(N)) = n(z, Ua ()], V(t,2) (N) @ 01,0y ()4 (t, ) d dt

(2.6)
[ Q) N © ) (1) - Vil et > 0
4
for all nonnegative 1 € D(R‘fl). Here, we defined Q(X, 1) through

\— 1 A2

(A (V) = As(po)) s  Gr—y = S

By —ay B —ag
QN p) = (2.7)

if there is k such that X € [}, Bi], u € [aF, B7],
(A1 (A) — Ax(p)) sgn(Ur(N) — Us(p)) otherwise.

The numbers az,ﬁ,i, 1 =1,2 are defined in (1.16) and correspond to Uy, Us respec-
tively.

Proof. Although the proof is similar to the one given in Ref. 10 and based on the
idea of regularization of Young measures developed in Ref. 22, 37, but the possibly
discontinuous dependence in z of the function 7 involves new difficulties. The main
difference in the proof consists in using the smoothing kernel in the product form
and then passing to the limit separately, first with the parameter of regularization
with respect to z and then with the one with respect to t. It motivates us to conduct
the whole proof rigorously in order to avoid any unclarity. Let w € D(—1,1) be a
regularizing kernel, i.e., w(r) = w(—=z) and f_llw(x) dx = 1. Then, for any v > 0,

we define
W] (t) ==y w(t/y) for all ¢ € R,
wi(x) ==y Yz /y) - ... w(za/7) for all = (21,...,z4) € RY.
For arbitrary €,6 > 0 we set w(t,x) = w{(t) - w5(z). Notice that for any

Young measure v € L([0,T] x R% M(R)) there exists a Young measure 10 €
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Ly (REC([0, T]; M(R))) with [|1°]] o (o, xRaMm(R)) < 1 such that for any f €
C(R) the following holds® (w? * (f,v)) = (f,v°) for almost all t € R. Moreover, we
can interchange the derivative as (f, 9;1%) = (f,v%) ; for all ¢ € R. Similarly, there
exists v° € Lg2 ([0, T];C= (R s M(R))) with [|15]] oo (0,7 xRa M)y < 1 such that

loc?

x (f,v) = (f,v°) and (f,0,,1°) = O, (f,v°) for all 2 € RY, see Ref. 22.
In (2.5) we set

ot x) == (h*we)(t,z) = (1Y) (t — 7,2 —y) dy dr

d+1
RY

where nonnegative 1 € D((6,00) x R?) is arbitrary. Note that ¢ € D(Riﬂ) is
nonnegative and therefore such setting is possible. Observe that for all ; € R we
have

[, (0.0 30) = 0, U ) vy OO (9 (o -5), e
N (2.8)
= /R W (In(@, Ur(N) = 0@, Us ()] v,y (V) ¥ da dt.

Similarly, we obtain for all p € R

/R(M«Al()\) — A1 (1) sgn(\ — 1), Vieay(N)) - V(9 * (wf - w5)) da dt =
+ (2.9)
_ /Rd“ (A1) = As () sgn(h — ), V55, (V) - Vo dar di.

Consequently, using (2.8) and (2.9) in (2.5), we deduce that for all y € R and all
nonnegative 1 € D((d,00) x RY) there holds

/]Rd+1 w§ * <|T](CL‘, U1 ()‘)) - 77('737 Ur (M))L V?t,z) ()‘)>w,t dx dt
' (2.10)
[ A) = Asl) snh = .55 ) - V6 do e 2 0,

which in particular implies that for all i € R and all (¢, z) € (8, 00) x R? there holds
(w5 + Ina, Ux(N) = m(a, Uy (@) v,y (V) ) o)
I 2.11

+div (AL = A1 (i) sgn(h = ). 755, (V) < 0.

Similarly, for a Young measure o and functions Us and Ao, we can deduce that for
any ¢ >0, A € R and all (¢,7) € (§,00) x R? we have

(w5 * Inla, U2(0) = (e, U)oy ()
: (2.12)

+ div ({(A2() — As(n)) sgn(A = ), o, (1)) < 0.

®We extend the measure for ¢ < 0 and t > T by zero.
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Following Ref. 10 we show that (2.11) and (2.12) imply that for all u € R the
following inequality holds for any € > 0 point-wisely

(w5 * I, Ur(N) = (@, Uz ()], v,y V)
+div (@ ), 5y () <0

Here, Q was defined in (2.7). Similarly, one can observe that for all A € R, there
holds

3 in (6,00) x RY. (2.13)

(w5 * (e, U (X)) = (e, Ua ()], (1))
+div (@M ), o5, (1)) <0

In order to deduce (2.6) we combine (2.13) and (2.14). For brevity, set
Clx, A\, 1) == |n(z, U1 (X)) — n(x,Uz(p))]- The main effort is directed to the func-
tion ¢, because of its dependence on the variable z. As a consequence of the Fubini
theorem it holds (note that all expressions are well-defined)

div (@A 1), 15 (V) @ 0, (1))
= (aiv (1Qr I/(’E)()\)>),U?t”€x)(u)> (2.15)
+ (div (<Q<A 105 1)) Vi (V)

) onto (2.13) (note that it is continuous function of y), similarly we

T3 in (6,00) x RY. (2.14)

We apply a(t -

apply ”(t ) onto (2.14). Summing the resulting expressions and using (2.15) we find
that for all (t,2) € (2¢,00) x R? there holds

(W5 5 (G, A 1), Uy )5 755 (10)
+ (w5 % (€@, A 1), 0y (1)), 55y (V) (2.16)
+div ({QU ), V5 (N @ ol (1)) < 0.

