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Preface

The goal of these lecture notes is to give a relatively short but sufficiently rigor-
ous, and hopefully readable account of basic numerical methods used in pricing
derivative financial products. Derivative pricing is one of the many problems of
financial mathematics. Rigorous pricing methods started in the seventies with the
celebrated model of Black, Scholes, and Merton and became a basis for the pricing
of thousands of complex financial products. There is a large number of excellent
books dealing with numerical implementations of these pricing methods. But the
majority of them are focused on numerical algorithms used in pricing. These notes
have originated from a course given to students of mathematics at the University of
Warsaw. That audience obliged the lecturer to speak not only about algorithms but
also about the mathematical foundations which stay behind these algorithms: con-
vergence, stability, and error estimates. The main body of the text is restricted to
theoretical material with a limited number of examples related to financial models.

Writing these notes I have assumed that the reader possesses a broad knowledge
of continuous finance and its mathematical models. Thus there are no introductory
chapters on quantitative finance. All described numerical methods start with the
presentation of the analytical problem as a stochastic or partial differential equation
without discussing the relation to a financial model. But the numerical methods are
quite general and the experienced reader can recognize that they cover not only the
Black-Scholes model but also local and stochastic volatility models. On the other
hand, the reader whose acquaintance with quantitative finance is limited to the
Black-Scholes model can ignore the multidimensional approach since the results
are also valid for simple models.

The fundamental principle of numerical analysis is that one can compute only
solutions that do exist. Following that principle, I have included in these notes
theorems that guarantee the existence (and possibly uniqueness) of solutions to
equations that are subjects of forthcoming numerical analysis. That goal is easy to
achieve for financial models formulated in probabilistic terms (random variables,
stochastic processes, stochastic differential equations) because they are standard
tools used in continuous finance. Besides, the most advanced result I am using, is
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the existence and properties of solutions for the stochastic differential equation of
16 type, the results belonging to the usual prerequisites for any course of quantita-
tive finance. The situation is completely different with financial models described
by partial differential equations (PDE). First, a course in the PDE theory is rarely
required as a prerequisite for financial courses. Second, to formulate a theorem on
the existence of solutions for a PDE model, we need pretty advanced tools: weak
derivatives, Sobolev’s spaces, weak solutions, etc. Therefore, I have decided to
thoroughly introduce partial differential equations together with the Feynman-Kac
theorem, which gives a rigorous passage from the stochastic to the PDE formula-
tion of financial models. Finally, presenting existence proofs for PDEs has some
didactic aspects, as these proofs are in many cases prototypes for proofs of conver-
gence for numerical methods. Hence, before passing to operations with multiple
indices of a numerical algorithm, the reader can see the proof idea in a clean func-
tional space formulation.

Since the notes are written mainly for students of mathematics or mathemat-
ically oriented students of economics or natural sciences who study quantitative
finance for academic or professional purposes the presentation is quite advanced
taking for granted a broad knowledge of analysis, probability, and statistics with
some orientation in stochastic processes. The whole presentation is restricted to
pricing derivative instruments in a financial model described by the 1t6 SDE and
the corresponding parabolic PDE. This is a simplification that makes it easier to
achieve the main goal of presenting complete proofs. These complete proofs are
compilations from many sources, sometimes with my original additions. There are
no references to these sources in the body of the text. But the list of references
contains books and research papers from which I have profited writing these notes.
Of course, I was not able to succeed with writing proofs of all theorems. There are
many theorems without proof. For such theorems, I usually quote the reference in
which the proof can be found. Essentially, I omit proofs that do not belong to the
area of numerical analysis and the reason for skipping them is twofold: first, some
proofs belong to the field of mathematics very distant from the topic of these notes,
and presenting them will require plenty of auxiliary material (this is particularly
visible in the chapter on American options); second, some proofs need advanced
tools being far beyond the knowledge which I can expect from the reader. In some
places, I have made a compromise by just quoting a result necessary in the proof
without mentioning even where such a result comes from. Presenting the theorem
with proofs I formulate the theorem possibly in full generality and then write the
proof of the most elementary case: one-dimensional, with constant coefficients,
smooth data, etc. The reason for such an approach is purely didactic: I intend to
present to the reader the main idea which stays behind the proof and this main idea
can be lost in the orgy of multiple indices, splittings into subdomains, smoothing



data and coefficients, etc., required for the proof of the sharp version.

The interest of the notes lies in the computation of derivative prices. Since
financial models rely on stochastic differential equations, applying Monte-Carlo
methods to derivative pricing is very natural. Similarly, tree methods are very in-
tuitive and fast. Applying the Feynman-Kac theorem, we can reduce derivative
pricing to solutions of partial differential equations which gives rise to a large class
of numerical methods for PDEs. All these computational approaches are described
in these lecture notes. But the presentation is far from being complete. After all,
there are just lecture notes and not a monograph and the author has selected for
presentation the most popular methods and algorithms. Of course, the selection is
biased by the author’s experience in computational finance. The algorithms and
methods of these notes have been practically tested by myself or my students dur-
ing many years of lecturing computational finance. The experienced reader can
ask why the notes are limited to models in which Wiener processes describe ran-
domness and there are no models with jumps and Lévy processes. The reasons
are numerous. One of these is that including Lévy processes will require writing a
thorough monograph instead of medium-size lecture notes. Such a monograph is
beyond the aspiration of the author.

The notes are organized as follows. After the introductory Chapter 1, in which
binomial and trinomial trees are presented briefly, Chapter 2 addresses the gen-
eration of pseudo-random numbers. It is explained in this chapter how samples
from a given distribution can be generated using pseudo-random numbers. Algo-
rithms for the generation of normal deviates get particular attention in that chapter.
Chapter 3 starts with crude Monte Carlo. Then, the variance reduction technique
is presented. The chapter concludes with the computation of Greeks. In Chapter 4,
numerical solutions of stochastic differential equations are discussed with proofs
of convergence for the Euler and Milstein schemes and error estimates.

A large part of the notes is devoted to numerical solutions of partial differential
equations arising in finance. As an introduction to the topic, Chapter 5 collects
fundamental facts from the theory of weak solutions of PDEs in Sobolev’s spaces.
Chapter 6 focuses on finite difference methods for the partial differential equations
of parabolic type. The most popular finite difference schemes are described and
their accuracy (order of approximation) and stability are proved. Finite element
methods are treated in Chapter 7 for both elliptic and parabolic problems. It is
proved in this chapter that finite element approximations converge to the corre-
sponding solutions of differential problems. Chapter 8 is devoted to American op-
tions. Both Monte Carlo and PDEs methods of pricing are presented. The Monte
Carlo approach is limited to the description of the frequently used algorithm of
Longstaff and Schwartz. Then a careful analysis of its convergence is provided. In
the final part of the chapter, the variational approach to pricing American options is
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discussed. After a short introduction to variational inequalities related to American
options, the presentation is concentrated on two popular numerical methods: the
projected SOR and the penalty method. For both of these methods, the proofs of
stability and convergence are given. As I have mentioned before, the notes orig-
inated from a course in computational finance. But definitely, the scope of these
notes is too broad to fit into a single course. A reasonable selection of material
from Chapters 2—6 can be lectured in one course. On the other hand, the chapter on
American options supplemented by more information on optimal stopping prob-
lems and variational inequalities in continuous time can be sufficient for a special
course.

I would like to express my gratitude to several people who have influenced
me on these lecture notes. 1 owe a particular debt to Piotr Kowalczyk with whom
I have been lecturing computational finance to several cohorts of students at the
University of Warsaw. I should also like to acknowledge the students who, during
the courses given in the past years, have helped improve the quality of the text
through their questions, comments, and feedback.

It is greatly appreciated if the readers could forward any errors, misprints or
suggested corrections to A.Palczewski@mimuw.edu.pl



Chapter 1

Introduction

1.1 Financial market

The goal of these lecture notes is the analysis of computational problems of fi-
nancial derivatives. We start with a formal definition of the financial market in
continuous time and finite time horizon 7'. Uncertainty in the financial market is
modeled by a probability space (€2, F,[P) with a filtration F = (F;)o<¢<7 satis-
fying the usual conditions of completeness and right-continuity. In addition, we
assume that the o-field Fy is trivial, i.e. for every A € Fy either P(4) = 0 or
P(A) = 1, and that F = F. The financial market contains d + 1 basic traded
assets, called underlying securities, whose prices are given by stochastic processes
XD XH ... ,Xtd in (Q, F,P). We assume that these processes are adapted to fil-
tration [F, right-continuous with left limits, positive semimartingales.

To account for the time value of money, we introduce a discount process — a
numéraire.

DEFINITION. 1.1 A numéraire is a stochastic process Xy almost surely strictly
positive for each t € [0,T].

In what follows, we assume that X} is a non-dividend paying asset which is almost
surely strictly positive for each ¢ € [0, 7], and which we use as numéraire. We will
also use the discount process ; = (X))~ L.
Remark. 1.1 Usually the money banking account By = eJo 7545 \yith determin-
istic r(t) (say r(t) = r, a constant interest rate) plays the role of numéraire.

If B(t,T) is the value at t < T of an asset paying one currency unit at time T,

then B(t,T) = e~ S r(e)ds — BB
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Hence, the financial market consists of d price processes X; = (X}, ..., X{)
which we call risky assets and the numéraire X?, all defined on the probability
space (€2, F,P). The dynamics of X} is given by the system of stochastic differen-
tial equations

dXt = b(t,Xt)dt + O'(t,Xt)th, Xo =, (11)

where b is a d-dimensional vector, o a matrix of dimension d x m, and W; is an
m-dimensional Wiener process.
Written in the components of vector X equation (1.1) reads

dX] =bi(t, Xp)dt + Y ol (t, X)dW}, Xj=m;,i=1,....d.
j=1

We assume that the coefficients of equation (1.1) fulfill conditions that guaran-
tee the existence of strong solutions.

THEOREM. 1.2 Let the coefficients in equation (1.1) be such that:
)’.

forx,y € RYand t € [0,T), where | - | denotes the Euclidean norm in R® and K
is a finite, positive constant.

If x is a square integrable random variable ( ]E(|x\2) < o) independent of Wy
then

>

(A2) [b(t, 2)| + |o(t.2)| < K(1+]a

1. The sequence of iterates
¢ t
X0 =g x{tY = x—i—/ b(s,X§">)ds+/ o (s, X)W
0 0

converges to Xy.

2. X, is a unique, strong solution of the stochastic differential equation
t t
X;=x —|—/ b(s,Xs)ds —|—/ O'(S,Xs)dWS.
0 0

3. The process X, is square-integrable, and for each T' > 0 there exists a
constant C' such that

E(IX[?) < C(1+E(2?) )e”, 0<t < T.
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4. If E(|z|*) < oo, for some k > 2, then

E(Ossligt |X5!k> < C’(l + E(!x\k)), 0<t<T.

5. If B(|z|*) < oo, for some k > 2, then

E(|X: — Xs[*) < 0(1 +E(|x|k))|t — |2 [t —s| <1,t,s€[0,T).

Our principal goal is the valuation of contingent claims which are Fp-mea-
surable random variables of the form g(X7), where X7 is a solution of equation
(1.1) taken at time 7". Such instruments are called European contingent claims.
On a limited scale, we will analyze computational methods for American instru-
ments and, in several examples, instruments with prices depending on the whole
trajectory of a process (X;)o<¢<7 (exotic instruments).

We will discuss contingent claim pricing in the idealized market model assum-
ing that the market fulfills the conditions:

1. The market is frictionless: there are no transaction costs, no taxes, costs
of borrowing and lending are equal, there are no liquidity restrictions — all
assets are accessible in unlimited quantity.

2. Market participants are price takers and are rational: they prefer more to less.
3. The market is arbitrage-free.

To valuate the contingent claim g(X7) we introduce the notion of a trading
strategy.

DEFINITION. 1.3 An R valued predictable, left-continuous process

‘;Dt:(sogagpz}?"'vso(ti)? tG[O,T]

such that
T d T '
/OE(gog)dt<oo, Z/O E(|¢}[*)dt < oo
i=1

is called a trading strategy. Here ' is understood as the number of shares of asset
1 in the portfolio. (A trading strategy is also called a portfolio process, and  itself
is often called a portfolio.)

The value of the portfolio  at time t is given by the expression

d
Vo(t) =3 ¢ixi, telo,1).
1=0
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The process V,(t) is called the value process of the trading strategy .
The gain process G, (t) is defined as

d .t
Got) =Y /0 X!,
1=0

A trading strategy p is called self-financing if the wealth process V,(t) satisfies
the equality
V@(t) = V@(O) + G@(t)v te [07 T]

Let us recall that the market is arbitrage-free if there is no arbitrage opportu-
nity, where an arbitrage opportunity is a self-financing trading strategy ¢ such that
the wealth process V,,(t) satisfies the conditions

Vo(0) =0, P(V,(T)>0)=1, P(Vy(T)>0)>0.

DEFINITION. 1.4 Assume now that on (X2, F) there exists a measure P* equiv-
alent to P such that the discounted price process B: X is a P*-martingale. The
measure P* is called a strong martingale measure, or a risk-neutral measure.

A self-financing trading strategy ¢ is called P*-admissible if the discounted
gain process ;G ,(t) is a P*-martingale.

A contingent claim g(Xr) is called attainable if there exists an admissible trad-
ing strategy  such that

Ve(T) = g(X7).

The trading strategy o is then called a replicating strategy for g(Xr).

Due to the no-arbitrage condition, the value of the replicating strategy ¢, de-
fines the price V' (¢) of the attainable contingent claim g(X) at time ¢

VI(t) = Ve(t).

For numerical applications, a more convenient pricing method is a method
called the risk-neutral pricing.

THEOREM. 1.5 Assume that on (), F) there is a risk-neutral measure P*. Then
the price of the P*-attainable contingent claim g(Xr) at time t € [0,T] is

V(t) = B; "B (Brg(X1)| ),

where I&* denotes the expectation with respect to P*.
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Remark. 1.2 To simplify the notation, we assume that the measure P is already a
strong martingale measure, and the discount process is constant 3; = 1. Under
these simplifications, the valuation is reduced to the computation

V(0) =E(g9(Xr)).

In some special cases we will consider variable 5, — a market risk-free dis-
count factor (typically a deterministic function of time).

Remark. 1.3 If the strong martingale measure P* is unique then the market is
complete. Hence, every contingent claim is attainable, and its price is uniquely
defined.

In incomplete markets there are many equivalent martingale measures, and
non-attainable contingent claims have no uniquely defined prices. The prices
which do not generate arbitrage opportunities usually cover a certain interval.
To compute prices in that interval, in particular, to find endpoints of this interval,
we can still use the formula from Theorem 1.5.

Black-Scholes model. The Black-Scholes model is a simple complete market
model. There is only one risky asset in this model with the price process S; and
constant volatility o. The discounting process is defined by a banking account with
a constant interest rate . As the market is complete, there is a unique martingale
measure which we denote IP. The dynamic of the asset price in this martingale mea-
sure is given by the one-dimensional equation, which is a special case of equation
(1.1)
dSt = ’I“Stdt + O'Stth,

where r and o are positive constants and W; is a standard one-dimensional P-
Wiener process.

In this model the prices of European call and put options with strike K and
maturity 7' are given by the celebrated Black-Scholes formula

V(t) = kSN (kdy) — kKe " TN (kdy), (1.2)

where k = 1 corresponds to a call option, kK = —1, to a put option, and

2
LY RGN TS R S
In the Black-Scholes model, closed-form formulas exist not only for call and
put options and their combinations but also for several types of exotic options:
binary options, barrier options, compound options, and some others. All these
closed-form formulas are very useful in computational finance as they are bench-
marks for numerical algorithms.
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Local volatility models. In the Black-Scholes formula, the only unobservable
parameter is the volatility o. Since the formula can be inverted numerically, we
can compute the volatility from the option prices observed in the financial mar-
ket. The volatility computed in this way is called implied volatility. Under the
assumptions of the Black-Scholes model, the implied volatility should be a con-
stant function. In reality, we observe the volatility smile, a U-shaped function of
the strike price K, which additionally is changing with the time to maturity 7'. The
existence of the volatility smile indicates that assumptions of the Black-Scholes
model should be relaxed. The simplest extension of the model is obtained by as-
suming that asset prices still follow a one-dimensional diffusion process but with a
deterministic volatility function depending on the asset price and time. Such mod-
els are called local volatility models, and the price process in these models has the
following dynamics

dSt = b(t, St)dt + O'(t, St)th (13)

If the functions b(¢, s) and o (t, s) in equation (1.3) are globally Lipschitz-con-
tinuous in s then, due to Theorem 1.2, there is a unique strong solution of (1.3).
Unfortunately, in a number of popular local volatility models like the Constant
Elasticity of Variance (CEV) model (o(t,s) = s® with 0 < 3 < 1), quadratic
model (o(t,s) = ogs? with o a positive constant) or “limited” CEV (LCEV)
model (o(t, s) = smin(s”~!, ¢#~1) with 0 < 8 < 1 and e a positive constant) the
volatility function is not globally Lipschitz-continuous.

The following theorem gives the existence of a solution under relaxed assump-
tions.

THEOREM. 1.6 Consider the d-dimensional stochastic differential equation
dX] = bi(t, Xp)dt + Y ol (t, Xp)dW{, i=1,...,d. (1.4)
j=1
Assume that the coefficients of equation (1.4) are locally Lipschitz-continuous

for x,y € D an open subset of R? and t € [0,T). Then equation (1.4) has a
unique, strong solution up to an explosion time.
If the coefficients of (1.4) fulfill the linear growth condition

|bi(t, )] + |07 (t,2)| < K (1 + |2|)

then the solution does not explode in a finite time.
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The local Lipschitz condition is satisfied for the quadratic and LCEV models.
From the above theorem, we conclude that for these models there exist unique,
local solutions. But in the CEV model for 0 < 5 < 1 the function o(t, s) is not
locally Lipschitz-continuous. For this model the state s = 0 is absorbing and a
unique solution exists only for 1 < 3 <1 (cf. Andersen and Andreasen [2]).

Stochastic volatility models. Although local volatility models are easy to cal-
ibrate to market data and in many cases give closed-form expressions for option
prices the dynamics produced by these models is not very realistic. In particu-
lar, the dynamics is not time invariant. To obtain a more realistic dynamics lo-
cal volatility models have been expanded to stochastic volatility models. In these
models the volatility is assumed to be a stochastic process dependent on a further
exogenous parameter. We consider stochastic volatility models which are defines
as a set of two correlated one-dimensional diffusion processes

dS; = b(t, Sy)dt + o(Y;)C(S)dW},
dY; = m(t,Y;)dt + v(t, Y;)dW} (1.5)
d(WS, WY, = pdt.

Formally, this model does not fit the market model described at the beginning
of this Section as the volatility process Y; is not a traded asset. Thus, the market
model is incomplete, and there is no unique risk-neutral measure. On the other
hand, the structure of system (1.5) is the same as equation (1.1) (if necessary after
a de-correlation of the Wiener processes W° and WY). As a result, Theorem 1.2
applies to many stochastic volatility models. But similarly, like for local volatil-
ity models, there are stochastic volatility models with coefficients not even locally
Lipschitz-continuous. The existence of solutions for that models requires an indi-
vidual analysis.

The risk-neutral option pricing described above can be easily approximated
by several numerical methods. The most popular are Monte Carlo simulations
and, thanks to the Feynman-Kac formula, numerical solutions of partial differential
equations. We will analyze both of these approaches in detail in the subsequent
chapters. We will also briefly describe binomial and trinomial trees, which are
easy to implement and, in many cases, give quite accurate results.

1.2 Binomial trees

In this section, we present an application of binomial trees to pricing European
style contingent claims written on a single risky asset whose dynamic in a risk-
neutral measure is given by the Black-Scholes model
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dS(t) =rS(t)dt +oS(t)dWy, S(0) =Sy, 0<t<T. (1.6)
We discretize the time interval [0, 7] and the process S(t)

5t = % tn =ndt, Sn=5(tn).

The dynamic of .S, is given by the equation

SnJrl = ZnJrlSna

where Z,, is a sequence of independent random variables which can take for each
n only two states (we assume u > d)

7 {u with probability p,
d, with probability 1 — p.
We assume a constant risk-free interest rate which gives the numéraire
B, = "™,
Then in risk-neutral measure
E(Sn41]Sn) = €"S,,. (1.7)
This leads to the equation
ot

pu+ (1 —p)d=e",

which gives the risk-neutral probability

er&t —d
= . 1.8
P=—""4 (1.8)
The condition 0 < p < 1 is equivalent to
d< e <u, (1.9)

and guarantees the existence of a unique risk-neutral measure for the binomial
model. The picture of the first few nodes of a binomial tree is seen on Fig. 1.1.

The pricing process of an option with payoff g(S(7")) can be described by the
following steps:

1. Fix the input parameters: u, d, r, T' and the number of time steps /V.
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Figure 1.1: Binomial tree.

2. Compute the risk-neutral probability p.
3. Compute the payoff g(.S) in each node in period N.

4. For each n, starting from /N — 1 to 0, compute the payoff in each node using
formula (1.7), the payoffs of the previous step, and the value of p.

5. The value in the root of the tree is the price of the option.

The above algorithm has a very high computational complexity as the number
of nodes increases exponentially with the number of time steps. This algorithm
can only be run with a small number of time steps, which can result in inaccurate
pricing. To reduce the computational complexity, we have to limit the algorithm to
the so-called recombining binomial trees, where we glue identical nodes into one
node. A recombining binomial tree can be seen in Fig. 1.2.

Recombining trees can be used to compute prices of European and American
contingent claims, but not for pricing path-dependent instruments (exotic).

Let S;; denote the price after  time steps with j being the number of up moves.
Since we deal with a recombining tree, then

Sji = Souw!d* 7.
In a risk-neutral measure, we have

Sji=e " (p5j+1,i+1 +(1— p)Sj,m)-
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Figure 1.2: Recombining binomial tree.

For the payoff function g(S(t)), the price of a European option can be obtained by
the sequence of iterates

‘/]N:g(SjN)’ jZO,l,...,N,
Vii = e Tt (ijJrl,iJrl +(1— p)Vj,iH), 1 < N.

For an American option we have

V}N:g(SJN)7 jzoalv"'va

Vji = max (Q(Sji)ae_rét (ij+1,i+1 + (1 - p)Vj,i+1>)a i < N.

To use this algorithm in practical computations, we have to calibrate the model
to the market. The parameters r and Sy are observed on the market, but the param-
eters v and d are only model idealizations and cannot be directly determined by the
observation of market data. We turn to the Black-Scholes model (1.6) in which we
know the asset prices

S(t) = Sper—2oMteWe g5 g,
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Hence, the expected value of S(¢ + dt) conditional on S(t) is
E(S(t + 6t)|S(t)) = S(t)e™",
and the conditional variance
Var(S(t + 6t)[S(t)) = S(t)%e2! (e‘725t - 1).
In the binomial tree the corresponding values are
E(S(t+6t)|S(t)) = S(t) (pu+ (1 — p)d),
Var (S(t + 61)|S(t)) = E(S2(t + 6t)|S(t)) — (E(S(t + 575)\5(15)))2
= p(S(t)u)* + (1 = p)(S(H)d)? — (1) (pu+ (1 — p)d)”.
Comparing the right hand sides of the relevant equations we get
S(t)(pu + (1 — p)d) = S(t)e"",
P(S(HW)* + (1= p)(SH) ~ (51))" (pu+ (1 - p)d)*
= (S(1) %>t (o7 1),

After simplifications we have

pu+ (1 —p)d= eT‘St,

(1.10)
i+ (1—p)d? = o2rdt+o?ot

The first equation (1.10) gives the known expression of the risk-neutral probability

er(it —d

P=amd

the second equation is not sufficient to compute two parameters u and d. We need
an additional relation. The choice of this relation gives rise to different binomial
models. Here are some examples:

¢ the Cox-Ross-Rubinstein model (CRR) [13] in which we put ud = 1; this
model is the industry standard,

B

D=

¢ the Jarrow-Rudd model [27] in which we put p = (1 — p) =

but there are many other possibilities used in practice.
We will now analyze the Cox-Ross-Rubinstein model.
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THEOREM. 1.7 Consider the CRR model for a fixed N with arbitrary u and d
fulfilling conditions (1.9) and ud = 1, with p given by formula (1.8). The price at
time t, = ndt of a European call option with maturity T and strike K is

N—n

N —
Viv(tn) = e "m0 3 7 < .

P L G O
§=0

where the subscript N indicates the price computed in the model with N time steps.

Proof. Since S(t,) = So [[—; Z; then using Theorem 1.5 we obtain

Viv(tn) = e_’"(T_t")E<(ST . K)+}Ftn)

N
T TIR((S(tn) H Z]—K) )
j=n+1
_ —T(N—n)étN_n N—n j N-—n—j j gN—n—j +
> p'(1-p) (S(tn)u’d - K)
=0

The above equalities follow from: the independence of Z; of F;, for j > n, the
F,, -measurability of S(t,), and the nonnegativity of (z — K)*. ]

Calibrating « and d in the Cox-Ross-Rubinstein model to the Black-Scholes
model we obtain

u:/8+ \/62_17
d=p- VB -1,

where
8= %(efrét + e(r+02)5t) )

In practice, there is a tendency to use the simplified version of the CRR model

oV d=e Vo

u=e ,

The simulations for the full and simplified models are, for large IV, close to each
other due to the convergence of the CRR model to the Black-Scholes model.
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THEOREM. 1.8 Consider a sequence of the CRR models starting from the same
So with N increasing to infinity. Let oy = % Define

rd -0V
Un — eo. N dn — e_o. /SN N = e'N — e N
N ) N ; N oo N o0 o

Let Vi (0) denote the price at time t = 0 of a European call option with maturity
T and strike K and the parameters uy, dy, pn defined above.
When Vg (t) denotes the Black-Scholes price of that option at time t, then
lim Vi (0) = Vpg(0).

N—oo

Proof.Let S = S(ndy) denote the asset prices in the model for a fixed N.

N
Denote Z = Ssﬁ , then
n—1

N _ N
Sy =5 ]]%"
j=1

Since P(Z)Y = un) = pn, P(Z)Y = dy) =1 —py, and Noy = T, we obtain

N
SN = SM(T) = Syexp(aV/on Y RY).
j=1

N
anj

N _
where Rj = i

R;-V are independent (since Z JN are independent) and with the identical distri-
bution

P(RY =1) = p, P(RY = —1)=1-py, forj=1,...,N.
Expanding p into Taylor’s series, we obtain

_ 142
1 r—io

_t -1
PN =5 + oy VON+O(NT).
Then for each j
E(o\/onRY) = (r — %02)% +o(N7H)
and

Var(ch&NRéV) = 02% +o(N7h.
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Hence by the central limit theorem, we obtain
TN
o\ 2B = N((r = 30*)T, 0°T) in distribution as N — o0
j=1

and
SN(T) — So exp((r — Lo)T + a\/TZ) in distribution as N — oo,

where Z ~ N(0,1).
Since
Vn(0) = e "TE((SN(T) — K)T),

then Vx(0) converges to
V(0) = e_rTE((SO exp((r - %JQ)T + UﬁZ) — K)+>
/ (So exp(—%a2T + aﬁx) — e*TTK)Jre*%dex,

Let

~ In(K/So) + (302 —1)T
= " .

The integrand is non-zero only on the interval (v, c0) as
oVTx — 10°T > In(K/Sp) — rT

only on this interval. Then we have

1 o
V(O) = \/%SO/ 67%02T60ﬁ17%x2dl‘ — KeirT(l — (I)(’)/))
v
1 1 2
-9 2@V gy — Ke7T(1- @
NG OL ‘ oK (1-20)

= Sp(1 = ®(y — oVT)) — Ke "7 (1 - d(v)),

where @ is the cumulative normal distribution function.
By symmetry (1 — ®(v)) = ®(—~) we obtain

— v+ oVT = 111(50/K);:/(T7“+ 30°)T
_ In(So/K) + (r — jo)T _
= oy =d_.

=dy,
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Hence
V(0) = So®(dy) — e "TK®(d_)

which is the Black-Scholes formula for call options. [ |

In the Jarrow-Rudd model we have

u= er‘st(l + \/eo?dt — 1),
d=e"(1— et —1).

Very often the following simplified version of these parameters is used:
u=-e

(r—o2/2)6t+0Vét

d= e(r702/2)6t70'\/¢§.

For a general binomial model, we can assume without loss of generality

ud = e21/5t’

for a scalar parameter v. This leads to the following simplified version of parame-
ters u and d (the exact expressions are very complicated):

vot+o/ot
e )

u =
St—a/5t
d=e" o 7

1 1 —
f—l-f('u V)\/(St, where 1 = r — 02/2.
2 2 o

p:

The value v = 0 corresponds to the CRR model (the tree is symmetric) and v = p,
to the Jarrow-Rudd model (there is a deterministic drift e#9t).

Binomial models are the simplest lattice models used in financial computa-
tions. But trees with a larger number of states are also in use. We present an
implementation of trinomial trees. We assume, like for binomial trees, that

SnJrl = Zn+15n-

For trinomial trees, Z,, is a sequence of independent random variables which, for
each n, take 3 states

u,  with probability p,,,
Zp = § m, with probability p,,,
d,  with probability pg.
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Our goal is to find p,,, pn, and pg which define a risk-neutral measure. We have
the obvious condition p,, + p.,, + pg = 1. In addition, to obtain a recombining tree
we need ud = m?, where we assume u > m > d. Computing E(S,,+1|S,,) in
risk-neutral measure we obtain

Putt + P + pad = €.

The above 3 equations are not sufficient to determine uniquely a risk-neutral mea-
sure. Hence there are many risk-neutral measures for trinomial trees, and the mar-
ket is incomplete. Thus, not all contingent claims can be uniquely priced in this
model. (Note the difference with binomial models where a risk-neutral measure is
uniquely defined by (1.8) independently from the model specification.)

The process of calibration for trinomial trees is similar to the process for bino-
mial trees. The comparison of conditional expectations and variances between the
trinomial model and the Black-Scholes model gives the equations

Puth + DM + pad = er&t’

(1.11)
puu2 +pmm2 +pdd2 _ e(2r+02)6t.

Together with equations p, + pm + pq = 1 and ud = m? we have 4 equations for
6 unknowns. To make the problem solvable we assume

HOHATVSE  with probability py,
= eu5t7 with probability p,,,
eHO=A7VAL  with probability pq.

Computing u, m and d by this approximation and inserting p,, = 1 — p, — pq in
(1.11), we obtain

pu(U—1)4+pg(D—-1)=F -1,
pu(U? = 1) +pg(D* — 1) = H — 1,

where U = e?Vol D — o= AoVt o — (=)0t and | — o(2r+0°—21)dt, Solving
the above equations we get

_ H—(D+1)F+D
=" -"DyU -1 "

 —H+((U+D)F-UD
Pm=""0 "Dy Uw -1
H-(U+1)F+U
(U - D)(1 - D)

(1.12)

Pa =
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This model has a built-in deterministic drift e#%. To obtain a symmetric trino-
mial tree we assume g = 0. That symmetric model with

Ao/6t

e ,  with probability p,,,
Zn =141, with probability p,,, (1.13)
e*’\"m, with probability pg.

can be considered as a trinomial version of the CRR model. Expanding all terms in
equations (1.12) in power series of v/t we obtain after tedious computations the
following expressions in the first-order approximation

1 (r—o?/2)V6t

Pe=ont T o,
1
Pm=1- 3, (1.14)
1 (r=d%/2)Vet
Pd =552 No

Kamrad and Ritchken have obtained a similar result under the additional as-
sumptions that E(In Z,,) = (r — 02/2)dt and Var(In Z,,) = o2t which corre-
sponds to a discrete version of Black-Scholes. That assumptions greatly simplify
the computations and we obtain the following match of the first two moments of
In~Z,

AoV5t(py — pa) = (r — 30°)dt,
N2o25t(py 4 pg) = o26t.

Solving that system of equations, we obtain (1.14) as exact solutions.

Thus for the symmetric trinomial tree, we know the parameters of the model as
the functions of A. Let us notice that to obtain the non-negative probabilities, we
have to take A > 1. But, we also have the stability problem of the model. A = 1
is on the edge of the stability region. To get a stable model, we have to choose
A substantially larger than 1. The choice of A influences the rate of convergence
of option prices computed in the model to the Black-Scholes prices. Kamrad and
Ritchken have shown that the value of A that produces the best convergence rate is

A =/3/2.

1.3 Monte Carlo methods

We describe the idea behind Monte Carlo methods in a simple example: the com-
putation of expectation E(¢g(X7)) where X is a random variable (the state at time
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T of a stochastic process X;). Let us assume that the distribution ¢x (z) of the
random variable X7 is known. Then

B(g(xr) = [

R

L@ox(o)iz = [ flayds

[0,1]

where f(x) is obtained by a change of variables R? — [0, 1]¢.

The function f(z) is in many cases too complicated to obtain an analytic for-
mula for the integral f[o,l]d f(x)dx. We can compute that integral by the following
Monte Carlo algorithm: we sample N points x; distributed “uniformly” in the cube
[0, 1]% and use the approximation

1 N
/Md Flade ~ < ;f(mi). (1.15)

This algorithm is similar to a deterministic quadrature. The difference lies in
error estimates: a deterministic quadrature of order k£ approximates the integral
with the error O(N*/?) and the Monte Carlo approximation, using randomly
sampled points, gives the error of order O(N -1/ 2) independent of the dimension
d (see comments below).

In practice, we omit computation of f(z) and sample points x; from the distri-
bution of X7

1 N
E(9(Xr)) ~ < D g(w:). (1.16)
=1

The foundation of Monte Carlo methods consists of two results: the strong law
of large numbers and the central limit theorem.

THEOREM. 1.9 (Strong law of large numbers) Let X1, Xo,... be a sequence
of square integrable, identically distributed, independent random variables with
E(X;) = p < oo. Let

y, = 21+ 2: T 1o

Then
lim Y, = u, a.s.
n—oo

The strong law of large numbers implies that the right hand side averages in
equations (1.15) and (1.16) converge to the integrals in the left hand sides a.s.
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THEOREM. 1.10 (Central limit theorem) Ler X1, Xo, ... be a sequence of squa-
re integrable, identically distributed, independent random variables with expecta-
tions E(X;) = pu < 0o and variances Var(X;) = o2. Define the sequence

X —p)+Xo—p) 4+ (X —p)

A
n \/ﬁ
Then
Zn — N(0,0?) in distribution.
The central limit theorem implies that if z;, ¢ = 1,..., N, is a sample drawn

independently from the distribution of X7, then the estimator

1N
gN = N;g(xi)
1=

converges in distribution to N (x, %2) where ;1 = E(g(X7)). This gives the men-
tioned earlier estimate of the Monte Carlo error Var(gy) = O(N~1).

In Monte Carlo computations we need independent samples x;, 2 = 1,..., N,
from a given distribution. To generate such samples one needs random number
generators with sufficiently good properties. We will describe such generators in
Chapter 2.

1.4 Methods of partial differential equations
Consider a stochastic process given by the equation

dXs =b(s,Xs)ds + o(s, X5)dWs, Xy =x. (1.17)

Let us assume that the coefficients in this equation fulfill the conditions of Theorem
1.2. Hence, the equation possesses a unique strong solution which we denote Xbe
to indicate the dependence on initial data X; = x.

DEFINITION. 1.11 Let X1 be a solution of (1.17) with the coefficients b and o
independent of s. The (infinitesimal) generator A of X is defined by

Au(z) = lim EOED) ~ ula)

, z e RY
s—t s—t

The set of functions u: R® — R for which the limit exists for all z € RY, is denoted
by D 4 and is called the domain of A.
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For a function v € Dy

Au(z) = Zd: ai~(x)ﬁ + Zd:bi(a:)au where a;; = 1in:akak.
i1 J axzal‘] — 8$i7 J 2 el v

When the coefficients in (1.17) are time dependent b = b(t,x) and o = o(t, ),
we have the family of operators A’

d

d
0%u du
t _ § .. ; a
.A u(t, l’) = = alj (ta l‘) 81'2(9%] + Z bl(t’ :L‘) 8562 '

The computation of expectation E(g(X;x)) can be reduced to a solution of a
partial differential equation due to the following theorem.

THEOREM. 1.12 (Feynman-Kac) Consider the Cauchy problem

~ O Awtku—f=0, te[0,T),zeR’

1.18
o(T,2) = g(a), @R (119

where Al is given in Definition 1.11 and is assumed to be uniformly elliptic, i.e.

d
36 >0, Y ay(ta)&g = 6¢7, VEe(0,T), x € R £ e R\ {0},

ij=1
Assume that the functions k: [0,T] x RY — [0,00), f: [0,T] x R? — R and
g: R — R are continuous and satisfy (with some constants C and q > 2)
l9(2)] < C(1 + [2]7), or g(z) >0, VzeR’

1.19
|f(t,2)| < CA+|z|?), or f(t,z) >0, tE[O,T],V:cERd. (119

Let v(t, ) be a solution of (1.18) which is continuous in [0, T] x R and of class
c1? ([0, T) ><]Rd) with the polynomial growth condition (for some constants C' > 0
andp > 2)

sup |v(t,z)| < C(1+ |zfP), =R
te[0,7)

Then v(t, x) is a unique solution of (1.18) and admits the stochastic representation
T
v(t,z) =E <g(X§ZI) exp (— / k(r, Xﬁ’m)dr>
t

+ /tTf(s,X?f”) exp(— /ts E(r, Xf’””)dr)ds).
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Proof. To simplify the proof we take dX; = dW, with X; = z, and k = k(x).
Then Alu = %Au. Consider the expression

v(s, Xs) exp(— /ts k(Xu)du).

We obtain from It6’s rule and equation (1.18)

ds (U(S,Xs) exp - /S k(Xu)du)) = eXp - /S k:(Xu)du)

v
—ds — E WZ A
X <as ds s)vds + 8 s) AW} + v ds)

_ exp<_ /t k(Xu)du) (—f(s,XS)ds + Z aims,xs)dwg).

Let S, = inf{s > ¢: |X;| > n}. We integrate on [¢,7" A S,,] and compute the
expectation. Since the resulting stochastic integral has expectation zero, we obtain

TASn S
v(t, ) :E</ f(S,XS)eXI)(—/ k(Xu)du>ds)
t t
Sn
E <v(sn, X, ) exp( / B(X,)du) 1{SH<T})
t
T
+E <U(T, X7) exp(— / k(Xu)du> 1{Sn>T}> .
t
By dominated convergence, the first term in the above sum converges to

E(/tTf(s,Xs)exp(— /t k(Xu)du>ds>.

For the second term we have

E(U(SnaXSn)eXp(_ /tsn k(Xu)dU)l{sn@})

< E(U(Sn, Xsn)l{sng}) < O(1 +nP)P*(S, < T).