Thus, multiplying (2.16) by an arbitrary fixed nonnegative ¢ € D((24,00) x R9),
integrating the result over Rfﬁ'l and using integration by parts, we find that

= [ ({5 €A oy ) )
(e (G A 1), 0y (1)) (V) ) ¥ i (2.17)
+ /Rd:l <Q(>\, ), Z/E;t’;) N ® U?t’fx)(,u)> -V dx dt > 0.

First, we let ¢ — 04. Then let Qy := supp?. From (2.4) it follows that there
exists a compact set K such that for (¢,z) € Qy we have supp V?t 2) C K and then

also supp ﬁtu?m) C K. The same holds for U?t,x)' Since (A3*) provides that n €
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L®(RET C(K)), then also n € L (Qy; C(K)) and consequently ¢ € L' (Qy;C(K)).
Thus we can extract a subsequence, that we do not relabel, such that

ws * (¢, 0,°) — (¢, 0,°) strongly in LY(Qy; C(K)),
ws * (¢, 0,0°) — (¢, 8,0°) strongly in LY(Qy;C(K)),
0% =¥ g0 weakly* in L (Qy; M(K)),
poe ¥y weakly* in L3 (Qy; M(K)).
Using these convergence results, we observe from (2.17) that
5 5
-/ 6N )0 )0 e
= [ A1,y (1) 0y (M) (218)
+

4 [ @Oy V) © 0,y () - T e de > 0
R

Similarly to (2.15) it is not difficult to observe that
(V) @ Oyt = UG Vi) 0yt = (@0 5 (G ea)), 00y
= (@ (¢ Vo))t Oy )+ { @ 5 (G 00m)ts Yoy )

Thus, using (2.18), (2.19) and integrating by parts with respect to ¢, we find that

(2.19)

[ (€A, oy ) e
+

[ QA oy iy 1) e > 0
+

Finally, letting § — 04 we conclude (2.6) by the argument of weak* convergence of
measures v° and ¢° to v and o, respectively. O

In Lemma 2.1 we showed that any two local entropy measure-valued solutions
satisfy the contraction property, which is the main tool for proving uniqueness.
However, in order to get such a result, we have to specify in which sense an initial
condition is attained and what is the behavior of the solution for || — co. Indeed,
if (possibly) two different solutions have different initial and “boundary” value,
one cannot expect that they are identical. The next theorem provides sufficient
conditions’ that provide the “uniqueness” of a solution.

f1t is well known that in the case of Lipschitz continuous fluxes there is a finite speed of propagation
which is bounded by the Lipschitz constant of F. Therefore a solution at certain point depends
only on the initial data in some compact subset (and not on some assumption on the behavior
of a solution at infinity) as it is pointed out in Theorem 6.2.3 of Ref. 19. In our opinion, for the
discontinuous fluxes there is no pure hyperbolic feature like finite speed of propagation, which
imposes that some kind of behavior at infinity of a solution needs to be added to get uniqueness.
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Theorem 2.1 (Uniqueness). Let F = Go 6 with G and 0 satisfying (A1)-(A3)
and let (A1, U1), (A2,Us) be two different admissible parametrization of G. Assume
that v, v? are two local entropy measure-valued solutions to (1.1) corresponding to
(A1,U1) and (Ag,Us) respectively in the sense of Definition 2.1. Moreover, assume
that

o There exists ug € L}, (RY) (initial condition) such that for all compact
K C R? the following holds

ess—liminf/ (In(x,Ur(N)) — uo(x)], l/(lt »(A) dz =0,

0 K ’ (2.20)
P 2 .

esstmint | ({n(e. Ua(0)) = o).,y (1) do = 0.

o There exists 1 <p < ﬁ such that for any T > 0 the following holds

I (L

W) ) <o

(2.21)
T p >
L (L [ttt ) de < .
0 R4
Then for a.a. (t,x) € RET there exists \g = \o(t,z) such that
1
supp vy ) C 1A Ui(A) = Ui(Xo)
() € {N Ur(A) = Ur(Xo) } (2.22)

supp v, oy C {1 Ua(p) = Ur(Mo)}-

)

In particular, defining u(t,x) := [p1n(z,Ui(N)) dv; ,1(N), we have for all M € C(R)
and almost all (t,x) € RL that

Mu(t.) = [ M. 01(0) vy (V)

(2.23)
= [ M Va1 a0

Proof. Here, we again proceed rigorously in order to avoid any doubts about the
correctness of the procedure. Let 0 < ¢ < ty < T < oo be arbitrary. We define an
affine 1)1 as follows

0 te0,to—e)UIT,c0),
t—1tp+e
() = L 2 e (- t0),
Tt
t e (ty,T).
T —to € (to, T)

Let ¢5 € D(R?) be arbitrary such that |[/%]o < 1. Then we set (t,x) =
1 ()5 (z) in (2.6) (it is a possible test function since we can mollify 17 and then
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pass to the limit) to deduce that

// (I Uy (N) = 1, Us ()] vy (V) © 024 ()02 () di

_to

<[ /Rdmwl ) =1, U ()| ) () © 92, ()95 ()

# [ QO )8 oy 1) T 1)
=1 (E, to, ’I’L) + 12(5, to, T, ’I’L)

Assume that supp vy C K, where K is a compact subset of R? and let ¢ — 0.
Then one easily shows that

lim Ig(E,to,T, TL) = IQ(tQ,T, ?’L)7
E‘)O+
where

r 1 2
Io(to, T,n) = / / d<o<x,u>,u<t,z><x>®u<t,z)<u>>-w@(x)wl(t) da dt s

/ /Rd QU 1)l e,y (N) @ ¥y 0y () IV ()| d it

and where we used the Jensen inequality for estimating the term on the right hand
side. By the mean value theorem we conclude that for almost all ¢ty € (0,7) there
holds

lim I;(g,to,n) = I (to,n),

e—04

where
Iy (to,n) == / e, Ua(N) = e, Ua )]s oy V) © 2 (1)) () i
< /K (D1, U (N) = 1, Un())], vy () @ V2 0 () d

We shall now show that I; tends to zero as ty — 0. For this purpose we notice
that v' and v? are for almost all (¢,z) € R}
support and we use the triangle inequality to conclude that for almost all ¢y € (0,T)

probabilistic measures with compact

Bltorn) < [ (e U2(0) = wola)| + e, Ua) = o).
V(lto,z)()‘) ® V(to 2 (1 )> dx
= [ {02 = @)l vy (V)
+000") [ {InGe.Ualu) = @) 5,y 1)) d.
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Hence, using the assumption (2.20), we find that
ess-liminf I; (g, n) = 0. (2.25)

to—)

Consequently, we first let ¢ — 04 and then tg — 04 in (2.6) and with help of (2.25)
and (2.24) we find that for arbitrary ¢% € D(R?) such that [|¢ |l < 1 and any
T > 0 there holds

T
L/’(/"<wxx,ba<x>>—-n(x,ta<u>n,véﬂg<x>@ovaw>uw>w3<x>dxcﬁ
(2.26)

<T/‘AJQAN ) @ VR (1) [V ()] e .

Using the definition of Q and the triangle inequality we observe that for almost all
(t,x) € Rf‘l

QA 1) (t,) (N) ® 13 0 (1)) < (AL V)] ¥y 2y (V) + (A2 ()], 15y ) (1))
Hence, by (2.21) we conclude that
QU )]s (s 2y (N) @ ;0 () € L0, T5 LP(RY)). (2.27)

Finally, we define a sequence ¢¥§ 1 of smooth nonnegative compactly supported
functions as ¢%(z) := 1 in B(0,n), ¢¥5(z) := 0 for x € R?\ B(0,2n) such that
|Vyi| < £. One immediately observes that

/ V3T de < C for all ¢ > d.
Rd
Consequently, we obtain that
|Vy™| —* 0 weakly™ in L>(0,T; L?(R%)) for all ¢ > d. (2.28)

Hence, using (2.27) and the weak® convergence (2.28), we see that the right hand
side of (2.26) tends to 0 as n — oo. With the monotone convergence theorem we
conclude that

/0 /Rd<|n(x, Ur(N) = n(, Ua ()|, vy 2y (N) @ v, 4 (1)) da dt <0, (2.29)

which implies that for almost all (¢,z) € Rf‘l we have
(I, UL (V) = n(, Uz(m))|, vy, 0y (N) @ Vi 2 (1)) = 0. (2.30)
As a conclusion of (2.30) we recover relations (2.22) in the same manner as
in Ref. 10. The relation (2.23) then easily follows from (2.22). O

Theorem 2.2 (Existence). Let F = Go 6 with G and 0 satisfying (A1) — (A3).
Assume ug € L*(RY) N L2(R?). Then there exists an admissible parametrization
(A,U) of G and there exists a local measure-valued solution v to (1.1) in the sense
of Definition 2.1 that in addition satisfies
ess-liminf / / (2, UN) — t0(@)]| dve.sy (A) d = 0 (2.31)
K JR

t—04
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for any compact K C RY. Moreover, if G satisfies (A4), then for any T > 0 the
following holds

AT (/Rd (A, v (V)] dx)le dt < oo. (2.32)

Proof. For function G there exist functions U and A as described in (1.16). Before
we pass to constructing the approximative problem let us describe, for the readers’
convenience, the change of variables®.

U:n(ﬂfa U(g))’ ’UZQ(Z‘,U), U:n(ﬂ%v)’
9= U_I(Q(IE,’LL)), g = U_l(v)v v="U(g)-

We construct an approximative problem by regularizing U, A, and 6. To be more
precise, we define

Un(s) := U(s) + % (2.33)

with a standard regularizing kernel ww. Note that U, is strictly increasing function
and we denote by U, ! its inverse. It is easy to observe that U, ! is Lipschitz
continuous with Lipschitz constant less or equal to n. For the purpose of applying
Lemma A.1 we need to provide that the flux function is at least Lipschitz, so we find
a sequence of continuously differentiable functions A™ such that for every compact
set K CR

A" — A strongly in C(K)®. (2.34)

Note that such a construction is always possible due to the continuity of A. Then
we define

™ (z, 2) :=n(zx, 2) + % (2.35)

and by 6™ we mean the inverse to 7™ with respect to the second variable. Note
that the construction is analogous to the construction of the function U !, hence
again 0(") (z, s) is Lipschitz continuos w.r.t. the second variable. Finally, we use a
standard mollification procedure and introduce

3=

d
On(x,8) := / w%(x — )™ (y,s) dy, (2.36)
R
where ww is standard mollification kernel of radius L and we denote by nw (x, ) the
inverse function to 67 (z, s), i.c., nw (z,0% (z,s)) = s. Note that the inverse surely
exists since 0 (and consequently 6 and 9%) is for almost all = strictly increasing
with respect to s.

&The function U~! has a single-valued meaning when U is strictly monotone, otherwise we un-
derstand it as a maximal monotone, multi-valued operator.
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The approximative problem we start with is the following

u'y + div A" (U, (01 (z,u™))) = 0 in RY!,

u™(0,x) = ug(z) in R% (2.37)

Due to the mollification of § with respect to 2, we can recall the results of Kruzkov,??
where the existence of a unique entropy solution is shown.