By the Chebyshev inequality and Theorem 1.2 we have the estimate
P*(S, <T) = }P’x< sup | X > n)
0<t<T

n* Ex( sup |Xt|k> < C’n_k(l + |:c|k)
0<t<T
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Taking k£ > p, we see that the second term converges to zero.
By the dominated convergence theorem, the third term converges to

IE(U(T, Xr)exp <f /tT k:(Xu)du> > .

Since v(T, X7) = g(Xr) this ends the proof. ]

The following theorem follows from a probabilistic construction of solutions to
equation (1.18). It can be regarded as the counterpart to the Feynman-Kac theorem.

THEOREM. 1.13 Let X" be a strong solution of (1.17). We assume that the
coefficients b(s, x) and o(s, x) of that equation fulfill the assumptions of Theorem
1.2. In addition, they are twice continuously differentiable with respect to x for any
s € [0,T] and all their partial derivatives with respect to x up to the second-order
are bounded.

Let k: [0,T] x RY — [0,00), f: [0,T] x R - Rand g: R? — R be
Borel functions that are twice continuously differentiable with respect to x for any
t € [0,T]. Assume that absolute values of these functions and all their partial
derivatives with respect to x up to the second-order are bounded by C(1 + |z|?)
(with some constants C' > 0 and q > 2). Then

u(t,z) =E <g(erpx) exp(— /tT E(r, Xﬁ’x)dr)

+ /tTf(s,Xz’x)exp<— /ts E(r, Xﬁ’ﬂdr)ds)

is a well defined function in [0, T] x R which is twice differentiable with respect to
x continuously in (t, x) and continuously differentiable with respect to t in [0, T] x
R? with the growth estimate (for some constants C' > 0 and p > 2)

sup |u(t,z)] < C(1+ |z|P), zeR<
0<t<T

The function u(t,x) is a solution of equation (1.18) which fulfills the terminal
condition limy_,7 u(t, x) = g(x).

Remark. 1.4 Let in addition to the assumptions of Theorem 1.13 functions a{ and
b; be n times continuously differentiable with respect to x for any s € [0, T] (n > 2)
and all partial derivatives of these functions with respect to x up to order n be
bounded. We require also that k, f and g are n times continuously differentiable
with respect to x for any t € [0, T and absolute values of these functions and all
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their partial derivatives with respect to x up to order n are bounded by C(1+|xz|?).
Then u(t,x) defined by Theorem 1.13 is n times differentiable with respect to x
continuously in (t, z) and continuously differentiable with respect to t in [0, T] x R¢
with the absolute values of all its partial derivatives with respect to T up to order
n bounded by C'(1 + |x|P) for some constants C' > 0 and p > 2.

The proof of Theorem 1.13 for sufficiently regular coefficients follows from
theorems of Chapter 5 and Sobolev’s inequalities, but under the assumed regularity,
the proof requires probabilistic solutions of PDEs (see the book by Krylov[32]).
Remark 1.4 can be proved following the line of the proof of Theorem V.7.4 in [32].

The following corollary from the Feynman-Kac theorem is essential in the
derivation of the Black-Scholes equation.

COROLLARY. 1.14 [f, in the Black-Scholes model, the price of underlying in a
risk-neutral measure fulfills the equation

dSy = rSidt + o SpdWry,
then the price of the contingent claim with payoff g(St) is
Vy(t) = E(e_r(T_t)g(ST)‘St = m)
By the Feynman-Kac theorem G(t,z) = E(g(Sr)|S; = ) fulfills the equation

0G | 0G 1, ,0°C

1
ot T TR g
Since F(t,z) := V,(t) = e "T=DG(t, x), we have
2
8F+ Jna—FJr1 2 28—1:‘—7“5’—0 F(T,z)=g(x),

ot Oz 0z2

which is the Black-Scholes equation.

By the Feynman-Kac theorem and the above corollary, computation of E(g(X7))
can be reduced to the construction of a smooth solution of a certain partial differen-
tial equation. The existence of such solutions and their numerical approximations
will be discussed in Chapters 5, 6, and 7.






Chapter 2

Random number generators

To generate truly random numbers, we have to use a physical device with random
behavior. Such generators are not used in modern digital computers (there are
some exceptions such as generating seeds for pseudo-random generators). “Ran-
dom numbers” generated by digital computers are obtained by deterministic algo-
rithms. We require only that a sequence of such numbers mimics sufficiently well
the statistical properties of true random numbers. To indicate a deterministic char-
acter of generated sequences we call them pseudo-random numbers. The majority
of generators used in practice are generators of uniform deviates on [0, 1]. Gen-
erators of other distributions are obtained by a suitable transformation of uniform
distributions.

2.1 Generators of uniform deviates

Linear congruential generators are the simplest generators of pseudo-random num-
bers.

DEFINITION. 2.1 A linear congruential generator is a recurrence of the form:
1. Choose xq (seed);
2. Compute x; = (ax;—1 + b) mod M for some integers a, b and M ;

g

3. Compute u; = 3.

COROLLARY. 2.2 The properties of sequences generated by linear congruential
generators:

1 z;€{0,1,..., M —1};

33
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2. The sequence x; is periodic with period not greater than M.

But a wrong choice of a, b, or M can result in a period much smaller than M !
Sequences {u;} obtained by linear congruential generators should be indepen-

dent samples of a random variable with uniform distribution. We can investigate

this independence by analyzing n-tuples (u;, wit1, - - -, Uitn—1)-

Example. 2.3 Let us consider two-dimensional vectors. We have

x; = (axi—1+b)mod M = ax;—1 +b— kM, for kM < ax;—1+b< (k+1)M.

For arbitrary zq, z1, we obtain

20%i—1 + 2125 = 20%i—1 + z1(axi—1 + b — kM)
20+ az

= .CEi_l(Z[) + azl) + 216 — z1kM = M(xi_l i

— 21 k) + z1b.
Denoting the quantity in parenthesis by c we obtain the equation

ZoUi—1 + 21u; = ¢ + 21 bM L. 2.1)

1 /
0.6
=3 /
0.2
0 0.2 0.4 0.6 0.8 1

u
i-1

Figure 2.1: The points (u;—1,u;) fora = 1229, b = 1, M = 2048.

That is the equation of a straight line. Choosing integers zy and z; and re-
quiring zyp + az; = 0mod M we obtain c which is integer. That observation will
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be used in the subsequent analysis. The straight line given by equation (2.1) de-
pends on i, since c is a function of x;—1. We expect sufficiently many of such lines
covering densely the square [0,1)2. But that expectation appears to be wrong in
many practical situations. For many a and M the points (u;—1,u;) lie on very
few straight lines. As an example consider the linear congruential generator with
a=1229,b =1, M = 2048 and xo = 1. Choosing zy = —1, and z1 = 5, we
get —1 4+ 1229 -5 = 6144 = 3 - 2048 = 0 mod 2048 which gives an integer c.
By equation (2.1) and inequality 0 < u; < 1, the value of c can only be a number
from {—1,0,1,2,3,4}. Hence, there are only 6 straight lines on which vectors
(ui—1,u;) lie. Figure 2.1 shows the picture of such vectors for 5000 simulations.
In that picture we observe only 5 lines. The explanation comes from the fact that
c = —1 corresponds to the straight line which is in the lower right corner of the
figure and is not visible.

A better choice of a, b and M can produce a better picture. Let us take a =
216 1 3 b =0, M = 23'. As Figure 2.2 suggests, we obtained a deceptively good
congruential generator.

Figure 2.2: The points (u;_1,u;) fora = 20 43, =0, M = 231,

This positive picture breaks down with 3-dimensional vectors (w;—o, u;—1, ;).
Figure 2.3 shows that 3-dimensional vectors are concentrated on a small number
of planes in the 3-dimensional cube [0,1)3 (analysis similar as for the previous
generator reveals that there are 15 such planes).

The bad behavior of linear congruential generators observed in the above ex-
ample is not exceptional. The following theorem due to Marsaglia [38], which we
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Figure 2.3: The points (u; o, u;_1,u;) fora = 216 + 3,6 =0, M = 231,
present without proof, explains that such behavior is typical.

THEOREM. 2.4 For each linear congruential generator there is an n << M such

that n-tuples (w;, Wit1, ..., Uiyn—1) lie on a relatively low number of hyperplanes
in R™.

To avoid the effect of correlation described above, one uses more sophisticated
generators, for example — the generalized congruential generators

xT; = (alx’i—l —+ .- + akﬂjz’_k) InOd M

L’Ecuyer [34] recommends designing mixed generators from several generalized
congruential generators. Taking J generalized generators

Tji = (aj71xj7i_1 —+ -+ aj,kxj,i—k) mod Mj, j=1,...,J,
we can construct the mixed generator
Z; = (blxl,i —+ -+ b‘]xjyi) modMl,

where by,...,b; are integers and M is the largest of all M. It appears that se-
quences generated by such a generator are equivalent to sequences generated by a
single generalized congruential generator with M, which is the product of M, but
with better statistical properties.
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As mixed generators, we can also use the Fibonacci generators
T; = Ti_n © x;_p mod M for some n and k,

where © denotes addition, subtraction, or multiplication.

To guarantee the ”good” properties of such generators a long seed is required,
which has to be generated by another generator.

Nowadays in common use is the generator by Matsumoto and Nishimura [39]
called Mersenne Twister. This generator has period (2'?93” —1), and no correlation
has been observed for vectors to dimension 623.

2.2 Non-uniform variates

Pseudo-random number generators usually produce samples from a uniform dis-
tribution. To obtain samples from other distributions, we have to apply certain
transformations.

Discrete distribution

To obtain a sample from the discrete distribution X
P(X=a;)=p;, i=1,...,n,
we apply the following algorithm:
1. Compute ¢ = Zlepi, k=1,...,n;
2. Generate u ~ U(0,1);
3. Find the smallest & such that u < ¢;
4. Put Z = ay.

Such Z is a sample from the distribution of X.

Inversion

THEOREM. 2.5 Let a random variable X possess a continuous and strictly in-
creasing cumulative distribution function Fx and u ~ U(0,1). Then Fy'(u) is a
sample of X.

Proof. The condition u ~ 1/(0,1) means Py (u < &) = £ for £ € [0,1). Hence,
Py(Fy'(u) < z) = Py(u < Fx(z)) = Fx(z). ]
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Acceptance-rejection method

Let X be a random variable with density f(z), but sampling from that density
be complicated (large computational complexity). Assume that there is another
random variable Y with density g(z) which is easily simulated. Let f(z) < C g(z)
for a constant C' < +00.

The following algorithm generates samples of X:

1. Generate x from the density of Y and u ~ ¢(0, 1).

2. Ifu < J (3(6)) accept  as a sample of X. Otherwise return to p. 1.

THEOREM. 2.6 The described above algorithm generates a sample of X.

Proof. Let V@)
A= {wr U < E 505
Then
x 2. da
P(Y € dz|A) = P(Aﬂlé(ilf dz}) fg( )2y ) oy
RY
_ flx)dx

= f(x)dx = P(X € dx),

 Jx fy)dy
where the value of P(A) is obtained by the following computation
fY) fY)
= < = <
P(4) =P(U < Cg(Y)) B(F(u< g Y)‘Y>

g(
o )N [ fy) 1
_E<Cg(Y)) = ch(y)g(y)dy— C/Rf(y)dy

Transformation of random variables

The theorem below follows easily from the change of variables theorem.

THEOREM. 2.7 Let X be a random variable in R% with a positive density ¢
supported on S. Assume that a transformation g: S — B, S, B C R% is invertible
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and that the inverse is continuously differentiable on B (is C*(B)). Then Y =
9(X) has the density

8(.%'1, . ,xd)

;Y € B,
a(yla'-'vyd)

qzﬁ(g‘l(y))'

8(w17"'7xd)
A1, Yd)

1

where x = g~ (y) and denotes the Jacobian matrix of g~ .

We can apply the transformation method to generate samples from a normal
distribution.

Example. 2.8 (Box-Muller algorithm) We define the transformation

= \/Tnxlcos 2y = g1(z1, x2),
Yo = \/Tnxlsin277$2 = ga(w1,2),

for (z1,12) € [0,1)2
The inverse transformation is given by

1
T = exp(—g(y% + y%)),

1 Y2
xr9 = — arctan —.
27 Y1

The Jacobian matrix is as follows

Jxr1 Oz
1 1 1 1 1y
det [ 2w 9wz | — (_, 2 2> _ - L
e (6:1:2 812) o exp 2(y1 + y2) yll N % " y21 N % y%
Yy Yy

oy1 Oy
1

1 1
= —5-exp(—5 i +13)).

The above computations show that ‘ det <%> ‘ is the density of a 2-dimensional

standardized normal variable.
When X ~ U(0,1)% then Y = (g1(X), g2(X)) is a 2-dimensional standard-
ized normal variable and Y1, Yo are i.i.d.

Remark. 2.1 (Neave effect) In 1973, H. R. Neave [43] discovered a surprising
result of applying the Box-Muller algorithm to a sample obtained from a linear
congruential generator. Since the density of normal distribution is supported on
the whole R, we can expect that the pairs (Y1,Y3) will cover the whole R?. Con-
trary to that expectation the generated pairs fall into a small range (rectangle)
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Y1
Figure 2.4: The Neave effect for the Box-Muller algorithm.

around zero. This surprising behavior is illustrated in Figure 2.4 obtained for 107
simulations. The Neave effect has been observed for the Box-Muller algorithm and
other uniform generators. There is a suspicion that the effect can also occur for
other random number generators.

Example. 2.9 (Marsaglia’s polar method) The Box-Muller algorithm has been
improved by Marsaglia to avoid the use of trigonometric functions. That modifi-
cation is important, since the computation of trigonometric functions is very time-
consuming. Marsaglia’s algorithm replaces the evaluation of trigonometric func-
tions in the Box-Muller algorithm by the acceptance-rejection method:

1. Generate uy,uz ~U(0,1).

2. Perform transformation vi = 2uy; — 1, v9 = 2us — 1. Then vy,vy ~

U(-1,1).

3. Accept a pair (v1,v2), when v%-l—v% < 1. Such a pair is uniformly distributed
on D = {(v1,v2): v} +v3 <1}
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4. Every pair (v1,v2) € D can be considered as defined by the polar coordi-
nates (z,0):
v1 = zcosf, vy = zsind.

The variates w = 2% and 0 are independent: w ~ U(0,1), 0 ~ U(0, 27).

[ Inw [ Inw
Y1 =\ ———V1, Y2=\———"0V2
w w

are normally distributed and independent.

5. The variables

The pair y1, yo is normally distributed by the Box-Muller algorithm. Since 0 =
arctan Z—Q then, taking r1 = v% + v% = wand x9 = %9, we obtain x1,x9 ~
U(0,1), where cos(2mza) = % and sin(2mwxy) = % These transformations
reduce the Marsaglia algorithm to the Box-Muller algorithm.

Example. 2.10 The Box-Muller and Marsaglia algorithms are not sufficiently ac-
curate for financial applications. There are many algorithms using inversion to
provide more accurate normal distributions. As an example, we present the modifi-
cation by Moro [41] of the Beasley-Springer algorithm [4] with accuracy 3x 1079,
But there are algorithms with higher accuracy, and compatible computational com-
plexity (cf. [48]). For 0.5 < y < 0.92, the Beasley-Springer-Moro algorithm uses
the formula

Ffl( ) ~ Z?LZO an(y — 0'5)211—&—1
YT ba(y — 052042

and for y > 0.92, the formula

8

Fl(y) ~ Z Cn (ln(— In(1 — y)))n

n=0

Constants for the Beasley-Springer-Moro algorithm are given in Table 2.1.
The case 0 < y < 0.5 is handled by symmetry.

2.3 Multivariate random variables
Multivariate distributions are usually obtained from one-dimensional distributions.

But only in very particular situations, multivariate distributions can be obtained as
the Cartesian product of univariate distributions.
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a0 = 2.50662823884 b0 = -8.47351093090
al = -18.61500062529 bl = 23.08336743743
a2 = 41.39119773534 b2 = -21.06224101826
ad = -25.44106049637 b3 = 3.13082909833

c0= 0.3374754822726147 c5= 0.0003951896511919
cl= 0.9761690190917186 c6= 0.0000321767881768
c2= 0.1607979714918209 c7= 0.0000002888167364
c3= 0.0276438810333863 c8= 0.0000003960315187
c4= 0.0038405729373609

Table 2.1: Constants for the Beasley-Springer-Moro algorithm.

Uniform distribution

A multidimensional uniform distribution can be obtain as a tuple of indepen-
dent one-dimensional distributions (Uy, ..., Uy), where U; ~ U(0,1).

Normal variates

A standardized d-dimensional normal distribution Ny(0, I;), where 1, is d-di-
mensional identity matrix, can be obtained from one-dimensional normal distribu-
tions

X ~Ny(0,1) = X = (Xy,...,Xy), where X; ~ N(0,1), X; are i.i.d.

This is due to the form of the density of d-dimensional normal variable Ny(u, X2)

s (5 - ) 5w ).

9(@) = (27)4/2 (det 30) 2

For ;1 = 0 and ¥ = I; this density is the product of standardized one-dimensional
densities. Knowing the density of a correlated normal distribution, we can design a
transformation of a standardized normal distribution Ny(0, 1), which can be used
to generate samples from the correlated distribution.

LEMMA. 2.11 Let Z ~ Ny(0,1;) and A be a nonsingular matrix of dimension
d x d. Then AZ ~ Ny(0,AA") and pn + AZ ~ Ny(u, AAT).

Proof. Let X = AZ and ¢(z) be the density of Z. By the substitution x = Az we
obtain

exp (—%sz) = exp(—l(A_lx)T

5 (A_lm)) = exp(—lmT(A_l)TA_lx)

2
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Changing variables we get

/¢(z)dz:/ 6(x)| det A|~\dz
]Rd Rd
1

I N S S T
- /Rd [det A] (27)d/2 eXp( p@ (447) :”)

Hence, ) ) .
T(AAT) L
[det A] (2m)4/2 exp(—5eT (447) 2
is the density of NVy(0, AAT). ]

To generate a sample from Ny(u,Y) we have to find a matrix A, such that
¥ = AA". The covariance matrix ¥ is symmetric and positive definite. Hence, we
find A by the Cholesky decomposition of 3.

Remark. 2.2 To generate samples from Ny(j1,Y) we can use spectral decompo-
sition of %.. Since X is symmetric, positive definite matrix, it has d positive eigen-
values and d eigenvectors which span R% and ¥ = TAT", where A is the diagonal
matrix of eigenvalues and T is the matrix of eigenvectors. If Z ~ Ny(0, 1), then
i+ TAY2Z ~ Ny(u,X). Let us observe that AY/? is well defined due to the
positivity of eigenvalues.

Remark. 2.3 In general, the Cholesky decomposition and the spectral decompo-
sition construction do not give same results. Indeed

Y = AAT = TAT" = TAY2AY2DT,
and
E(AT)_I — A= FA1/2A1/2FT(AT)—1

holds. But in general
A1/2FT(AT)—1 ?é 1.
Hence

AZ £TAY?Z
although both methods generate samples from Ng(u, X).

In implementations, the Cholesky decomposition is more effective. In the
Cholesky factorization, the matrix A is lower triangular. It makes calculations
of AZ particularly convenient because it reduces the calculations complexity by
the factor of 2 compared to the multiplication of Z by the full matrix TAY/2. In
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addition, the error propagates much slower in the Cholesky factorization. There
are, however, situations in which using spectral decomposition gives some advan-
tages. The eigenvalues and eigenvectors of the covariance matrix have a statistical
interpretation that is sometimes useful. Examples of such uses are in some variance
reduction methods.

Other multi-dimensional distributions

Uniform or normal distributions are rather exceptional examples of design-
ing multivariate distributions as products of one-dimensional distributions. In the
majority of situations generating samples from multivariate distributions requires
special algorithms.

A good example is an algorithm of sampling from d-dimensional Student t-
distribution t4(v, i, ), where v is the number of degrees of freedom, p — location
vector, and > — dispersion matrix. To generate samples from the d-dimensional
Student t-distribution we can use the formula

Nd(lu’a E)
N

where Y2 denotes an independent chi-square distribution with v degrees of free-
dom. Using the above relation to generate a sample from t4(v, 1, X) we have to
generate two independent samples: one from Ny (1, 32) and another from y?2.

As another example, we can consider sampling from d-dimensional asymmet-
ric Laplace distribution A Lg(m, 3). This class of distributions is suitable for mod-
eling heavy tailed multivariate data, which retain the finiteness of moments. To
generate samples from Y ~ ALg(m, ) we generate a sample from Ny(0,X), an
independent sample from a standard exponential distribution Fz(1), and use the
representation of the asymmetric Laplace distribution

ALy(m,¥) ~ mExz(1) + \/Ex(1)N4(0, X).

td(”? H, E) ~

2.4 Low discrepancy sequences

Assume that we have to compute a definite integral fol f(z)dz. When function
f(z) is complicated, we can approximate the value of this integral by a numeri-
cal procedure. To this end, we can use the Monte Carlo method, which gives the
approximation error O(N~'/2) (see Chapter 1). On the other hand, we can ap-
ply a deterministic quadrature dividing interval [0, 1] into /N subintervals of equal
length and using trapezoidal approximation. The error of such an approximation is
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O(N~1), which is much better than the Monte Carlo error (in addition, this error
is deterministic contrary to the Monte Carlo error, which is of statistical nature).

On the other hand, the error estimate obtained in advance gives only the order
of error magnitude. The exact value can be reasonably approximated only after
computations. If the computed error is larger than the assumed accuracy, we have
to repeat computations with a larger N. For the deterministic trapezoidal method,
that requires the repetition of the whole computations for a new larger N. The
Monte Carlo method is much more flexible: we sample additional numbers and
perform computations only for these additional numbers, preserving the previously
computed values. The idea of low discrepancy sequences is a compromise between
numerical quadratures giving deterministic error and advantages of Monte Carlo
which enables free placing of sample points until the desired accuracy is met. The
most important advantage of low discrepancy sequences is the improvement of
error estimates to O(N _(1_5)) independently of the problem dimension which is
significantly better than in Monte Carlo methods (in fact, the constant in the error
estimate depends on the dimension, and the picture is not as good as the expression
O(N~17-9) can suggest).

DEFINITION. 2.12 Let {uy, }n>1 be a sequence of points in [0, 1]%. This point set
is called uniformly distributed in [0, 1%, if for each cube Q,, = {x € [0,1]¢: 0 <
z; <y, i=1,...,d} defined by y € [0, 1], the equality holds

| X
lim — Z Xq, (n) = vol(Qy).
n=1

N—ooo N

DEFINITION. 2.13 For a sequence u = {uy, ..., un} of points from [0, 1}d and
Qy, y € 0, 1]d, we define

N
Fly) = vol(Qy), F{) = - X, (1n).
n=1

The star discrepancy is given by

Dy (u) = sup |F(y) — Fx(y)l.
ye[o,l]d

Remark. 2.4 By the definition of discrepancy if w = {u1,...,un} is a subse-
quence of a uniformly distributed sequence {uy, },>1, then limy_,o D3 (u) = 0.

THEOREM. 2.14 (Koksma-Hlawka inequality) Ler f: [0,1]? — R be a func-
tion of bounded variation. For each sequence u = {uy,...,uy} in [0, 1]¢

] /[0 RS 4 S )

n=1

< V(f)Dy(u),
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where V (f) is the Hardy-Krause variation of f in [0, 1]

Proof. For simplicity we will consider only a one-dimensional case assuming in
addition that f is of class C'([0, 1]) (for a more complete proof see [16]). Then
the Hardy Krause variation is the total variation which for f € C*([0,1]) is equal

= Jy If'(@)|dz.
Let us take a sequence of points v = {uy,...,un} in [0,1]. Using identity
f(x) f 1" (y)dy we obtain
1 1 X 1 Mt 1,1
f@)de—— > f(un) = f(y)dy — f(y)dy dx
/0 ( N; Nn 17 Un ) 0 z (
1y N 1
= [ =D Yu. W f (y)dy - f'(y)dz dy
/ON;(,H() way- | [ 1w
1 1 X
— [ 70 3 ) )y
[ 703 Xt

Let us observe that for a given y

1 & 1 &
7 2 L (®) = 5 D Loy ().
n=1

n=

[y

The right hand side of this equality is F};(y) by Definition 2.13. Since in one
dimension F'(y) = y, we obtain

1 1 X L
/ flords =532 J(wn) = | re @ - Fa)ar

Hence

1
| fa dw——zfun /f (F ) - F(y)|dy

< s () - Pl [ 17lds = V() Divo)

DEFINITION. 2.15 A sequence u = {us,...,un} in [0,1]? is called the low
discrepancy sequence, if

D (u) = o((lnjifv)d)
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Remark. 2.5 One can prove that if U = {Uy,...,Un} is a sequence of indepen-
dent random variables with uniform distribution on [0, 1]d, then samples from this
sequence are uniformly distributed on |0, 1]d. For the discrepancy of such samples,
we have the estimate

Ca , where Cg = O(Inln N),

VN
which shows that the discrepancy of a sequence of random variables is of order
NTL2,

E(Dy(U)) =

Example. 2.16 (Halton sequences) This is an example of an easily computed se-
quence of low discrepancy.

Letb > 2 be a prime number. As is well known, each integer n can be expanded
in the basis b

n=ag—+ab+ -+ apb®, wherea; € {0,1,...,6—1}.
For n with the above expansion we define the radical-inverse function

aq al Qg
Then the b-adic van der Corput sequence is defined as the one-dimensional se-

quence {¥y(n)}nen.

Van der Corput sequences are used as ingredients in the construction of Halton
sequences. The Halton sequence of dimension d is a sequence u = {u;} in [0, 1]¢
defined for by, . .., by pairwise prime numbers as the sequence of vectors

w; = (W, (1), oy (4), ..., W, (4)).

One can prove (but the proof is not easy, see [16]) that the Halton sequence is a
sequence of low discrepancy

(In N)4
N

Dy(u) <C , for a constant C > 0.

Although the Halton sequence is a low discrepancy sequence, it is not advised
for computation of high dimensional integrals since in pairs of the van der Cor-
put sequences for large bases occur cycles with decreasing periods. The Halton
sequence is a good choice for moderate dimensions where the bases of the van
der Corput sequences are not too large. For higher dimensions, one can use the
Sobol’, Faure, or Niederreiter sequences which are obtained by permuting terms



48 CHAPTER 2. RANDOM NUMBER GENERATORS

in the van der Corput sequences for small bases (in the construction of Sobol’ se-
quences only number representation in basis 2 is used). The construction of these
sequences is rather involved and its detailed description is beyond the scope of
these lecture notes. The interested reader can consult the book by Glasserman [21]
and the references cited herein.

The computational method, which uses as nodes of approximation low dis-
crepancy sequences, is called the Quasi Monte Carlo method. From the Koksma-
Hlawka inequality and the definition of low discrepancy sequences, we obtain an
error estimate for this method O(N~(1=9)). Hence, the estimate is better than for
the Monte Carlo method with nodes obtained from pseudo-random numbers. Since
by Quasi Monte Carlo methods, we can compute only multidimensional integrals,
then we need to transform financial problems into such integrals.



Chapter 3

Monte Carlo methods

The history of Monte Carlo methods goes back to Stanislaw Ulam who working on
the Manhattan Project suggested to John von Neumann that the newly developed
ENIAC computer would give them the means to carry out calculations based on
statistical sampling.

The name "the Monte Carlo method" is attributed to their coworker Nicholas
Metropolis who was partly inspired by Ulam’s anecdotes of his gambling uncle
who "just had to go to Monte Carlo". In print the name has appeared for the first
time in the paper: N. Metropolis, S. Ulam — The Monte Carlo method, Journal of
American Statistical Association, 44 (1949). Phelim Boyle [8] was the first who in
1977 used Monte Carlo methods in quantitative finance to compute option prices.

3.1 Monte Carlo integration

Consider the Monte Carlo (MC) computation of expected value E(X) of a random
variable X with a known distribution. The simplest algorithm, the so-called crude
Monte Carlo, can be summarized as follows:

1. Generate a sample X7, ..., X from the distribution of X.
2. Compute the sample average
1 X
X== Z; Xi.

The following theorem, which follows from the strong law of large numbers,
gives a theoretical foundation for MC simulations.

49
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THEOREM. 3.1 Let X1,..., Xy be an i.i.d. sample from the distribution of X,
where BE(X) = p, Cov(X) = X. Let Xy denote the sample mean value and
SN, the sample covariance matrix (subscript N indicates that these moments are
computed from an N -element sample). Then:

1. E(Xy) = p

2. E(Sy) =X

3. limpy o XN = U4, a.s.

4. impy_soo i]N =73 a.s.

By the central limit theorem, we have the following corollary.

COROLLARY. 3.2 If X is one-dimensional (¥ = o2), then
VN(Xn —E(X)) = N(0,0?) in distribution.

Therefore, if z,, denotes a-quantile of a standardized normal distribution, then

OZa/2 0%1—q/2

VN VN
DEFINITION. 3.3 The confidence interval with a confidence level o for Xy is
. Z1—a/2 - Zg
( Xy — 0Z1—a/2 X 0Za/2 )

<Xy —-E(X) <

VN N TUN

Since z1_q 2 = —Z4/2, this confidence interval can be written as

(X 0Z1—a/2 o UZl—a/z)
N — N .
VN '’ VN
Remark. 3.1 In real simulations, we do not know the true value of variance o and
we replace that value with the sample variance

1 & 1 & N
~2 o\ 2 2 )
= — X, — X))y = —— X:— —X-.
A e D DOy N—IZ iITN—1
Jj=1 =]
Let ® be the cumulative distribution function of a standardized normal variable.
Then we have the identity

(21 _aj2) — Blzag) = (1—a/2) —a/2=1—a.

Hence, if I, is the confidence interval with a confidence level «, then P(E(X) €
I,) =1 — q, i.e., the confidence interval I, contains the true value of E(X) with
probability (1 — «).
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MC simulations of E(g(X))

W have earlier remarked that for a random variable X with a known density
¢x the computation of E(g(X)) can be reduced to

B(o(x) = [ a@oxte)is = [ sy

[0,1)¢

which can be treated as the mean value E(f(Y")) for a random variable Y with
uniform distribution on [0, 1]¢. The simulation algorithm of crude Monte Carlo is
then:

1. Generate a sample Y7, . . ., Yy from the uniform distribution of ¥ on [0, 1]%.

2. Compute the average f = + Z;V: 1 f(Y;), which approximates the integral.

THEOREM. 3.4 Let f € L?([0,1]%) and

V3(f) = /[071](1 f*(z)dw — </[o,1]d f(x)d:v>2 < 00.

f computed by the crude Monte Carlo algorithm has the following properties:

1. f S E(f(Y))for N = o, a.s.

2. Let§ = Jioa f(@)dz — f then Var(é) = Vj\([f),

Proof.If Y1,...,Yn are iid, then f(V1),..., f(Yn) are ii.d. too, since f € L?
can be approximated by simple functions. The convergence f — E(f(Y)) follows
from the strong law of large numbers.

‘To compute Var(d) we observe that E(J) = 0 which follows from the equality
E(f) = E(f(Y)) valid by the i.i.d. property of Y7, ..., Yx. Then we get

N 2
Var(§) = E(3*) — & /[0 REUE N Im))

Let us denote v(x) := f[o,l]d f(z)dx — f(x). Then

vartd) =51 (2 00)’).

Jj=1

due to the equality f[(],l]d f(z)dr = % Z;VZI f[O,l}d f(z)da.
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Since v(Y;) are i.i.d., we have E(v(Y;)v(Y;)) = 0, for i # j. These equalities
supplemented with E(v(Y})) = 0 give

N
Var(d) = % ZE(UQ(Y])) = %Var(v(Y)) == v (z)dz.
j=1

On the other hand Var(v(Y)) = V2(f), as

Var(v(Y)) = /[OVI]dU2(az)dm - /[0 S ( /Md f(m)dx>2.

3.2 Variance reduction methods

We have seen that the size of the confidence interval is determined by the value
of \/Var(X)/v/N. We would like to find a method to decrease the size of this
interval by other means than increasing the sample size N, which is usually very
costly (computational complexity is, in the majority of cases, a linear function
of N). These methods are called variance reduction methods, and we describe a
number of them. We illustrate these methods by examples taken from quantitative
finance.

Importance sampling

Suppose that we want to compute = E(X). The concept of importance sampling
is to modify the distribution of X so that most of the sampling is done on those
regions which contribute the most to . We modify the initial distribution P(dw) of
X to an importance sampling distribution P(dw) such that z = E(X) = E(LX),

where L = % is the Radon-Nikodym derivative. The problem is to make an

efficient choice of the modified distribution P(dw).
THEOREM. 3.5 Let X be a random variable with a distribution P. Let us define
P* by the Radon-Nikodym derivative

AP E|X|
dP+ | X|

1
=L* e, P'(dw)= F]P’(dw).

Then the importance sampling estimator of x = E(X) under measure P* has
smaller variance than any other estimator obtained by a change of measure. If
X >0, Pa.s., then the P*-variance of the importance sampling estimator is equal
1o 0.



3.2. VARIANCE REDUCTION METHODS 53

Proof. Let X1,..., Xy be an i.i.d. sample of X. The importance sampling esti-
mator under measure P* is

N
= > XL (X).
j=1
Its variance is
Var*(z*) = Var*(XL").
We have by the definition of L*
* *\ 2 * %\ 2 * 2 2
E((xL)?) =B (1XP(2)°) = E*((BIX))*) = (BIX))*.

It P is another measure with the Radon-Nikodym derivative L such that E(X) =
E(XL), then

(E1x)* = (B(XIL))" < B((XL)?).
E((xL)?) < B((XL)).

Since # = E(X) = E*(XL*) = E(X L), we obtain Var*(XL*) < Var(XL).
If X > 0, then

Hence

Var*(XL*) = B*((XL*)?) — <IE*(XL*))2 = (E(X))” - (E(X))* = 0.

Remark. 3.2 The choice of measure suggested by Theorem 3.5 can never be imple-
mented in practice since to obtain L* we have to know E|X| and this is the value,
we want to estimate. Nevertheless, Theorem 3.5 suggests that variance reduction
can be achieved by sampling in proportion to | X (w)|.

Example. 3.6 Suppose that we want to compute z = P(X € A), where X is a
d-dimensional Gaussian random vector with mean 0 and covariance matrix D.
Theorem 3.5 suggests sampling in proportion to ¢ x (x)1,¢c o, where ¢ x is the den-
sity of X. The rapid decay of ¢ x(x) for large x suggests sampling in the vicinity
of point x*, where ¢x has a maximum over A. Hence, the distribution I@(dw)
can be obtained by a shift of P(dw), with mean 0, to P(dw), with mean x*. This

gives L = EX , where ¢x is the density with mean x*. Knowing the Gaussian

X
distribution formula we obtain

1
L= exp(—(x*)TD_lX + §($*)TD_11‘*).
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Example. 3.7 A special case of the previous example is the computation of VaR
of an investment portfolio. Let us recall

VaRy(X) =infP(-X <z)>1-«a.

Usually, VaR is estimated by computing P(—X > x) for a sequence of different x
and choosing x corresponding to the prescribed confidence level .

For an investment portfolio of d assets with prices S = (S1, ..., Sy) following
a normal distribution, we have to compute P(—X > x) = P(—w' S > ), where
w are the weights of assets in the portfolio.

Assume, like in the previous example, S ~ N (0, D). To implement the im-
portance sampling technique, we have to know x* € R% a point in which the
distribution of S has the maximum over —w' S > x. That leads to the following
optimization problem

max exp <—% TDflz) ,
z

—U)TZ > .

This problem is equivalent to

z

max—%zTDflz,
—w'z >,

which can be solved by the Lagrange multipliers giving

x
w' Dw

*

Inserting that z* as x* into the formula from the previous example we obtain the
importance sampling change of measure in the MC simulations for VaR,(X).

Remark. 3.3 In practice we are interested in computing VaR of losses over a
certain time interval. Let the loss be given by —X =V (to + At) — V (tg) = AV,
where V' is the portfolio value. By a first-order approximation we get AV ~
%—‘{At + %AS. Assuming that AS has a multivariate normal distribution, we
obtain

P(—X > 1) ~ P(Z‘S/As > %‘;At).

Hence, the problem is reduced to the problem analyzed in the last example.
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Antithetic variates
To implement antithetic variates, we generate N i.i.d. random pairs
(X1, X2), (X3, X4), ..., (Xonv—1, Xon).

We assume that variables Xo; 1, X, have identical variances and negative corre-
lations, for j = 1,..., N.

Then
1 2N, 1 X1+ Xy 1
Va.II(ﬁ ;Xz) :NVaI'(T) = E(QOQ(XI) + QUQ(Xl)p)
1
=N ° o(X1)(1+ p),

where p is the correlation of X; and Xo.

Hence, we have to choose X5;_1, X2 to make p possibly close to —1. There
is no simple method for such a choice. The following theorem is a step further to
identifying a suitable candidate.

THEOREM. 3.8 Let X be a one-dimensional random variable with a symmetric

density ¢(x), i.e., X and —X have the same density. If g is a monotonic function
and E(g(X)) < +oc, then

Corr(g(X), 9(—X)) <0.

The above inequality is sharp if g is strictly monotonic over a set of positive P-
measure, where P is implied by the distribution of X.

Proof. Let m = E(g(X)) < +o0, ¢ = inf{y € R: g(y) > m}. Then we get

Since
( () —m) (g(~x) = g(=¢)) <0
and by definition [, (g(z) — m)¢(z)dz = 0, then

Cov(g(X /R (9(=z) = m)¢(x)dz < 0.
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If g() is strictly monotonic over ¢(z) > 0, then

(9(37) - m) (g(—x) - g(—C)) <0, as.

and the integral is strictly less than zero. [ |

Example. 3.9 A standard example of antithetic variates appears in the computa-
tion of option prices in the Black-Scholes model. Since the price of the underlying
is

Xr =Xy eXp((r - 02/2)T + O'WT),
we take as an antithetic variate
Xr =Xo exp((r - 02/2)T — O'WT>,

hence Wr is replaced by —Wr.

As W has symmetric density, for a monotonic g(Xr) the function f(Wrp) =
g(Xr) is monotonic as the superposition of a monotonic function g with the strictly
increasing exponential function. Hence, for a monotonic g, the use of antithetic
variates in the Black-Scholes model gives always a reduction of variance.

Control variates

The idea behind the control variates is as follows. We wish to estimate =z = E(X).
Suppose that we can somehow find another random variable Y, which is close to
X in some sense and has known expectation y = E(Y").

Let & and ¢ be estimators of x and y, respectively. Then the control variate
estimator is

Ty = i‘—i-a(@ - y)
The optimal choice of o should minimize the variance of the control variate esti-
mator
Var(Ze,) = Var(z) + o*Var(4) + 2aCov(z, ).