Due to the all introduced mollification we are now in position when we can apply
Lemma A.1. Hence, defining

g (t, ) == U;Y 07 (z,u(t,x))),
we see from (A.5) that it satisfies
n7 (x,Upn(g™) 4 + divA™ (¢") = 0 in RT, (2.38)
0w (x, Up(g™(0,2))) = uo(z) in RY, (2.39)

and in addition by Lemma A.1 the following entropy inequality holds

/RM sgn(Un(g" (t,2)) — Un(K)) (A" (¢" (8, 2)) — A™(K)) - V(t, ) d dt

v
R

4 [ o) =¥ 0 U (1) 00,) o> 0
Rd

(2, Un (" (8, 7)) = 0 (2, Un (k) 904 dac dit (2.40)

for any constant k € R and for all nonnegative ¢» € D(R¥*!). Our goal now is to
let n — oo in (2.40).

By using a standard comparison argument (see Ref. 29 or 7, 33), we observe
that

[ (@, Un(g™ (& 2)] < 07 (@, Un(g™(0,2))[loo = [[uolloc e in RE (2.41)

Consequently, since 7 (z,0) = U, (0) = 0 and both functions are strictly increasing,
we see that

1Un(9")loo < Suﬂgdez(x, [uolloo) < ha(l[uolloo), (2.42)
fAS

where for the second inequality we used (A3). Thus, finally we get
19" loo < Uyt (h2(lluolloo)) < U™H(h2(l|uoll0)) < C, (2.43)

where U~! is understood as a maximal monotone operator. Note that for the second
inequality we used the fact that |U(s)| < |U,(s)| and for the last inequality we used
the fact that U maps any bounded interval onto a bounded interval.

Hence having (2.43), we can find g € L®(R%") and a Young measure V(t,2)
corresponding to a (not relabeled) subsequence {¢"}52 ,, which is for almost all
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(t,z) compactly supported in a a ball B(0, min(U~!(ha(R)))), with R = ||uo| s
such that for any continuous f

g" =%y weakly™ in Lo (RET), (2.44)
flg") =7 weakly" in L5, (R, (2.45)

where
Tt.) = [ 100 o). (2.16)

Our goal is to show that the measure v is an entropy measure valued solution in
the sense of Definition 2.1. First, it directly follows from (2.43) that (2.4) holds. We
let n — oo in (2.40). For the first term we use the fact that U, is strictly monotone
and therefore

M™(§) := sgn(Un(§) — Un(k))(A™ (&) — A™(k)) = sgn(§ — k)(A™(§) — A" (k).
Moreover, it follows from (2.34) that for every compact set K C R
M™(€&) — M =sgn(€ — k)(A(€) —A(k)) strongly in C(K)%.
Consequently, using (2.44) and (2.46) we conclude
M"(g"™) —=* M weakly” in L}’(fc(Ri+1).
T (t,2) = [ sen(~ K)AR) = AR)dg) (3.
R
For the second and the the third term of (2.40), we recall the convergence properties
of = and n%. Since 6 is strictly increasing and continuous in u, then the same holds
for 7. The inverse function n% is also increasing and continuous with respect to .
The convergence of convolutions and the monotonicity of # and O provide that
O (z,u) converges point-wisely with respect to « and uniformly with respect to u

on a bounded interval [— R, R] to the function 6, see Proposition C.1. More precisely,
we have for all R > 0

6= —6  strongly in L. (R%:C(-R, R])). (2.48)

(2.47)

Consequently, by using Proposition C.2, we obtain that the inverse functions 7]%
have the same convergence properties, namely for all R > 0 there holds

nw —n  strongly in L, (R% C([~R, R))). (2.49)
Moreover, using the definition of U,, we see that for all R > 0
U, —U strongly in C([-R, R])). (2.50)

Consequently, it follows from (2.46), (2.49) and (2.50) that defining ¢"(z,r) :=
nw (2, Un(r)) — nw (2, U, (k))|1).4, we observe

lim ¢"(x,g") dx dt = lim ((", g™)
n—o00 Ri+1 —00

! (2.51)
- / / 0, UN) = 1, U ()l (\)ib e dt
Ry xRd JR
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for all v € D(R4!), where the duality pairing is understood between the spaces
LYR%:C((—=R, R);R) and L2 (R% M([—R, R])). In the same manner one can also
identify the limit in the last term in (2.40). Hence using all above established con-
vergence results, we can easily let n — oo in (2.40) to obtain (2.5). Note that in
fact, we get a stronger result, since we do not require (0, 2) = 0. Moreover, it also
implies (2.31), which can be proved by following the scheme used in the proof of
Theorem 3.2 in Ref. 37.

To finish the proof we need to show that condition (2.32) holds and the proof
relies on (A4). Hence, we observe that (A4) also implies that for all x € R?,
|z| = Roo

IGU)I" < Cooln(z, U(s))].

By (2.1) the function A(s) is either equal to G(U(s)) or is linear. In the first case
we obtain that

A(s)[” < Csoln(, U(s))]
and in the second case, namely for any si € [ag, S| we observe that for r € [0, 1]
IA(si)? = [rG4(2k) + (1 = 7)G_(2)|” < Cusn(w, 21)| < CocClsi)|n(x, Usk))l,

where C(s) is bounded on bounded intervals. Hence

T . T 3
/ (/ (A, v(,0)) [P dz)? dtg/ (/ (|A], vt 2))? dx) dt
0 Rd 0 Rd
T ]
< / < / AL )P dm) dt
0 R4\ Bgr, (0)

T P
+ / ( / (|Al v(4,2))? dx) dt (2.52)
0 Br. (0)

r ;
<o [ ([ o0l v do) " ar
0 R4

. :
gCooliminf/ (/ n(a:,Un(g"))|dx> dt + C,
0 Rd

n—oo

Next, since 07 (z, s) is a convolution of 6(z, s) with respect to z, then for almost
all z € R? and all s € R we have

inf 6(z,s) < 9%(:10,3) < sup 0(z,s). (2.53)
zER? z€R4

Consequently, using (A3), we can deduce that for all z € R all R > 0 and all
|s| < R that

CLO(x,s) < 07 (z,5) < C20(x, s). (2.54)
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Hence, by the strict monotonicity of 8 we may conclude that the inverse 77% satisfies
Cén(x,s) < n%(x, 5) < Cgn(z, s) for all |s| < R. (2.55)

Hence, since g" is bounded, wee see from (2.55) that

T b T 1

I < Climinf (/ I (2, Un(g™))] da:) dt = / ™| 7 dt, (2.56)
noo Jo R 0

where 4™ is the Kruzkov entropy solution to (2.37) or equivalently the kinetic solu-

tion. However, using the standard stability result for the Kruzkov solution, we have

that

[u™ ()1 < luols <C forallt >0,

see e.g. Proposition 2 in Ref. 20. Note that this stability result formally follows from
setting £ = 0 in entropy inequality (1.2) and integration over R%. Here, the term
1

sgn(u”—k) div F"(z, 0) vanishes, since F"(z,0) = A™(U; (07 (z,0))) and 07 (z,0) =
0. Consequently, we obtain

I1<C

which finishes the proof. O

3. Proof of Theorem 1.1

In this final section, we provide a short proof of Theorem 1.1 that is based on the
results for entropy measure-valued solution. Having Theorem 2.1 and Theorem 2.2,
the proof follows almost step by step the proof given in Ref. 10. Indeed, according
to Theorem 2.2 we have the existence of a measure-valued solution. Next, we can
use Theorem 2.1 to show that such a measure valued solution is in fact an entropy
weak solution. The final part then concerns the uniqueness property. Hence, assume
that u; and us are two weak entropy solutions in the sense of Definition 1.1 and
g1 and go are related to w1, us respectively. Then it is shown in Ref. 10 that there
exist two Young measures ', 12 (being entropy measure-valued solutions) such that
I/Z'm) = 0g,(t,2) if U; is strictly monotone at the point g;(¢, ). Finally, we use the
uniqueness Theorem 2.1 to get that u; = us. For this purpose we need to show the
validity of assumptions of Theorem 2.1. The condition (2.20) is fulfilled trivially.
Next, we show that (2.21) holds, which is a consequence of (A4). Indeed, we have
that for all x € R?\ Bg__

Ai(gi(t, )" < |G(U (gs(t, 2))) " < Cln(a, U (git, )| = Jus(t, 2))-

But since u;, i = 1,2, are assumed to belong to L>(0,T; L*(R?)) we immediately
deduce (2.21), which completes the proof of uniqueness.
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A. Equivalent notions of entropy solutions

In this section we concentrate on relations between different notions of entropy weak
solutions for the flux function F in a form F(z,u) = G(0(x,u)) with G, # satisfying
(A1)—-(A3) with an additional condition that F is sufficiently regular in both vari-
ables. This relations play an important role on the level of approximations, namely
after passing from discontinuous flux to sufficiently smooth one. We formulate the
lemma collecting the relations between different notions of solutions.

Lemma A.1. LetF satisfy (1.8) with G, 0 satisfying (A1)-(A3) and assume that
G € CY(R), 0 is continuous in u and continuously differentiable in x. In addition let

U : R — R be smooth, strictly increasing one-to-one mapping with a smooth inverse
U~ and let up € LSS (R?). Assume that u € LS (RT1) be given and define

loc loc
v(t, z) = 0(x, u(t, x)), (A1)
g(t,z) == U (v(t,z)). (A.2)

Then the following statements are equivalent.
(N1) For all k € R and all nonnegative ¢ € D(RH1) there holds

/Rd+1 lu(t, z) — k| (¢, ) — sgn(u(t, ) — k) divF(x, k)y(t, ©) do dt

+

—1-/]R » sgn(u(z,t) — k)(F(z,u(z,t)) — F(z, k) - Vip(,t) de dt (A.3)

d
—|—/ lug(z) — k| (0, z) dz > 0.
R4
(N2) For all k € R and all nonnegative 1) € D(RI*Y) there holds
[ vt = e 1)) da
RGF

+ /]Rqu Sgn(v(t, 13) — k)(G(’U(t,x)) - G(k;)) . V1/J(t,1') dx dt (A4)

+ / luo(z) — n(x, k)| (0, z)dx > 0.
(N3) For all k € R and all nonnegative ¢ € D(RT1) there holds

[, sn(Ua(t.0) ~ U)GUa(t.a)) ~ GUR)) - Vis(ta) d de
+ [, IneUtat.a)) = (U], do d (A5)

—|—/ lug(z) — n(x, U(k))|(0,z) dz > 0.
Rd

Remark A.1. For the proof of the main result we only need the direction (N1)=
(IN3). For this direction in the proof of Lemma A.1 we only need that U is Lipschitz.
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Proof. [Proof of Lemma A.1] Showing the equivalence of (N2) and (IN3) is obvi-
ous. Indeed, if for any k we define k := U(k), we can use k in (A.4) and by using
the definition of g we get exactly (A.5). The opposite implication is proved in the
same way since U is one-to-one mapping.

To show (N1) = (N2) consider the equation

(’U,Z)t+d1VF(£C,’U,Z) :fu Z: 1,2
For any two entropy weak solutions u;, us the so-called Kato inequality holds

lur — gl ¢ + div (sgn(us — ug) (F(z, 1) — F(z,u2)))

(A.6)
<sgn(uy —u2)(f1 — f2) + 11 = folX{ui=us}

in D'(REFY), cf. Ref. 23. Choosing in (A.6) u; = n(x,v1) and up = n(x, k) with
f1 = f2 =0. Note that the set of ks such that |{(¢,z) : u1(t,z) = n(z,k)}| > 0is at
most countable and hence it allows to pass from (A.6) to (IN2).