The right hand side is minimal for

o  Cov(z,9)
Var(j)
Then s
Var(Ze,) = Var(z) — (CC\);;(;U(;;;)) = Var(2)(1 — p?),

where p is the correlation of & and .
This computation shows that we have to look for Y with |p| possibly close to
1.
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Example. 3.10 (Underlying asset as a control variate) Suppose we are pricing
an option in the Black-Scholes model. If S, is an asset price, then S, = exp(—rt)S;
is a martingale. Assume we are pricing a European option with payoff Y = g(St)
and maturity T. To estimate St we perform N simulations S7, j = 1,..., N, and
compute Y7 = g(S7). The control variate estimator is

1M, A
N Z(Y] — (97 - eXp(TT)So)>.
j=1

Example. 3.11 (Hedge control variates) Because the payoff of a hedged portfo-
lio has a lower standard deviation than the payoff of an unhedged one, using
hedges can reduce the volatility of the portfolio. Let V (t) = ¢(S;) denote an
option price at time t. A delta hedge consists of holding A = 0V /0S shares of
the underlying asset, which is rebalanced at discrete time intervals. At time T, the
hedge consists of the savings account and the asset, which closely replicates the
payoff of the option. If V (t) is the discounted price then

- N Tov .

T(T) = V(to) + / a3,

to

We write a discrete approximation to the above formula dividing [ty, T into n
subintervals with endpoints t;, i = 0,...,n, and replacing the integral by a dis-
crete sum. In addition, we discount all terms to time T'. Then we can write

n—1
V(D) = V() 0 4 3 20
1=0

(Sti+1 — Stier(twlfti)) o (T—tit1)

Let us note that

n—1
CV = Z aV(tz) (Sti+1 — Stier(twlfti))er(TftiH)
i=0

oS

is an approximation of a martingale with expectation zero (a stochastic integral).
We will use this expression as a control variate. We simulate N trajectories Sji,
j =1,...,N. On each trajectory we compute the option price VI(T) = g(Sgn)
and the control variate
n—1 i
Vi = ov/ (tl) (SJ
i=0 05 o

_ Sg_eT(ti+1*ti))eT(T*tiH)_

Then we obtain the control variate estimator
1 X . 4
V(to)e 1) = — N "(VI(T) — CVY).

N <4
7=1



58 CHAPTER 3. MONTE CARLO METHODS

Example. 3.12 (Asian option in the Black-Scholes model) Asian options are op-
tions with payoff depending on the average price of the underlying asset on [0, T

1 T
- — dt.
T/O St

Even in the most elementary Black-Scholes model, there is no analytic expression
for the price of a call or put option on that underlying. On the other hand, for the
corresponding geometric average Asian option

1 T
Sgm = exp(T/O In Stdt>

there is an analytic formula similar to the Black-Scholes formula.
To derive that formula we use the expression Sy = Sg exp ((r —0/2)t+ Cth)-
Taking in that expression So = 1, computing In Sy and integrating, we obtain

/ In S, dt = (r—02/2 /Wtdt

To evaluate the integral fOT Wydt we observe that this random variable is nor-
mally distributed. It is sufficient to compute the mean and variance for X =
F fOT Whdt. It is easy to see that E(X) = 0 due to E(W;) = 0. To evaluate the
variance of X we compute only

E(X?) = TZE</OT Wtdt>2.

Integrating by parts we obtain fOT Widt = fo — t)dW;. Then

E TWtdtzzE T(T—t)thQ: T(T—t)th:1T3.
(f o) = [ er=om) = | ;

This gives the distribution of o /T fOT Wydt ~ N(0,0%T/3) and also
2

1 [T o2\ T o

Hence, we can price the option using the Black-Scholes formula.
Let us recall that in the Black-Scholes model for a stock paying a continuous
dividend with rate r4, we have
2

In Sy ~ N ((r = ra = )t 0%). (3.2)
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where v is the stock volatility.
The call price in this model is given by the formula

Vi = e "0, (dy (S, T — 1)) — Ke "I D®(do(S,, T — 1)),  (3.3)

where

(S K) + (=g + D)T —t)
N vV/T —t

dg(St,T— t) = dl(St,T — ) —ovT —t.

dl(St, T — t)

Comparing the distribution given by (3.1) with the distribution of In St from (3.2)
we see that by making in the Black-Scholes formula (3.3) the substitutions

o r o? 1, 2

r g
V3 Tty TRt T T

v =

we arrive at the price of the geometric average Asian call option

1y
Vo=e (e )TS0<I>(b1) e TK®(by),

where
S 1 2
b Info+§(r+%)T T
1= - ;o b2=0b1 — —=VI.
VT V3

The price for the arithmetic average Asian option is estimated by the following al-
gorithm: we discretize the time interval [0, T| with points t;, i = 1,. .., n, simulate
N price trajectories (S )1<i<n, 7 = 1 ..., N, and on each trajectory compute

n +
A = exp(—rT) (1 E s — K) )
n K2
i=1

G’ = exp(—rT) ((ﬁsg) : - K) +,

X7 = AT —(G7 - V).

The estimator of the price for the arithmetic average Asian option is

o1 L
X:N;XJ.
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Remark. 3.4 The estimator of the last example is biased. This bias can be ex-
plained by the fact that in the MC simulation, we use discrete geometric averaging,
and the analytic price has been computed for the continuous geometric average.
Fortunately, we can derive (computations are a bit more complicated) an analytic
formula for the discrete geometric average call option. Discretizing the time inter-
val [0, T] into n subintervals of equal length we obtain the following price of the
discrete geometric average Asian call option

Tt (g2 (et 1)En1) o . B .
Vp = e " TH5m = 2ATH 50T G0 d(by) — e T K ®(by),

where
by — log % + "2—21(7" —o2/2)T + 7("“27(122”“)02T
- T(n+ézl(22n+1)
. N T 1)(2 1
iy T IETE T
6n?2

Using Vp instead of Vy we remove the bias.

3.3 Greeks

In this section, we will describe selected methods for estimating sensitivities, i.e.,
derivatives with respect to parameters for expectations of certain random variables.
When these expectations are contingent claim prices, the sensitivities are called
Greeks.

Finite differences

Consider a contingent claim Y (6) depending on a parameter 6. Our goal is to com-
pute the derivative with respect to 6 of the expectation y(6) = E(Y (0)). We can
approximate this derivative by finite differences. To understand existing possibili-
ties let us take a function f(6) of class C. We can approximate its derivative in at
least two ways:

F/(0) ~h (f(0+h)— f(0), forward difference,

F(0) ~ (2h) "1 (f(@+h) — f(6 —h)), central difference.
Each of these methods gives a different error

FO+N =00 )| _ o

h

2h
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Take N simulations Y;(6), j = 1,...,N. Let §(0) = + Z;VZI Y;(0) be the
estimator of y(#). We can estimate /() using forward or central differences

N
7e(0) = 3 SO HTH Y50+ )~ Vi(6)),
j=1
1 N
Jo0) = 5 D_(2h) M (Y30 + k) = Y3(0 = h).
7=1

We also have a choice in simulating Y (#): (i) we can simulate Y (6 + h) and
Y(0) (Y (0 + h) and Y (0 — h), respectively) independently or (ii) simulate both
random variables Y (6 + h) and Y (0) (Y (60 + h) and Y (0 — h), respectively) using
a common sequence of pseudo-random numbers. Hence, we have in fact four
estimators: gj}m, g}%“, gj’cz and i'yc“

To decide which of these estimators apply in computation, let us analyze the
bias for the two methods of derivative approximation

Bias(jp) = E(jr — y'(0)) = O(h),
Bias(jc) = E(j0 — y'(0)) = O(h%).

The above formulas suggest that the smaller & the better the accuracy. This
conclusion is premature. The effect on bias must be mitigated by the effect on
variance. Let us compute the variances for the aforementioned methods of simula-
tionY (0+h)and Y (0) (Y (0+h) and Y (6 — h), respectively). When the sequence
Y;(0 + h) is generated independently from the sequence Y;(#), then

Vaf(&iyj 9+h (9))

=1

.

:“I—l

iv: (Var Y;(6 + h)) + Var(Y; (9)))
(

2 N2
< h)) | Var(Y(6))
N

) N thVar(Y(e)).

:“I—\

Hence, Var(j/;,) = O(N~'h~?).
Similar computations for Y (6 + h) and Y (0) (Y (6 + h) and Y (6 — h), respec-
tively) simulated from common pseudo-random numbers, when Y (0) fulfills the
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assumptions of Lemma 3.14 (see the next section), give

Var <

2|~

Y;(0+h)— Yj(9)>
h

1

<
Il

Y(0+h)—
h

~

Var( Y(0)> — %Var(Y’(@)).

=

Hence Var(yf ;) = O(N~Y).

If the assumptions of Lemma 3.14 are not fulfilled, we can only expect that
Var(Y (6 + h) — Y(6)) — 0 for h — 0. There are no rigorous results about
the rate of convergence. The numerical experience says that the typical rate is
Var (g ;) = O(N~'h~1). The results for the estimators §ji. ; and g ;; are similar.
Hence, the variance increases with h — 0. The best choice of the step size h has to
be a compromise between a small i which decreases Bias(¢’) and a large h which
decreases the variance of the estimator.

Example. 3.13 Let us compute the value of Delta for an option with payoff g(St)
in the Black-Scholes model. As

St = zexp((r - 0'2/2)T—|—O'WT),

we have
| XN
= ohN g_ < (;U—I—h exp((r—02/2)T+av £])>

_g<(x —h) exp<(r —0%/2)T + aﬁ&j))>,

where we have applied central differences and a common sequence of normal vari-
ables &; to simulate Wiener process.

Pathwise differentiation

The idea is based on the equality

d d dY). G

V0 = B () = E(@

The conditions for the validity of (3.4) are given in the following lemma.
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LEMMA. 3.14 Assume that Y (0) is differentiable a.s. at 0y and satisfies a.s. the
Lipschitz condition
Y (61) — Y (62)| < M|6; — 0],

for 61, 03 in a non-random neighborhood of 6y and E(M) < +o0o. Then (3.4) is
satisfied at 0 = 0.
Proof. Let y(6) = E(Y (6)). Then

/ . ylbo+h) —y(Bo) ..
100 = )

(Y(Qg + h})L —Y(6o) ) 35)

Since (Y (6p+h)—Y (6))/h < M this quotient converges to Y”(6). By the theo-
rem of dominated convergence the right hand side of (3.5) converges to E(Y”(6y)).
|

Example. 3.15 As previously, we compute Delta of a call option in the Black-
Scholes model

E(g(S§)) = exp(—rTE( (8§ - K)"),

where

St = wexp((r — 02/2)T+ a\/fg), E~N(0,1).

dg dg dST
A=E|—=]|=E .
<daz) (dS% dx

By simple computations we get:

Then

dS%:% dg  _.p d 0, forS7 < K,

) =e st ) =T
de — x’ dS% dS%(T ) {1, for S% > K.

To compute Delta, we ignore that the derivative in the last equality does not exist
for S5, = K since this is an event with probability O.
Eventually, we obtain

dg —rT SII“

But Gamma cannot be computed by this approach, even for the Black-Scholes
model, as the payoff function is not twice differentiable.
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The likelihood ratio method

The most generally applicable method for computation of Greeks is the likelihood
ratio method. Suppose we have to compute the derivative of E(Y (6)) with respect
to . The key feature is that the dependence on 6 is restricted to the measure
Pg(dW), e

y(0) = E(Y(0)) = /Q Y (w)Pp(dw).

The conditions for the interchange of differentiation and integration are given in
the following lemma.

LEMMA. 3.16 Let (¢ (317))9ee be a family of densities on R such that ¢¢(x) is
continuously differentiable with respect to 0 a.e. x € R. Then

i [ o@enida = [ o) )

for 6 in an open interval ©¢ C O, if and only if g € LY and }%(wﬂ < M(x)
x-a.s., for each 0 € ©g, and M € LP, where 1/p+1/q = 1.

Proof. Assume that (6 — €,6 + €) C ©g. For |h| < € we have

H( [ st@ionnorte— [ gtaisntaras )
_ /Rg(x)¢e+h($)h— Po(z) ,  _ /Rg(i)ﬁb’o*(x)dx

where 0* € (0 — |h|,0 + |h|).
By the theorem assupmtions |¢). ()| < M (z) and

‘ / x) s (z)dx

Hence the left hand side of (3.6) is bounded from above and we can pass to the
limit for h — 0 by the dominated convergence theorem. [ |

(3.6)

/ \g ’dl" < HQHLqHMHLp < 4o00.

Example. 3.17 We illustrate the method by computing Delta and Gamma in the
Black-Scholes model, i.e., we compute the x-derivatives of E(g(S7)).

Assume that we know the transition density from x to S7.: ¢(ST) = ¢(x, ST).
This function is the density of S7. Then we have

E(g(5%)) = /R 9(SE)p(x, 55)dS3 = / 4(8)6(z, S)ds.

R
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We formally differentiate this integral to obtain Delta

A =3 B(a(57) = [ 9(5) 50l )ds

0
)

= [ o) %52 ol 5)ds = B((5)
R x

The second differentiation gives Gamma (¢ is a smooth function in the Black-
Scholes model)

o2 i 9%In¢ d1n ¢ ¢
P =50(5) = [ a(9)(S5 0l 8) + 050 )as

0?In ¢ Olng\2
— )%+ (%) )otw. s)as
0%In ¢ dln g2
—E(g(5)< 02 * ( Oz ) >>
Using the density of ST in the Black-Scholes model

1 <lnS/x—(r—02/2)T>2
oz, §) = V22T S A 20T

we obtain

Ong InS/z — (r—o%/2)T

Ox x0T ’
0?In ¢ _ 1 +InS/z — (r —o%/2)T
Ox? x202T '

Remark. 3.5 The likelihood ratio method can be used for computation of other
Greeks provided we know ¢(x,S), i.e., for many European options.






Chapter 4

Integration of stochastic
differential equations

The computation of E(X) from a known distribution of X is a rare event. A more
common situation is where X is the value at time 7" of a stochastic process X; with
the dynamics given by a stochastic differential equation. MC simulations can be
used to solve that equation and obtain an approximate distribution of X. In what
follows, we restrict our presentation to the Itd stochastic equation

dX; = b(t, Xt)dt + O'(t, Xt)th, t>0, Xg=uz,

where W, is a standard Wiener process.
Solving that equation means solving the integral equation

¢ ¢
Xi=Xo+ / b(s, Xs)ds + / o(s, Xg)dWs, 4.1
0 0

where fg o(s, Xs)dW, denotes the Itd integral.

We assume that the coefficients b(¢, x) and o (¢, z) fulfill the assumptions of
Theorem 1.2 and equation (4.1) has a unique strong solution.

The numerical integration of (4.1) means, in fact, a numerical approximation
of the corresponding integrals. The main difficulty is in the approximation of the
1t6 integral.

4.1 Numerical schemes for stochastic differential equa-
tions

We begin our analysis with a discrete interpolation of the one-dimensional Wiener
process W;. To interpolate W; in the interval [0, 7] we divide this interval into N

67



68 CHAPTER 4. INTEGRATION OF SDE

equal subintervals of length h = T'/N with grid points

T
tn:nh:nﬁ, n=20,...,N.

The Wiener process W; can be approximated in points ¢,, by the expression

Wy =Wy, + AWy, Wi, = Wo =0,

n+1
where AW, are i.i.d. variables with distribution N (0, h).

LEMMA. 4.1 Let W} take values Wy, at points t,, and be linearly interpolated
between these points. Then

T
]E</ Wi — Wt\dt> =CN/2.
0

Proof. Let Z/ = W, — LWy denote the Brownian bridge in the interval [0, 7.
Then the process

T
/ W) — Wi dt
0

has the same distribution as the sum of IV copies of
T/N
/ 127t
0

Let us notice that {ZtTT}ogtgl has the same distribution as {\/TZtl}ogtg by the
scaling property of Wiener process. Farther, Z} ~ N(0,t(1 — t)) since EZ} = 0

and E((Ztl)z) = E(W2 = 2tW, Wy + £2WE) =t — {2,
Hence

T b B T/N /N B 1 T/N
E Wl —Wy|dt ) = NE |2, |dt ) = TE( | |Z4)y]ds
0 0 0
T3/2 1 1 T3/2 1 28(1 _ S) 1
_ _ N — ON1/2
= N2 ]E</0 ‘Z5|d8> _N1/2/0 - ds=CN .

The second equality above is obtained by substitution ¢ s%; the fourth, follows
from the formula E|¢| = % for & ~ N(0,0?), and the distribution of Z}. m

Numerical schemes used for the integration of SDEs can be easily obtained by
expanding coefficients of the equation by Taylor’s formula combined with the Itd
lemma and truncating the expansion at an appropriate level. That procedure, called
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the Ito-Taylor expansion, can be applied to stochastic differential equations of any
finite dimension.
Consider the multi-dimensional equation

t t
X = Xy, —i—/ b(s,XS)ds—l—/ o(s, Xs)dWs, 4.2)

to to
where X and b are d-dimensional vectors, o is a matrix with dimension d X m and
Wy is an m-dimensional Wiener process. Applying the Itd lemma to the coeffi-
cients b and o we obtain

s 9b(v, X,)

b(s, Xs) = b(to, Xey) + / 02 g
b Xv)
/ Z (v, v, Xy)dv
to j=1
0%b(v, Xy) ( "
o; ?) X QMO' (U X))d
/to ZZ: 8:0,8% k;I
8() Xy)
/ Z (v, <ZO‘ v, Xyp) dW]>
to j=1
and
5 0o (v, X,
o(s, Xs) Za(to,Xto)-i-/ U(g)dv
to v
d
s 0o (v, Xy)
+/to Zi&ci bi(v, X,,)dv
=1
1/ 0?0 (v, X, )( SN !
+ - _ o; (v, Xy)Qrios (v, Xy) | dv
Xy) (o= :
[ Z O (S v x)aw )
to j=1 j=1
where () denotes the covariance matrix of W;.
Defining the operators
d d 2 m
0 f L1 o°f key
1,j=1 k=1

Lif= Zaf J j=1,...,m,

ox; i
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we can write

b(s,XS):b(tO,Xto)—i—/ LUb(v,XU)dv—i—Z/ LIb(v, X, )dW,
to j=1 to

J(S,XS):U(tO,XtO)—i—/ Loa(v,Xv)dv—i—Z/ Lio(v, X,)dW).
to j=1 to

Inserting these expansions into (4.2) we get
Xt = Xt() + b(to, Xto)(t — to) + O'(t(), Xto)(Wt - Wto) + ’I”(t), (43)

where the remainder is

t s m t ops ‘
r(t):/ / Lob(v,Xv)dvds+Z/ / Lib(v, X, )dW/ds
to Jto j=1 to Jto

t s m t s
+ / / Loa(v, Xy)dvdWy + Z/ / LjU(U, Xv)dedWs
to Jto j=1 to Jto

By discarding the remainder, we obtain the first-order approximation

Xt = Xy + b(to, Xo ) (t — to) + o (to, Xig) (Wi — Wy,)

(4.4)

which is the Euler-Maruyama scheme. In one dimension the algorithm of the Euler-
Maruyama scheme has the form:

Xo ==z,
Xnt1 = X + 0(tn, Xpn)h + o(ty, Xn) AW,

where AW,, =W, ., — Wy,.
To obtain a better approximation we can expand terms L’ o (¢, X;) using the Ito
lemma

t
Lio(t, X)) = L (ty, Xuy) + / L0Li6 (v, X, )dv

to
+ Z / L0 (v, X,)dW5.
j=1"t
Substituting these expansions into (%) we obtain the following expression for
Xy
Xt = Xy + blto, X4o) (t — to) + o(to, Xeo)(We — Wyy)

UL tops 4.5
+ZLJU(t0,XtO)/ / AWIdW, + r(t), *43)
j=1 to Jto
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where the new remainder is

m

t s
Z/ / Lib(v, X, )dW/ds

j=1 to Jto

t S
ri(t) = /t /t L% (v, X,,)dvds +
0 0
t S
- / / Lo (v, X)) dvd W
to Jto
m t S1 S92 ) )
+> / / / L°LIo(v, X,)dvd W2 W,
j=1 to Jto to

+ > / / / LI D20 (v, X,)dWE2dWIdW, .
to Jto to

Ji,j2=1

Discarding 71 (¢) we obtain the multi-dimensional Milstein scheme. To imple-
ment this scheme effectively, we have to compute the iterated Itd integrals

t s )
/ / AW dW,
to Jto

which is a highly non-trivial operation. Hence, we limit our considerations to a
one-dimensional case where the integral can be easily computed

t S t 1
/ / AW, dWs = | (Ws — Wy, )dW, = 5((Wt — Wiy)? — (t —to)).
to Jto

to

Then we obtain the one-dimensional Milstein scheme:

Xo =z,
Xnt1 = Xp + b(tn, Xn)h + o(tn, Xp) AW,

+ %g—g(tn,Xn)a(tn,Xn)((AWn)z —h).
Below we will concentrate on one-dimensional schemes. To investigate the con-
vergence of numerical schemes we have to compare the stochastic process X; to
its numerical approximation. The problem is that numerical schemes generate only
a sequence of random variables X,,. Hence, we extend that sequence to a process
defined for all ¢ either by the linear interpolation

t—t,

Xh=x
t n+tn+1_tn

(Xng1 — Xp) fort € [ty tns1)

or the piecewise constant interpolation

X=X, fort € [tn, tny1),
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where the superscript h indicates the dependence on the time increment h.
Despite the difference in these approximations, one obtains the same limits for
N — 0.

DEFINITION. 4.2 A numerical scheme is strongly convergent of order v, if for
each h < hyg
E(|Xr - Xf|) < Cri.

A numerical scheme is weakly convergent of order , if for each h < hg
[Ef(Xr) - Ef(X})] < Chn,

for every f of class C*Y*), where f and its derivatives up to order 2(1+~) have
polynomial growth. The constants Cr, C’% depend on the SDE and the parameters
indicated as indices (T or T and f).

Remark. 4.1 The relevant order of convergence is 1/2,1,3/2,2,5/2,..., i.e., an
integer multiplicity of 1/2. Then 2(1 + v) is an integer and C24) s a usual
space of functions continuous together with their derivatives.

4.2 Proofs of convergence

We will analyze the convergence rate of the Euler-Maruyama and Milstein schemes
in the one-dimensional case. We begin with the strong convergence of the Euler-
Maruyama scheme.

THEOREM. 4.3 Consider the stochastic differential equation (4.1) with the co-
efficients that fulfill the following conditions:

(A1) |b(t,z) = b(t,y)| + |o(t, x) —o(t,y)| < Kl —y
);
(A3) |b(t,x) —b(s,x)| + |o(t,x) —o(s,z)| < K(1+ |z|)vVt—s;

forz,y € Randt,s € [0,T], t > s.
The Euler-Maruyama scheme for equation (4.1) reads

bl

(A2) [b(t,2)] + |o(t,2)| < K(1+ o

XP = X4 b(t, XD R A4 o (ta, X AW,,

where

T
th, th=nh,n=0,....N; AW, =W , —Wy,,n=0,...,N—1,
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and the superscript h in XflZ indicates the dependence on the time step h.
The obtained sequence of random variables is extended to a process on [0, T
by linear approximation which for t € [ty t, 1) is given by the expression

t t
Xt = X,’;+/ b(tn,Xf;)der/ o(tn, XMdW,, n=0,... N-1, X} = Xk,
tn tn
Then
]E( sup | X; — Xﬂ) = O(h'/?).
te[0,7)

The solution Xth of the above theorem is defined piecewise for ¢ € [t,,, tp41).
To define X} by one equation for all ¢+ € [0, 7], we introduce for ¢ € [0, 7] the
function

U, = max{t,,n=0,...,N: t, <t}.

Then X\}ﬁt — X! fort € [t,,tni1) and X" is given by the equation
X = x—l—/ b(\lls,Xff,S)der/ o(Vs, X§)dWs. (4.6)
0 0

The proof of Theorem 4.3 requires a uniform bound of the solution Xth that
can be obtained with the help of the Burkholder-Davis-Gundy inequality [29].

LEMMA. 4.4 (Burkholder-Davis-Gundy inequality) Let (M) te(u,y) be a con-
tinuous square integrable martingale. For each m > 0 there exist constants
0 <k < Ky, < 00 such that

kaE<(<M>U)m> < IE( sup |Mt|2m) < KmE(((M>v)m)7

te[u,v]

where (M), denotes the quadratic variation of M.
Then we can prove the following estimate.

LEMMA. 4.5 Let f(th be the Euler-Maruyama approximation defined in Theorem
4.3. Then under assumptions (Al) and (A2) of this theorem for each p > 1, we get
the estimate

~ 1/p
supE( sup |Xth]p) < +o00.
h<1 t€[0,T]
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Proof. Since h = % is now fixed, we omit the superscript & in the proof. Then the
equation for X’t = X'th reads

Xt:a:+/ b(\Ifs,X\ps)ds+/ (s, Xy )dWVs,
0 0

From the above equation we have the estimate

_ s ~ p
sup | X, < 371 <|x\p | [ b, Xy, o
s<t s<t 0
s i » 4.7)
+ sup / o(Vy, Xy, )dW, >,
s<t 0
which follows from Jensen’s inequality for the convex function |z|?
a1+ + apP < 0P H(Jar P+ -+ |anP).
We estimate separately each term in (4.7). By Jensen’s inequality we get
S - p 1 S - p S -
W/ b(Wy, Xy, )dv :Sp(/ b(Wy, Xy, )dv SSWJ/EMUEHX%)%M
0 s Jo 0

< sP—lKP/ (1+ Xy, |)’dv < C(1+/ Ivalpdv)-
0 0

For fixed h and n = 0,..., N, we have | X;, | < +0c0. Hence, by assumption
(A2) of Theorem 4.3, the stochastic integral

t
(/ a(\I/v,Xq,U)dWU>
0 t<T

is a square integrable martingale. By the Burkholder-Davis-Gundy inequality, as-
sumption (A2) of Theorem 4.3, and Holder’s inequality, we get
p/2
2ah;) )

(o ) ex(( [ oo
pdv>.

t t
sszGN21/1demX¢J%Yﬁm§:§C(y+/IMX%
0 0
E(sup‘Xs‘p> §0(1+/ E‘X\pv‘pd?)) §C<1+/ E(sup‘XrV’)dv).
s<t 0 0 r<v

‘/‘J(vagmﬂdﬂﬂ
0

Collecting the estimates we obtain
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By Gronwall’s inequality, we obtain the desired estimate

E(sup \f(s\p> < +00.

s<t

The following technical lemma will be useful in the proof of Theorem 4.3.

LEMMA. 4.6 Let f(th be the Euler-Maruyama approximation defined in Theorem
4.3. Then under assumptions (Al) and (A2) of this theorem for each p > 1, we
have the estimate

sup]E( sup | X! — f(ff,t\p) < ChP/?,
h<l  “Me[0,T]

Proof. As in the previous proof, we omit the index h. It is sufficient to prove the
estimate in a single interval [t,,,t,+1). Since X; = Xy, at each point ¢,, then for
t € [tn,tn+1) We get by Jensen’s inequality

p)

~ . ¢ » t
X, - Xy, [P < C ‘ b(tn,Xn)dv‘ + ( o (tn, Xn) AW,
tn tn
By assumption (A2) and Lemma 4.5 we have
t
E(’/ b(tn,Xn)dv’p) < CWPE(1+|X,[P) < ChP.
tn

Since the stochastic integral

¢
/ o (ty, Xpn)dW,
tn

is a square integrable martingale then, similarly like in the proof of Lemma 4.5, we

obtain
P tnt p/2
) < CE((/ ]a(tn,Xn)Pdv) )
tn

< CRPPE(L+ |X,|P) < ChP/2.

t
E(‘ / o (tn, X)W,
tn

Collecting the above estimates we get

E( sup |X,— X%V’) < ChP + ChP/? < ChP/2,

tE[tn,tn+1)

from where the result follows. [ |
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Proof of Theorem 4.3. Using function ¥, we can write
Xi=z+ / b(¥s, Xy, )ds + / o(Vs, Xy, )dWs,
0 0

where, as previously, we omit the superscript A in Xth. Then for ¢t € [t,, tnht1) We
get

X — Xt = Rl(t) + Rz(t),

where
t t ~
Rl(t):/o b(s,Xs)ds—/O b(Vs, Xy, )ds,
t t
Rg(t):/o a(s,Xs)dWS—/O o(U,, Xy, )dWs.
Let
2(t) = EB(X; — X4)%, () = E(Ri (1)), ra(t) = E(Ra(t)).
Then

2(t) = B(Ru(t) + Ra(t))” < 2r1(t) + 2r(1).
We now estimate separately 1 () and ra(t).
¢ B t 3 3
Ri(t) = / (b5, Xo)ds — b(s, Xu,) ) ds +/ (b5, Xu.) = b(Ws, X)) ds.
0 0
For the first integral we get the estimate
t B 2 t B 2
E((/ <b(s,XS) - b(s,X\pS)>ds> ) < E((/ K| X, - X\ys{ds> )
0 0
t ~ ~ ~
< 2K2T E(/ (X = %)"+ (X, - X\ps)z)ds>
0
t t o
< 2K2T/ z(s)ds + 2K*T E(/ (Xs — Xu,) ds)
0 0
t
< C/ z(s)ds + Ch
0

as z(s) = E(X, — Xs)2 and (X, — X\ps)Q is estimated from Lemma 4.6.
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For the second integral we obtain

E((/ (b( Xu.) — b(¥,, Xy, )>d3)2>
<TIE</ b(s, Xu,) b(‘I’S,X\I/S))Qd.s)

<2TE / K2(1+|Xg,*)(s —
0

<2TK*(1+M)) (/ttkﬂ(s

k<n

v.)ds )

~t0)ds)

1
<2TK*(1+ M) - 5h2n < T*K*(1+ M)h,

where M = E(sup,<p | X,|?) < +00 by Lemma 4.5.

Collecting these estimates and assuming 2 < 1 we obtain

ri(t) = E(Rl(S))2 < Cih+ G /Ot z(s)ds

We perform similar computations for ro(t).

Rg(t):/ot (0(3, X,) — o(s,Xq,S)>dWS + /Ot (a(s,

For the first integral we get the estimate

E((/Ot (o(s. %) - U(S,X@S))dws>2>
- E</Ot<a(s, X.) - ofs, st))2d3>

X\Ps) - U(\IJ57 X‘ljs)

77

)dWS.

< 2K? E(/t(XS = Xs)2d3> +2K? E(/Ot(Xs - Xu,)’ds)

<C/ s)ds + Ch.
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The estimate for the second integral is as follows

E ( (/Ot (U(S, Xu,) — o (¥, X\ps)>dWs)2>
~ ([ (otsi o) o0 %) )

t
<2E (/ K2(1+ X, |?) (s — \I/S)ds>
0
<2K?(1+ M) - %h% = (nh)K?(1 + M)h < TK*(1 + M)h.
Collecting the estimates we write
t
ralt) = E(R (1))’ < Cih + 02/ +(s)ds.
0
The estimates of 71 and ro give together
t
z(t) < Cih + Cg/ z(s)ds.
0

By Gronwall’s inequality, we get
z(t) < Cihexp(Cat).

Hence by the Doob maximal inequality we complete the proof

1/2

E(tes[%%] | Xt — Xt|> < (E<tes[%%] | X — Xt|>2)

) 1/2
< 2<E<\XT - XTy2)> < C(=(m)"* < chV/2

For the one-dimensional Milstein scheme, we have a better rate of convergence.
To make the proof simpler, we impose assumptions stronger than required.

THEOREM. 4.7 Let the coefficients of equation (4.1) be of class C**([0, T] xR).
In addition, these coefficients fulfill the conditions:

(BI) |b(t,x)] < K(1+ |z|) and |b(t,z) — b(s,z)| < K(1+ |z|)vt — s;
(B2) |lo(t,x)| < K and |o(t,z) — o(s,z)| < K\t — s;
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(B3) | %(t,x)| + |22 (t,2)| + | L (t,2)| + |25 (t,2)| < K

(B4) |%(t,x)| + |22 (t,2)| < K(1+|z|).

In the notation of Theorem 4.3 the Milstein scheme for equation (4.1) reads

XM =X o, X+ o(te, X AW,
1 g
+3 99 (t, X1)o (tn, X2) (AW,)? = ).

The above sequence of random variables is extended to a process on [0,T] b
linear approximation that for t € [t,, tn41) is given by the expression

t t
Xh=x"4+ /b(tn,Xh)ds+/ o (tn, XM dW,
tn

// 9 (tn, X2)o (tn, X1 dW,dW,
tn Jtn

forn=0,...,N —1with Xk = X}.
Under the above assumptions, we have the estimate

E( sup | X; — X,ﬂ) = O(h).
te[0,7)

Proof. To simplify the proof, we will investigate the case of time-independent co-
2
efficients. Then the derivatives % and % will be denoted by f’ and f”.

We rewrite equation (4.2) in a form more convenient for the proof. For ¢ €
[tn,tn+1) We apply the Itd-Taylor expansion (4.3) with tg = t,. Iterating this
expansion over all subintervals [t t;41) for k& < n we obtain

t t
Xi==x +/ b(Xy,)ds +/ o(Xy,)dWs
0 0
t s
+ / / o' (Xy,)o(Xy,)dW,dWs + R(t),
0 s

where the function U, = max{t,: t, < t} is used to simplify the notation. The
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remainder R(t) is

/ / (v'(x b"( )2 ( X,))dvds
—l—/ b'( v)0(Xy)dWyds
1 2
) + 50" (X,)0% (X)) dvd WV,
/ / ) — (X, )0 (X)) dW,dW,.
For the Milstein approximation we have
Xt::c+/ b(Xq,S)ds+/ o (Ko, ) AW,
0 0
t s _ ~
+/ / U,(X\pS)O'(X\pS)dedWS.
0 s
Then for t € [t,, tn+1) We get

Xy — Xy = Ai(t) + Ao(t) + As(t) + R(t),

where

Let
2(t) —SSLiIt)E(X X2, ai(t) —ssg)E(A( N2, i=1,2,3
(1) = sup B(R(s)?
Then

2(t) = sup E (A1 (s)+ Aa(s) + A3(s) + R(s))” < 4(ar(t) +aa(t) +az(t) +7(t)).

s<t
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We now estimate separately every term.

Since b(x) and o(x) have bounded first derivatives, both functions are glob-
ally Lipschitz continuous. By this Lipschitz continuity and the Cauchy-Schwarz
inequality we get for A;

E(A3(1)) = E(( / ' (b(X,) - b(;z%))ds)Q)

t t
< KT / E((Xq,s - X%)Z)ds < C/ 2(s)ds.
0 0

For A, we use the 1t6 isometry of stochastic integrals

E(A3(1)) = E(( / (o(Xu.) - o()zxpS))dWs)Q)
_ /OtE((a(X\ps) ~o(Xu.))’)ds
< K2 /OtIE<(X\1,S - X@S)2>ds < C/Otz(s)ds.

To estimate A3 we use the boundedness of o(z) and the Lipschitz continuity of
o’ (z) which follows by the boundedness of ¢”(x). Applying the Itd isometry two
times we obtain

E(A3(1)) = E<</ |, (o) - o (K Jo(a, )WV, ) )

- /OtE<</SS (o' (Xw,)o(Xw,) — U/(X\IIS)U(X\IIS))dWU> 2) ds

- /t /S E((U,(X\I/S)U(X\Ds) —a’(f(\ps)a(f(q,s))z)dvds
0 s

< Ch/OtIE((X\pS - X%)Z)ds < C/Otz(s)ds.

We split the remainder R(¢) into its four components R; to R4 and estimate
each component separately.
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By assumptions (B2), (B3), and Theorem 1.2 we get

E(R? ((// (v(x b”( o (v))dvds>2)
< TE</0 <[y (V(Xo)b(X,) + ;b”(Xv)JQ(XU))dU>2dS>

t s
< Ch/ / E(1+|X,|?)dvds < Ch*(1 + |z]?).
0 s

In the estimate of R3 we apply additionally the It6 isometry

E(R2 ((/ / )+ a "X,)o Q(Xv))dvdWs>2>
:/0 E<</S(b’( X,)b(X,) + b”( ) Q(Xv))dv>2>ds

t s
< C’h/ / E(1+ |X,|?)dvds < Ch*(1 + |z]?).
0 s

The estimation of 5 is more complicated. First, we split the domain of integration
[0, t] into the subintervals defined by the grid point of the Milstein approximation

B(R «/{F @mgj
<w%( S v ﬂmgj
+2E<</tm [ VKo xam, ds>2>,

where n; = max{n: t, < t}.
By Fubini’s theorem we get

E(R3(t)) < 2E<< /t:m /tk“ X,)dsdW, >2>
HE«LAU @mgj
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To estimate the first term, let us observe that since the intervals [ty,tx.1) and
[t;,tj+1) are disjoint for k£ # j then

E(/t:k+1(...)de /ttj+l(...)dWU> 0.

j
Using that identity in computing the square of the sum in the right hand side and
applying the Itd isometry we obtain the estimate

E(RA(t)) < 2 /0 " IE<< / o b’(XU)a(XU)ds)2> v
= E(( [ b/(XMXv)dS)Q)dv
< C/OtIE<(/U%+h b’(Xv)a(Xv)ds>2> dv

t U, +h
< Ch / / dsdv < Ch?.
0 v

To estimate R4 we use the 1t6 isometry twice, assumptions (B2), (B3) and the
estimates of Theorem 1.2 to obtain

BRiO) = < </ot /S (0(X0)o'(X0) - U(X\IJS)U'(X\I'S))dedWS>2>

-/ E(( [ oo - U(X\PS)U/(X\PS))de>2>dS

t s
:/ / E((O’(XU)O'/(Xv) —U(X\ps)a’(Xq,S))Q) dvds
0 s
t s
< C/ / E((Xy — Xg,)?)dvds
0 s
t s
<C(1+ |z]?) / / lv — Wg|dvds < Ch*(1 + |z]?).
0 J,
Collecting the estimates we obtain
t
2(t) < C1h? + C’g/ z(s)ds.
0

By Gronwall’s inequality, we have

z(t) < C1h? exp(Cat).
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In a similar way like in the proof of Theorem 4.3 we apply the Doob maximal
inequality to conclude the proof
1/2

E<t:Eé%} | Xt — Xt‘) < <E(tes[1(l)%] | Xt — Xt‘)2>

< 2<E(|XT - XT|2)>1/2 < C(x(1)"* < Ch.