For showing the opposite direction let us consider the problem with f; : Ri’“ X
R — R satisfying Lipschitz condition with respect to the last variable.

n(z,v;) +divG(v;) = fi, i=1,2. (A7)

First we shall show that for any entropy weak solutions vq, vo in the sense of (IN2)
it holds

In(z,v1) —n(x,v2)|, + div (sgn(vy — v2)(G(v1) — G(v2)))
< sgn(vy —v2)(f1 — f2)

One method to prove (A.8) is the method of doubling the variables. The other
approach allows to prove this inequality through the averaged contraction principle.
We shall use the latter method, since it allows to obtain (A.8) only by extending
the proof of Lemma 2.1. Assume that v, o are two local entropy measure-valued
solutions to (A.7) with a right-hand side f; and f5 respectively. Moreover, let (E, Q)
be an entropy-entropy flux pair®, with £ € C*(R) and even. Then following the steps

(A.8)

of Lemma 2.1 one can show that

L B ) = 0 ), () 0y ()1, 2) i
+ /dJrl QA 1), V(1,20 (N) @ 01,2y (1)) - Vip(t, @) da dt
R

[ (O 1) (02.3) = Falts 1),y ) © 0 () 0, 3) > 0

(A.9)

b We say that (E,Q) is an entropy-entropy flux if E is an arbitrary C! function (entropy) and Q
(flux) satisfies 9,Q(x,u) = E’'(u)0,F(z, u).
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for all nonnegative ¥ € D(Rfl). Let vy, v9 be two entropy weak solutions to (A.7),
then obviously v(; ) = 0y (t,0) and 0 ») = 0y, (s,0) are corresponding measure-
valued solutions, which we insert into (A.9) and get

E(n(z,v1) — n(x,v2))e(t, ) do dt + /Rd+1 Q(v1,v2) - Vop(t, z) dx dt

- (A.10)
+ /RM<E/(U1 — ) (f1(t,,v1) — folt,z,v9))0(t, ) da dt > 0
In (A.10) we choose
& /4y, [€] <27,

EFE=F = A1l
) { €] =, l¢] > 27, (A1)

and pass with v — 0 to obtain

/Rd“ In(z,v1) — n(z,v2) (¢, z) dx dt
+ [ sl = 0)(6(en) ~ Glow) - Volt.o) do d Ai2)
RYT!

+ /d (sgn(vy —vo)(f1(t, x,v1) — falt, @, v2))(t, x) dx dt > 0
R

for all nonnegative 1) € D(R%). For passing from (A.8) to (N1) we choose again
uy = n(z,v1) and now vy = O(z, k) with f1 =0 and fo = divG(vy) = divF(z, k). D

B. Independence of solutions on the representation of the flux

F(z,u) = G(6(z, u))

In the following section we shall consider whether different choice of G and 6 can
influence the solution notion that we consider.

Theorem B.1. Let F = Gy 0 6y = Gy 0 0y with G; and 0; satisfying (A1)-(A4)
and let ug € L*(R?) N L>®(R?). In addition, assume that for all u € R the function
01 (x,m2(z,u)) has a Darbouz’ property. Then the unique entropy weak solution to

(1.1) related to (G1,01) is equal to the unique entropy weak solution to (1.1) related
to (GQ, 62)

We shall not provide the whole proof of this theorem, but focus on a key estimate
formulated in Lemma B.1. Passing from the below stated contraction property to
the uniqueness property follows the procedures developed in the present paper.

Remark B.1. Note that the example presented by Panov3? does not fit into the
framework of Theorem B.1. We recall the details. He considered the equation u; +

"We say that f(x) has Darboux property if for any z,y € R? such that f(z) < f(y) and any
u € (f(2), f(y)) there exists o € R? such that f(zg) = u.
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F(u), = 0 with the representation of the flux F(u) = G(0(z,u)) as follows G1(u) =
F(u) and 6;(z,u) = u. If one assumes F(0) = F(1) = 0 the equation can be
considered as the particular case of the presented there model equation

Gao) = {16 05T tato) —us )
where H is the Heaviside function. Then if F(¢) > 0 for some point ¢ € (0,1) then
the constant solution u = c is a en entropy solution in the sense defined by Panov,
but it is not an entropy solution in the sense of Audusse-Perthame. The theorem
presented below has an assumption that the function 60y (x, n2(z,u)) has a Darboux
property, whereas in the example one has 05 (z, n1 (z,u)) = O3(z, u).

Lemma B.1. Let F = Gy 061 = Go 06y with (G1,601) and (Ge, 82) satisfying (A1)-
(A3) and let (A1, Ur), (A2, Us) be admissible parametrization of G1 and Gy respec-
tively. Assume that v and o are two local entropy measure-valued solutions to (1.1)
corresponding to (A1,Ur), (A2, Us) respectively the in sense of Definition 2.1. More-
over, assume that for all uw € R the function 01(x,n2(x,u)) has a Darboux property.
Then

L, (U 0) = 120 Va1 ) () © e (1)) 01 2) i

(B.1)
+ /d+ <Q(l’, )‘7 /J')a V(t,:c)()‘) Y O—(t,z)(:u’)> ! Vd}(fa :E) dx dt >0
R
for all nonnegative ¢ € D(Riﬂ). Here, we defined Q through
A —aj —a?
(A1(A) — Ag(p)) sgn ( 1 kl - Mz k2>

Br —, B —ag

Q(z, A\, pu) == (B.2)

if there is k such that \ € [y, Bi] or u € [}, B7,
(Ar(3) — As (1)) sen(m (2, Uy (V) — s (2, Ua(1) ofheruwise

The numbers a};, ﬂ};, 1 = 1,2 are defined in (1.16) correspond to Uy, Us respectively.
Moreover, for fized A, p the function x — Q(x, A\, u) is constant.