Remark. 4.2 The limitation of the presentation to one-dimensional equations is
not accidental. For the Euler-Maruyama scheme, the proof of convergence in many
dimensions remains similar to the proof of Theorem 4.3. The case of the Milstein
scheme is different. As we have mentioned deriving this scheme, in many dimen-
sions we have to evaluate the iterated stochastic integrals

tkt1 S ) .
/ / dawldwe, i,5=1,...,m.
t t

The simulations of these integrals, even in a simplified case of so-called commuta-
tive noise, have a very high computational complexity making the gain of a better
convergence rate problematic.

We will now investigate the order of weak convergence for the presented nu-
merical schemes. To simplify the presentation we will consider only the equation
with time independent coefficients

dXs =b(Xs)ds + o(Xs)dWs, s > t, Xy =u. (4.8)

We write X2* to indicate the dependence of solution on initial conditions. By
Theorem 1.13, and Remark 1.4, we know that if b, € C*(R?) with bounded
derivatives and ¢ € C*(R?) with polynomial growth together with its derivatives,
then

ult,z) = B(g(X}"))

is a solution of the Cauchy problem

T~ ou d O*u d
5+ ;bi(x)am + ; @5(@) o, =0 DD eRL
u(T', x) = g(x),

where a;; = 5 )L, oFol, and u is a C' function with respect to ¢ and C* func-

tion with respect to z which together with its z-derivatives grows polynomially in
2 uniformly in £.
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COROLLARY. 4.8 When X; is a strong solution of (4.8) and w is a solution of
class C12([0, T x R?) of (4.9), then Y; = u(t, X;) is a local martingale.

Proof. By It6’s formula we have

) 9 =
dy, za—?dt + ; aTZ (vidt + ; otaw}) + Z ij 7 a 3%

7.7_

T W 0%u L&
(& b --7)dt ok dwk
(31 + 2bigy + Lo 9,01 ZZ PACL
i=1 1,7=1 =1 k=1
d m
0
-3 P
i=1 k=1 7V
which shows that Y; is the It6 integral. [ |

For the Euler-Maruyama scheme, we have the following result.

THEOREM. 4.9 Let assumptions (Al), (A2) of Theorem 4.3 be fulfilled and b, o €
C*(R?) with polynomial growth together with their derivatives up to order 4. If
X is a solution of (4.8) with Xg = x then for each g € C4(Rd), which has poly-
nomial growth together with its derivatives, and T' > 0, there exists a constant Cy
such that

E(9(xn) —E(g(Xh)| < Cyh.
Proof. We will present a partial proof omitting some tedious computations. We

assume d = 1 to simplify presentation and omit the superscript 4 in X".
By Corollary 4.8 we have

E(g(XT)) - E(u(T, XT)> = (0, 7).
Then

E(9(Xr) - 9(Xr)) = B(u(T, X1)) - u(0,)

N
Z ( tnath _u( n— 17th 1))

To prove the theorem, it is enough to estimate the local error

jE(u(tn,th) — u(tn_l,th_l))j < Con?
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since then

&=
—
=N
D
-
|
=}
S
—
IN
[]=

&=
—

U(tm th) - u(tn—la th—l)) ’

N
<> Ch*=CTh.

By Corollary 4.8 we obtain (Xfo’xo denotes the strong solution of (4.8) with
initial data Xy, = xq)

tn—1,Xt,_ ~
E(ultn, X, ") Fr s ) = ultnos, Ke,)-

Inserting this equality into the expression for the local error we get

IE(u(tn7 X)) — u(tp_1, th—l))

) (E <u(tn, X)) — u(tp_1, th_l)yftn_l)>

;:HE(E(u(u“jﬁn)—»u@n_eral1)——uan,ki:_hx%_1)

+u(tn—17 th—l ) "Ftnl>>

- n—1,Xt, _
:E(E(uun,xtn)—u(th; o 1>|ftn—1)>-

We rewrite the conditional expectation in the above expression as the difference of
two terms

< n— 7)2 —
E (u(tn Xi,) = ulta, X" F )

=E (u(tn, th) - U(tnu th—1)|"rtn—1)

tn—1,Xt,_ =
—E(u(tn,th b 1) _u(tantnfl)"Ftn71>

and estimate each of these terms expanding u(t, z+Ax) —u(t, z) in Taylor’s series
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with respect to Azx. Then we obtain
v n— 7—)2 —
‘E(E(u(tn,th) —u(ty, X, l)yftM)) ‘

3 -
< E(Z l‘ OFu(ty, X, )

k! oxk
k=1

tn—17th_

X ‘E((th — th,l)k - (th f - thfl)k‘]:t"*)’

FE(R(Z)||F_,) + E(RX S0 \Ftn_l))

where

1 0%ultn, Xy, +0(2)(Z - X,,)) .
R(Z) =5 fn 1 i LSS N

Since u(t, ) is a C* function with respect to 2 growing polynomially together
with all its derivatives, then we can find an even number 2¢ and a number C' > 0
such that for k = 1,2, 3

Multn, Xi, )

5o < C(1+ X, ).

After some modifications this estimate remains valid in point X; . + 0(Z)(Z —

X;,_,) for the fourth derivative ‘34771 appearing in the remainder R(Z7).
The expression

t’nflv)’&tn

E((th — X ) - (x - th_l)’“]ftn_l) (4.10)

is estimated separately for each k = 1,2, 3.
For k£ = 1 we have

B((%, - %) - (0 % )AL
= [e(x 0 %A L)| < Bl A, )

Fin )

tn S
< E() / / Lob(XU)dvds‘
tn—1 Jtn—1

where 7 (t) given by (4.4) is the remainder in the It6-Taylor expansion for the Euler-
Maruyama approximation and operator LV is defined in Section 4.1.
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Since L°b has a polynomial growth there are numbers 2 and C' > 0 such that

tn S
E(‘ / / LO(X,)dvds
tn—1 Jtn—1

Similarly, we can prove

Fins) S CO+|Xe, P02

E(|r(tn) | Firs ) < C(1+ Xy P02

The above inequality is sufficient to estimate (4.10) for k¥ = 3. Applying the Holder
inequality to 2° — y3 = (z —y) (2% + 2y + y?), using the estimate for |r(¢,)|?, and
tp—1 ’th

the observation that in (th — th_1) and (th - th_l) all terms have
the order of smallness at least 1/2 with respect to h, we obtain for & = 3
v ” 3 tnf 1)2 n— lnd 3 ~
‘]E((th — X, ) = (X = X, ) \ftn_l) ‘ < C(1+ Xy, [P9)h%.
To estimate (4.10) for k = 2 we write
5 5 2 tn—1,Xt,_ 5 2
B (%, %) - (X0 - %, )AL
~ ~ tn-1,X . ~
= E(T(tn)(th — th—l =+ th L1 th—l) |ftn,1> .
Since
< < tn— :X < tn < tn— 7X
(th - th—l + th D _thfl) - / (b(thfl) + b(XS P ))dS
tn—1
bn < tn—ly)ztn_l
+ / (0(Xt,_,) + o(Xs ))dWs,
tn—1
we estimate separately
tn O t’rL717th71
B(r(t) [ (%) b0 ds|F,L) @
tn—1
and
tn - tnflthnil
E(r(tn) [ (0(K,0) + (X, )AW,| 7, ). (4.12)
tn—1

Taking into account that all terms in r(¢,,) are at least of the first order in h, we
obtain for (4.11)
t ~
" - tno1,X¢, _ -
E(T(tn) / (b(th—l) + b(Xs Lty 1 ))dslj:tn_l> < C(]. + |th_1 ‘2q)h2‘

tn—1
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To estimate (4.12) let us recall the remainder r(¢,,)

tn S tn S

= / / LOb(X,)dvds + / / L'b(X,)dW,ds
tn—1 Jtn-1 tn—1 Jtn—1
tn s tn

+ / / L0 (X,)dvdWy + / / L'o(X,)dW,dWs.
tn—1 Jtn—1 tn—1 Jtn—1

Inserting this expansion into (4.12) and considering the order of smallness with
respect to h, we can estimate all terms by h? except the last term. To estimate the
last term

tn 1 tn tn— 1’Xt 1
B([" [ teteamaw, [ o0k, )+t a7, )
tn 1 tn 1 tn 1

we rewrite the second integral as a sum

tn

/n(a(Xz" 1 Xt N —o(Xy, ,))dW. +/ 20(Xy, ,)dW,.

th—1 tn—1
Then, the integral
tn 1 tn tnfla)ztnil -
L'o(X,)dW,dW, - [ (o(X )—a(thfl))dWZ\]-"tnfl)
tn 1/ tn—1 tn—1

is of order h? due to the Holder inequality, the Lipschitz property of o, and the
estimate of Theorem 1.2

t'nfly)z—t
th—1

n—1

X 2
E(‘X,ﬁ"*’X’fH - X ) < Oz — tn)-

The estimate is completed observing that

tn tn B
/ / Lo(X,)dW,dW, - [ 20(%,, ,)dWi|7, )
tn 1 tn 1

tn—1

:E(/t" 20(%0/: Lla(XU)dWUds}ftn,l>

tn—1 n—1

tn pin )
= IE(/ / QU(th—l)LlU(Xv)deWv‘]:tn,l) —0.
tn—1Jv

Hence we have proved that for k = 1,2, 3

B((%, — %o )"~ (X0 R )N FLL) | < O R P2
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8 . P SR
Since the terms (X;, — X;,_,) and (an Pl X, ) are of order 1/2

with respect to h, as we have mentioned above, then we obtain for the remainders

E(IR(Xe,)| |Fi,oa) = O(L+ Ko, P02
tn—1,Xt, ~
E(JR(X, " F ) = O+ [ X, )2
Collecting all the above estimates, we obtain the desired estimate of the local
error

’E<E(U(tn7 th) - U(tn, Xf:l’thl)’ftn_l>> ‘
B

where z is the deterministic initial condition X;, = z, and the last estimate follows
from Theorem 1.2. [ |

For the Milstein scheme, the order of weak convergence is also equal to 1.
The proof is analogous to the proof of the above theorem. The same order of
convergence as for the Euler-Maruyama scheme follows from the fact that for the
remainder in the Milstein approximation we have E(|r1(t,)||Ft,_,) = O(h?)
analogously as for the remainder in the Euler-Maruyama approximation.



Chapter 5

Introduction to elliptic and
parabolic equations

5.1 Sobolev spaces

Partial differential equations require certain smoothness of their solutions to make
the equations meaningful. It is difficult to achieve that goal if derivatives are under-
stood in the classical sense. A space suitable for the analysis of equations with non-
smooth solutions is a space of functions with derivatives defined in a weak sense
called Sobolev’s space. (There are many books on the theory of partial differential
equations in Sobolev’s spaces. Our presentation follows the book by Evans [19]
where the reader can find more complete proofs.) To define Sobolev’s spaces, we
start with weakening the notion of derivatives. In what follows, we will consider
functions defined on U, an open subset of R?.

DEFINITION. 5.1 Let u,v € L}, (U) and o = (a1, ..., aq) be a multi-index.
We call v the weak derivative of order o of u and write

D% = v,

if for each ¢ € C§°(U) (smooth with compact support) the equality holds

u(z)D%(z)dz = (=) | v(@)p(x)dz
| @@z = (1 [ v@pla)as,

la|
where D*p(z) = (117@% and |o| = a1 + -+ + aq.
Oz, *...0z,
By Du we denote the weak gradient of u, i.e., the vector (6‘%, e %) with the

partial derivatives understood in the weak sense.

91
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The Sobolev space is a space of functions that are differentiable in the weak
sense (their weak derivatives are well defined).

DEFINITION. 5.2 The Sobolev space W*P(U) is a space of functions u: U —
R such that v and all weak derivatives D%, for |a| < k, belong to LP(U).
If p = 2, we write H*(U) instead of W*2(U).

THEOREM. 5.3 For each integer k > 1, and 1 < p < oo the Sobolev space
WHP(U) is a Banach space with the norm

1/p
Z / |Dau|pd:c> , 1<p<oo,
U

|la|<k

[ — (
[l koo 0y = Z esssup |D%u|, p= co.
o<k
The Sobolev space Wk’2(U) = Hk(U) is a Hilbert space.
DEFINITION. 54 W(;C’p(U) is the closure OfCSO(U) in Wk’p(U).

THEOREM. 5.5 (Properties of Sobolev’s spaces) Letu,veW*P(U) and |a| <
k. Then

1. D € Wk=lel»(U) and DP(Du) = D*(DPu) = D Pu for all multi-
indices «, 3 such that |a| + |B] < k.

2. For all aj,as € R the linear combination aju + asv € W*P(U) and
D%(a1u + agv) = a1 D%u 4 as D*v.

3. If V is an open subset of U, then u‘v c Whkr(V).

4. If p € C°(U), then pu € WFP(U), and

D(pu) =3 (g) DP DBy,

BLla

It appears that although functions from Sobolev’s spaces are not smooth, they
can be approximated by smooth functions. The theorem below describes a proce-
dure of such approximation.

THEOREM. 5.6 Let U be an open, bounded set in R* with OU of class C'. If
u € WEP(U) for 1 < p < oo, then there exists a sequence u,, € C*®(U)
converging to u in the norm of W*»(U).
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The space H !

The space H~1(U) is the dual space to H}(U), i.e., a space of continuous
linear functionals on H{(U). The duality product (f,u) between H(U) and
HZ(U) denotes the action of functional f € H~1(U) on elementu € H}(U). The
norm in H~1(U) is given by the formula

1l y = sup {(f,w)s w € HY(U), Jull gy ory < 1}

The following result, which follows straightforwardly from the Riesz theorem,
gives the representation of f € H~1(U).

THEOREM. 5.7 Let f € H=Y(U). Then there exist functions fo, f1,..., fq be-
longing to L?(U) such that for each u € HE(U)

d
= | (foUJerigg)dx-
i=1 ’

Traces of functions

Since a function in LP(U) has no value at ”point z”, there is no natural meaning of
restricting u to U™ and formulation of boundary value problems. Analyzing such
problems, we have to attach “boundary values” to functions in LP(U). We begin
with an extension of u on a larger set that contains U and also OU in its interior. It
appears that without difficulty, we can construct an extension on the whole R¢.

THEOREM. 5.8 Let U be a bounded, open set in R with OU of class C' com-
pactly embedded in a bounded, open set V (U CC V). Then there exists a bounded
linear operator

E: WY (U) — WHP(RY),
such that for each v € WHP(U), 1 < p < oo, we have
I. Fu=wua.s. onU.
2. Eu has supportin'V.

3. N Bullwrpmay < Cllullwie ), where the constant C depends only on p, U
andV.
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Proof. The proof will be carried on for 1 < p < oco. Fix 29 € OU and assume that,
in a neighborhood of z°, AU is flat, given by equation x4 = 0. Let B be an open
ball with center 2° and radius  such that

BT =Bn{zy >0} CU,
B~ =Bn{zy <0} c RI\U.

Let assume for a moment that u € C°°(U) and define a higher-order reflection
of u from BT to B~

() u(z) forz € BT,
u(z) =

—3u(x1,...,Tq-1, —xq) + 4u(z1,...,rq-1,—%5) forz e B~.
We will show that 4 € C'(B). Letu™ = @|g-, u™ = 1| g+. Then %UT; = % on

the hyperplane {x4 = 0}. Indeed by differentiating u~ we get

ou~ ou ou Ty
x :3—(x1,...,xd,1,—xd)—28—(351,...,:061,1,——
Ld

2y 0z, 5 )

This proves that on {z4 = 0}, we have the desired equality. Since on that hyper-
plane we have u™ = u~, then the derivatives with respect to z;, i = 1,...,d — 1
are equal. Hence

Daui‘{deO} = Daqu‘{xd:O}

for || < 1, which proves @ € C(B).
By the above computations, we also have

HﬁHWLP(B) < CHUHW1,p(3+)

for the constant C' independent of u.

This estimate can be extended on an arbitrary boundary of class C*, as each
C'! boundary can be straightened out near z° by a diffeomorphic transformation.
Then we get

HaHleP(F) < C||UHW1~,p(U),

where F' is the inverse image of B by this diffeomorphic transformation.

Since QU is compact, there are finitely many points m?, their neighborhoods
F;, and extensions @; on F; such that the sum of F; covers the whole OU. Taking
a partition of unity (; associated to this covering of OU and defining u = ) (;u;,
we obtain

[ullwp@ay < Cllullwre @y (5.1)
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where the constant C' depends on p, U and d, but is independent of u. Let us
observe that the partition of unity (; can be chosen to lie in a selected set V' DD U.

By construction Eu = @ is a bounded, linear operator for u € C°°(U). Pas-
sage from u € C*°(U) to u € W1P(U) can be obtained by the smooth approx-
imation of function in W1 (U) (Theorem 5.6). Let u,, € C°(U) approximate
u € WHP(U). By the linearity of £ and estimate (5.1) we obtain

[Etm — Eunllywiogey < Cllum — unllwre@)-

This shows that E'u,, is a Cauchy sequence converging to u = Eu. ]

We can now address the problem of boundary values of v on OU. The following
theorem explains how to define ’boundary values”.

THEOREM. 5.9 (Trace theorem) Ler U be an open, bounded set in R? with OU
of class C. There exists a linear, bounded operator

T: WHP(U) = LP(OU), 1<p< oo
such that
1. Tu= u‘anoru e WP(U)nC ().

2. ITul|Leary < Cllullwr.ey, where the constant C' depends on p and U.

Proof. Similarly to the proof of the previous theorem, we select 2° € OU and
assume that in a neighborhood of this point the boundary U is flat (x4 = 0). Let
B be an open ball with center z° and radius r. Let B be the concentric ball with
radius /2. We select a function C € C§° such that ¢ > 0, C — 1on B and (=0
in the exterior of B. Denoting 2’ = (1,...,24_1) € R and ' = 0U N B we
get foru € C1(U)

d
Py < Py — — P
/F\u] dx _/{xd ) ClulPdx / pry (Qu! >da:

—— [ (gl sgnug ) da
<[ (ur+IDur)s

where BT = BN {xy > 0} and the last inequality is due to Young’s inequality
ab < @ 4+ U
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Since QU is compact, then similarly to the previous proof, we can cover this
set by a finite number of subsets and straighten out the boundary on each subset by
a homeomorphism of class C'!. Then we get

[ull o ou) < Cllullwrew)-
If for u € W1P(U) N C1(U) we define Tu = u|gy, then we can write
ITul| ooty < Cllullwrswy, we W P(U)NCYU).

By Theorem 5.6 we can remove the condition u € C1(U). If u € WP(U), there

exists a sequence u,, € C°°(U) converging to u. By the linearity of 7" we get
T, — TUnHLP(aU) < Cllum — unHWLP(U)-
Hence, T'u,,, is a Cauchy sequence and defining

Tu= lim Tu,,
m—00

we extend 7T to each u € W1P(U) with the estimate

ITullrou) < Cllullwrew)-

THEOREM. 5.10 Let U be a bounded set in R and OU be of class C. If u €
WLP(U), then u € Wol’p(U) if and only if Tu = 0 on OU.

Sobolev inequalities

We are now in the position to prove several inequalities between norms of various
Sobolev spaces. These inequalities prove the boundedness of embeddings between
different Sobolev spaces, which will serve the characterization of the regularity of
solutions of differential equations.

We begin with an embedding for functional spaces defined on the whole R?.

THEOREM. 5.11 (Gagliardo-Nirenberg-Sobolev inequality) Let u € C(R?)
and 1 < p < d. The following inequality holds for a constant C depending only
onpandd

[ull Lo (rey < CllDu|| Lo (ra)
where p* is defined as z% = % — é and is called the Sobolev conjugate of p.
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Proof. We begin with the proof for p = 1. To simplify the notation we write

= (X1, e oy Ty Yiy Tt 1y -+ Td)-
Since the support of u is compact then

That gives the estimate

Au(x?
ol < [ 121y
R

which can be extended to

d _1
_d_ w(z d—1
fu(e)] 7 < H( / \%&)\dzﬁ) . 52)

Integrating the above inequality with respect to x; and applying the generalized
Holder inequality

d
<TT 15l (5.3)
=2

d
|1+
1
1=2 L

we obtain

d 1

d—

/ ()57 day < / dxlr[( a”>|dyi) 1
R R ;7 \JR

1

W)i/dmn(/‘ i)
e " TI( o)

(/)

(s

g sz |d:c) (/ |ax2 |dx1dw2>dil
(et

IN
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Integrating with respect to x2 and applying again inequality (5.3) we get

1
|U( )|d Tdzidry < </ lau(x)\d:zldmg)d /dg:2</| B |dgg) B
d—l
X H</ ’ |d931dyz>

< ([ ) (]
(i)

Iterating these integrations we finally obtain

k
—i Ou(x)
d o.d < | |
/k ‘u(m)‘d 1 l'ld.’I}Q T | </k

AL

i=k+1

T

i)

1
d—1

T

For k = d we have

d _1
d—1
|u(z | | (/ au(w |dxidzs . . dxd>
d

ﬁ(/ | Du( )ydx> = :</R ]Du(x)\dx)ddl.

This proves the theorem for p = 1.
The proof for 1 < p < d is obtained by substituting v = |u|”, with v > 1, in
the inequality for p = 1. Then

( 9 |u(;n)|d”dldm>

Rd

| A

d

d

< [ Dlu(a)de =~ / (@)Y D) |da
Rd Rd

p—1

<o [ n ) T ([ pute e’
Rd
Choosing v such that d%dl = (L U e gety = (717) which gives 5 7d = d—p =
p*. Such a choice of v gives the followmg form of the last 1nequa11ty

1

</Rd |u(x)|p*dx) "< c(/Rd \Du(x)|pdx>;.
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THEOREM. 5.12 (Poincaré’s inequality) Let U be an open, bounded set in R%.
Foru € VVO1 P(U), 1 < p < d, we have the estimate

[ullzay < CllDul Lo ),

where q € [1,p*| and the constant C depends on p, q, d and U, but is independent
of u.

Proof. We approximate u € I/VO1 P(U) by uy, € C§°(U). By Theorem 5.8 we
extend u,, on R? in such a way that they are 0 on R? \ U. By the Gagliardo-
Nirenberg-Sobolev inequality we have [|um | 1p* (ra) < C[|Dupl|Lp(ra). Passing
to the limit with m we get [|ul[ 1p* () < C’||DuHLp )- As U is a bounded set, then
lullpa@y < Cllull o= gy for 1 < g < p*. u

The next theorem proves the embedding of Sobolev’s spaces into Holder’s
spaces defined below.

DEFINITION. 5.13 Let U be an open set in R%. The Hélder space C*7(U)
is a space of functions of class C’k(U ) whose derivatives of order k are Holder
continuous. A function u: U — R belongs to C*7(U) if u € C*(U) and for each
multi-index « such that |o| = k

[D%ul|coy = sup
z,ycU
zF#y

(IDO‘U(HJ) — D%u(y)]

|x _yh >< —+o0.

THEOREM. 5.14 (Morrey’s inequality) Let d < p < oo. Then for u € C*(R?)
we have the estimate

[ullcormay < Cllullwremay,

where the constant C' depends only on p and d, and v = 1 — d/p.

Proof. We begin with the proof of the inequality

Du(y
][ lu(y) — u(x)|dy < C/ ’72’1@/ (5.4
B(z,r) (z,7) ‘y_x‘
where B(z, ) is a ball with center x and radius r. By JCB(x " f(x)dx we denote
the average of f over the ball B(z,r), ie., [ B (z)dz divided by the volume
of B(x,r).
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Let y = x + tw, where w € 0B(0,1). For 0 < s < r we get
S
u(x 4 sw) —u(z) = / Du(z + tw) - wdt.
0

That gives the inequality

/ lulz + sw) — u(@)]dS(w / / | Du(e + tw)|dS(w)dt
aB(0,1) aB(0,1)
:/ td_ldt/ | Du(x —|—tw)_] d5(w)
0 3]

B(0,1) ’l’ +tw — x!d 1

[Du(y)| / [ Du(y)|
= 2wl o f 2wl
/B(x,s) ‘y - w‘d_l B(z,r) ’y - x’d_l

Multiplying that inequality by s?~! and integrating over [0, r] we get

r? [ Du(y)|
u(y) — u(x dyg/ — dy.
/B(:p,r)| ( ) ( )| d B(z,r) |y*x|d !

That proves (5.4). We now prove

sup [u| < Cllullyr.pmay- (5.5)
R4

By inequality (5.4) we get for an arbitrary 2 € R?

ju()]| = ][ fu(z)|dy < ]{3 (1)~ )] + )

| Du(y) ][
<C’/ ———dy + u(y)|dy
B(z,1) ‘y_x’d l B(xl)’ ( )‘

)

<C'/ N ’d 1dy+C”UHL1’ 1))

p—1

» % dy P
<c / Du(y)Pdy / — W )T L Ol
R4 B |

271|y_$ p—1

< Cllullypgay-

The convergence of the integral

dy
B(,1) (@=1p

w) |y — af vt



5.1. SOBOLEV SPACES 101

follows from the inequality @=Vp g valid for p > d. As x is arbitrary, that

p—1
proves (5.5).
Let us choose any two points z,y € R% Take r = |z — y| and V = B(z,7) N
B(y,r). Then

() — u(y)] < ][V () — u(2)|dz + fv Ju(y) — u(z)ld=.

For the integrals on the right hand side we have the estimate

]{/ lu(z) —u(z)|dz < C]{Es’(;r,r) lu(z) — u(z)|dz

1 p—1
so( [ puape) ([ )
B(z,r) B(z,r) ’Z _ £B| p—1

(a—1)py 21

d— e -4
SC(T T ) 1Dull o (gay = Cr'™ # || D] o gy,

These estimates give together

_d _d
[u(z) = uly)| < Cr'”#||Dul| ey = Cle = '~ 7| Dul o (gay-

e u(x) — uly)
u(z) — u(y
|| r0,1-d/ppay = sup —————— < C||Du .
|| HC 1 P(R ) oty |ZC - y‘l_d/p H ||LP(R )
Together with inequality (5.5) that proves the theorem. [ |

THEOREM. 5.15 (Sobolev inequalities) Let U be an open, bounded set in R?
with a C' boundary, or the whole R%. For u € Wk’p(U), 1 < p < oo, we have

1. Ifk < 4 and | < k, then u € Wk*l’q(U), where % = 1% — é. In particular,

forl =k we have u € LY(U). In addition, for a constant C' depending only
onk, l, p, dand U we have the estimate

ullyr-ra@wy < Cllullwrs -

2. Ifk > g, thenu € Ck*[d/p]*l"y((_]). In addition, for a constant C depending
only on k, p, d, v and U we have the estimate

[ull gr-tap1-14 (@) < Cllullwrs -
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The constant v is given by the formula

B [%] +1-— %, if d/p is not an integer,
any positive number < 1, if d/p is an integer,

where [a] denotes the integer part of a.
Proof. Let k < %. As D%u € LP(U) for |a| = k, then
ID%ull o 1y < Cllullwrrwy, 18l =k =1

by the Gagliardo-Nirenberg-Sobolev inequality. Hence, v € W*~1»"(U) and

o k—2,p** i _ 1 1 _1_ 2 i
similarly uw € WH5P(U), where = = .= — 5 = ; — 5. lterating these
embeddings we get after [ steps v € W*=44(U) for % % E That proves point

1. of the theorem.
Let now k£ > %. If d/p is not an integer then by a similar reasoning as above

we getu € WHLr(U) for L = 5 — 4 and Ip < d. Choosing | = [ | we obtain r >
d pl > d. Then by Morrey S 1nequa11ty Dau € CO=4/m(U) for || < k —1— 1.
Sincel —¢=1-14 + l = [5] +1- 13 = 1, where -y is the exponent in the

theorem assertlon. Hence, w € Cr-ld/PI=1y (1),

If d/p is an integer and k& > 4 then we can take [ = g — 1. Similarly as before
u € WF=LT(U), but this time 7 = d p = d. By the Gagliardo-Nirenberg-Sobolev
inequality we have D% € LI(U) foralld < ¢ < oo and |a] < k—1—-1 =
k — %. Then by Morrey’s inequality D®u € C%'=4/9(T) for d < ¢ < oo and
lo| <k — % — 1. It follows then u € C*~4/P=17(T) for each 0 < v < 1. n

For functions depending on the time variable, embedding theorems can be more
complicated as the function can belong to one functional space and its time deriva-

tive to another space. We present without proof a theorem that will be used in the
analysis of parabolic equations.

THEOREM. 5.16 Let u € L*(0,T; H}(U)), %4 € L?(0,T; H~Y(U)). Then
u € C([0,T); L?(U)) and we have the estimate

max. [lu(t)| 20y < O(lull 2oy + 1% omm—0n).

where the constant C' depends only on T
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5.2 Elliptic equations of second-order

We will now study the existence of solutions to elliptic differential equations in
an open, bounded set U C R¢. The condition that the trace of a solution on the
boundary OU is equal to a given function is called the Dirichlet boundary condition
and the differential problem with the Dirichlet boundary condition is called the
Dirichlet problem. We start with the investigation of the Dirichlet problem with
zero boundary conditions

Au= f, inU,

(5.6)
uloy = 0.

A is a second-order differential operator. Depending on the situation that op-
erator is considered in the divergence form

> g (w05 + Zb 2L 4 cwputa) 57

1 j=1

d
i=

or the nondivergence form

oS 2ulz) |y o Ou(@)
Z Z —a;j(z (91‘ 01, + Z bi(z) O + c(z)u(x). (5.8)
i im1 7

i=1 j=1

Remark. 5.1 If the coefficients a;; are of class C 1 then an operator written in
divergence form can be rewritten in nondivergence form with b; replaced by

We will assume that 4 is a uniformly elliptic operator.

DEFINITION. 5.17 The differential operator A defined by (5.7) or (5.8) is called
uniformly elliptic, if a;; = aj; (1,7 = 1,...,d) and

36 > 0z € U Ve € R\ {0} ZZ% 2)&&; > oI<]I*.

i=1 j=1

Our goal is to prove the existence (and uniqueness) of solutions for the Dirichlet
problem with a uniformly elliptic operator .A. For the Dirichlet problem (5.6), we
define a weak solution.
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DEFINITION. 5.18 Let a;j, b;, ¢ € L®(U) (i,j = 1,...,d) and f € L*(U).
We call u € H}(U) a weak solution of the Dirichlet problem (5.6) with A given in
divergence form if

/U<i“”(x)aaiz o1, D3 o), )+C(ﬂf)u($)v(x)>dx

i,j=1 i=1

_ /U Fla)o(z)de

The existence of weak solutions to problem (5.6) follows from the Lax-Mil-
gram theorem.

THEOREM. 5.19 (Lax-Milgram theorem) Let B: H x H — R be a bilinear
functional in a Hilbert space H such that

foreachv € H}(U)

Vu,v € H  [Blu,v]| < allul|[v]l, o> 0,
Vue H |Blu,ul| > B|lul?, 8> 0.

If f: H — R is a bounded linear functional in H, then there exists a unique
element u € H such that

Blu,v] = (f,v), Yve€H,
where || - || and (-, -) denote the norm and the scalar product in H, respectively.
THEOREM. 5.20 (Energy estimates) Let u,v € H}(U) and

Blu v]—/ zd:a--au dv Zb v+cuv dzx.
v\ ”81‘18:1:] pat

1,j=1

There exist constants «, 3 > 0 and v > 0 such that
| Blu, v]| < allull gy llvll @
BllullZy 1y < Blu, ] +’YHUHL2
Proof. Since a;;, b, c € L>*(U) (i,j = 1,...,d) we have the estimate
d
Blu,ull € 3 =) | DullDolde + S Il | 1pulioias
i,j=1 i=1

+ IICIILoo(U)/UIuIIUIdw < Cllull g @n vl @)
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By the uniform ellipticity

5/\Du| dx</ Z ,]885 gg = /( )dm
i O

B[u,uHaniumm /U |Dulfuldz + el g0 /U ful?d.
=1

In Cauchy’s inequality

1
/|Du||udm§e/ |Du|2d:c+/ lu|?dx
U U de Ju

we select e such that e >%_ bill Loo 0y < ¢ Then
d
/ |Du|?dz < Blu,u] +C/ lu|?dz.
2 Ju U

By Poincaré’s inequality [|u||z2(y < C||Dul|p2(rr) we get the estimate
[ull gy @y < CliDull 2w
It easily follows that

5““”?{01@) < Blu, u] +’Y||U||%2(U)'

Remark. 5.2 In the rest of this chapter (u, v) will denote the standard scalar prod-
uct in L*(U) also for u,v € HL(U).

THEOREM. 5.21 (Existence of weak solutions) There is a constant v > 0 such
that for each > ~ and f € L*(U), there exists a unique weak solution u €
H(U) of the Dirichlet problem with A in divergence form

Au+ pu = f, inU,

5.9)
ulpy = 0.

Proof. Let v be the constant from Theorem 5.20. Taking 1 > v we define

By[u,v] = Blu,v] + p(u,v), u,v € HY(U).
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By,[u, v] fulfills the assumptions of the Lax-Milgram theorem. For f € L*(U) we
define a linear functional (f,v) = (f,v). Applying the Lax-Milgram theorem to
the equation

Bu[uﬂv] = <fa U>:

we find a unique u € H{ (U) fulfilling the conclusion of the theorem. Hence u is a
unique weak solution of the Dirichlet problem (5.9). [ |

We close our analysis of Dirichlet’s problem with zero boundary conditions
with a theorem that describes the improvement of solution regularity for more reg-
ular data. We present this theorem without proof which is technically complicated.

THEOREM. 5.22 (Higher regularity) Let a;j, b;, ceC™ 1 (U) (i,5 =1,...,d)
and f € H™(U). Assume that uw € H}(U) is a unique weak solution of the Dirich-
let problem (5.9) with OU of class C™%2. Then v € H™2(U) and we have the
estimate

|l g2y < Cllfllam @y,

where the constant C' depends only on the coefficients of A, m, and U.

For the Dirichlet problem with non-zero boundary conditions, we have the fol-
lowing theorem.

THEOREM. 5.23 If the boundary OU is of class C?, then there is a constant
7y > 0 such that for each i > v, f € L*>(U) and w € H*(U) there exists a unique
weak solution w € H'(U) of the Dirichlet problem with A in divergence form

Au+pu=f, inU,

(5.10)
Tu=Tw, on0U.

Proof. Let i € H} (U) be a weak solution of the problem

At +pa=f, inU,
tloy =0,

where f = f — Aw — pw € H-Y(U).

The existence of @ follows by the Lax-Milgram theorem, as ( 1, v) defines for
v € H}(U) abounded linear functional {f,v) = (f,v) — B[w,v] — pu(w, v). Then
u = % + w is a unique weak solution of (5.10). [ ]
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5.3 Parabolic equations of second-order

Let U C R? be an open, bounded domain and Uy = (0,7] x U, T > 0. We will
study the initial-boundary value problem with the Dirichlet boundary conditions
%u + Alu = f, inUp,
u=0, on]|0,T]x 0U, (5.11)
u=g, on{t=0}xU.

Similarly as in the elliptic case we consider the operator A’ in the divergence
form

and the nondivergence form

d

(‘3 u(t, ) ,T)
ZZ —a;j(t, ) pr ;b 8% + c(t, z)u(t, ).

=1 j=1

DEFINITION. 5.24 The second-order operator % + At is called uniformly pa-
rabolic if a;j = aj; (i,j =1,...,d) and

d d
36> 0(t,x) € Up ¥ € RAN{0} DD ay(t,2)&i; > o1€))*

i=1 j=1

The function u(t, z) which solves problem (5.11) will be treated as a mapping
u: [0,T] — HZ(U). Then u(t) denotes the value of that function in H} (U).

DEFINITION. 5.25 Let a;j, b;, ¢ € L®(Ur) (i,j = 1,...,d), f € L*(Ur)
and g € L*(U). A function v € L*(0,T; H}(U)) is called a weak solution
of the initial-boundary value problem (5.11) with Al in divergence form if ‘C%‘ €
L0, T; H-Y(U)) and

1. Foranyv € H}(U)
(Gru(t),v) + B'lu(t),v] = (f(t),v),

where the equality holds almost everywhere in t and
d

ou Ov 8
t _ y E
B'[u, ] —/U< Eﬁ a,j(t,x)axZ o, bi(t, x) 5

—v +c(t, a:)uv) dx.

)
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2. u(0) =g.

Ifue L*0,T; HY(U)) and % € L2(0,T; H-X(U)), then u € C([0,T); L3(U))),
which means that the equality of point 2. makes sens (cf. Theorem 5.16).

Galerkin approximation

Since H}(U) C L?(U) and both spaces are Hilbert spaces, we can select the
basis {14 }2 ,, which is an orthonormal basis of L?(U) and an orthogonal basis
of H}(U). We can choose as 1, the basis of eigenvectors in H}(U) of a uni-

formly elliptic operator Ay = Zf P aii (aij(:x)aggv (for details see Evans

[19][Section 6.5]). For a fixed m, we define the function

() = Y dy (D)9
k=1

We are looking for a choice of coefficients d¥, which makes w,,, an approximation
of a solution to (5.11). Thus we seek u,,, as a solution of the discrete approximation
of (5.11):

(L (t), %) + B'Tun (t), 0] = (f(t), %), 0<t<T,k=1,...,m,
d® (0) = (g,¢%), k=1,...,m.
(5.12)

THEOREM. 5.26 For every m > 1 there exists a unique function u,, which
solves (5.12).

Proof. By the definition of w,, we have (%um, V) = %dk We have also the

o
equality
B'lum(t),x] = ) e"(t)d;, (b),
i=1
where e¥ (t) = B[1);, ).
Denoting fx(t) = (f, 1) and using the above equalities we transform (5.12)
into a linear system of ordinary differential equations

m
adr +> eMdl, = fr, k=1,...,m,
i=1
with initial conditions d¥,(0) = (g, ).
As a linear system, it possesses a unique solution. Thus, we obtain a unique solu-
tion of (5.12). [ ]
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THEOREM. 5.27 (Energy estimates) If u,, is a solution of (5.12), then

d
Of?tag%HUm( 2wy + lumll 207,51 @0y + g umll 20,751 @)

(5.13)
< C<||f||L2(0,T;L2(U)) + ||g||L2(U)>a m=12,...,
where the constant C depends on U, T and the coefficients of A’.
Proof. We estimate separately every term on the left hand side of (5.13).
Multiplying (5.12) by d¥, and summing over k from 1 to m we get
(Lt (8), U (1)) + Bl lum(8) um ()] = (F(E)sum(®)).  (5.14)

By Theorem 5.20 and the uniform boundedness in ¢ of the coefficients of Bt[u, v]
we obtain the estimate

Bllm (O 17y < B Tt (8) i (D] + 7| (8) |7 27

where 5 > 0,y > 0.
Since (4 um(t), um(t)) = %(%H“m(t)”%Q(U)) and

(P, um()] < SOy + gl (D

we can use the estimate of Theorem 5.20 to replace (5.14) by the inequality

d
T lum N2 ) + 28lum @730y < Crllum 720 + CollF O 72w
(5.15)
which holds a.e. in ¢.

Inequality (5.15) remains valid if we neglect 23|y, (¢ )|| 1) On the left hand
side. Then we obtain ' < Cin + Co€, where n = ||um(t)HL2(U) and £ =
Ilf(t )HLQ(U By Gronwall’s lemma we get

t
nt) << (n(0) + Cs [ €()ds).
0
Since 7(0) = um (0) 17217y < lgll72(yy- then
ghax, [[um (¢ )H%Q(U) < C(HQH%?(U) + ||f||%2(o,T;L2(U)))- (5.16)
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To estimate the second term in (5.13) we integrate (5.15) over [0, T'] and apply
(5.16)

T
Hum“%ﬂ(o,T;H&(U)) = /0 Hum(t)H?{é(U)dt < C(HfH%?(O,T;L?(U)) + HQH%?(U))‘

To estimate the last term of (5.13) we select v € H}(U), vl @y < 1. and
split this v into orthogonal components v = v; + vg, where v; € Lin(¢1, ..., ¥n)
and (Ug,wk) =0, k= 1, e, M. Then ”UIHH(%(U) < HU”H&(U) <1

From (5.12) we obtain

(Frum(t),v1) + B'[um(t), v1] = (f(t), 01).

Since

(Grum(t),v) = (Fum(t),v) = (Fum(t),v1) = (f(t),v1) = B'lum(t), v1],

then by the elementary inequality |a—b| < |a|+|b| and the estimate ||v1 || oy <1
we get

(G (®),0)] < C(1FOll 20 + im0 )
Thus
| um(®) -1y < CIFONz2) + lm Ol o)

Squaring the above inequality and integrating we obtain the desired estimate

T T
AI%WW%qmﬁSCAOWm@@+MMM%@Wt

< (17 Bz + o3 )

THEOREM. 5.28 Let a;;, b;, ¢ € L>(Ur) (i,j = 1,...,d), f € L*(Ur) and
g € L*(U). Then there exists a unique weak solution u(t) of (5.11) with A
in divergence form. For this solution we have u € L*(0,T; H3(U)) and %‘ €
L*(0,T; H-1(U)).

Proof. We begin with the proof of existence. The sequences of Galerkin’s approx-
imations u,, € L*(0,T;H}(U)) and $u,, € L?(0,T;H~(U)) are bounded
due to the estimates of the previous theorem. Thus there exists a function u €
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L%*(0,T; H(U)) with CC% € L?(0,T; H-1(U)) and a weakly convergent subse-
quence (which we also index with m)

U — u, in L*(0,T; H)(U)),

Lty — Lo, in L*(0,T; H 1 (U)).

Let us define

N
v=> w(t)i, (5.17)
k=1

with smooth w*(t) such thatv € C1(0, T; H}(U)). We multiply (5.12) form > N
by w”(t), sum with respect to k from 1 to N, and integrate the sum with respect to
tin [0, 7

T T
/(%w@w@ﬂﬂ%mmwmwa/qmw@m.
0 0

Passing to the limit with m (weak convergence) we obtain

T T
/0(<C‘l’ltu(t)7v(t)>+Bt[u(t),v(t)])dt:/0 (f(t),v(t))dt, (5.18)

where the equality holds for any v € L?(0,T; H}(U)), as functions of the form
(5.17) are dense in L?(0,T; H}(U)). Since v € L?(0,T; H}(U)) is arbitrary, we
obtain for each z € H{(U) and a.e. t € [0, T the equality

(Lu(t),z) + B'[u(t), 2] = (f(t), 2). (5.19)

Furthermore, u € C([0,T]; L?*(U)) by Theorem 5.16.
To prove u(0) = g we use the smoothness of w*(t). Integrating by parts we
can write (5.18) as

T T
/0(—(iv(t)w(t»+Bt[U(t)7v(t)])dt:/0 (f(£), v())dt + (u(0),v(0))

forv € CY(0,T; HL(U)) such that v(T) = 0.
Similarly

T T
/0 (—(0(t), tm (£)) + Bt (1), v(1)] )t = /0 (), 0(8))d + (1 (0), 0(0)).

Passing in the last equality to the limit with m we obtain

T T
/O(—<$U(t)w(t))+Bt[U(t),v(t)])dt=/O (f(t),v(t))dt + (g,0(0)),
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since u,(0) — g in L2(U), which follows from the initial condition d¥,(0) =
(g, ¥y) in Theorem 5.26. As v(0) is arbitrary, we get u(0) = g.
Let us now prove uniqueness. Choosing f = 0, g = 0 we will prove u = 0.
Inserting z = u(t) in (5.19) we get

L) Bagy) + B0 ] =,

for a.e. t.
Since by Theorem 5.20, we have the inequality

B'lu(t), u(t)] = Blu®lzp @y — Yu®lz2@y = =vllu®) 22w,

then o
R O I 0] g
By Gronwall’s lemma we get u = 0 for u(0) = g = 0. ]

THEOREM. 5.29 (Regularity of solutions) Let the coefficients a;;, b; (i,j =
1,...,d) and c are C' in x and do not depend on t. Assume g € H&(U) and
f € L*0,T; L*(U)) with OU smooth enough. Then u which is a weak solution
of (5.11) such that u € L*(0,T; H} (U)), % € L*(0,T; H~1(U)) is in fact more
regular

we L*(0,T; HA(U)) N L¥(0,T; Hy(U)), %% € L*(0,T; L*(U)).
If, in addition, g € H*(U), 4 € L2(0,T; L*(U)), then

we L®(0,T; H*(U)), 4% € L>(0,T; L*(U)) N L*(0,T; Hy(U)),

Py e [2(0,T; HH(U)).

Remark. 5.3 For g € H>™\(U) 0 HY(U), &f € L2(0,T; H>"~2*(U)), k =
0,1,...,m, we can show that ‘i—g € L2(0,T; H*™+2-25(U)), k =0,1,...,m +
1, if U is sufficiently smooth.

THEOREM. 5.30 (Maximum principle) Let At be given in the nondivergence
form with ¢ = 0 and u € C*?(U7) N C(Ur).
If
Su+Au<0 inUr,
then

maxu = maxu, where'r = Ur\ Ur.
UT 1—‘T
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If
%u +Alu >0 inUp,
then

minu = min u.
UT 1—‘T

Proof. We will present the proof for the strict inequality %u + Alu < 0 only. Let
u(to, ro) = maxg,, u, where (to, o) € Ur. If 0 < to < T, then (to, 79) belong to
the interior of Ur (U is open). Then %(to, xg) = 0, since this point is a maximum
of u.

On the other hand, A'u > 0 at (fp,zo). This claim is due to the following
observations: at maximum the matrix of second derivatives

u )¢
{8331'3%' }i,jzl

is negative semi-definite, and the matrix of the coefficients

d
{%’(to,mo)} .
i,j=

)

is symmetric and positive definite (A? is uniformly parabolic). Thus there exists
an orthogonal transformation S = {s%}¢ j—1» which transforms the matrix of the
coefficients into a diagonal matrix {e”}l j=1 with e;; > 0 for each ¢. Performing

the change of variables y = z¢ + S(z — x¢) we get

d d
a t A?u(t
Z (to, 20) 0%u(to, xo) zzeu u(to, zo) <0

Ox;0x; P oy? -

On the other hand, the vector of the first derivatives
(o).
81,‘1' i=1
d

0%ult d dult
Alu(to, z0) = — Y az‘j(to,xo)M + Zbi(thfEO)M > 0.

61’18%3' i—1 6:@

is zero (maximum). Hence

ij=1

Thus S u+ Alu > 0 at (o, zo),which contradicts the assumption 5 u + Alu < 0.

If to = T, then as (tg,x) is the point of maximum, we have %u > 0 at
(to, xo) (u grows as t 7~ tg since at t( is a maximum). Then %u + Aty > 0 (the
inequality A'u > 0 is still valid), which again gives a contradiction. [ |
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THEOREM. 5.31 Let A? be given in the nondivergence form with ¢ > 0 in Ur
and v € CY2(Ur) N C(Ur).
If

%u + A'u <0 inUp,

then

maxu < max u+,

UT l—‘T

where ut = max(u, 0).

If
%u +Au >0 inUp,
then
minu > —maxu ,
UT I‘T
where v~ = max(—u, 0).

COROLLARY. 5.32 (Comparison principle) Letu,v € C2(Ur)NC(Ur) and
At be given in the nondivergence form with ¢ > 0.

If

%u + Aluw >0 inUrp,
%v +Alv <0 inUp,
u>v onlp,

then u > v in Ur.

Proof. Taking z = u — v we obtain
22+ A%2>0 inUrp,
z>0 onl'p.

By Theorem 5.31 we get z > 0 in Ur. [ |

5.4 The Black-Scholes equation

The Black-Scholes equation is a standard example of a second-order parabolic
equation in finance. Let us recall that the equation describes the time dynamics
of option prices as functions of the underlying price s and time ¢
oV (t, 1 oV (t, oV (t,
(t5) | 1 0%V (ts) (t.5)

5 5 52 + TS T rV(t,s) =0, (5.20)
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with the terminal condition which is the option payoff
V(T7 8) = 9(3)7

and the problem is defined on [0, 7] x [0, c0).
The presented earlier theory of parabolic equations cannot be directly applied
to the Black-Scholes equation:

1. The domain is unbounded as s € [0, o).
2. The coefficients in the equation are unbounded.
These problems can be solved by:

1. Building a separate theory suitable for the Black-Scholes equation. Such
a theory requires special functional spaces in which we mimic the Sobolev
space approach presented above. We will describe briefly that method later
on.

2. Making a suitable change of variables to reduce the Black-Scholes equation
to one of the problems analyzed in this chapter. We describe that approach
below, omitting technical details.

We can eliminate the unbounded coefficients substituting z = Ins. We also
substitute 7 = 1" — t replacing terminal conditions by initial conditions. Due to
these substitutions we obtain the initial value problem

or 2 dx? (5.21)
U(O, $) = g(£)>
where u(1,z) = V(T — 71,€%). The coefficients &, b, and ¢ are bounded (the

boundedness follows by their financial meaning) but the domain is unbounded:
x € R (0, g denote functions ¢ and g after the above change of variables).

Assuming additionally that &(7,-) is of class C'! in z and the following esti-
mates are uniform in 7

05 (1, x)

0<op <é(rz) < ov, ‘ . ’ <, (5.22)
X
we can transform (5.21) to the divergence form
ou 10 /_, ou - ou
—~_-=Z (a (T,x)%) + b(T, x)% + (T, x)u =0, (5.23)



116 CHAPTER 5. INTRODUCTION TO PDE

Equation (5.23) is an example of second-order parabolic equations in an un-
bounded domain Uy = (0, 7] x R%. Such equations are investigated in weighted
Sobolev spaces. Let us consider the general case

%u—i—Atu =f, inUp,

w=g, on{t=0}xR% 629
where % + At is uniformly parabolic and
, 0 )
A'u(t, ) :i;1 s <aij (t,x) 8% ) Z} bi( +e(t, x)u(t, x).

Let L?)(Rd) denote the space with weight p

LA(RY) = {u: /Rd ()2 p(a)de < +oo}.

The norm in that space is defined by the formula

sz = ([, lte)Pota)dr)”

We define also spaces H 5 (RY) with the norm

allag = llullzz + 3 1Dulls.
|| <k

DEFINITION. 5.33 The weight functions p(x) are functions of class C*(R%)
such that p(z) = Dp(z) are bounded uniformly in x € R

The proof of existence and uniqueness of problem (5.24) is analogous to the
proof for a bounded domain U.

First, integrating by parts the second-order terms in A’ we define for every
u,v € H) (R9) the bilinear form

d

(3u ov d
t _
Bifuil = [ (Z(t a2 Dot et ) )i
(5.25)
where .
. 1 0Op(x)
bz‘ t,x :bi t,$ + a,“t,x— .
(t2) =it ) + 3yt ) s S

=1



5.4. BLACK-SCHOLES EQUATION 117

Assuming a;j, bj, c € L*(Ur) (4,5 = 1,...,d) and the symmetry a;; = a;;
we can obtain the energy estimates for BS[u,v] with u,v € H}(R?)

1B, )| < aflullm 1ol s,
Bllull%y < Bbfu,u] +ylulZ;.

The proof of the above estimates is similar to the proof for a bounded U. The only
difference is in the passage from the estimate

BllDullz, < Bylu, ul +llullz,

to the estimate
Bllullyy < Bbfuu] +ylullZ;.

For a bounded U we have used Poincaré’s inequality. In R% we replace | Dull3
P

by ||u||§{é by adding /3 ||uH%% to both sides which only increases the constant ~.

Like in the case of a bounded U we look at a solution of (5.24) as a mapping
w: [0,T] — H}(R?). Multiplying (5.24) by p(z)v(z), with v € H}(R?), and
integrating on [0, '] we obtain the weak form of the equation

(drult),v) + Bylu(t), o] = (f(1),),

(5.26)
u(0) = g,

where (v*, v) denotes the value of functionals v* from Hp_l, the space dual to H g,
on elements v € H ; . Similarly as for a bounded U, H ; is densely embedded in
L%, which from its part is densely embedded in H ; L

Remark. 5.4 To prove the existence of solutions for (5.24) by the Lax-Milgram
theorem we need coerciveness of the bilinear form Bf) [u, u]

Bllullyy < Bbfu,ul

This cannot be obtained by adding to c¢(x) a large constant like in Theorem 5.21
since now c(x) has a clear financial meaning. Then we can achieve the same effect
by the change of variables u(t) = e "u(t). Then u(t) solves (5.24) in which
the bilinear form Bf) [u, v] is replaced by

B/t),y[ua U] = BZ[“?M + ’Y(ua U)L%a

where (u,v) 12 denotes the scalar product in L% (R9). It is obvious that B} [u,u]
is already coercive.
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Making the change of variables described above, integrating equation (5.26)
on [0, 7] and applying the coerciveness of B}, _[u,u], we obtain the estimate for
T € (0,7

T T
™2 ||u(7)| 72 +(26~¢) / ¢™|u(s)||Fds < llgllzz e / 1F ()11, s,
p 0 P p 0 p
(5.27)
where (3 is the constant from the coerciveness estimate for B;,Y [u,u] and € > 0 is
a small constant.
Estimate (5.27) is the energy estimate for (5.24). Due to this estimate, the
Galerkin approximation of (5.24) has a convergent subsequence. Then we have the
following theorem.

THEOREM. 5.34 Assume a;j, b;, ¢ € L>*(Ur) (i,j = 1,...,d), g € LIQJ and
f € L0, T; Hgl). Then there exists a unique weak solution u(t) of the initial
value problem (5.24) such that v € L?(0,T; Hg) with CC%L e L*(0,T; H;') and
the following estimate holds for 7 € [0, T]

T T
)y +(28-0) [ e ) s < oy e [N s

The above theorem enables us to make the right choice of the weight function
p(z). For the theorem to work we need g € L%. As g is the option payoff, we have
to choose p that makes this payoff an element of L%.

Consider as an example a vanilla call option with payoff (s — K ). Passing to

+
x = Ins we get g(z) = (e”” - K) . Then a proper weight function is p(z) =
e @) where p(z) = (1 + |z|?)'/2 and X > 0 is sufficiently large.

Remark. 5.5 Assume that o and r in the Black-Scholes equation (5.20) are con-
stant. Then there is a change of variables which makes the equation particularly
simple. Namely, making the following change to the independent variables

2
x =lIns, T:%(T—t)

and of the dependent variable

1 1 2
u(T, x) == exp<2(q — 1z + Z(Q + 1)27'>V<T — J—Z, ex>,
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where q = %, we obtain the heat equation which is particularly suitable for nu-
merical computations

ou(r,xz) O*u(r,x) o?
D =0, rel0,5T]aeR

u(0,z) = e%(q_l)xg(eg”), z e R.

For numerical practice, the existence theorem in R? is not so important as ob-
taining numerical solutions on R? is impossible. For numerical computations we
have to limit considerations to a bounded domain U C R? and introduce artificial
boundaries and artificial boundary conditions. For initial-boundary value prob-
lems localized on bounded sets, the theory developed in Sobolev spaces without
weights is applicable. The choice of a bounded domain U has to be a compromise
between the numerical error, which usually decreases with the size of U, and the
computational time, which increases with the size of U.

A crucial problem for controlling numerical error is the choice of artificial
boundary conditions. In quantitative finance, we can find hints by analyzing the
economic aspects of the problem. The nature of such hints is well visible in an
example of vanilla options (we consider these options in variables (¢, s) leaving to
the reader the task of translating the obtained artificial boundary conditions into
the variables used in (5.24)). For a call option we have lim,_,o V' (¢, s) = 0 which
has an obvious economic interpretation. For large s we can approximate the option
price by V(t,s) ~ s(t) — Ke """ That approximation is obtained by the
computation of the present value at ¢ of the payoff (s(7") — K) (valid for large s).
For a put option we have lim,_,q V (¢,5) = Ke "(T=% discounted to t payoff K
at T, and the obvious condition lims_,, V' (¢, s) = 0.






Chapter 6

Finite difference methods for
parabolic equations

6.1 Introduction to finite differences

Historically, the finite difference method is the first and simplest method for dis-
cretizing partial differential equations. We begin the presentation of this method
with the model problem of the one-dimensional heat conduction

du(t,x) O*u(t,z)
ot ox?

We will consider the problem in a bounded interval (%, Tmaz) for t € [0, 7.
We divide the interval (Z,in, Zmaz) into M subintervals and the time interval [0, T']
into N subintervals and set

S = Lmazr — Tmin 5t —

The points
Tk = Tmin + k-0, k=0,1,...,M, t,:=n-0t,n=0,1,...,N,

are called the grid points (or the mesh points).
We approximate derivatives by finite differences

ou U(tnt1, xk) — u(tn, Tk)

7<tn7mk) ~

ot ot

@(t 7r) A u(ty, Tpi1) — 2u(tn, ) + ultn, Tp1)
o2k (07)2

121
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and denote by w;! the approximation of u(t,, ).
We now define several simple difference schemes approximating a solution of
the heat equation.

Euler explicit scheme. In the Euler explicit scheme, we approximate the time
derivative by a forward difference; this gives

wZH — wy B wpy —2wp twp_y 0
ot (0x)? '

Thus, the approximation of the heat equation satisfies
Wit = Awp g 4 (1= 20w + dwp_y,

_ ot
where \ = (DL

Introducing the vector
W" = (wl,wy,...,why_4),

(wy and wf; are omitted as known from the boundary conditions) we can write the
scheme in the matrix form

BW"™ = AW™ + d",

where B is an identity matrix of dimension (M — 1) x (M — 1) and

1-2X A 0 Awgy
A A 0
A= , d" = : ,
0
0 AW,

with A of dimension (M — 1) x (M — 1) and d" of dimension M — 1.

Euler implicit scheme. In that scheme, we approximate the time derivative by a
backward difference to obtain

n+1 n+l n+1 n+1
wp T —wp Wy — 2w hwty
ot (0x)?

Then we get the equation

—)\wZIll +(1+ 2)\)wz+1 — )\wZirll = wy,
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which can be written in the matrix form
BW™ L = AW™ 4 q*,

where A is an identity matrix of dimension (M — 1) x (M — 1) and

142\ —)\ 0 Mgt
-\ .= 0
B = , d" = : ,
0

where B is (M — 1) x (M — 1)-dimensional and d", (M — 1)-dimensional.

Crank-Nicolson scheme. That scheme can be considered as a ”’linear combina-
tion” of the explicit and implicit Euler schemes

A A A A
—SU A+ (U Nt = Zupty = el 4 (L= N+ Suy.
The matrix form of that scheme looks similar to the former two schemes

BW"™ = AW™ + d",

but with different matrices

1+X -3 0 w + wy
. 0
A A
-3 -3 A
B = d" = = :
.. ’ 2 . ?
0
A
1-) 3 0
A : A
A: 2 2
0

Consider now a generalized one-dimensional parabolic equation (the Black-
Scholes equation (5.21) is of this form)
ou 0

ou
- 2 e —— _— g
5 ¢ (t,x) " +b(t, ) o + c(t, z)u = 0. (6.1)
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To obtain a finite difference approximation of this equation, we approximate the
first-order x derivative by the expression

ou U(tn, Tpt1) — U(tn, Thp—1)

%(tn’xk) ~ 20z

Denoting, as previously, by w;' the approximation of w(t,,x)) we obtain for the
schemes defined above the matrix equation

BYHWH = AW 4 d

Since the coefficients in (6.1) are time-dependent, we obtain different matrices A™
and B"™ on different time levels. The forms of A”, B"! and d" depend on the
scheme used.

For the Euler explicit scheme B"*! is an identity matrix and A" is tridiagonal
with the elements:

Pe=1-2x(ap)® - otep,
ko1 = —%5241 + A(a’;;‘+1)27
Fao = b+ M(afo)’,

where
- ot B ﬁ
-~ (62)?’ T e

The vector d" has all zero elements but the first and last

P = Mag) wh + S, dirg = Aahy) why — Sbhrul.

For the Euler implicit scheme A" is an identity matrix and B"*! is tridiagonal
with the elements:

BZ}JIQI =1+ 2)\((12”“1)2 + ot cy,
Bl lbn+1 /\( n+1)27

kokt1 = 9 k1 T Mkt
n+1l __ Y n+1 n+1\2
Bk,k—l = _§bk—1 - )‘(ak—l) .

For the first and the last elements of d" we have
di = )\(aELH)QwSH + %bgﬂwgﬂ,

m o n+1\2 n+1 v n+1l n+1l
M_l—)\(aM )wM —ng wyy -
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For the Crank-Nicolson scheme the corresponding matrices are tridiagonal
with the elements:

Bn+1 1_|_>\( n+1)2 7ck’

Bn+1 P)/bn%»l é( n+1)2
kk+1 k+1 9\ k1) 0

Byt - 2y

n+1
k,k—1 7b

9 Ot
A};k =1- )\(a’g) - ECZ’
Y 2
k1 = = Ok + 5 (k1)
4 2
gl A 2
k-1 = szfl + 5(6171371) :

For d"™ we have

T = %((a8)2w8 + (a ”*1)2w3+1> (bowo + oot w ”+1>,

A
R = 5 ()Pl + (a5 ug) = 3 (g, + 03wy,

6.2 Convergence analysis of two level schemes

We will restrict the analysis of convergence to two-time-level schemes for the linear
parabolic initial-boundary value problem

Su+Alu=f, in (0,T]xU,
u=0, on [0,T] x 9U, (6.2)
u=g, on {t=0} xU,

where A! is the uniformly parabolic operator of Definition 5.24.

We introduce a grid in U i.e. a discrete set Ji; of grid points x; indexed by
the vectors k with components k;, i = 1,...,d. For U C R? the discretization
spacing dz; can depend on the direction x; but all dx; are of the same order h and
we assume that all x; — 0 with h — 0. The interval [0, 7] is discretized with
points ¢,,, n = 0,1,... N with the time step d¢ (this time step can be a function of
h as well) such that N6t =T
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Let us define the localization operator
Isip: C([0,T] x U) — R(N—&-l)x#JU,

which maps continuous functions to their values at the grid nodes w) = w(t,, z),
xp € Jy,n=0,1,...,N. For each t,, we introduce a grid function W" = {w}}
which is defined in the grid points of Jy .

We approximate derivatives in the differential operator A? by finite differences
in the z variable and the time derivative by a forward or backward finite difference.
Then we obtain the following finite difference approximation for the differential
problem (6.2)

Ln+1Wn+1 = R"W" + Fn’
where the terms for time level n + 1 are on the left hand side of the equation and
the terms for time level n are on the right hand side, and F is the localization
of the nonhomogeneous term f. For the one-dimensional schemes of the previous
section, matrices L™ and R" straightforwardly correspond to matrices B™ and A"

B" =6tL", A" ={tR".
DEFINITION. 6.1 The system of equations
LWt — grwn 4+ F n=0,1,...,N — 1, (6.3)

is called the two-time-level difference scheme for problem (6.2).
The difference scheme (6.3) is said to be solvable if

I(L™) = < Cet,
where the constant C' is independent of n.

The solvability condition means that starting from W9 we can compute the grid
function W™ for all subsequent time levels.

If v is a smooth function and W™ is a grid function obtained by the localization
of u, then we can expect the convergence L"T1JWn+l — Rrjyn — pn — 9 4
Alu — f, as 6t,h — 0. That leads to the notion of consistency of a difference

scheme.

DEFINITION. 6.2 For sufficiently smooth functions ¢ we define the truncation
error

V() = L (L5 40)" = R (Isnp)™ — F™ — (Isen(22 + Al — 1)),

where (15, )" denotes the localization of ¢ in the n-th time level.
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It is said that the difference scheme (6.3) is consistent with the differential prob-
lem (6.2) in the norm || - ||, if

lim || %" ()| — 0 =0,...,N—1.
pm ()l forn=0,...,

When there exist constants C(ip), ki1, k2 such that
1™ ()l < Clo) (IR]™ +[6t]*2),

the scheme is said to have the order of approximation ky in x and ks in t.

If the initial-boundary value problem (6.2) possesses a smooth solution then,
to simplify the definition, it is often assumed that @ is just this solution. Then the
truncation error is

V() = L™ (I pp)™ ' — R (I )™ — F™.

DEFINITION. 6.3 The difference scheme (6.3) is said to be stable with respect to
initial conditions in the norm || - ||, if for any two solutions W™, V™ with the initial
conditions W0, VO, respectively, but with the same right hand side F'", there exists
a constant C' such that

W — v < C|W = VY, nét<T.

If R"™ and L™ are time independent (they are constant in n) then the stability con-
dition for the two-time-level scheme (6.3) can be written as

(LT'R)"| < C, ndt<T.

It is possible to investigate the stability with respect to the nonhomogeneous
term F, but that analysis will be not carried on.

The above defined stability of a difference scheme is in a close relationship to
the well-posedness of the corresponding differential problem.

DEFINITION. 6.4 The problem (6.2) is called well-posed in the norm || - || if

1. There exists a unique solution of problem (6.2) for each initial data g such
that ||g|| < oc.

2. There is a constant C' such that for any two solutions w1, us of problem (6.2)
with data g1, go, f1, fo, respectively, we have the estimate

lur () = u2(t)]| < C(llgr — g2]l + sup, If1() = f2(T)|l) fort < T.
7|0,
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The following theorem explains the connection between consistency, stability,
and convergence of difference schemes for well-posed differential problems.

THEOREM. 6.5 (Lax equivalence theorem) If the problem (6.2) is linear, well-
posed, and its discrete approximation is solvable and consistent, then a solution
of the difference scheme (6.3) converges to a solution of (6.2) if and only if the
difference scheme (6.3) is stable.

Thus, if W™ is a solution of (6.3) for a given grid Jy; and a time discretization
with step 0t and u is a solution of (6.2), then

W™ — (Isgpu)"|| = O for h,0t — 0, nét —t, t <T.

When the scheme has the order of approximation k1 in x and ko in t, then there is
a constant C' such that

IW™ = (Zegu)"|| < C(IAI* + [3t[*2).

Proof. W are going to prove only that consistency and stability imply convergence.
We assume that the operators L™ and R" are time independent. Hence, these op-
erators are constant in n and this superscript will be omitted. To simplify notation
we write u” instead of (15 nu)".

Assume that « is a smooth solution of (6.2) and consider the difference W™ —
u". Then we have

LW — gty = ROW™ — ™) — 0",
where U" is the truncation error. Thus, we obtain
Wl oyt = LTIRWT — ™) — LT
and iterating
W =t = (L7 LRI e (LTUR) LT
By the stability and solvability conditions, we have the inequality
I(L7'R)" LY < Cat,

which gives the estimate

n—1
W™ — || < Cot Y |-
=0
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If the scheme is consistent then

n—1
0ty W < N6t max [T -0 ash,6t — 0,
=0 0<i<N-1

which completes the proof.

Assume now that u is not smooth. For smooth initial values g and nonhomoge-
neous terms f we obtain smooth solutions of (6.2) by Theorem 5.29 and Remark
53.Let§ e C®°(U) and f € C°(Ur) be such that (§ and f exist due to Theorem
5.6)

lg— gl + sup [IF(t) = F(t)] <e.
t€[0,T]

Let now u be a smooth solution of (6.2) with the above g and f . By the well-
posedness of (6.2), we get

Jute) = a0 < (g =gl + swp 157) = F) < e

Taking W™ a solution of the difference scheme (6.3) corresponding to %, we obtain
the convergence

W™ — || = [W" = W™+ W — " 4 @ — "
< WP = W+ W — @ + ||@® — u™| — 0, for h, &t — 0,

where |[W" — W"| — 0 follows from the stability of (6.3), |[W" — @"|| — 0,
from the consistency, and ||@™ — u™|| — 0 from the well-posedness of (6.2). ®

6.3 O-schemes

Let us consider a one-dimensional version of problem (6.2). Since now U is an
open interval, without loss of generality we can assume U = (0, 1). Then (6.2) is
replaced by

Su+Alu=f, (t,x)€ (0,T]x(0,1),
u(t,0) =wu(t,1) =0, te][0,T], (6.4)
u(0,7) = g(x), =€ (0,1).

Assume that the coefficients of A’ and the nonhomogeneous term f in (6.4) are t
independent. Then we can drop the superscript ¢ from .A? and write

Au = —aQ(x)% +b(2) %% + c(z)u.
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Thus the Euler explicit and implicit schemes and the Crank-Nicolson scheme can
be written by a single formula, the so-called #-scheme

I+ 0AW™ = (I—(1-0)A)W" + ¢, (6.5)
where
_ 2 _7 2 _ 7 2
Ak,k = 2)\ak+(5t Ck, Ak,kz—‘,—l = §bk+1 —)\akJrl, Ak:,k:—l = —§bk_1 —)\akfl,

when, as previously, we denote

and ¢ is a localization of f.
To estimate the order of approximation for the §-schemes we will use the fol-
lowing lemma.

LEMMA. 6.6 Let z € C*(J), J CC R. Then

2(z+h) - 22(;) it DT gzw (z) +O(h?),

z(x + h)z—hz(x —h) _ Zl(l') 4 };27;(3)(56') + O(h4)7

Z(x+h)_z(x)_ ! h "
- =2'(z) + 5% (z) + O(Rh?).

The proof of this lemma follows easily from the Taylor expansion.

THEOREM. 6.7 The 0-scheme for the one-dimensional, linear, parabolic prob-
lem (6.4) has the order of approximation

O((0 — $)8t) + O(|oz|* + [6t]?).

Proof. We prove the theorem under the assumption of constant coefficients.
Let y;* be a function on the grid, i.e., y = y(tn, xx). Let y denote the vector

{yP} M and 9, the vector {y; "} . We will also use the abbreviation yn =
gy

5t
Introduce the grid difference operator

ty —2 - +, — §—
STy —2y+S y+bSy S

Y
(0x)2 20z v,

Ay =
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where S* and S~ denote shift operators S¥{y?} = {y%_,}. Then the f-scheme
for (6.4) has the form

ya +A(09+ (1 - 0)y) = ¢,

where ¢ is a localization of f.
Consider the solution u of (6.4) which is of class C**((0,T) x (0,1)). Since

we are going to consider the action of a finite difference operator on functions of

continuous variables, we introduce the following notation:

u=u(r,§), thelocalization of u at a fixed point (7, §),
ou ou
ut—a(T,g), ux—%(T,g),

A~

U =u(r +0t,§), u=u(r+10tE§), ua= u(S—tu

Since v is a solution of (6.4) then by Definition 6.2 the truncation error ) is

given by the expression

Y =un+ At + (1 —0)u) — o,
and is only a function of u. By Lemma 6.6 we get

2 2
Au = —a’uy, — (12(51332)%95” + O(((Saﬁ)?’) + buy + b(é?umx + O((éx)4)

2
+cu=Au+ (612) Az, + O((62)2).

To estimate the truncation error let us note the identities which follow from the

definition of ua

1 1 1 1
W= (@ +u)+5(@—u) = 5(@+u)+ ;otua,
1 1 1 1
1

0t + (1 —0)u = §(ﬂ+u) + (6 —1/2)0t ua.

Thus
P = ua + %A(a +u) 4+ (0 — 1/2)5tAun — ¢. (6.6)
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By Taylor’s expansion we get

1 2
= u+ 56t + ) iy + O((61)*),
1 2
Uu=u-— §5t U + 6t) Ut + O(((St)3),
1 5t)?
—(u+u)=u+ ( 8) g + O((6t)%)
Then comparing
1 1 2 1
w=tatw) = Lotus = a+ O, — Lstus + 0((00)
2 2 8 2
with
. ) 3
uU=u-— §5tut+ utt—i—O(((St) )
we obtain

ua = @y + O((5t)?).

Inserting into (6.6) the above expression for ua and the expression for 1 (4 + u)
gives

2
o=+ A+ O a4 (0 1/2)tA,

12
(62)°
12

- (0 — 1/2)6t Attty + O((62)* + (6t)?) — 6.

We have @; +.At = f due to (6.4). Assuming the equality f = ¢ (f is independent
of t and the localization of f is correctly chosen) we have

Y = (0 — 1/2)6tAus + O((0z)% + (6t)?).

6.4 Stability of difference schemes

We will now analyze the stability of two-time-level difference schemes for the
linear, parabolic problem (6.2). To simplify the presentation we assume that the
coefficients of (6.2) are time independent and restrict our analysis to the stability
with respect to initial data. Let U™ and V"™ be two solutions of scheme (6.3) with
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initial conditions UY and V'°, respectively. Put W" = U™ — V", To prove that a
scheme is stable in the norm || - || we have to prove the following implication

LW™ = RW" — ||[W"|| < C|WY|, nét<T,

where W™ fulfills zero boundary conditions.

The constant C' is independent of n but generally depends on 7" and with in-
creasing 1" can lead to an exponential growth of the numerical solution. Only when
C < 1 there is no growth, and the solution is bounded by a universal constant for
any 7.

For parabolic problems, due to a maximum principle, it is very natural to prove
stability in the [°° norm. The following theorem is a simple example.

THEOREM. 6.8 The 0-schemes for the heat equation (a> = 1, b = 0, ¢ = 0,
f=0)with0<6<landf>1-— % yield solutions satisfying

‘Wn+1|oo < ‘Wn|oo,

where |W"|o = maxo<p<nr |w}| is the [°° norm in RM+1,
That proves the stability
W oo < [W°]ac
with the constant C = 1.
Proof. The 6-scheme for the heat equation reads
1 +1 +1 +1
witl — wp _ HwZH — 2w, 4w . a)wZH — 2w +wp_y
ot (0x)? (0x)?

We rewrite this equation in the form
(14 200w =OAMwit] + wpt) + (1= OMwi_; + wiyy)
+ (1=2(1—0)\)wp.

Under the hypothesis of the theorem, all the coefficients on the right hand side are
nonnegative. Hence

(14200 W o < 20A W o +2(1 =AW oo + (1 =2(1— O)N) W | .

The rearrangement of terms in the inequality completes the proof. [ |

A maximum principle for parabolic equations can help establish stability in the
supremum norm. But there are numerical schemes that do not satisfy a discrete
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maximum principle. It appears that a more convenient is the stability analysis in
the /2 norm. In addition, in the [? setting, we can use Fourier’s analysis which
is particularly suitable for constant-coefficient problems. Before passing to the
stability analysis of two-time-level schemes let us recall some facts from linear
algebra.

LEMMA. 6.9 Let A be a symmetric matrix in RM. Then
p(A) = || Al

where || A|| denotes the operator norm of A implied by the Euclidean norm in RM
and p(A) denotes the spectral radius of A

A) = max ,
p(A4) = max

where o(A) is the spectrum of A, the set of all eigenvalues of A.
For nonsymmetric matrices in RM, we have only the inequality

p(A) < [|All

LEMMA. 6.10 Let A be the matrix defined for the 0-scheme (6.5) implied by the
operator A with constant coefficients. The components of A are

A =2Xa2 + 6te, Agpyr = %b — A%, Apgpoi = —%b — Aa?.
Then for vb # 2 a? the eigenproblem
Arl) — Mﬂ"(j)
has the eigenvalues
p; = 0t c+ 2 a* — /4 2at —’beQCOS%, j=1,...,M—1,

and the eigenvectors

- 2Xa? +yb\5 . jm 2Xa? +yb\s . (M —1)jn
() — 4AQT + 90Nz T 2 .
! <<2>\a2—7b> SnM""’(Q)\aQ—yb) T >

We now restrict problem (6.2) to a constant-coefficient problem. Then in the /2
setting, we have the following stability result for the #-schemes.
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THEOREM. 6.11 Let A be the matrix defined in Lemma 6.10. Assume that the
eigenvalues of the symmetric part of this matrix, obtained by putting b = 0, are
positive which corresponds to the inequality

sin® — ~ —a°7”, (6.7)

where we have substituted dx M = 1, the size of the spatial domain U = (0, 1).
If A is symmetric (b = 0) then the 0-scheme

(I4+0AW™ = (I —-(1-9AW"

is stable in [*>-norm for

g1 1
~ 2 4la?+tc

For the nonsymmetric matrix A (with b # 0) the 0-scheme is stable if (6.7)
holds and 0 > 1/2.

Proof. Taking into account equation (6.5) defining #-schemes a sufficient condition
for stability is
(I +60A4)(I—(1-0)4)] <1.

Since

(I—(1—0)A):I+0A—%(I+9A)+%I: (1—;>(I+9A)+;I,

we have

(T+604)" (I~ (1-0)4) = (1 - ;)H %(H 6A4).

Assume A is symmetric. Then also (I + §A)~! is symmetric, and the norm of

1 1 .
(1-5)r+5u+0n

is equal to its spectral radius. Then the estimate we are looking for can be reduced
to

max
K

— 9

1 1
1-—- — | <1
( e>+muww>

where 11, are the eigenvalues of A.
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By Lemma 6.10 we have

g

pj = dte+ 2Xa? — 2\a? cos Vo ot ¢ + 4\a? sin? JT

j=1,...,M —1.
I’ J s )

The condition

1 1
- ) +— <1
< 9>+9(1+9w) =

gives

0—1+

<(9:>9/Lj202>uj20,

1+ 0u;

which is (6.7).
The condition

<1 1) + # >
0 (14 0u;) —
gives

1

0—1+ > 0= —1+ > 20
1+9uj_ 1+0,LL]'_
: 11
= M o> 2
1+ 6p; 2 py

Taking into account the values of j; given by Lemma 6.10, we obtain

1 1 1
_ _ < _ )
mjax< Mj) max; ij —  Otc+ 4ha?