Proof. The proof follows almost step by step the proof of Lemma 2.1 and is again
inspired by Ref. 10. Therefore we skip here all details and focus only on possible
differences.

Step 1: Independence of Q on x. The first key observation is a “curiosity” that
Q does not depend on x. Hence let A and p be fixed. We show that then Q(z, A, i)
is constant. Clearly, it is a consequence of the definition that it may depend on x
only if X € (8}, 4.,) and p € (82,a2,,). In case that Aj(\) = Az(u), we see that
Q is identically zero (hence z-independent). Thus, consider the case Aj(\) # Az(u)
and assume a contradiction, i.e., let there exist z € R? and y € R? such that

m(z, Ur(N) > na(x, Ua(p)),

(B.3)
m(y, U1(N) < na2(y, Uz2(p))-
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Since, 6, is strictly increasing we deduce from (B.3) that

Ul()‘) > 91(53,772(% UQ(:“’)))?
Ul(/\) < 91 (y7772(ya UQ(H)))

As 01 (x,m2(x,Us(p))) has a Darboux property, there surely exists o € R? such
that

(B.4)

Ui(A) = 01(xo, n2(wo, U2(p))). (B.5)

But since A and p belong to the intervals where U; and Us are strictly increasing
we can use (B.7) to deduce

Ar(N) = G (U1 (V) " Gy (01 (w0, a0, Un (1))

= Ga(02(z0, n2(20, U2(11)))) = G2(Uz2(1)) = Az(p),
which is a contradiction and finishes the prove of independence of Q on x. We shall
use this fact in further parts of the proof and in what follows to avoid unclarity, we

write Q(A, p).
First, we recall some properties of a parametrization of G;. Thus, recalling (2.1)

(B.6)

we have

G;(Ui(s)) for s € (B}, 1 1),

Ails) = { (6)+ () = (6)_(z])
Bl — ay,

. _ o (B.7)
(s —ap) +(Gi)—(2;) for s € [ay, Byl

Moreover, here zi denote the points of discontinuities of G; and there is one to one
relation between z} and z7 since F is the same for both G; and G. In addition we
know that Uj is strictly increasing on (8}, o, ;) and constant on [aj, f;]. Next, we
discuss more precise relation between intervals (3}, o, ) for different i’s. For this
purpose we define Carethéodory mappings v; as

U1 (Z, S) =6 (Z‘, 772('7:’ UQ(S)))y

va(x, 8) := Oa(x,m (2, Ur(8))).

First, we show that for almost all fixed 2 € R? the mapping

’1)1(,%7 ) : [6137O‘i+1] = [Ul(ﬁli)v Ul(allc+1)]

(B.8)

is bijection and also

11 2 2
v2(x, ) ¢ [Brs apgr] = [U2(Br), Uz(@geqr)]-
Note that we use convention fy := —o0o. Since, 61, 1; are strictly increasing and Uy
is strictly increasing on each (1, a,lﬁ_l) and Us is strictly increasing on (5%, aiﬂ)
as well, it is enough to show that for all k

lim wvi(z,s) = lim Ui(s), lim wvi(x,s)= lim U(s). (B.9)

s—(a) - 5= (o) - s—(BR)+ s=(Bi)+
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However, using the fact that Gy (v1(z, s)) = G2(Ua(s)), which follows from definition
of v; and the fact that F is the same for both G; and Ga, we see that (B.9) holds.

Consequently, using (B.9) and the fact that U; is strictly increasing on each
(BL, ol +1) and constant on [at, Bi], we can define Carathéodory mappings w; that
are for almost all fixed € R? bijections by the relation

Ul_l(vl(xvs)) for s € (ﬂlz7az+l)a
wi(z,8) =4 af(s =)  Bi(s—af) 2 2
oF- e eElw il 510
Uy ' (va(x, 9)) for s € (B}, 1),
wo(x, s) := 2(5— Bl B2(s — al
2 ag(}j B;) B 1;(};9 gf) for s € [al, 8.

Having these auxiliary results, we now prove the lemma. Following the proof of
Lemma 2.1, we can deduce in the same manner that (we keep the notation for the
mollification of measures v and o and use the inequalities (2.11)—(2.12)) that for
any u € R and all (¢,z) € (J,00) x R? there holds

(5 * (I . UL (0) = mu (U () iy ) )
: (B.11)
 div (A () — As() sgn(d = ). 15 (V) ) <0
and for any A € R and all (t,z) € (J,00) x R? we have
(w5 * (Ima(a, U2() = maa Vo) 0y oy (1))
: (B.12)

+ div ({(A2()) — As(n)) sgn(X — u), o, (1)) < 0.