Hence, if (6.7) holds and

0> L L
2 Jdtec+4Na?
the spectral radius is not greater than 1.
The stability for the nonsymmetric matrix A (with b # 0) follows from the
estimate

<1

[z +04)7H (1 - (1 -0)4)|| = H(1 - )T+ g0y

Taking W € RM+1 we get (|- |5 and (-, -) denote the /2 norm and the corresponding
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scalar product in RM+1)

2

’((1— 5)I+ (L +04)" >W

(1—7> W3+ 2 ( %) (W, (I + 0A)"'W)

1 1 _ 2
+9(1—5>((I+0A) WW) + |+ 04) W

- (% - 1) Wi - %(% = 1) (I +6A)(I +04) "W, (I + 04) ' W)
- %(% - 1) ((I+64)7"W, (I +0A)(I+6A)"'W)

+ 9—12](1 +0A) WS

2

= (B0 W (A 0) (0 W+ 0T (1 04) W)
- %(% - 1) (14 04)"W, (I +0A) (I +0A4)"'W)

+9i2; I+64)"'w|:
- (% - 1) W3+ (2 — 9%) (T +04)" W],
_ (% _ 1) (I + 0A4) W, (A + AT)(I +04)~'W).

To complete the proof, we will show that the last expression is bounded by |W|§

This proof is in several steps. First, we prove that if all eigenvalues of the
symmetric part of A are positive, then (W, AW) > C|W |3 with C > 0. Let 4y
denote the matrix A for a®> = 1, b = 0, ¢ = 0. By simple computations we get

M—-1
(W, AgW) =X Y (w; — wit1)?,
1=0

where we have used the zero boundary conditions wg = wys = 0.

On the other hand, expanding W in a series of eigenvectors of Ay and using
the positivity of eigenvalues of Ay, we get

(W, AgW) > min i |W |2 = d\sin? —— | W 2.
J 2M
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For the matrix A, we obtain similarly

M-1
(W, AW) = Xa® > (w; — wit1)? + cbt|W3
=0

> (cét + 4)\a? sin® ﬁ) W3 > C|W|3.

This proves that (W, (I + §A)W) > C|W|3 with C > 1, which implies that
(I + 0A) is invertible and gives

((T+04)" W2 < W
The estimate for (W, AW) also shows that (A + A") is positive definite and

(% — 1) (1 +64) 7MW, (A + AT)(I +04)7'W) > 0.

Then we get

’((1 - %)H ;(I+0A)1>W

since for § > 1/2 both coefficients on the right hand side are nonnegative and sum
to 1. ]

2

< (% - 1)2\W|§ + (% - 9%) WE = W3

2

Remark. 6.1 Let us observe that the above theorem gives for the heat equation the
stability condition

1 1
0>- — —
— 2 4\
which is much stronger than the [*° stability condition of Theorem 6.8
1
0>1— —.
- 2\

We will now carry the stability analysis of problem (6.2) with constant coef-
ficients applying the discrete Fourier transform to the grid functions, which are
solutions of (6.3). To simplify the presentation, we restrict considerations to sta-
bility with respect to initial data. Then we consider only an initial-value problem,
and the domain U of our difference scheme is the whole R,

Let 62y = 6xy = --- = 0xq = 1/M. The grid points of R¢ are indexed
by vectors k € Z¢ with components k;, i = 1,...,d. For a function {W}},cz4
defined on the grid in R? we introduce the discrete Fourier transform

by 1 —i(k-Ax
W(E) = Goym D Wae™ 279,
kezd
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where Az is the vector with components (0x1, dxo, ...,0xq), k - Ax denotes the
vector with components k;dx; and |Ax| = Hle ox;.

The functions W are defined on the whole R? and are periodic with period
27 M in the direction of each coordinate. Hence, we can restrict these functions to
the cube [—m M, mM]¢ and get the inverse Fourier transform

1 i(k-Az, )13
e /[_Wﬂrmﬁ W (€)de.

We consider the grid functions W as elements of the space [? with the norm

Wi =

W= |Wl?|Aa],
keZd

Their Fourier transforms W belong to the space L?([-mM, 7 M]%) with the norm

. 1 .
W3 = = W (€)| de.
e LGN

)

Functions W(f ) for a fixed ¢ are from the Euclidean space R with the Euclidean
norm denoted | - |.

For the discrete Fourier transform holds also the Parseval identity known for
the continuous Fourier transform

Wll2 = [W]a.
Taking the discrete Fourier transform of the difference scheme
LW = RW" (6.8)

corresponding to the initial-value problem related to (6.2) with constant coefficients
and zero free term, we obtain

Z (Lwn+l) kef’i(k-Am,f) — Z (an) kefi(k:-Ax,f) )
k k

Since
(Zwnt), Zl Wit (RW), =Y Wi
j
equation (6.8) leads to the equation for Fourier’s transforms

LEOW™ (&) = REW™(Q),
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where

L(¢) = lee_i(]’ﬁxé), R(¢) = ere_i(j'Ax’f).
J J

The matrix R R
G(&) = L7 (OR(©)

is called the amplification matrix and is a continuous function of £. Then the equa-
tion for Fourier’s transforms reads

Wn(E) = (G()" W (9).

THEOREM. 6.12 (von Neumann stability condition) A necessary condition for
stability in the norm 1% with respect to initial data for the problem (6.2) with con-
stant coefficients is the existence of a constant K such that the spectral radius of
G (&) has the estimate

p(G(§)) <14 Két, V.

Since the spectral radius of A is the greatest absolute value of the eigenvalues
of A, we can reformulate the above estimate in terms of the eigenvalues of G ()

Ve Ius(€)] < 1+ Ko,
where (1;(&) denotes any eigenvalue of the amplification matrix G(§).

Proof. Due to Lemma 6.9 we have the estimate
p(A™) < [|A™]| < [[A]]",

where || A|| denotes the operator norm of A.

Let us now assume that the necessary condition is not satisfied. Then for each
K there exist a vector {x and an eigenvalue u(€x ) of G({k) such that |u(Ex)| >
1+ Két. Thus for T = nét we have

wER)|" > 1+ Knét =1+ KT = [|G"(éx)|| > 1+ KT,

where ||G™ (£ )|| is the operator norm of matrix G™(£x) in R%.

Since G™(§) is a continuous function, there exists an open neighborhood I
of {x with a positive volume, where we have the estimate ||G"(&)|| > 1+ KT,
for £ € Ix. We can now select an initial condition WIO( such that W% is zero in
the exterior of I and |G™ (&)W (€)| > (1 + KT)|W2(€)] for & € I. Since the
volume of I is positive we get the estimate with smaller but still unbounded from
above constant K

IG"Will2 > (1+ K T) Wil
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By the Parseval identity and the above inequality, we have

wr wr G"W?
sup | O|2 — sup W2 S 16" Wiell2 1+ K.T),
wo (W02 o [WOll2 — [WR|l2
which contradicts stability, as K is arbitrarily large. [ |

COROLLARY. 6.13 The proof of the above theorem shows that the sufficient con-
dition for stability is
sup 1G"()] < C,

for each n such that nét < T and C > 0 independent of n.

The von Neumann stability condition for an initial value problem is also a nec-
essary condition for stability of an initial-boundary value problem. The extension
of the von Neumann stability analysis to a sufficient condition for initial-boundary
value problems is complicated and is beyond the scope of these lecture notes.

But initial-boundary value problems in a rectangular domain, say U = (—1, 1)<,
with periodic boundary data, can be easily reduced to the already discussed initial
value problems. Let as previously dx; = dxg = -+ = dxg = 1/M. The grid point
of Jy; are indexed by the vectors

keZy={k= (k... kq): ki=0,+1,+2,... +M}.

A grid function {W},}ecz,, defined on the discrete grid Ji; can be expanded in a
series of trigonometric polynomials

Z, VAV(&)e_i(k.Aoc,E:)7 where §; = I,
leZy

1

where the prime in the summation sign indicates that the summation has to be
modified for [; = +M to take into account the periodicity of boundary conditions.
The coefficients W (;) are defined by the finite Fourier transform

o 1 / (kA
W(fl) == W Z Wke (k-4 ’gl)‘Al’|, for fl = Ir.
keZ

Functions T/ belong to the space I2 with the norm

WwiE =3 W),

leZy
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whereas functions 1 belong to the space I2 with the norm

/
W3 =" [Wel*|Az|.
keZ

With the above norms we have the Parseval identity [W |y = |W|. Similarly like
for initial value problems we can define the amplification matrix G = G(&;) which
is now defined for a discrete set of points &;. For this amplification matrix the von
Neumann stability condition (Theorem 6.12 and Corollary 6.13) remains valid but
the proof of Theorem 6.12 requires some modifications.

Proof of Theorem 6.12 (for the finite Fourier transform). Since G™ is an operator
of multiplication by a matrix, we can compute its norm by applying a well-known
property of operators of multiplication. If B is an operator of multiplication by
a function b(z) in spaces L? (or [?), then the operator norm of B is given by the
formula

N

(J b(z)u() 2dz)

I1B] = sup 2 = sup [b(a)].
([ u)paz)®

By the Parseval identity and the above property of multiplication operators, we
have

W W G n
sup V712 _ gy 22 _ g I8 Wil _ oo (Gt
wo W0~ 0 e WOl

Since the stability requirement is the boundedness of G™(&;) for all I € Zj; and

H(GEN " = p(G™(&) = (p(G(&))",

then a necessary condition for stability is the existence of a constant X' > 1 such
that
(P(GE&)" <K Vle Zy.

Taking into account that ndt < T we obtain
p(G(&)) < KOUT <1+ K16t Vi€ Zy,

which completes the proof. [ |

It can be shown that if G is a normal matrix, then its operator norm is equal to
its spectral radius. Then the von Neumann condition is also sufficient, in particular,
it is sufficient for one-dimensional problems. It appears, however, that even when
the condition is sufficient the constant in the condition can lead to the rapid growth
of a grid solution. The following example illustrates the problem.
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Example. 6.14 Consider the convection-diffusion equation

ou ou _ 20%u
ot Thgy =a 52

Applying to the Euler explicit scheme

n+1 n n N ) n _ n n
wy, T — wy +bwk+1 wy_yq :a2wk+1 2wy +wyp_

ot 20z (0x)?

the discrete Fourier transform, we obtain the amplification function (d = 1, hence
G is one-dimensional)
G(6) =1 -2k + (k+1/2)e 0% 4 (k — 1/2)e%¢,

where k = aQ(CS‘STt)Q, v= bg—;. Denoting s = sin(0x £/2) we get

G() =1—-2Kk+2kcos(6z ) —ivsin(dx &),
IG(O)]? = (1 — 4rs?)? + 4257 (1 — 52).

Taking s*> = 1 we obtain |G| < 1 for k < 1, which is the necessary condition

2
for stability. As v? = 62<§—i> = (b*/a?)két and maxX2e[o,1] s?(1—s%) = 1 we
get for k < L the estimate

b2
IG(6)]? = (1—4rs?)2+42s*(1—5%) < 1+4025%(1—5%) < 1417 < L5 5 0t,

so that the von Neumann condition is satisfied and, since the problem is one-

dimensional, the condition is sufficient for stability. On the other hand, taking

v=1k = % and s*> = % we obtain |G|> = 3, which gives a rapid growth of

Z)
Fourier’s modes.

The above example suggests the introduction of a stronger notion of stability.

DEFINITION. 6.15 A two-time-level difference scheme is said to be strongly sta-
ble in the norm 1% with respect to initial conditions if the following estimate holds
for the amplification matrix

V¢ GO < 1.
In Example 6.14 the condition |G(§)| < 1 gives

V2 <92k < 1. (6.9)
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Indeed, from the expression
IG(6)]? = (1 — 4rs®)? + 4v2s%(1 — s2),

we obtain for s? = 1 the estimate 2x < 1. Rewriting |G(£)|? as

1G()]? =1 — 452 (2r — %) + 45 (4K% — 1?)
we obtain |G(§)| < 1 provided that

45 (4K% —1?) < 452 (26 — 12).
Thus for s > 0 we get
s2(4r? — %) < (2r — V).

Excluding the case 2k = v?> = 1 and taking the limit s2 — 0 we obtain from
the above inequality 2~ — v? > 0. Since the excluded case falls into the general
inequality, it proves (6.9).

Number £ is called the Peclet mesh number and relates the convection term bg—g
to the diffusion term a2%. The condition % < 2 means that the convection term
cannot be too large with respect to the diffusion term. The maximal admissible
k = 1 restricts the Peclet mesh number % < 2 which implies dz < %. The
violation of this restriction of the grid step can generate spurious oscillations of the
scheme.

We can improve the stability by taking an upwind scheme, which applies a
different approximation of the first-order x derivative. Let us consider the equation
of Example 6.14

% + bg—z = aQ%.
If b > 0 the left hand side of the equation is a first-order operator with the traveling
wave solution u(t,z) = F(x — bt), where F(-) = g¢(-) is given by the initial
condition. We can say that the profile F'(-) drifts in the positive z direction ("wind
blows to the right”). Looking from the node (k, n) the node (k—1,n) is "upwind”.
Applying that approximation of the first-order derivative we obtain for the Euler
explicit scheme

n n__,,n n o _ n n
Wk T Wk Wk T Whet 2 Wk 2wi + Wiy

ot oz (0x)?

the amplification function

G(E) =1—2K — v+ (k+ v)e 088 4 gtz
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After simplifications we get

G()=1—-2k—v+2kcos(dz &) + vcos(dx &) —ivsin(dz§),
GO = (1 — 22k + v)sH)? + 4252 (1 — 52).

The condition of strong stability |G(£)| < 1 gives the inequality
2k 4+ v < 1. (6.10)

To prove that inequality, observe that condition |G(£)|> < 1 gives 2k + v < 1 for
s2=1.Since 0 < 12 < v <2k + v forb > 0, then for 2x + v < 1 and arbitrary
s2 € ]0,1] we have

IG(O))? = (1 —2(2k 4+ v)s*)? + 4%s%(1 — 5?)
< (1—-2(26 +v)sH)? + 42k + v)s*(1 — %)
=14+4s'2r + )26 +v —1) <1,

so the condition of strong stability holds.

Inequality (6.10) is called the CFL condition (Courant, Friedrichs and Lewy
[12]) and for small « is less restrictive than (6.9). For example, taking x = % we
obtain from inequality (6.10) v < 0.96 and ”?2 ~ 46, a value much larger than

% < 2 permitted by inequality (6.9).

Remark. 6.2 The von Neumann stability condition applies only to constant-coeffi-
cient equations where the Fourier transform is well defined. Nevertheless, the von
Neumann analysis is also used for variable-coefficient equations “freezing” coeffi-
cients in their constant values. Since stability is a local property “freezing” works
well for many variable-coefficient equations.

6.5 The Black-Scholes equation in the original variables

We return now to the Black-Scholes equation in a general setting of variable coef-
ficients

aV (t,s)

1 2
AR UL T
ot 50 (t5)

2
52 0 V(tv 5)

542 —r(t)s P +r(t)V(t,s) =0, (6.11)

with the initial condition
V(0,s) = Vp(s).
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Ignoring the unboundedness of the coefficients we write the #-scheme for that
equation
(I + A" THW™ ! = (I — (1 - 0)A")W™, (6.12)

where

1 1
Ay = (kop)?+r™, k1 = —5((1‘70?)24‘“”), Ap -1 = —5((/?01?)2—/““”)-
Numerical experiments show that the scheme is unconditionally convergent for 6 >
1/2, i.e., for the Euler implicit and the Crank-Nicolson schemes, independently
from the fact that the coefficients are unbounded

Explanation

For (6.11) we can carry on a similar analysis as for problem (5.11). In particu-
lar, using similar methods, we can prove the existence of weak solutions to (6.11).
We have only to replace the space H& (U) by the space

d
V = {ue LA(R,): x£ e L*(R})}
with the norm
=l
dzx

lulv = o5 | 2ce.

where the derivative % is understood in a weak sense.

DEFINITION. 6.16 V (¢, ) such that V € C([0,T]; L*(R4)) N L?(0,T;V) and
%/ € L?(0,T; V"), where V' is the dual space to V, is called the weak solution of
the Black-Scholes equation (6.11), if for each uw € V

(%%(t, -),u) + BV(t,-),u] =0, te(0,T],

(6.13)
V(0,-) = Vo, on Ry,
where
1 ov Ou
Bt — T2 2 -
[v, u] /[R+ 550 (t’s)&s 8Sals

do\ Ov
+ —r(t) + o(t, s +sat,s)sud8+rt/ vuds.
[ (5704 o)+ sote. 057 )sGiuds o) [

An energy estimate is crucial for the existence of weak solutions. In the case
of the Black-Scholes equation (6.11), we have the following energy estimate.
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THEOREM. 6.17 (Energy estimate for (6.11)) Assume
1. 0 <or <o(t,s) <oy, where of, and oy are constants.

2. There is a constant Cy such that

sg"‘ <C,, Vte[0,T], Vs Ry,
S

Then

Ja >0, |B'[v,u]| < alvllyllully,

2
UL 2 t 2
E|’)/ > 0, ZHUHV <B [/va] +7””HL2(R+)'

The proof of this energy estimate is similar to the proof of Theorem 5.20 if we use
the R? version of Poincaré’s inequality

dv
wev, vl < 2ol

L2(Ry)’

which can be obtained from the integral identity

dv
2/ xv(x)—dx = —/ v?(x)d.
. (@) . )

By the above energy estimate, we obtain the following existence theorem.

THEOREM. 6.18 If Vo € L%*(R,) and assumptions 1. and 2. of Theorem 6.17
are fulfilled, then there exists a unique weak solution of problem (6.13) and for
eacht, 0 <t < T, we have the estimate

- 1, [t
NV + 508 [ IV < Vol g,
where y is the constant from Theorem 6.17.

The estimate of Theorem 6.18 explains why despite unbounded coefficients the
scheme (6.12) possesses good numerical properties.
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6.6 Finite differences in many dimensions

Generalizations of the one-dimensional methods

We are going to extend the one-dimensional finite difference schemes, we have
been studying, to many dimensions. Before we proceed, we would like to empha-
size that the approach we will use is the same as in the case of the one-dimensional
schemes. The concepts of consistency, stability, and convergence remain valid as
they have been formulated for multi-dimensional finite differences. Our basic tools
will be the Lax equivalence theorem (Theorem 6.5) and the von Neumann analysis
of stability.

We begin with the Dirichlet problem for the two-dimensional heat equation in
the rectangular domain U = [0, 1]?

ou  of(0%u d*u
ot ox? 0y
u(t,z,y) = q(t,z,y), (x,y) €U, te[0,T],
u(0,z,y) = g(x,y), (x,y)eU.

) —0, (ta,y) € (0.T] x U,
(6.14)

In the analogy to the one-dimensional approach, we introduce in U a rectangular
grid with spacing éz x dy where

1 1

bz =—, Oy=-——
x Mx7 y My?

and divide the time interval into /N subintervals of length §t = % The grid points
of this mesh are denoted

(xj,ye) =(j - 6z, k-0y), 7=0,...,My, k=0,...,M,,
th,=n-0t, n=20,...,N.

The time derivative in the heat equation is approximated by the forward differ-

ence
au(tna CC]‘, yk) ~ u(tn-f-la xj7 yk) - u(t’fh xja Z/k)
ot ot ’
and the second-order space derivatives are approximated by the central differences

82U(tm95jayk) ~ U(tn,l'j+1, yk) - QU(tn)xjvyk) + U(tn,xj_l, yk)
027 (02)2 !
82U(tn,l’j,yk) U(tn,ﬂfjayk+1) - 2u(tn)x]7yk) + u(tn)xjuyk—l)

~
~

Oy? (6y)? .
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We denote by w}“ ;. the approximation of w(t,,z;,yx). To simplify the nota-
tion, we define several finite difference operators. We begin with the first-order
difference operator

ox
Since points z; & %5:6 are not grid points we use in fact the central differences

n n
no_ Wirik T Wik
’ 20x

That leads to the following second-order difference operator

n n n
n . Witk — 2w H Wi
OacWjk = 2
’ (6z)

Analogously, we define the operators d, and d,.
We begin with the two-dimensional explicit Euler scheme

n+1 n
Wik — Wik
ot
n+1

Solving for w ik We obtain

— a*(0pe + yy)wiy, = 0.

n+l _ 2 n n 2 n n
Wit =0y (Wi_1 e + Wi p) + @Ay (W] gy + W] giq)
2 2 n
+ (1 = 2a"Ay — 2a° Ay w7y,

where
B ot B ot

=G T Gy

By the above equation we can compute wzzl at all internal points (x;,yk), j =

,....M, -1, k=1,..., M, — 1.
The boundary conditions

n+1l __
wj,k’ _QO(thrl’xjayk’)?

for (j, k) € {0, My} x {0,...,M,}U{0,..., My} x {0, M,}

supplement the solution on OU.

The truncation error of the scheme is O(5t) + O(|dz|* + |6y|*) and can be
computed similarly like in the proof of Theorem 6.7. Performing the von Neumann
stability analysis we obtain the following amplification function

G(&,&y) =1+ a* A (€7 — 24 e%) +a® Ay (e ™ — 2 + &)
2 &

=1- 4a2)\x sin — 4a2)\y sin

2 &y
2
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The maximum of G occurs at (0,0) and is equal 1 and the minimum, at (7, ) and
is equal 1 — 4a?(A\; + Ay). Thus |G(&;,&,)| < 1if
9 1
a
Hence, we have obtained a numerical method easy to implement and with a
low computational complexity but with a restrictive stability condition. That is not
a surprise as we have used an explicit scheme.
To improve the stability, we apply the Crank-Nicolson scheme

w 2
3k k@ +1 _
50 - 5(6mj + 5yy)(w;.fk + wﬁ) =0.
Solving for wﬁ“ we obtain

ot ot
(1= 502 0an + 80wt = (14 G020 + 8) ).
Introducing the matrix
Wn = (w}y),j=1,..., My —1,k=1,...,M, -1
we can write the above equation as
1 n+1 1 n
(1-5c)wm = (1450w
2 2
where C'is a (M, — 1) x (M, — 1) tridiagonal block matrix
D, D,
.| P D:oDy
D, D,
with the matrix entries of dimension (M, — 1) x (M, — 1)

a [
D, = p a ﬂ , Dy =\l
ﬂ' o
where
a = —2d? ()\x + )\y), B = A\ga’.
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The truncation error of the scheme is O(|6t|> + |6z|? + |dy|?) which can be
computed like in Theorem 6.7. The von Neumann stability analysis gives

2€x

(1—1—2@2/\5 sin + 2a2/\ sin? ﬁy) G(&, &)

= (1 — 2a2)\x sin? 22 fz — 2a2)\ sin? fy)

Since ’?‘ < 1forall z > 0 then |G(&;,&)| < 1 and the scheme is uncondition-
ally stable.

Thus we have obtained a scheme with good approximation and stability prop-
erties but very costly in implementation. In each time step we have to solve a linear
system of (M, — 1) x (M, — 1) equations. Since the system is not tridiagonal its
solution is very expensive. The fact that the system is block-tridiagonal can reduce
the cost, but this reduction is minor.

Alternating direction method

A significant reduction of computational complexity can be achieved by splitting
the two-dimensional problem into a sequence of one-dimensional problems. Be-
fore passing to rigorous mathematical considerations, let us describe informally the
idea behind the time-splitting method.

Consider the semi-discrete equation

aw
— =AW,
dt ’
where A is a discrete matrix representation of a differential operator.
The solution to this equation can be written formally as

W (t) = exp(At)IW(0).
Assume that A can be split into
A=A+ As.

We can think about splitting with A; corresponding to = derivatives and As, to y
derivatives, but, in fact, the splitting can be quite general.

We want to apply the above splitting to replace e(A1TA2)F by eMitel2t These
two operators are equal only if Ay and Ay commute (A;As = AsA;). However,

when the time increment is small then also the error generated by substituting
e(MHA2)t by ehitehat jg gmall,



152 CHAPTER 6. FINITE DIFFERENCE METHODS

Applying the above splitting to a multi-dimensional finite difference scheme
with the introduced earlier time discretization, we have by Taylor’s expansion

5t)?
Wl = ettty — (e&Alem L 2) (AoAy — AjAs) +O((5t)3)>W".
(6.15)
Hence, up to the local error term O(|6t|2) we can replace e/ (A1+A2) py e0tA10tA2,

The idea of operator splitting is the basis of a very powerful method that is es-
pecially used for solving parabolic equations. This method is called the alternating
direction implicit (ADI) method. We will present various ADI algorithms for the
already introduced Dirichlet problem for the two-dimensional heat equation.

Peaceman-Rachford scheme. This scheme is obtained by splitting the Crank-
Nicolson scheme

5t 5t
(1 — 5000 + 5yy))w;§;gl - (1 + 5020 + 5yy))w;fk. (6.16)
Since
5t o 6t 5o 5t o 5t o CHE
L 502 & Sa%,, = (1+ Sa bar ) (1 S ) — sy,

we can write (6.16) as

(1= et (- s = (1 )1+ S,
(9t)?
4

4 n+1 n
+ a (Sm(syy(wﬁk - ijﬂ).

By the Taylor expansion we have w;i;gl = w7 + O(6t). Thus the term

(9t)? n n
1 a45m5yy (’wj,}il - wj,k)

is of order O(|d¢®) that is the order of the discretization error.
Neglecting this term as we neglect the discretization error, we arrive at the
scheme

(- 55 = = () (s o

That scheme is up to O(\ét\?’) equivalent to the Crank-Nicolson scheme. In this
scheme, however, the finite differences in the directions of = and y are separated
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. . . . 1
and introducing the intermediate level W""2 we get

(1 . %a25m> ]":2 - (1 n %a dyy) Wl (6.18)
(1- %a%yy) witt = (1+ %a25m> Wit (6.19)

To find W"*+2 we have to solve (M, — 1) systems of (M, — 1) equations and
then solve (M, — 1) systems of (M, — 1) equations to compute W"*1. Each of
these systems is tridiagonal which makes their solution very fast.

We have to supplement the solutions of equations (6.18-6.19) with boundary
conditions. The boundary conditions for (6.19) follow from the Dirichlet boundary
condition for the differential problem (6.14). Deriving the boundary conditions for
equation (6.18) we should have in mind the accuracy of the scheme as it can be
easily destroyed by the wrong choice of boundary data.

Adding the left hand side of (6.19) to the right hand side of (6.18) and solving

n+ i
for w; 2 we get

L1 ot 1 ot
w;ZZ =3 (1 — EaQ(Syy) wﬁf + 5(1 + 5a25yy> W

Thus, for the Peaceman-Rachford scheme with Dirichlet boundary conditions, we
1

should use the following boundary conditions for wﬁ”

+1 1 ot o 1 St
g,kg 5(1 - 50’ 5yy) (thrl?ank) + 5(1 + 5a25yy)q(tn,0,yk),
+1 1 ot 1 &t
Xhzk ~— 9 (1 - 5“25yy>q@n+17 Lyg) + §<1 + 5a25yy)q(tn, 1, yk)-

1
The boundary conditions for w; 22 on the boundaries y = 0 and y = 1 are not

required as these values can be computed from (6.18).

The truncation error for the Peaceman-Rachford scheme is readily calculated
from the unsplit form (6.17). Expanding the terms in equation (6.17) we obtain the
Peaceman-Rachford scheme in the form

wh — 1 1
J:k gk L 2 +1 2 +1
e =@ Gu (Wi W) + 5adyy (Wi + wiy)

5t 45 5 ( TL+1 ka)
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Multiplying this equation by ¢ and expanding all terms in Taylor’s series we de-
duce that the leading terms are

mpy 1 08u 1 20 1 5 0%
V)~ 00 5 ~ 1200 5 — W) gy
1, .5 O 1,5 1 u

—_ —_— — — J— J— 27
500 5oz ~ 59 Gz T 19 Gianzay
= O(|6t]* + |6z + |0y|?).

Hence, the Peaceman-Rachford scheme is second-order accurate in ¢, dx, and
0y similarly to the two-dimensional Crank-Nicolson scheme.

To analyze the scheme stability it is more convenient to use the two step version
of the scheme. Applying the discrete Fourier transform to equations (6.18-6.19) we
get

(1 + 2a% ), sin? %)W’”% = (1 — 2a2), sin? %)W"
(1 + 2a? ), sin? %)W”H = (1 — 242\, sin? %I)er%

From these two equations, we obtain the amplification function

Ty 5Y 2
(

1 + 2a2)\, sin® %””) (1 + 2a2\, sin® %) ‘

From that expression we see that |G (¢, &,)| < 1. Hence, the Peaceman-Rachford
scheme is unconditionally stable. Since we have a consistent, stable scheme, then,
by the Lax equivalence theorem, the scheme is convergent.

Douglas-Rachford scheme. The Douglas-Rachford scheme is obtained by split-
ting the two-dimensional Euler implicit scheme

(1= 6t a®(0za + Oyy))wii i = wy.. (6.20)
To factor the left hand side of this equation into
(1 = 6t a?0y0) (1 — 6t a®dy, )wl
we have to add to the left hand side of (6.20) the term

(6t)*a*0rabyywli
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To compensate for this term we add to the right hand side
(01)2a* Gqayyw]y.

We already know from the analysis of the Peaceman-Rachford scheme that the
difference
(6t)2a*300yy (wzzl —wfy) (6.21)
is a higher-order term.
Then we obtain the one-step version of the Douglas-Rachford scheme

(1= 0t a?040) (1 = 6t a®dy )t = (14 (61)%a* 500y ) W]

Since this scheme differs from the Euler implicit scheme by the higher-order term
(6.21) the accuracy of the Douglas-Rachford scheme is the same as the Euler im-
plicit scheme, i.e., first-order in ¢ and second-order in dx and Jy.

The splitting form of the Douglas-Rachford scheme is
(1 -4t a2(5m)w;f7k = (1+4t a25yy)w;{k, 622)
(1 -6t a26yy)w;‘;1 = w;k — 0t a25yyw§-"k. ’

As with the Peaceman-Rachford scheme, we have to select carefully the bound-
ary conditions for W*. From (6.22) we find

wry = (16t azéyy)wﬁ;l + 4t azéyyw?’k.

Thus the boundary conditions for W* at j = 0 and j = M, can be derived from
the Dirichlet boundary conditions

wg,k = (1 —dt a25yy)Q(tn+17 07 yk) + ot a25ny(tna 07 yk)7
w}sz,k = (1 —at a25yy)Q(tn+1a 17 yk) + ot G‘Q(Sny(tnv 17 yk)
We proceed to the stability analysis of the Douglas-Rachford scheme using the
unsplit version of the scheme. Applying the discrete Fourier transform we get
(1 + 4a®\, sin? %) (1 + 4a2)\y sin? é;y) wntl

2
= (1 + 16a4)\x)\y sin? %sin2 Ey)W”
From the above equation, we obtain the amplification function

(1 + 16a4)\x)\y sin? %Z sin? %)

G(&:&y) = (144022, 5in? § ) (14 4020 sin? § )

It is easy to see that 0 < G(&;,&,) < 1. Hence, the scheme is unconditionally
stable. As a consistent scheme, it is also convergent.
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Additional topics
Arbitrary domain

We have investigated two-dimensional finite difference schemes in a unit square
to simplify the presentation. Real problems require a domain U complicated in
shape. In setting up difference schemes we can use a regular grid and adopt finite
differences to the irregular boundary of U. An alternative approach is based on
irregular grids better adapted to the boundary. Both of these approaches have some
advantages but also specific difficulties. Below, we present the use of regular grids.
The analysis of irregular meshes is beyond the scope of these lecture notes.

Consider an open, compact domain U C R? embedded in a larger rectangular
set Dy. A regular mesh Jy; covers the whole Dy;. The regularity of J;y means
that spacing between grid points on any line parallel to the Oz axis is constant and
equals dx; the same applies to spacing dy along the Oy axis. But the regularity does
not exclude that 0x # Jy.

The points of Ji7, which are inside U, are called the interior points. The points
on the intersections of mesh lines with the boundary of U are called the boundary
points. A boundary point can be a point belonging to Ji;, but in the majority of
cases, it is a point situated between two points in Jy;. We call the point (x;, yx) €
Jur regular if it is an interior point and its distance from any boundary point is not
smaller than the grid spacing. The interior points that are closer to some boundary
point are called irregular. For regular points operators d,, and d,, act in the way
defined earlier for U = [0, 1]2. To define these operators for irregular points take
an irregular point (x;, yx) and assume that the irregularity holds in the « direction
only. Then only d,, is changed. We have three cases:

1. If (95;‘—1: Yk ) is a boundary point, where the star superscript indicates that
the distance between x7_; and z; can be smaller than 0z, and (41, yx) is
a regular point then

_ i u(tn, Tj41, yk) — U(tn, zj, yk) _ u(tnv Tj, yk) - u(tnv x;—h yk)
dx dx dx~ ’
where 6z~ = |z; — z7_;| and obviously 6z~ < dz.

2. If (27,1, yx) is a boundary point and (21, y) is a regular point then

n
Oas Wi

_i U(tn,$;f+1,yk) - u(t”7xj’yk) . u(tnawjayk') - u(tnaxj—byk)
dx dxt dx ’
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where ozt = [xF, — x;].

3. Both points (27,1, yx) and (z}_;, yx) are boundary points then

. 1 u(tnvx;+1)yk) _u(trwl‘]?yk‘) U(tna$]7yk) _U(tnafﬂj‘_pyk)
ox dat dx~ '

Similar modifications of ¢, are required when (z;, yx) is irregular in the y direc-
tion.

These modifications make the implementation of ADI algorithms more com-
plicated. But the essential advantage of these schemes that we only solve linear
systems with tridiagonal matrices remains valid.

Mixed derivatives

We extend the considerations to the anisotropic diffusion equation with a mixed
second-order derivative

2 2 2
?;: - allg;; - 2@1251‘61; - CLQng,;L =0 (623)
defined on U = [0, 1) with Dirichlet boundary conditions.

The difference schemes we have used for the heat equation will now involve
nine points on each time level to approximate the spatial derivatives. That cause
much greater difficulty compared to the five-point schemes used for the heat equa-
tion. Besides, the use of the ellipticity condition ajjagze > a%Q to control the
growth of the terms coming from the approximation of mixed derivatives can be
insufficient, particularly, when the coefficients a1; and a2 are of different magni-
tude. Hence, numerical schemes for such equations require careful design to obtain
accurate and convergent algorithms.

Fortunately, in ADI schemes we can put the approximation of mixed deriva-
tives into the explicit part of the algorithm. We confine the discussion to the
Peaceman-Rachford scheme. For equation (6.23) we have the following extension
of the Peaceman-Rachford scheme

5t +1 at
(1 — —aném)w;k 2 = (1 + 5&225% + Jt a125x5y) Wik,

2
G o .

(1 — 5@22(5%,) wzf = (1 + 5 01104 + Ot a125x(5y>wzk
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Unfortunately, this scheme is only first-order accurate in time. The scheme can be
upgraded to a scheme that is second-order accurate in time by introducing addi-
tional intermediate values

Nn_3 n_} n—1
W—2W 2W .

The improved scheme is as follows

ot +3 ot o
(1 — Eallfsxx)wzk 2 = (]- + EGQQ(S:UZ/) w;tk + ot (Ilzéxfsyw;tkv
ot ot +1 ~
(1 B 5@25%) U’Z;l — (1 + 5a115m) w;L,k: 240t a125x5yw§fk‘

The boundary conditions for this scheme can be obtained similarly like for the
original Peaceman-Rachford scheme

+2 1 ot 1 5t
wg,k 2= 5 (1 - 5“2263131)(]@71-&-17 07 yk) + 5 (1 + 5a226yy>q(tn7 07 yk)7
+1 1 ot 1 5t
wnMka 9 (1 - 5a225yy)q(tn+1a Lyk) + B <1 + 5a225yy)q(tn, 1, yg)-

Lower order terms

There is no doubt about where to place first-order derivatives in ADI schemes. The
first-order derivative with respect to x should go with the second-order = deriva-
tive. The same applies to the derivatives with respect to . As we know from
Section 6.4, the way we approximate the first-order derivatives influences greatly
the scheme stability. The results obtained in that section extend straightforwardly
to ADI schemes. The formulas used for the approximation of first-order deriva-
tives and the placing of the corresponding terms in the implicit or explicit part
of the scheme decide on the accuracy of the scheme. These effects can be easily
investigated by adapting the computations of Section 6.4.

For non-homogeneous equations with a non-homogeneous term f (¢, z,y) it is
not always clear where such a term should go in an ADI scheme. Using a wrong
approximation, we can destroy the scheme’s accuracy. The suggested solution is to
start with an integral form of the differential equation (in an analogy with equations
of mathematical physics, that integral form is called the conservation law formu-
lation). Then approximate the integral of f(¢,x,y) in a way that preserves the
desired order of accuracy. We are not going into details about these computations.
To illustrate that the good placement of the nonhomogeneous term is not obvious,
we write the Peaceman-Rachford scheme for the equation

ou (0% O%u
5 ¢ <ax2 + 8y2> f(t,z,y)
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The Peaceman-Rachford scheme which preserves the second-order accuracy is
ot +1 ot ot
(1 — 5a25m)wzk 2 = (1 + 5&25yy)w;€k + §f~;’bk’

ot ) L5t
(1 — —a25yy)wz;§l = (1 + —a2(5m> wZZ2 + Ef;fz'l

Three dimensional schemes

Below we give a brief presentation of three-dimensional ADI schemes. As before,
we consider the heat equation

R
ot “\ou2 T2 T a2) T

The extension of two-dimensional ADI schemes to three dimensions in not
straightforward as the example of the Peaceman-Rachford scheme shows. The
three-dimensional Peaceman-Rachford scheme is not unconditionally stable and
is only first-order accurate in time. On the other hand, the three-dimensional
Douglas-Rachford scheme

(1= 6t a®Su0)wl oy = (14 6t a?(yy + 62.) )i,
(1 -6t a25yy)wf]<q,l = w;,k:,l — ot a25yyw§€k7p
(1—ot a2ézz)w2ﬁ = w;f:;c,z — ot a2522w2k,l

is unconditionally stable and O (|0t| + [0z|* + |6y|* + |62|%) accurate, exactly like
in two dimensions.

To obtain unconditionally stable ADI schemes, we have to proceed like in two
dimensions, i.e., start from a stable scheme, like the Crank-Nicolson or the implicit
Euler scheme, and perform an appropriate splitting. We will illustrate such splitting
for the three-dimensional Crank-Nicolson scheme

ot n ot
(1 — §a2(6m + 0y + 5ZZ))wj;j = (1 + 5a2(5m + dyy + 6zz)>w;{k7,
(6.24)

which is unconditionally stable and O(|6t|> + |6z|? + [dy|? + [0z|?) accurate.
Adding to the left hand side the expression

(0t)*
4

5t)3
0* OBy + Orabzz + Byyde )T — ( 8) 050,300,007 ]
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and the similar expression for fw;-f 1 to the right hand side, we obtain the scheme

(1 Sena) (1 ) (1 oo

— (1 + %a%m) (1 + %a%yy) (1 + %a2532>w§3k,z-

(6.25)

Collecting the added terms

(61)?

a4(5zm(5yy + 5133622 + 5yy52z) (wzz} - w?’k,l)

(01)% & 1
O 3+ )

we obtain an expression of order O(|6¢|*). Hence, up to O(|6¢[*) the schemes
(6.24) and (6.25) are equivalent.

We now write (6.25) in the form

<1 — ﬁa%m) (1 - %azéyy) (1 - %a%zz) (W) — wina)

2
2 n (5t)° 6 n
= (575& (6II + (Syy + (Szz)wj7k7l + a 5xx5yy5zzwj,k,l-

4
(6.26)

Since the last term in equation (6.26) is of order O(](Ft]?’), it can be dropped
without destroying the scheme accuracy. We split the modified scheme using the
so-called A-formulation. Then we arrive at the Douglas-Gunn scheme

ot

(1 — §a26II)Aw;':k;7l = 0t a2(5xa: + 5yy + (Szz)w‘;l;k,l,
ot *k *

(1= 5 a%3y) Ay = Ay,
ot

(1— §a25zz)ij,k,l = Aw;jw,

. _ o+l n
Awjpg = wiy ) — Wiy

The scheme is O (|6t| + |6x|? + |dy|? + |§z|?) accurate as the Crank-Nicolson
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scheme. Applying the discrete Fourier transform to this scheme we find

(1 + 2a? )\, sin? %) <1 + 2a2)\y sin? %y) (1 + 2a%\, sin® g’Z>VV”+1

2§i 2§y 2€z
2

254
2

+ da* Ay, sin? éy 2§Z+8 DS Slnzf—an 5y n2%)Wn

—2a2)\ sin 2a2)\ sin

+ 4a4/\x)\y sin? %511(12 Ey + 4a4)\ A, sin % sin

= (1 — 2a2)\r sin

It is easy to check that the amplification function G(&, &y, &-) which follows from
this expression fulfills the condition

Hence, the scheme is unconditionally stable. Being stable and consistent the scheme
is convergent.






Chapter 7

Finite element methods

The finite difference methods with uniform grids are easy to implement in com-
puter codes. But these methods are not flexible enough for complex domains and
low smoothness data. An alternative approach is based on the Galerkin approxi-
mation described in Section 5.3 and is called the finite element method.

The finite element method has become the most important method for approx-
imating the solutions of partial differential equations, in particular of elliptic and
parabolic types. The method is based on the variational form of boundary value
problems and approximates the exact solution by a piecewise polynomial func-
tion. In that approach, one can easily handle complicated domains and solutions of
minimal regularity. It permits an accurate error analysis allowing to estimate the
cost of the made approximation. The method results in a finite algebraic system of
equations for the approximate solution. But, unlike the finite difference method,
the approximate solution is known in the whole domain as a piecewise polynomial
function and not just as a set of values in grid points.

7.1 Finite elements for elliptic equations

The Galerkin method applied in Section 5.3 to second-order parabolic equations
can also be applied to the elliptic equation

Au=f, inU,

7.1
u|8U = 07

where A is the uniformly elliptic operator in divergence form given by (5.7) with
coefficients a;j, b;, and c sufficiently smooth.

Before implementing the Galerkin approximation we modify slightly the ellip-
tic problem (7.1). Let us recall that in the proof of existence of weak solutions in

163
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Section 5.2 we have modified the elliptic problem (7.1) to the following

Au+ pu = f, inU,
U‘GU = Oa

and have proved that for a sufficiently large u this problem possesses a unique
solution. That corresponds to adding to the function ¢(z) in the definition of A a
large constant p. To simplify the presentation we assume now that a sufficiently
large constant has been already added to ¢(z) and the bilinear form Blu, v] (see
Theorem 5.20) is given by the expression

d d

8u ov
B[u,v]:/U(Z 8;816% izlb

1,j=1

c(x) v)dw, (7.2)

where ¢(z) = ¢(x) = p. In what follows we will skip the bar over ¢(x) assuming
that the function ¢(x) in the definition of A is such that estimate (7.5) (see below)
holds.

Hence we will consider the weak formulation of the Dirichlet problem (7.1)

findu € H}(U): Blu,v] = (f,v), Yv& H(U). (7.3)
The following estimates can be derived from the estimates of Theorem 5.20

| B[u, ]| < allull g oy lvl g @) (7.4)
5HU||H1 < Blu, ul. (7.5)
The bilinear form Blu, v] is said to be coercive when it fulfills inequality (7.5).

To implement the Galerkin approximation, we have to select a basis {1 }3° 4
and define the functions
Um = Z d¥ m ks

to approximate the Dirichlet problem (7.1) by the weak formulation

Using the definition of u,,,, we can reduce (7.6) to the linear system

Ze’ﬁ'd;‘n = fik=1,...,m, (7.7)
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where ¢¥ = B[i;,1x] and fi = (f,r). This system of linear equations pos-
sesses a unique solution since {e’“}’,?l-:1 is a nonsingular matrix due to the coer-
civeness of B. 7

In Section 5.3 we have chosen as {1} }32 ; the eigenvectors of operator Ay =

Z? =1 —% <aij(x)%) which form an orthonormal basis in L?(U) and an or-
. 2 J

thogonal basis in H{ (U). It appears, however, that using the eigenvectors of Ay

as the basis is not efficient for numerical implementation. The construction of the

basis suitable for numerical computations is the most challenging problem in the

implementation of the Galerkin approximation. One of the possibilities is to use the

so-called finite elements. First, we will present their construction in one dimension.

The finite element method in the one-dimensional case. Let U be a finite in-
terval. Without loss of generality, we can take U = (0, 1) and

Au(z) = — & (a?(2) 240y 1 p(2) ) 4 (zyu(e) = f(z), nU,

with u(0) = u(1) = 0.
We define a partition 7, dividing (0, 1) into M sub-intervals K; = (x;_1, z;),
called elements, with width h; = x; — x;_1 such that

O=xp<m1 < ---<zxp_1 <zpy =1.
We set h = max; h; and for h € H; C (0, +o00) construct the family of spaces

X = {v, € C(U): vh\Kj ell", VK;€Th},r=1,2,..., (7.8

where II" = II"(K') denotes the space of polynomials of degree not greater than r
defined in K.

We replace H}(U), the functional space for the Galerkin approximation, by
the finite dimensional space V;, = X} N HE(U) with a fixed . We construct now a
basis {¢; } in V},. Let us begin with X ,{ X ,% is a space of piecewise linear functions.
Each such function is uniquely determined by its values in the vertices x;. Since
we have M + 1 vertices then defining M + 1 basis functions ¢;, ¢ = 0,..., M,
we define the space X ,11 The basis which is mostly used is the basis consisting of
functions ¢; such that

where 0;; is the Kronecker delta.
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These functions, called the "hat” functions due to their shape, are given by the
expression

T—T;—
mi—-Ti—ll’ forzi_1 <z < uxy,

¢i(z) = %, forz; <z < @iy, (7.10)
0, otherwise.

We now define X E a space of piecewise quadratic functions. Since a quadratic
function is uniquely defined by its values in 3 distinct points, to define a basis
of quadratic functions in each sub-interval, we have to supplement vertices x; by
midpoints of each sub-interval (x;_1, z;) obtaining points

O=zg <21 < - - <xop1 = 1.
Then 2M + 1 basis functions ¢; of X ,3 can be such that
¢i(xj):6ij, z’,j:O,l,...,QM.

That construction can be extended to arbitrary integers r > 0.
We now return to the one-dimensional elliptic problem

~ Gl @) ) + 0@ P+ elwule) = @), 0<w <l
0=u '

u(0) =0 = u(l).

Our goal is to find an approximate solution to this problem in the family of
spaces Vj, with h € Hy

Vi = {vn € X} 0p(0) =0 = v (1)}

These spaces are finite-dimensional subspaces of H}(0,1) since functions from
X are differentiable on (0, 1) except a finite number of vertices ;.

We construct the Galerkin approximation by finding u;, € Vj, which for each
vy, € V}, solves the equation

1
Brlup,vg] := / (a%:z:)%% + b(x)%vh + c(x)uhvh> dx
0 (7.12)

= /01 f(x)vpde.

Using the basis of the hat functions in X} we can expand up,(z) = Zf\i TLwigi ().

Then taking as vy, basis functions ¢;(x) we can rewrite (7.12) as the linear system

AW = F, (7.13)
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where Ay, is the so-called stiffness matrix with elements a;; = Brlg;, ¢;], W =
(w1, ... wpr—1) is the vector of components of wuy, in the basis ¢;, and F' is the load
vector with components f; = (f, ¢;) (lack of indices i = 0 and i = M is due to
the boundary conditions u(0) = up(1) = 0).

According to our assumptions By[u, v] is coercive, therefore Ay, is nonsingular
and there is a unique solution of system (7.13). Then uy(z) = Zi‘i Lwigi(x) is
an approximate weak solution of the Dirichlet problem (7.11). Our ultimate goal
is to estimate the error of this approximation.

Before we analyze the error, we define an interpolation operator in X} and
discuss its properties. For v € C([0, 1]) we define the interpolant I}v determined
by the partition 7. For each node z;,7 =0, ..., M, we set

IHo(z) = ().
Using the basis {¢; f\io of X % we can write the interpolant in the following way
M

Lv(z) = ) v(zi)i().
i=0
The operator I} : C([0,1]) — X} is called the interpolation operator. Let us
observe that in one dimension functions from H*(0, 1) are continuous, hence the
interpolation operator is also well defined in H'(0,1).

Analogously, we can define the interpolation operator I} : C([0,1]) — X}
for r > 1. First, we interpolate v on each K; € 7} projecting v on II"(Kj).
This projection is defined, similarly like in the case of X ,%, on the basis functions
¢i; € II"(K) such that

bij(x51) = 0ur,
where ;5,1 = 0,..., 7 are 7 + 1 nodes of K;. Denoting this interpolation as [z v
we can write
Ijv

. Iy, (v] ) VE; €T (7.14)
Then we have the following theorem.

THEOREM. 7.1 Letv € H™™1(0,1), forr > 1, and I} v be its interpolant in X},
defined by (7.14). Then the following estimate holds

v = Iholgmo,1) < Comah " 0l grro,1), m = 0,1,

where the constant C,, , is independent of v and h.
Here | - | H* () denotes the seminorm in H ¥(U) defined by the derivatives of

order k, i.e., X
a 12\ 2
|l e oy = (Z / | D%ul daz) :

la|l=k v
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Proof. We prove the theorem only for » = 1. Due to the Sobolev inequality if
v € H?(0,1) then v € C*(0,1) and I}v is differentiable except a finite number
of nodes z;. Let z = v — I}v. Since 2(x;) = 0,4 = 0,..., M, then by Rolle’s
theorem in each K; = (x;_1, x;) there exists £; € K such that 2'(§;) = 0.

Since I,%v is a linear function in each K, then

z'(m):/ z"(s)ds:/ v"(s)ds, forx € Kj,
& &

where the last integral is well defined since v € H?(0, 1).
By the Holder inequality we obtain

12/ (z)] < /:jl " (s)|ds < (|lzj — zj-1]) (/;] ‘U//(S)Pds)é

= it (7.15)

1
< h2 (/J v/’(s)]2ds> .
Tj—1

J

N[

Hence

/ )
Tj—1

]z’(s)|2ds§ h2/ ’ \v”(s)]st.

j—1

Since for x € K

then, using estimate (7.15), we obtain

) < [ 12/(s)lds < b3 ( /

Jj— j—1

1
2
\v”(s)]2d8> .

That gives

T

/J |z(s)|2ds§h4/J 10" (s)|2ds.
Ti—_1 Tj—1

J

Summing over all K;, 7 =1,..., M, we obtain

1 1
/ ]z’(s)|2ds < h2/ |v"(s)|2ds,

0 0

1 1
/0 ]z(s)|2ds < h4/0 |v”(s)|2ds.

These estimates prove the theorem for » = 1 with C,,, ;1 =1, m =0, 1. [ |

The following lemma is valid for multi-dimensional finite element approxima-
tions, which we will discuss in the next subsection.
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THEOREM. 7.2 (Céa’s lemma) Let us consider u € Hi(U) a weak solution of
the Dirichlet problem (7.1) and its Galerkin approximation uy € Vi, which solves
(7.26) where U is an open, bounded domain in RY. Then

a .
lu = up|| g1 0y < Ev;fg/h [l = vnll g )

Proof. The proof follows from the properties of the bilinear form Blu,v]. Let
u € H}(U) solve
Blu,v] = (f,v), Yo € H})U),

and uy, € Vj, solve
Blup,v] = (f,v), Yve V.

Since Vj, C H}(U) then taking both equalities with v € V}, we obtain the orthogo-
nality relation
Blu —up,v] =0, YveV,. (7.16)

Let vy, € Vj. Taking v = up, — vp, in (7.16) we have
Blu —up, u—up] = Blu — up,u — vp] < eflu — upll gy wylle — vall a0y
On the other hand, the coerciveness of B gives
Bllu — uh||?{&(U) < Blu — up,u — up).

By the above estimates, we have
o
Ju— UhHHol(U) < BHU - UhHHé(U)'

Since vy, is an arbitrary vector in V},, this proves the assertion of the theorem. ®

A simple corollary from the Céa lemma is the following H'! error estimate of
the Galerkin approximation.

THEOREM. 7.3 Let u € H}(0,1) be a solution of problem (7.11) and uy, a
solution of its finite element approximation (7.12) in V}, = H& 0,1)NX;. In
addition, let v € H™"1(0,1) for m > r. Then the following a priori estimate
holds

«
lu = unll 10,1y < BCWU\HM(OJ)’

where the constant C' is independent of u and h.
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Proof. Inserting in Céa’s lemma vy, = I} u, we get
<Yu—-17
lu = unll 20,1y < EHU — Thull g0,y
By the estimate of Theorem 7.1, we obtain the claim of the theorem. [ |

We can obtain a better error estimate in L2(0, 1).

THEOREM. 7.4 Let u € H}(0,1) be a solution of problem (7.11) and uy, a
solution of its finite element approximation (7.12) in V}, = H& 0,1)NX;. In
addition, let v € H™1(0,1) for m > r. Then the following a priori estimate
holds

lu = unllr2(0,1) < Ch" e o1y,

where the constant C'is independent of u and h.
Proof. For an arbitrary g € L?(0, 1), we consider the following dual problem
find z € HL(0,1): Bj[v, 2] = (v,g), Vv e HE(0,1).

It can be shown (similarly like for problem (7.11)) that the dual problem has a
unique solution z = z(g) and the following regularity result holds

Izl 52001y < Cllgllzz01), Vg € L*(0,1), (7.17)

(see the regularity result of Theorem 5.22).
Let e;, = u — uy. Choosing g = e, and v = e, we obtain

Brlen, z(en)] = llenllZ2(0.1)-
Due to the Galerkin orthogonality property (7.16), we have
Bilen, 2] = By[u — up, 2] = Br[u — up, z — I} 2] = Brlen, 2z — I 2].
Then, using the estimate of Theorem 7.1 and estimate (7.17), we have
||€h||%2(o,1) = Bilen, 2] = Bilen, z — 1,2

< Cllenllmonllz = Inzllm o) < Chllenllmon 2 a2

< Chllen|lmar o1 llenllz20,1)-

Thus we obtain
lenllz20,1) < Chllenllao,1)

which together with Theorem 7.3 gives the desired estimate. [ |
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The multi-dimensional case. To extend the finite element method to multi-di-
mensional domains we have to define finite elements for multi-dimensional boun-
dary-value problems. Let U C R? be an open, bounded, convex domain with a
Lipschitz boundary. Our first step is to define a triangulation of U. Contrary to the
one-dimensional case we now have many possibilities of triangulations. The most
popular is to split U into simplices. If {z, ..., 24} are d + 1 points in R? then the
convex hull of {zy, ..., x4} is called a simplex when vectors {z1—xo, ..., z4—x0}
are linearly independent (in other words {xo,...,x4} do not belong to a single
hyperplane in R?). Points {zo, ..., z4} are then called the vertices of the simplex.
The standard simplex in R¢ is the set

d
Ky={zeR% 2, >0, z; <1}. (7.18)
=1

This is a unit interval in RY, a unit triangle in R2, and a unit tetrahedron in R?.

The triangulation 75, of U C R? is for a given h a division of U into non-
overlapping simplices in such a way that the intersection of any two simplices of
Ty is either empty or a common face, where a face of dimension m < d of a
simplex is the convex hull of a subset of m + 1 its vertices. For a simplex K € Ty,
we define its diameter hx = diam(K). Then the diameter of triangulation 7}, is
h = max KeT, h K.

In general, for a convex domain U with a Lipschitz boundary the sum of all
simplices of a triangulation

m:m(UK>
KeTy

is a proper subset of U. That leads to additional difficulties with an error estimate
on U \ Uy, In what follows, we omit that problem assuming that the shape of U is
such that U = Uy,

DEFINITION. 7.5 For each simplex K € T, we define a finite element as a triple
(K,II"(K), X) where

(i) K is a closed simplex with a Lipschitz boundary;

(ii) II"(K) is a space of polynomials of degree not greater than r, dimension
M, = (’”td), and a basis {¢; }21n;

(iii) X is a set of linear functionals called the degrees of freedom o;: 11" (K) —
R, ¢ =1,..., M,, which are linearly independent.
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The basis of I1" (K) is selected to be dual to ¥, i.e., 0;(¢;) = 6;j.

The space 1" (K) is called unisolvent with respect to the functionals {o;}M7
if for each a = (a, . .. ,aMT) € RMr there is exactly one polynomial P € TI" (K)
such that o;(P) = oy, i = , M. When the space 11" (K) is unisolvent, we
say also that the functionals {O’l} — are unisolvent.

DEFINITION. 7.6 Let I1"(K) be unisolvent. There exists in K a set of points
{a;}Mn such that for VP € TI"(K) o4(P) = P(a;), i = 1,..., M,. These points
are called nodes.

The finite elements whose linear functionals are defined by evaluations on the
nodes in K are called the Lagrangian finite elements. For the Lagrangzan finite
elements we have for every P € TI"(K) the expansion P(x) = 32" o;(P)i(x).

For the Lagrangian finite elements, the functionals o; are often identified with
the nodes a;, and then a; are called the degrees of freedom.

DEFINITION. 7.7 A family of triangulations T;, parametrized by h € H; C
(0, 00) forms regular triangulations if

i) 0is a limit point of Hy;
ii) there is a constant C > 1 such that
hk < Cp(K), VK €T,

where p(K) is the radius of the greatest circle inscribed in K.

DEFINITION. 7.8 Consider a finite element (K,1I"(K), 3) where K is a stan-
dard simplex in R defined by (7.18), H’"( ) is the space of polynomlals on K of
degree not greater than r, and S is a set of unisolvent functionals on I (K ).

Mappings Gk: K—K defined for each K € Ty, by the expression G (&) =
JrT+bg, T € K where J is a nonsingular matrix and by is a vector, are called
affine mappings. The collection of finite elements (K, 11" (K),X) for K € Ty, is an
affine family of finite elements if

(i) K = Gx(K);
(ii) I"(K) = {P: P=PoGy, P ell"(K)};

(iii) ¥ = {0y 0i(P(x)) = 6:(P(Gk(2))), 61 € &,x = Gk ()},
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LEMMA. 7.9 Let Ty, be a family of regular triangulations of affine finite elements.
For any integer m > 0 al}d each v € H™(K) we define a function v = v o G
K — R. Then v € H™(K) and the following estimates hold

. _1
|U‘Hm(f{) SCHJKHm|detJK‘ 2’U|H'm(K), (7.19)
_ L
[0 () < Ol 1™ det Tie |2 (0] yom 5 (7.20)
with the constant C depending only on m.

The operator norm || - || is implied by the Euclidean norm in RY and we have
the following estimates

h h

Trll < ZE gl < K (7.21)
Proof. Let us recall that
3
Wle(kF(Z /K]D%Pdi:> :

|al=m

By the definition of ¥ and the chain rule we have for |a| = m

ID%0]| 2y < CIIIKN™ D (DPv) 0 Gkl e,
|8]=m
_1
< Ok ||| det Ji |2 Z HDBUHLQ(K)'
|8]=m

Summing the last inequality over all multi-indices o with || = m we get (7.19).
The proof of (7.20) is analogous.
To prove estimates (7.21) let us recall the definition of the operator norm

1
|Jk|| = —== sup |JK&|
(K) |e]=p( )

i

For each ¢ such that || = p(f(), we can find two points Z, § € K with & — § = &.
Since Jx& = Gk (%) — Gk (y) we have the estimate | Jx&| < hx which gives the
first of estimates (7.21). The proof of the second is similar. [ |

Similarly to the one-dimensional case, we define the spaces

X;;Z{UhEC(U): Uh‘KEHT, VKGIEL},
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and the finite element space V;, = X; NH (U). For X » we define the interpolation
operator

I o(0) - X1,

which for a given triangulation 7, of U is defined on each finite element K €
Tr as the local interpolation operator associating to a continuous function v the
polynomial I;v € II"(K) such that

M,

Lw(x) =Y v(ai)¢i(x),

=1

where {¢; } is a basis of II"(K') and {a;} are nodes in K.
To prove the estimate of the interpolation error, we need the following im-
proved version of the Bramble-Hilbert lemma [15].

LEMMA. 7.10 Let U be a bounded, convex domain in R<. Ifve H"(U),m > 1,
then for0 < j <m

i f - j < C m
Qenlg}_lw)\” Q\HJ(U)_ V| # ()

where the constant C = C(d,m, j,U).
We begin with a local estimate of the interpolation error.

THEOREM. 7.11 Let Ty, be a family of regular triangulations of affine finite ele-
ments in R Let 2(r + 1) > d and 0 < m < r + 1. Then there exists a constant
C = C(r,m, K) such that

r+1
"U — IgU‘Hm(K) S CL)"U’H'PJﬁl(K), VU & HT+1(K).

P (K
Proof. Since K is bounded and convex, we have the Sobolev embedding (Theorem
515 for2(r +1—s) >d
Hr+1(K) _ H(r+1fs)+5(K) C CS(K)

The interpolation operator I} is then well defined in H™ ™! (K).

Due to the above Sobolev embedding we have the interpolation operator I e
C*$(K) — H"t1(K) defined by the expression I'voGg = IA};{). An immediate
consequence of this definition is the following equality

(v = Ij0) © Gl ypm iy = 18 = Th0 ] g - (7.22)
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Since f,’;ff)(:fv) = Zf\iﬁ (a;)¢i (%) the boundedness of this operator follows from
the estimate

H UHHT+1(K) < Z‘U ‘H(bZHH'PFl (K) < Csup\v( )| = CH@”C(IA()

We begin the proof of the theorem showing that for all 0 < j < r 4 1 the
following estimate holds

[0 = I5dl s ey < Clolgrss (i) (7.23)

Taking a polynomial Q € H’“(IA{ ) we obtain by the boundedness of f,’; and the
Sobolev embedding

A

||77_IA}7;@||HT+1(K) = |6_Q_ }:({)_ A)||Hr+1([()
||Hr+1 K)JF HIh(U* )||Hr+1(f<)
HHTH K) + CHU - QHC

IA A
@ @>

By Lemma 7.10 we have for j
’f) - Q‘Hj(f() < C’®|Hr+1(f()~
For j = r + 1 we get
|1A) - Q|Hr+1(f<) = |@|Hr+1(f()
as Qisa polynomial of degree r.
Since (@ is arbitrary, then we obtain
10— IhUHHrH( < C|'U|Hr+1 (K)

Estimate (7.23) follows immediately from the above inequality.
By Lemma 7.9, equality (7.22), and estimate (7.23) we have

_ ESUN N
v — Ipv|gm (i) < C’HJK1Hm|det Jr|2|0 — Iﬁv|Hm(K)

m

<C—K
P(K)
m

< C—E | det Jk|2]0] i )
P (K)

Lo o
|det Jx |2 |0 — I,";U\HW(K)

1 1
< det 2|9 2
< mimy et Bl
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where the constant C'is a function of (r, m, K).
Applying (7.19) and (7.21) to the above inequality we obtain

|'U — I}TL'U|Hm(K) < C

1 1
< ey 19t T 2 Rl iy

1 T'+1
< C————||1Tx " Y| e <C—E__|v|gr
= pm(K)H KH ‘v’H THK) > pm(K) ’v|H +1(K)>»
which completes the proof. [ |
Finally, we have the following global estimate.
THEOREM. 7.12 Let {Ty}n>0 be a family of regular triangulations of affine fi-

nite elements in a convex domain U C R% and v € H™Y(U), for 2(r + 1) > d.
Then for m = 0, 1 the following estimates hold

1
2
T C’( Z h2(r+1 m)\U|Hr+1 K)> , (7.24)
KeTh
v = Tholgm@y < CR ™ol ey, (7.25)

where C = C(r,m,d). The restriction m = 0,1 is the result of the requirement
I;v € H™(S2) which holds only for m < 1.

Proof. By Theorem 7.11 we have

[v— IhU|Hm ) = Z v — IhU|Hm

KeTy,
T+1) h%(m 2(r+1—m), (2
<C Z 2m \U|Hr+1(K) =C Z Qm(K)hK |U|Hr+1(K)
KeT KeTh p
2(r4+1—m)
<C Z hK " |v|§{r+l(K)7

KeTh

which proves (7.24) with C' = C(r,m,d). Estimate (7.25) follows from the fact
that simplices K are not overlapping, then for every k > 0

1
2
vl gy = < E |U|§{k(K)>

KeTy
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Let V), = X; NH, 3(U). We can introduce the following finite element problem
for the second-order elliptic equation (7.1) with the Dirichlet boundary conditions

find up, € Vj: B[uh,vh] = (f, ’Uh), Yup, € Vy,. (7.26)

The existence of a unique uy; which solves (7.26) follows from the equivalence of
(7.26) with (7.6) and the unique solvability of the linear system (7.7). Once the
interpolation error is estimated, we can estimate the approximation errors similarly
to the one-dimensional case. Then we have the following theorems.

THEOREM. 7.13 Let u € H}(U) be a solution of (1.3), U C RY, and uj, € V,
its approximate finite element solution, i.e., a solution of (7.26), obtained with
affine finite elements of degree r for a family of regular triangulations Ty. If u €
H™Y(U), 2(r + 1) > d, then the following a priori error estimates hold

1
o - 2
o= wnlgey < 50( X Mluthen )

KeTy, (7.27)

o T
= upl| g1 oy < ECh Ul gr+1 (),

where the constant C' is independent of h and u.

THEOREM. 7.14 Let u € H{(U) be a solution of (1.3), U C RY, and uy, €
Vy, its approximate solution, i.e., a solution of (7.26), obtained with affine finite
elements of degree r for a family of regular triangulations Ty,. If u € H™Y(U) N
C(U), for m > 0, then the following a priori error estimate holds

v —upll L2y < Chs+1|u‘Hs+1(U), s = min(m,r) (7.28)
where the constant C'is independent of h and u.

We conclude this section with some remarks on error control. Due to the esti-
mates of Theorem 7.13, we can reduce the approximation error by decreasing the
size of the finite element mesh or increasing r. The increase of r is not very com-
mon as polynomials of higher-order lead to unstable numerical schemes. Hence,
to reduce the approximation error, it is advised to refine the grid. But decreas-
ing h for the whole grid is not the most efficient strategy. It is more convenient
to rely on the first of estimates (7.27) and refine the grid only for those elements
K on which the contribution to the global error is large. This strategy is called
grid adaptivity, and its implementation requires the grid refinement for elements
K on which the seminorm |u|gr+1(fy is large. This is called a priori adaptivity
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as we use a priori estimates. The strategy seems to be of little use as the exact
solution u is not known. We can, however, replace u in the a priori estimate by a
well-chosen approximation. That strategy is, however, not that simple as even for
a two-dimensional problem, we need the seminorm in H?%. Assume that we use
linear elements. Then uy, is continuous and even piecewise differentiable. But to
compute the approximate second derivative of uy, is not a straightforward operation
since we need a special reconstruction technique for the first-order derivatives. We
are not going into details of this procedure, but it is clear that using grid adaptivity
we need sophisticated software for automatic grid generation.

In use is also a posteriori adaptivity since it is possible to obtain an error esti-
mate in terms of the approximate solution uy,, so-called a posteriori estimates. That
approach is not much easier for a computer implementation since we replace the
reconstruction technique with the numerically demanding a posteriori estimates.

7.2 Finite elements for parabolic equations

We consider now the linear parabolic initial-boundary value problem

%u—l—Atu: f, in(0,T) x U,
u=0, on[0,T] x dU, (7.29)
u=g, on{t=0}xU,

where U C R? and A is the uniformly parabolic operator in divergence form de-
fined in Section 5.3. To simplify the presentation we assume that the coefficients of
A! are time independent. Similarly to the elliptic case we assume that the bilinear
form generated by operator A’ is coercive and is given by equation (7.2). Then we
drop the superscript ¢ from A’ and B'[u, v] since these operators are independent
of time. By a weak solution of problem (7.29) we mean a function u(t) = wu(t, -),
u(t) € HE(U) for t € [0, 7], which fulfills the following initial value problem

<%u(t),v> + Blu(t),v] = (f(t),v), Yove H&(U),
u(0) =g.

To find a numerical solution we approximate (7.30) by finite elements in space
variables. Let V}, be an M,-dimensional space of finite elements and {¢i}£‘iﬁ a
basis in V},. First, we consider the so-called spatially semi-discrete problem: find
a function wuy,(t) = wup(t,-) such that up(t) € V3 forall t € [0,7] and wy, is a
solution of the following initial value problem

<%uh(t>7 ’U) + B[uh(t)vv] - (f(t)a U): \ORS th
uh(O) = 9h;

(7.30)

(7.31)
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where g, € V}, is an approximation of g.
The function uy, can be expanded in the basis of V,

M,
= Zwi(t>¢i(x)
=1

Inserting this series into (7.31), we obtain

Zdtwl ¢z,¢J+sz Blgi, 6] = (f(t),65), j=1,..., M,.

Denoting by W (t) = (w1 (t), ..., wa, (t)) the vector of unknowns, by Ej, the
mass matrix with the elements

(En)y; = (9isd5), 4,5 =1,..., My,
by Aj, the stiffness matrix with the elements
(An)y; = Bloi, ¢5l, 1,5 =1,..., M,
and by Fj,(t) = (f1(t), ..., fa, (t)) the load vector with the components
fit) = (f(), i), i=1,..., M,

we reduce the Galerkin approximation to the following system of ordinary differ-
ential equations

By 4 4, W () = Fy(t). (7.32)

Let us observe that E}, is a positive definite matrix since {¢; } is a basis of V},. Ay
is also a positive definite matrix by the coerciveness of B[u, v]. Hence the system
(7.32) possesses a unique solution and also uj; which solves (7.31) is uniquely
defined.

To obtain a fully discretized problem we can apply various discretizations. The
most popular one is to approximate the time derivative by finite differences and
apply two-time-level schemes. Hence, we divide the time interval [0, 7] into N
subintervals, set 4t = % and obtain the time grid t, = n - dt,n = 0,1,..., N.
Denote W™ = W (t,,) and F™ = Fj(t,). We will consider the approximation of
system (7.32) by the -scheme

Wn+1 —Wn

E
h ot

+ Ap (OW™ T (1= 0)W™) = (0F™ T + (1 —0)F™). (7.33)
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Then we define the fully discrete Galerkin approximation

M,
up(x) =Y wigi(), (7.34)
=1

where w = w;(t,) according to the previously introduced notation.

Our goal is to prove that u} converge to u(t,z) a solution of the continuous
problem (7.29). We begin with the proof of stability for the #-schemes. An impor-
tant step in the proof is based on the following inverse estimate.

LEMMA. 7.15 Let T;, be a family of regular triangulations of U C R® Then
there exists a constant Ciy,, such that for all v € Vj,

1Dl 2wy < Cino ™ [0ll L2(00),
where Dv denotes the gradient of v.

Proof. It is sufficient to prove the above estimate on a single finite element K € 7,

/\Dv\degChQ/ lv|?dz.
K K

Let K be a standard simplex given by formula (7.18) and G': K — K an affine
. 0
map. We define 0(2) = v(G(2)) for & € K. Denoting J = (8—9?) the Jacobian

&
matrix of G we get D0 = JDwv. By the regularity of triangulation ||.J|| ~ h,
|J7|| ~ h~! and we have

|Do| < Ch|Dv|, |Dv| < Ch™|Dd.
By the change of variables dz = | det J|d# ~ h?di we obtain

/ | Dv|?dx gCh“/ |Do|?d:.
K K

Let us observe now that, since V}, is a finite-dimensional space, all norms in V}, are
equivalent. In particular, the H*-norm is equivalent to the L?-norm. Then

/ Z |D|2dx < C’/ lv|?dz, Vv € V.
U lal<k v

Applying that inequality to the H' norm we obtain

/\Duy2dx50hd—2/ |Do|di:
K K

< Cth/ > [Ddi < Ch”/ 10)2dz < ChQ/ lv)?d.
K K

Ka<1
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THEOREM. 7.16 Assume that the bilinear form Blu,v] fulfills conditions (7.4)
and (1.5) and | f ()| L2 (1) is bounded on [0, T. For 0 < } we assume additionally
that the following restriction on the time step holds

2p

142
(1 + Conh ™ < T

(7.35)

where Cip, is the constant from the estimate in Lemma 7.15 and o, (B are the
constants from (7.4) and (7.5).
Then uj which solve the weak formulation of the fully discrete approximation

1
5 (UZH —up, vh) = —B[Ouﬁ“ + (1 —0)uyp, Uh]

+ (0f (tps1) + (L= 0) f(tn),vn), Vou € Vi, (7.36)
up = Ig,

have the estimate

Il s < C (nuhnp +5t2||f e )

where the constant C depends on 0 but is independent of h, 6t and N, and is a
non-decreasing function of o, 3~ and T.

Proof. Taking v, = Hu;:“ + (1 — @)u} in (7.36) and applying the elementary
identity

(UZH — up, up) + %(UZH up, UZH —up) HuhHHL? %HUZHLZ(U)
we obtain
Lt ey = SlluplZawn + 0 — 1/2)lut = up |20

+ 6tB[Ou) T + (1 — O)upy, Oup ™ + (1 — 0)uj]
< S4(O (bura) + (1= 0)F(ta), O + (1 — O)us).
By the coerciveness of B[u, v] and the Cauchy inequality, we get for 0 < e <1
”UnHHL?(U)_HUZH%%U + (20 — )||UnJrl - um%%U)
+ 2(1 — €)BSt||uy ™t + (1 - a)um\g&w) (7.37)

<3 Bnef(tnﬂ) (1= 0 f(ta)lFr1 0y
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For 6 > 1,(7.37) gives the estimate of ||u"Jr1 IF: T2(0)~ [up]3. () Whichiis sufficient
to complete the proof. But for § < 1, we need a better estimate. To this end, we
insert into (7.36) vy, = uZH uy to obtain

||u"Jrl — um%Q(U) = —0tB [HuZH + (1 = 0)uy, u’,}“ — u’,ﬂ
+ 0t (0f (tar1) + (1= 0) f(tn), up™ — ujt)
< 04575”9“2“ +(1- 9)“2”111 U)Huh - uZHHl(U)

+8t|0f (tns1) + (1= ) f ()l - llup ™ = uill iy o)

By Lemma 7.15 we have

it = il 2y <04+ Conoh ™) (allOui + (1= 0)ufll sy 0

(7.38)
105 (tasa) + (1= O f o)l @) ).
Inserting this estimate into (7.37) and defining for > 0 the constant
=2(1—-¢)B— (1 —20)a*(1 +1)dt(1 + Cipph™1)?
we obtain
g 2 ) = R 2207y + Stml10u 4+ (1= 0|2 0 5

< Cot(1+ 6t R0F (tna) + (1= 0) F () 710y

Let us observe that for sufficiently small €, n and § < 1, we have 0 < Kk < 400
due to (7.35). This gives the estimate of ||u} ! ||L2(U) HuhHLQ(U).

Let m be fixed, 1 < m < N. Summing up the estimates for § < J fromn =0
to n = m — 1 and similarly the estimates for ¢ > 1 we obtain

ey < lafl3e +C5tZ||9f wit) + (L= 0)f(ta) 21 0.
n=0

Since || - || g1 < || - || 2 the assertion of the theorem follows. ]

The proof of convergence of the finite element approximation will go in two
steps. First, we prove an error estimate for the semi-discrete problem (7.31). The
convergence will be carried on under the simplified assumption that the bilinear
form Blu, v] is symmetric. That corresponds to the assumption that the operator .4
in problem (7.29) is self-adjoint.
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DEFINITION. 7.17 Let the bilinear form B[u,v| implied by the operator A from
(7.29) be symmetric and fulfill estimates (7.4) and (7.5). In H& (U) we define the
Ritz projection Ry,

Ry: HY(U) =V,

by the equality
B[Ryu,vy) = Blu,vn), Yu € HY}U), Yoy, € Vj,.

The properties of the Ritz projection most relevant for the proofs of subsequent
theorems are summarized in the following lemma.

LEMMA. 7.18

1. For each u € H&(U ) and v, € Vj, the following orthogonality condition
holds
B[Rpu — u,vp] = 0.

2. Forallu € H}(U) we have

Rpu — ully = min ||lvy, —u
| R IE” thVhHh [EX

1
where ||[v|% = (Blv,v])? is a norm in Hg(U) equivalent to the usual norm
of this space due to the symmetry of the bilinear form Blu,v|, and estimates

(7.4) and (7.5).

3. If u is a weak solution of (7.3) then the Ritz projection Rypu = uyp, where up
is a finite element solution of (7.26).

Proof. Condition 1. follows from the definition of the Ritz projection. To prove

Condition 2. let us recall that due to (7.4) and (7.5) (B[, ])% is anorm in Hg (U)
equivalent to the norm || - || i (u)- Condition 1. implies that R, is the orthogonal
projection of H}(U) on V}, in the norm | - ||3. Then Condition 2. is a property of
orthogonal projections in a Hilbert space.

To prove Condition 3. let us observe that the orthogonality relation for the
Ritz projection is in fact the orthogonality relation (7.16) which is valid for the
finite element solution uy. Since Rju is uniquely defined by the fact that Ry, is an
orthogonal projection in Hg (U) then Ryu = uy,. [

The following lemma extends the error estimates for the interpolation operator
in V}, to the Ritz projection.
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LEMMA. 7.19 Let U be an open, convex, bounded domain in R, Then form =
1,2 we have the estimate

1R =l g2y + I Ryu—ul gz @y < C W™ [l muy,  Yu € H™(U)NHg (V).