Since w; are Carathéodory functions we can use the push-forward formula and define
Young measures v and & as

)85 (1)) = (Flwn (e, 1), 0755, (),

s 5o (B.13)
(F(), 755, () = (Flaa(r, ), 55, ()
For any fixed (¢, ) we apply G ) onto (B.11) to get
w§ * {|ni (x, Uy — i (z, Uy V0 N
<( 5 (2, U () = (o, D ()] vy (V) (t,$)<u>> -

o+ (div (A1) = As(0) sgn(r = i), v (V)) 1535 () <0

and focus on the second term. The operator div is acting on the measure %, hence
using (B.13) we deduce that

(div (A1) = Ar () sen(A = ), V5 () ) 2505 (1))
= (A1) = Av () sgn(X = ), Vs (V) 505 (1) ) (B.15)

= (A1) = Av (wi (. ) sgn(X = wr (@, 1)), Vo5 (V) 005 (1))
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Next, we evaluate the terms depending on w;. Hence using (B.8), (B.10), (B.7) and
strict monotonicity of 0;, n; and U; we get that for all u € (67, a2,4)
Ar(wi(z, ) = Gi(v1(z, 1)) = G1(01(, n2(x, Uz(1r))))
= Ga(02(z, m2(x, Uz2()))) = G2 (U2()) = Az(p),
sgn(A — wi(x, p)) = sgn(Ur(A) — vi(z, p))
= sgn(n(z, Ur(A)) — na2(z, Ua())).-

Moreover, using (B.10), we see from (B.16) that if p € (67,0}, ) and X € [y, 5]
for some n then we directly obtain

A—al s —a?
sgn(A —wi (z, :sgn< ko — k). B.17
( 1( /~L)) ,8]1 — allg BI% — O‘i ( )
On the other hand, for u € [a2, 7], we know from (B.10) that wq(z,u) €
[}, B]. Consequently, we can use (B.7) and (B.10) and by simple algebraic manip-
ulation we deduce that
(G1)+ () = (G1)—(23)

Ao ) = S

= Oy 2
k k
_ G () = (Go)-() ) oy

=T e @) (B18)

=A; (M)a
sgn(A — wq(z, u)) = sgn ()\ — o —
B A—aj 5 — ozi
Rateoe =k
Thus, inserting (B.16)—(B.18) into (B.15) and using the definition of Q we get
(div (AL = Ar() sgn(h = 1), V5 (V) 605 (1))

(B.16)

(wi(z, p) — o) + (G1)— (%)

(a Bk)s— (;ﬁ: ok )

(B.19)
= ({@0A\ 1)), V5 (A o (1))
Thus, since Q does not depend on = we can rewrite (B.19) as
<div (((Al(x\) —Ai(p)) sgn(X — p), v x>(>‘)>> ’ ~?tax)( )> (B.20)
Thus, substituting this into (B.14) we obtain
(5 % 00200 = o Oa) o () 55 1)) (B.21)

+ {div (@O . 255 () ) 0 (1)) <0
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and in the same spirit we can deduce that
{ (5 * it U20) = s Ul oy 1) 0y )
+ (div (@O ), o35 (1)) V5 () <0

Summing (B.21) and (B.22) and recalling the same procedure as in Lemma 2.1 we
deduce that

{8 = oV 0D = o D)y D) 55 0 )

(B.22)

(68 o Ua) = Uiy 00) 75500 ) (B23)

+div (QU\, 1), 5 (V) @ 05, (1) <0

Hence, we can let € — 04 to conclude that (see the proof of Lemma 2.1 for details)
for all t > § and all nonnegative ¢ € D(R?)

L (0000 = e Gy ) 0 ) )
[ ((to020) = o Ua) oy (1)) Py ) 0l ds - (B20)
< [ Q0N © (1) - Vi) o

where 7% and &° are defined through
(F (1), 50 2y (1)) = (f(wr(2, 1)), 00y 4y (1))
(1), 7y (V) 1= {f(wa (@, M), 10y 2y (V)
Finally, we evaluate 11 (z, Uy (wi(z, p))). First, for p € (5%, a%H), by (B.10) we get
m (@, Ur(wi(z, ) = m(z, 01(z,n2(z, U2(p)))) = n2(x, Ua(p)). (B.26)

On the other hand, if u € [a?, 7] we can again use (B.8) and (B.10) to conclude
that for all u

(B.25)

m(x, Ur(wi(z, 1)) = n2(z, Uz(p))- (B.27)

Therefore (B.24) reduces to

Al

(UL ) = Uy ) s 0) ) 002 i
‘ )

(G (.0 0) = o o) 6y (1)) oy (V)

=
a

%
/\/\

<

(QUA 1),y (V) © 0,y (1)) - Vh(a) da

T

d
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which implies
4
dt Jpa

< [ Q)N 8,y (1)) - it do

(I (2, (V) = 72 (@, Ua ()], 1y 0 () @ 0, 1 () ) () dix
(B.29)

Consequently, letting § — 04 and following again the proof of Lemma 2.1, we
observe (B.1). Thus, the proof is complete. ]

C. Auxiliary results

Proposition C.1. Let [a,b] C R and let f be continuous, f, f, be monotone func-
tions such that f, — f pointwisely. Then f, — [ uniformly on [a,b).

The above fact in an elementary exercise. For the proof see e.g. Ref. 3.

Proposition C.2. Let [a,b] CR and let f, f, : R —> R, Im(f) =R, Im (f,,) = R,
f, fn be strictly monotone functions such that f,, — f point-wisely. Then the inverse
functions converge locally uniformly to the inverse of the limit, namely (f,)~* —
F~1 uniformly on every compact subset of R.

Proof. We provide the proof by contradiction. Assume that f,, converges uniformly
to f and that (f,)~! does not converge point-wisely to f~!. Hence there exists
y,e > 0 and a subsequence (f,,)~! such that

(far) ' W) L) — e f 7 y) + <l (C.1)

We only prove the case (f, )~ *(y) > f~!(y)+e. The second case follows analogously.
Let 9, := f,1(f(y)). By (C.1) we have the estimate

n
Yn, > Y te.

Using the strict monotonicity of f, monotonicity of f,, and the definition of gy,
we conclude an existence of § such that

0<o<fly+e)—fly)=fy+e) = fu(@n) < fly+e) = fu.(y+e) (C2)

which contradicts the uniform convergence of f,,. Hence (f,)~! converges point-
wisely to f~!. The uniform convergence of (f,)~! can be concluded by Proposi-
tion C.1. D
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