Proof. Let us recall that due to the assumptions on B[u,v] and the Poincaré in-
equality for a bounded U we have the inequalities

Crlloll oy < vl < Colloll gz o 40
Cl’”’Hg(U) < HUHH&(U) < C2””’H5(U)-

The H{ estimate of the lemma follows from the fact that R), is an orthogonal
projection in H. Then || Rpul|3 < ||u||7 and by inequalities (7.40) |Rhu\H3(U) <
Clul gy (1)- Hence

[Rpu — ul gy < Clulgy oy < Cliullmw (7.41)
Since the Ritz projection is an orthogonal projection H — V}, we have

Ryu — — min ||v —
| Rpu — w3 %lvr,f”” ull%,

which gives
[ Rpu = ulla < | Tyu = ulla.

Then by (7.40)
[Ru — ul iy < Cl R — ulla < Ol — ull gy o
Hence by (7.40) and the estimates of Theorem 7.12 we get
|Ryu = ulga 0y < C yu = ulgr oy < Chlulpewy < Chllullgrw).  (7:42)

To obtain the L? estimate of (Rju — u) we consider the following weak dual
problem with the right hand side e = Rpu — u

find g € Hy(U): Blv,g] = (v,e), Yo € HMU).

Due to the assumptions on B, this problem possesses a unique weak solution and
the following regularity estimate holds (cf. Theorem 5.22)

191l 20y < Cllellz2w)-
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Taking v = e, using the orthogonality of the Ritz projection (Condition 1. of
Lemma 7.18), estimates (7.4) and (7.40), the estimates of Theorem 7.12 and the
above regularity estimate we get

lel22() = Ble,g] = Blesg — i) < C lellm s — Togllan o
< Chllell gy gl mzw) < Chllellmwllellz2w)

Hence [|e|| 2y < C hHeHHé(U) and since by (7.40) and (7.42) we have
IR =l o) < C R = ul gy < C hllullee

that completes the proof for m = 2.
Since for m = 2, we have proven the estimate

lellrz@y < Chllellmywy < Chlelmw
then by (7.41) we get
[Rru — ull g2y < Ch|Rpu — u|H1(U < Ch\u|H1 ) < Ch||uHH1

Remark. 7.1 The above estimates can be immediately extended to finite elements
of order v > 2. It is sufficient to apply the estimates of Theorem 7.12 with an
appropriate r. We then get, for2 < s <r

[ Rpu—ull 2y + kI Rpu = ul gy < Ch°lull gswy, Yu € H*(U) N H(U).

This estimates are applicable to solutions of elliptic or parabolic equations in do-
mains with smooth boundaries since only for such domains we can expect that
u € H"(U) forr > 2 (cf. Theorem 5.22 and Remark 5.3). In polyhedral domains,
we cannot expect higher regularity of solutions because singularities can develop
in the corners of the domain. Hence there is no justification for using finite el-
ements of order higher than 2 in polyhedral domains. For convex domains with
smooth boundaries, the regularity of solutions is not a problem but to obtain a high
order approximation error a special consideration of the boundary layer U \ Uy, is
needed.

THEOREM. 7.20 Let w € L%*(0,T; H*(U)) be a solution of (1.30) with g €
H3(U) and a sufficiently smooth f, and uy,(t) a solution of (7.31). Then fort > 0

lan(®) — w20y < lon — gll e +cﬁ@mmm+/n|m @)
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Proof. Using the Ritz projection, we can write
up, —u = (up, — Rpu) + (Rpu — u).

The second term can be estimated using Lemma 7.19

t
o+ [ ]
H2(U)

§0h2<||9||H2 / T )

Let D(t) = up(t) — Rpu(t). Then using the definition of the Ritz projection and
the fact that R, commutes with time differentiation we obtain

IBhu(t) = u(t)l| 2wy < Ch?

(42(t),vn) + BID(t),vn] = (Fun(t),vn) + Blun(t), vn] — (Rn%(t), vn)
—B[Ryu(t), vn] = (f(t),vn) — (Ra%e(t), vn) — B[Ryu(t), vp]
= (f(t),vn) = (Rn%(t), o) — Blu(t), vn)

arn
= (G (1) = B (), vn).

Taking v, = D(t) and using the coerciveness of B we obtain

5 F DO < (%) - R0, DW)
<D 2w 15 () — Ry )l 22w
which gives the estimate
d
%HD(UHLQ(U) < ||Ze(t) — Ru% (6] p2(0r)-

Integrating the above inequality, we have

¢
D@2y < PO 2w +/0 152 (5) = R G ()]l p2ds.
Using the estimate from Lemma 7.19 we get

15 () = Bu G (Dl 2y < C W21 (Ol 2w

and

D)2y = llgn — Bugllizz@wy < llgn — 9ll2@wy + 1Brg — gl 2@
< lgn = gllz2@ry + ch?llgll 2o
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The above result can be extended to finite elements of order » > 1. When a
weak solution v of (7.3) is a function in H}(U) N H"(U) then due to Remark 7.1
we have the estimate of the Ritz projection

[v = Rpollp2my < CR"[[v]| gy (7.43)

In the finite element space V/}, that fulfills (7.43), we have a stronger estimate, but
that result has limited applicability in polyhedral domains (see Remark 7.1).

THEOREM. 7.21 Let u(t) be a solution of (7.30) and uy(t) a solution of (7.31).
Then

t
lun(t) = u(®)ll 2@y < CA (th —9glurw) + /O H?leIIHr(U)dS>,
where g, € X} N HO(U) NHTYU), g € HYU) N HTYU) and u(t) €
H(U) ﬁH’"“( ) () € H}(U) N H" (V).
For the fully discrete Galerkin method, the following estimates can be obtained.

THEOREM. 7.22 Let u} be computed by the implicit Euler scheme (scheme (7.36)
with 0 = 1) with g, = I} g. Letu € L*(0, T} H*(U)) be a solution of (1.30) with
g € H3(U) and a sufficiently smooth f (cf. Remark 5.3). Then

I — u(tn)ll 2o s0h2(|rg||H2<U> ; / T U>ds)
0 (7.44)

tn
+ C(St/ 12 0y ds.
0

The interpolant 1 }L g is well defined only when U C R%, d < 5 (g is continuous
due to Theorem 5.15). For d > 5 we have to assume additionally that g € H™(U),
2m > d, and appropriately reformulate the theorem.

Proof. For the implicit Euler scheme uj solves the equation

1

5 (™ =i on) + Blup ™ o] = (f(taga),on), Yo € Vi (745)

Using the Ritz projection we can write

lup — u(to)llz2@y < llup — Rpu(tn) g2y + [ Bau(tn) — utn)ll 2w
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From Lemma 7.19 we estimate the second term

||Rhu<tn>—u<tn>||mw)gchQ(ngnmww /0 . )

To estimate the first term we define D)} = u} — Rju(t,). Inserting D} into
equation (7.45) we obtain

1
&(D,tj“ — Dy, vp) 4+ BDY up] = (€™ vy), Yoy, € Vi, (7.46)

where

(€ 0n) = (b)) = 5 (Ra(ultns1) = ulta),on) = Blultas), o).

Equation (7.46) for D}’ is analogous to equation (7.36) for u} with § = 1. Hence
the stability result of Theorem 7.16 gives

102 ) < O(HD s + 36> Il )
=1

For D2 we have the estimate

DY 20y = llgn — Bugllrzwy < llgn — gllrz@wy + 19 — Bagll 2wy
< C gl w2

by Lemma 7.19 and Theorem 7.12.
To estimate || || r2(u) let us observe that

(f(ti),vn) — Blu(t;),vn] = (%(t;), o).

Then

(€', vn) = (%¢(t:), vn) — 5 (Rh<u(ti) —u(ti-1)), vp)

- (00 - MO ) (1 g M),

Using the Taylor formula we have

ti - ti— 1 b u(s
i)_U()étlL(l)_(St/ (s_ti—l)d2 ()ds.

ds?
ti—1

&
—~
.
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Since Ry, commutes with time differentiation, then

(1~ Bt~ ) = [ (1~ RS2

ti—1

Applying Lemma 7.19 we obtain

I~ R () —utt iy < O8 [ 14

ti—1

Then

i 1 bi 2u(s
el 2wy < 5 (s — tifl)iddsg Lds

Ch? ot
+ &/ ||ZIT8||1112(U)dS
ti—1 L2(U) ti—1

t; Ch2 t;
< | |2 d$+/ 2| 2(
Alr\L o A

Together these estimates give

C h?
10220y < C R2lgllaeco +c&§j / 122 20y
—i—CétZ/ 1 228| 2 ryds
i=1 7 ti—

tn 2u
@wmm +WA Hum>w+&/r&wmmw)

Remark. 7.2 The theorem holds under the weaker assumption g € H?(U). But
with this weaker assumption the theorem formulation requires a change of norms
in the right hand side of estimate (7.44) adequate to the regularity of the time
derivatives 4 2L(t) € Hy(U) and ‘jltg( ) € H-Y(U) (cf. Theorem 5.22). Besides,
the dzmenszon of U C R? has to be restricted to d < 3.

The above theorem remains valid for the f-schemes with # > 1 and the proof
is essentially the same. For § < 1, we can obtain an analogous theorem imposing
an additional assumption controlling the time step similar to (7.35). The result
obtained is only first-order accurate in time. To obtain second-order accuracy in
time, we have to apply the Crank-Nicolson scheme (¢ = 1). Then we obtain the
following theorem.
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THEOREM. 7.23 Let u} be computed by the Crank-Nicolson scheme (scheme
(7.36) with = 1) with g, = Ilg. Let u € L*(0,T; HS(U)) be a solution of
(7.30) with g € H5(U) and a sufficiently smooth f. Then

I — wta) 2w <0h2(rguﬂz ; /0 - )
tn i
+C(5t)2/0 E—

The mentioned in Theorem 7.22 restrictions on the dimensionality of U and the
smoothness of g apply also in this case.

Proof. The proof goes along the same lines as the proof of Theorem 7.22. The
Crank-Nicolson scheme for uj is

1

5t (U?L+1 _uh7vh) +B[%( n+1+uh) ] (%(f(tn-i-l)"i_f(tn))?vh)a V’Uh € vh7

(7.47)
Then we split

lup — u(tn)llz2@y < llup — Rpu(tn) |2y + [ Bau(tn) — utn)ll 2o

and estimate the second term from Lemma 7.19

HRhu(tn)—u(tn)uLzmscm(ugum(m /0 . )

To estimate the first term we define D} = u}} — Rju(t,). Inserting D} into
equation (7.47) we obtain

1

5 (Di™t = Dt wn) + BIH(D™ + DR on) = (3" + "), vn), Von € Vi,

where

(3™ 4 €™),0n) =(3(f (tng1) + f(tn)), o) — %(Rh(u(tn-i-l) —u(tn)), vn)
— Bl (u(tn+1) + u(tn)), vnl.

Similarly to the proof of Theorem 7.22, we get the estimate of D}

1D ) < (|Dh||Lz S S )
=1



7.2. FINITE ELEMENTS FOR PARABOLIC EQUATIONS 191

and D,g

1D 22y = llgn — Rugllrz@y < lgn — 9llr2@y + g — Bugllrzwy
< Ch2H9HH2(U)

To estimate ||1 (e’ + e~ 1)|| 12(;7) We use the identity

(f(t:)svn) — Blu(ti)svon] = (L(t;), vp)-

(3(e’ +e7h),on) = (5(G (t) + G (tim1)),vn) — %(Rh(U(ti) —u(ti-1)),vn)
)

= (- B =) )y (g ) - ) )

ot
1
+ (2 (Z8(t) + S (tio1)) — S (tim1y2), Uh>7

where t;_1 /5 = 3(t; +ti-1).
For the first term on the right hand side, we get like in Theorem 7.22

t;
T = Bu)a(t) = ulter) o) < O [ 18l
i—1
Integrating by parts two times we have for the second term
1 i—1/2 &3 1 [t &
2/t (s —ti-1)? dqfs—gs) ds + 2/ (s —1;)? Jigs) ds
i—1 i—1/2

= (t; — tz’l)(u(ti)_;(ti_l) %(%—1/2))-

By the above formula we obtain the estimate

du u(t;) —u(ti—1) o [
_ AN SN < .
575’ dt( i— 1/2) ot oW < C(dt) /tl || dss HL2 ds

By the Taylor formula, we get for the last term

1
5(%(2) + 4

t(ti—l)) — %(tz‘q/z)

u

dt

1 i—1/2 &3 1 [t &

5 / (s —ti—1) digs) ds + 5 / (ti —s) diﬁf) ds,
ti—1 i—1/2
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which gives the estimate

ti
< Cét &y ds.
sy SO [ N s

1
|5 e + % (ti0)) = Gty

Together these estimates give

102020y < C W22y + C 2 /0 122 20y ds
Cnty [ I s
=1 ]

<h2||g||H2 e /0 145 oy ds + (61)° /0 - )

The error estimates of Theorems 7.22 and 7.23 are given in terms of the exact
solution u(t). Using the regularity estimates like in Theorem 5.27 we can estimate
the error in terms of the initial data g and the nonhomogeneous term f.



Chapter 8

American options

An American option is a contract that grants the holder the right to buy or sell
a security (called the underlying) at an agreed-upon price during some period of
time up to and including its maturity date. The option is Bermudan if it can only
be exercised at some discrete, finite set of points in time prior to and including
the maturity date. Such contracts are traded in all major financial markets, so
identifying efficient techniques for pricing them is a very important problem.

The computation of American option prices is challenging problem, especially
when several underlying assets are involved. The mathematical problem to solve
is an optimal stopping problem. In diffusion models, this problem is reduced to
a variational inequality, which is solved by PDE methods. But in the late 1990s,
numerical methods based on Monte-Carlo techniques were introduced. The start-
ing point of these methods is the replacement of the interval of exercise dates with
a finite set of dates. This amounts to approximating the American option by the
Bermudan option.

In this chapter, we will analyze both mentioned above numerical methods.
We will present the Monte Carlo procedure due to Longstaff and Schwartz imple-
menting effectively the dynamic programming principle supplemented with least
squares regression on a finite set of functions that approximate conditional expec-
tations. We will also analyze algorithms that approximate variational inequali-
ties. We will limit our presentation to two algorithms: projected successive over-
relaxation (PSOR) and penalization.

8.1 Pricing American options

We begin with a collection of results from the theory of optimal stopping in con-
tinuous time. In this presentation, we follow the paper by El Karoui [18] where

193
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the reader can find more complete results and relevant proofs. We consider a prob-
ability space (2, F,[P) with filtration F = (F;)o<¢<7 satisfying usual conditions
of completeness and right-continuity. In addition, we assume that the o-field Fy is
trivial.

We denote by 7; 7 the set of all stopping times 7 € [t,7] with respect to
filtration F

Tir={m: P(re[t,T]) =1}, 0<t<T < +o0.

DEFINITION. 8.1 An adapted, right-continuous process (Xt )o<i<T is called reg-
ular if X is integrable for every T € ‘To T, and for every nondecreasing sequence
Tp, Of stopping times with limy,_,oc 7, = 7, we have lim,_, E(X;, ) = E(X;).

THEOREM. 8.2 Let Z = (Zi)o<i<T be an adapted, right-continuous process
satisfying Zy > 0 for all t € [0, T, and E(supy<,<7 Zt) < +00.
Fort € [0,T], we define

U = esssup E(Z,|F).
TE'EﬁT

Then
1. (Ut)o<t<T is a supermartingale.
2. E(Ut) = sup,er, . E(Z7).

3. U admits a right-continuous modification.

DEFINITION. 8.3 A right-continuous modification of the process U from the
above theorem is called the Snell envelope of Z.

DEFINITION. 8.4 For a process Z a stopping time 7 € To 7 is optimal if E(Z;) =
SUPe7; o B(Z7).

THEOREM. 8.5 A stopping time 7 € To r is optimal if and only if the following
conditions hold

1. U.,c = Zf— a.s.

2. Ul = Uspn, 0 <t <T, is a martingale.
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THEOREM. 8.6 [f the process Z is regular, then its Snell envelop U is also regu-
lar and
70 =inf{s € [t,T): Us = Zs}

is the smallest optimal stopping time in T; 7. Define
v(t) = E(Ut)

called the value function of the optimal stopping problem for the process Z in Ty .
Then v(t) is given by the expression

o(t) = E(U;) = sup E(Z,) =E(Zy,).

T€T,T

After this brief review of results concerning optimal stopping, we return to
American options. The problem of pricing American options will be considered in
a financial market of d risky assets whose prices are given by stochastic processes
Sy = (S}, ..., S3) in (Q, F,P). We assume that these processes are adapted to fil-
tration IF, right-continuous with left limits, strictly positive semimartingales. There
is a riskless asset in that market that defines a discount factor ;.

Since the prices S} are nonnegative we introduce, similarly like in Chapter 5,
the new variable X; = In S;. The dynamics of X, is described by the following
stochastic differential equation

dXs = b(s, Xs)ds + o(s, Xs)dWs. 8.1)
We will denote by Xﬁ’x a solution of (8.1) with an initial condition X; = .

ASSUMPTION. 8.7 About the coefficients of (8.1) we assume:

(A1) b(t,z) € CL([0,T) x RY) is a vector in RY, where CF denotes k-times
differentiable functions which are bounded together with their derivatives to

order k.

(A2) o(t,x) € Cl}([O, T] x R is a d x d matrix. In addition, the "diagonal” en-

. 8203 . . . .
tries 5o s of the matrix of second derivatives with respect to x are bounded

and Holder continuous uniformly in (t,) € [0,T] x RY.

(A3) Matrix A = Loo" = (aij)g,j:1 is positive definite

d
36> 0: Y ai(t,2)6 > 6)|€%, Ve e [0,T], z € RY, £ e R\ {0}
i,j=1
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(A4) The discount factor B; is deterministic 3; = exp(— fg r(s)ds), where 1(t)

is a nonnegative function in C*([0,T)).

DEFINITION. 8.8 An American option for underlying X is a nonnegative, adap-
ted stochastic process (Zi)o<i<T, Z+ = g(t, Xt), where g(t, x), called the option
reward, is a continuous function of (t, x) with exponential growth in x

lg(t,z)| < ceCll ¢ >o.

Under the conditions of Assumption 8.7, Zy is a continuous and regular process
and satisfies
E( sup Zt) < +o00.
te[0,T]

THEOREM. 8.9 Let (0, F,P*) be a probability space with the risk-neutral prob-
ability measure P*, i.e., a measure equivalent to P such that processes BtS,f, i =
1,...,d, are martingales with respect to P*. Consider an American option in
(Q, F,P*) written on a underlying asset X; = In Sy which fulfills the conditions
of Assumption 8.7. The price at time t of an American option with payoff process
Zy = g(t, Xy), with the reward function g(t, z) fulfilling the conditions of Defini-
tion 8.8, is given by v(t, X;), where

1
(t, ) = = sup E*(Brg(r, X27)).
t €Ty,
Furthermore, there is a stopping time 7 attaining this supremum.
The above defined price is called the fair price” or arbitrage-free price of the
American option.

The following theorem is due to Jaillet, Lamberton, and Lapeyre [26]. It solves
the pricing problem for an American option in terms of the value function of an
optimal stopping problem.

THEOREM. 8.10 Let X" be a solution of (8.1) with the coefficients fulfilling
Assumption 8.7 and a deterministic initial condition X; = x. Let g(t,x) be the
reward function of Definition 8.8. Define the function

1

V(t,z) = — sup E<BTg(T, Xix)> (t,z) € [0,T] x RY. (8.2)
Bt T€T,T

This function is continuous, is the value function of the optimal stopping problem

for Zy = Byg(t, Xy), and the process (ﬁtV(t, Xt))0<t<T is the Snell envelope of

Zt. Since the initial condition X; = x is deterministic then

7).

1
Vt,Xy) = esssupE(ﬁTg(T, XT)
/Bt 7’67;,T
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For simplicity, we assume in the rest of this chapter that IP is a risk-neutral
measure and processes (3;S}, ¢« = 1,...,d, are martingales with respect to this
measure.

COROLLARY. 8.11 Under the above assumption the discounted asset prices are
P-martingales and the value function V (t,x) is the arbitrage-free price of the
American option with reward g(t, ).

8.2 Monte Carlo pricing

The most popular Monte Carlo implementation of the valuation formula from The-
orem 8.10 is the Longstaff-Schwartz algorithm [37]. For numerical computations,
we replace the continuous optimal stopping problem of Definition 8.4 with the
following discrete optimal stopping problem.

In the probability space (€2, F,P) we consider a Markov chain (X)X with
values in R? and a discrete filtration (.Fk)fzo generated by this Markov chain and
corresponding to a time discretization 0 = tg < t; < --- <txg =1T.

Given a nonnegative, adapted, discrete, square integrable stochastic process
(Zk)szo with Z; = g(tx, X)) we want to compute SUP ey Zr, where T
denotes the set of all stopping times with values in {t, . .., tx }. To simplify com-
putations we assume that the discount factor 5, = 1 for all ¢ € [0, T7.

Let U = (Uy)K_, be the Snell envelope of Z

Uk = esssupE(ZT‘}"k), k=0,...,K.

7’67}7}(
The discrete optimal stopping problem for Zj and its Snell envelope Uy is solved
by the dynamic programming
Uk = Zk,
Ui, = max(Zy, E(Ug41|F)), k=0,...,K —1.
Let
7, = min{j > k: U; = Z;}.
Then
Ur = E(Zy,| Fi) = max(Zk, B(Zr, | Fi)). (8.3)

The above relation enable us to write the dynamic programming principle in terms
of the stopping times 7:

TR =tg =T,

Tk =tz 282, 170}y T 1z, <B(2,, PO} B =0, K,
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and obtain the value function for the discrete stopping problem
Up = max(Zo, E(Zr,)).

As Zy = ¢(0,x) is known this gives an approximation of V' (0, x).

The algorithm

Step 1.

Since (Xj)r_ is a Markov chain then E(Z,,, |F;) = E(Z,,,|Xx). The state
space of E(Z;,,,|Xx) is L?(R?, pi) where ju, is the measure generated by the
random variable Xj. Let (e}, (Xy)), -, be a basis in L?(R?, 1,). Then

E(Zn,, | Xk) = > Moek (X (8.4)
m=1

We approximate E(Z;,,,|Xy) in an M-dimensional space Hj, C L*(R%, )
defining an orthogonal projection (for simplicity we assume all spaces Hj, of the
same dimension M)

M. L2(Q,P) — Hy.

We construct the sequence of approximate stopping times recursively. Starting
with T% = tg = T and assuming that 7',%_1 is known we define

2 (Zy) = B!
and the stopping time

Tl = teliz,>Fmy + T/ﬁll{szgf}-
The stopping times Tk define the processes Z_ M

Zy = 7K,

Zep = Zkl gz ppy + 2o Vg <y

Let e*(Xy) = {eF(Xk), ..., ek, (X)} be abasis in Hy. Then

M
= AFen (X,
m=1
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where the coefficients A, * are determined as a solution to the minimization prob-
lem

AR — argmmE(Z M Z ame ( Xk ) .

a€RM

This approximation gives the approximate value function
M
UO = max(Zg, E(ZTIM)) .

Step 2.

To obtain a working algorithm we have to know the projections W,ch . This is

achieved by a Monte Carlo simulation. To this end, we simulate N independent

paths (X}, ..., X}Y) and compute Z}' = g(t;, X}*). The values of Z are used
. . Mk . . M.k . .

to compute recursively coefficients A\;,’" approximating \,,’", and stopping times

%,i\/f approximating Té\/[ .

We define the stopping times %éw on each path separately starting the recursion
with 7@[1\(/17” =tg=T,n=1,...,N. Knowing %l?j[rl,n we compute \'F

M
2
k k
AME — arg min E (Z T E lamem(X,?)> .
m=

acRM

This procedure gives values M ' Then for n = 1,..., N we define
M
B = 30 ARk (x7)
and the stopping times

M _ . ~ M N
T = tkl{zggpgﬁl} + Tk+17n]l{Zg<F,£”n)}'

Recurswely, starting from TIJ\</[ we compute all Tk, for k = —1,...,0 and
n = 1,...,N. Finally, we obtain the approximation of the Snell envelope at

to=0

| N
UéM’N = max(Zo, N Zfl n)
n=1

which gives a numerical approximation of the value function V (0, x).

Remark. 8.1 The above presentation of the algorithm is useful for convergence
analysis. In practical computations, Step 1 is limited to fixing the dimensions of



200 CHAPTER 8. AMERICAN OPTIONS

‘Hy, and the choice of basis functions in these spaces. Only Step 2 is fully imple-
mented in computations. The choice of basis functions means the choice of the
class of functions universal for all spaces Hy, ( Longstaff-Schwartz used the La-
guerre polynomials). In Step 2 of the algorithm, we evaluate these basis functions
at points X|'.

Let us observe that since e¥(X;) = (e¥(Xy), ..., ek, (X)) is a basis in Hy,
the coefficients )\%[ * are uniquely defined by

ARy = (AN B (Z0 e (X0) )
where
(A%)ij = E(ef (Xx), €5 (X))
and AF is invertible by the linear independence of ¥, m = 1,..., M.
Analogously
MM k-1 1
()‘m )m:l - (A ) N ZTk+1 n (X]?),
n=1

where

N

Z e (XP), 5 (XE)-
Convergence

Our goal is now to prove that for M, N going to infinity Uéw A converge to Up, the
value function of the discrete optimal stopping problem. Our proof will follow the
approach of Clément, Lamberton, and Protter [11].

First, for vectors ' € RM and z; € R? we define the functions F ,i\/[ (al, 2y) =

an/l Lal,ek (x;). Then, for parameters a = (al,...,a® 1), 2 = (21,...,2K)
and z = (21,...,2K), with ab e RM 2. € R and 2, € R, we define the scalar

functions
Wk(a,x,z) = zk,
Wi(a, 2, 2) = 2l > pt gk g0y + Wett (@, 2, 2) L, gt (b 2,03
Clearly
Wi\, X, Z) = Zy,  where MM — (\ML MRS
and

WiAM, X", 2"y = Z% , where \M = (AWM AMESD),

k,n
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LEMMA. 8.12 Fork € {1,...,K — 1}

’Wk<a7 z, Z)_Wk(bv z, Z)‘

K K-1
< (Z |Zi’> D e B b ) < M (b )~ FM (0 )]}
i=k 1=k

Proof. Let By,(a) = {2}, > F})' (", 24)}, By(b) = {21, > F;) V", 21)}. Since

Wi(a,z,2) = z;lp, (o) + Z zilpe(a)..Be_, (a)Bi(a) T 2K 1Bg(a).. B, (a)
i=k+1

then

Wk(aa Zz, Z) - Wk(bvxa Z) = Zk(]l-Bk(a) - ]lBk(b))
K-1

+ > zi(lBga)..Be @B — LBgm)..Be ,0)B.0)
i=k+1

+ 2k (UBe(a)..Bs. (@) — 1Be()..B5. (b))

where Lpce =1 —l1pand lap =14+ 15 — 115.
Since

15¢(a)...B2(@)Bi(a) — LB(w)..B2,(0)B: ()|

1—1
<> e = Leew | + 1y — 1o, = Z |15, ()
j=k
and
K—
LBg(a). B (@) — LB By )] Z — 15,
we obtain

K-1

Wi(a,z,2) — Wi(b,z,2)| < (Z |Zz|) > 1@ — s

i=k i=k
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As |]LA - ]LB‘ = ]L(A\B)U(B\A) we get

L5,(a) = 1B.0)|
= Lt @k a) <a< 1 04,20y T LR 0 2 <2< (b )
= ]l{Fly(ak,mk)—F,g‘/f(bk,zk)gzk—FlgW(bk,a:k)<0}
T Loy~ FM bk ) <FM (ak i)~ FM (b 2,)}
= 1{0<F,5\4(bk,xk)—zk§Fgf(bk,mk)—F,gW(ak,xk)}
T Loy~ FM bk 2y <FM (ak i)~ FM (b )}
S Ul B (0 )| <M (0 ) — M (a1}
Application of the above estimate concludes the proof. [ |
To prove the convergence of Ué\/l o Uy is not an easy task. First, we keep M

constant and consider the limit N — oo proving that Ué\/[ N converge to Ué‘/[ .

LEMMA. 8.13 Let the simulated paths X" = (X{,...,X}%), n=1,...,N, be
independent. We assume that in the finite dimensional space Hy,
(LS) P(Z, =FM)=0k=1,..., K — 1

M

M.k
m=1 A )M

Under the above assumptions (A" converge almost surely to (Am™" ),1—1,

k=1,...,K —1.

Proof. The proof goes by induction in k. For £k = K — 1 the result follows from the
strong law of large numbers. Assume that the result is true for: = k,..., K — 1.
Then

A 1
)y = (A7 ZZMe (Xia).

Since & SN Wi (AM, X, Z™)eb 1 (X} _,) converge by the law of large num-
bers to E (Wk(S\M, X, Z)ek! (Xk_1)> and by the same reason A~ converge to
AF=1 then by the equality
Z% = Wip(\M, X", Z7)
Tk n

it suffices to prove

N
. 1 A M n ny _ M n n k—1 n _
A}gréoNng_l(Wk(A XM Z") = Wi (N, X", Z ))6 (Xi_1) =0.
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By Lemma 8.12 we get

%‘ i<Wk(§‘M>Xna z") — (Wk’()‘M’ X, Zn)>ek_1(X]?71)}
n=1

N K
<Dl DI 12
i=k

n=1
K-1
X 1 . S . .
{‘Zln_Fi]M()\]M,Z’Xin)‘S‘FZ_M()\M,17Xl'_rz)_FiM(A]V[,z’Xin)'}
i=k
Since AM+ converge to AM+ for i > k then

N
: i \M yn ony _ M yn on k—=1/ymn ‘
h]{[n_?;lopN‘;(Wk()‘ X", 27 = (WM, X", Z ))6 (Xi-1)

N K K-1
: 1 k-1
<limsup =3 (XD D127 D Lyznomyrones xoj<elen(xoiy
n=1 i=k i=k

N—oo
K K—-1
= E(Ile'“‘l(Xk—l)H > 12y l{lsziM(AM’i,xn\geuewxi)u})7
i=k i=k

where in the last equality we have applied the strong law of large numbers. Since
P(Z; = FM) = 0 for each i by assumption (LS) then letting € to zero we obtain
the desired convergence. ]

Let us remark that assumption (LS) is essential for a correct convergence of the
optimal stopping times 7 * of Z" on simulated paths X" to the optimal stopping
time 7M* of Z. It can happen that the values of F,%, which converge to Fé\/f , are

always on one side of F,ﬁ” and Z" flips around Z. Then the optimal stopping times
%TJLV[ * of Z™ will not converge to M Condition (LS) ensures that such an event
has a probability zero.

THEOREM. 8.14 [f under the assumptions of Lemma 8.13 (5\;]\,1/[ ’k)%zl converge

M

almost surely to ()\% ’k)mzl as N tends to infinity then Uéw A converge to Ué\/[ in

probability.

Proof. Since 7 is deterministic it is enough to prove that % 251\7:1 Z7\ converge
1,n

to E(Zle\/[). As paths X" are independent then + SN M X%’kefn(Xg) con-

verge to E(Zf;ﬁ\i1 | Xk ). Thus we have to prove

N
lim %Z( n —Wk()\M,X,Z)) —0,

N—oo Tk,'n
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where \M = (A\M1) > AMLE=1)
Since Z7,, = Wi (AM | X", Z™) we have
k,n

N
%) SOWR(WM, X7, 27 - Wi (AWM X, Z)‘

N
1 A M n n M n n
gN;:l(ka(A X" 2 — Wi(AM, X™, 2]

By Lemma 8.12 we have

N
1 R
¥ S WA X7, Z0) = Wi (WM X 2|

n=1

1 N K K-
NZ§; E% {127 = FM (WX < FM (M6, X) = FM (WM X))

As \M converge to AM almost surely then for some ¢ > 0 we have

hmsup—Z\Wk WM X" 77y — W, (AM, X", 27|

N—oo

1
< lim sup —

N—o0

M

Z 23] Z L\ zp— i, xp) <}
n 1=k
K

= E(Z |Zi] Z Liz,— 0 X))

i=k i=k

where the last equality follows from the strong law of large numbers. Letting € to
zero and using assumption (LS) we get for N — oo

N
5 SO, X, 2~ WM, X7, 27) - 0.
n=1

The convergence

N
Z Wi(AM, X" 2™ — Wi (W, X, Z)) — 0
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follows straightforwardly from the law of large numbers. [ |

The convergence of Ué‘/f to Uy is a consequence of the theorem below and the
properties of orthogonal projections in a Hilbert space.

THEOREM. 8.15 The following convergence holds in L?(R?, uy,)
Jim E(Zow | Xy) = E(Zn, | Xk),
fork=1,... K.

Proof. The proof goes by induction in k. For £ = K the result is true since Z_ =

Zri = Z7. Assume now that the result is true for £ + 1. We will show that it is
also true for k.

From the definition
ZTk]:M = Zk]l{ZkzF,ﬁ”} + ZT,%rl]l{Zk<Fé”}

we obtain using (8.3)

E(Z = Ze | Xi) =(Ze = B(Zr, 11 X0) (Vg2 501y — V25020, 1X0})
FE(Zp = Zn [ X)L g, <y
The second term on the right hand side converges to zero by the inductive assump-

tion. For the first term, using the identity [14 — 15| = 1 4\ B)u(p\4), We get
similarly like in the proof of Lemma 8.12

|(Zk = E(Zn | X0) (Vg2 mpy — Lizi2B(2,, 100} |

= |Zk - E<Zm+1 ’Xk)‘ ‘I{E(ka+1|xk)>zkngf} - ]l{Flf/f>zk2E(ZTk+1\Xk)}‘

<2k = B(Zne | X)Lz 8(2s, , | 1X0)<I M —B(Zny , X001}
< |FI£\/[_E( Tk+1|Xk)|
< |FI£M - T (E( Tk+1|Xk))| + ‘Wﬁ/[( Tk+1‘Xk)) E( Tk+1‘Xk)’

Since by definition
Fl =m (Zoye ) = m (B(Zp | X2))

then

(Zk = BE(Zr| Xi) (L2550 = Y2820, 1x00)) ]
< ‘E(Z M ‘Xk) ( Tk+1‘X]f)‘ + |7T£4( Tk+1’Xk)) E(Z

Tk+1

Xk
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The first term on the right hand side converges to zero by the inductive assumption
and the second, by properties of orthogonal projections. [ |

. M,N
Hence we have two independent convergences: U, "~ — Ué‘/f as N goes to

infinity, and Ué\/l — Up for M — oo. This is not sufficient to get the conver-
gence Uéw N Up. The problem of this last convergence has been discussed in
many papers in recent years. There are several results obtained with the help of
mathematical techniques that are too advanced for the presentation in these lecture
notes (cf.[17], [49], [53], [54]). Some of these papers, in addition to proofs of
convergence, give also (complicated) formulas of error estimates.

8.3 Variational inequalities

Optimal stopping problems can be reduced to variational inequalities. Since vari-
ational inequalities are a classical mathematical technique used in many problems
of mathematical physics, numerical algorithms for solving them are known for a
long time. Below, we present briefly that approach to the optimal stopping prob-
lem for American options and find the value function of that problem. We will give
a theorem that guarantees the existence and uniqueness of solutions and describe
the #-scheme, which gives its finite difference approximation. This approximation
is formulated as a linear complementarity problem (LCP). The solution of LCP
creates a numerical challenge of its own. There is a large number of numerical
algorithms treating LCP. We will present a rather old and not very fast approach
of projected successive over-relaxation (PSOR), which is quite popular due to the
simplicity of its computer implementation. We will prove that the approximation
generated by PSOR converges to the exact solution of LCP. We will discuss as well
another popular and more efficient algorithm of penalization.

We start with a brief presentation of more significant theoretical results on vari-
ational inequalities applied to optimal stopping problems. In this presentation, we
follow the paper by Jaillet, Lamberton, and Lapeyre [26]. The reader is also ad-
vised to consult the book by Bensoussan and Lions [5] where more complete proofs
can be found.

Since the stochastic process X; for which we have constructed the value func-
tion in Section 8.1 is the logarithmic price, it takes values in R?. Then the partial
differential equation corresponding to the stochastic equation for X; will also be
defined in R%. Hence, similarly like in Section 5.4, we will investigate that equation
in weighted Sobolev’s spaces. We consider Sobolev’s spaces with weight func-
tions fulfilling the conditions of Definition 5.33. In addition to spaces L% (R%) and
H [} (RY) defined in Section 5.4, we introduce general weighted Sobolev’s spaces
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Wf P(R?) of functions u: R? — R such that u and all weak derivatives D%u, for
|a| <k, belong to L5(R?) with the norm

1/p
il = (X [ 107u@Poteris) " 1< p< o

a<k

In spaces WZf P(R?) we consider the differential operator A*

: 0 ou d o
t = _—— .. _ —‘ ou
A u_g::l P <am (t,x) (%j) + ; bi(t,x) oz c(t, z)u, (8.5)

and the associated bilinear form B} [u, v]

d

8u Ov
B, = i
o[, v /Rd <ijzlaj(t )5 s ;b (t,z) U—I-c(t m)uv)p(x)d:v,
where ;
- - 1 0Op(x)
bi(t,x) =b;(t,x) + a;i(t,r)— .
() =bta) + Y astto) o

Assuming that p fulfills the conditions of Definition 5.33, a;j, b;, ¢ (2,5 = 1,...,d)
are in L>°([0,7) x R?) and aj; is symmetric, we can prove, following the lines of
the proof of Theorem 5.20, the energy estimates with «, 8,y > 0

By[u(t), v(t)] < allu()|gsllo(®)llm, ut),v(t) € Hy(R?) a.e. t € [0,T],

Bllu®) Iy < Bolu(®), u(®)] +llu(®)]|Zs, u(t) € H,(R?) a.e.t € [0,T).
(8.6)

The market model described by (8.1) corresponds to operator A* with coeffi-

cients
- Oa;;
aj = = § ook, —b; +§ axj r(t). (8.7)

For that specification of .At it is easy to prove that under Assumption 8.7 the esti-
mates (8.6) hold.

As we already know from Section 5.4, it is more convenient to operate with a
coercive bilinear form. The coerciveness of B,Z [u, v] can be achieved by the change
of variables u-(t) = e "u(t) (see Remark 5.4 in Section 5.4). We assume that
this change of variables has been performed and the bilinear form is coercive. To
simplify notation, we drop the index ~y, which indicates this change. Hence, the
differential problem we are dealing with is formulated as follows.
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ASSUMPTION. 8.16 Let At be defined by (8.5) and Bf, [u, v] be the correspond-
ing bilinear form. We assume that operator % + At is uniformly parabolic in
the sense of Definition 5.24 and Bf) [u, v] is t-uniformly continuous and coercive in
1(d
H,(R7)
Blu(t),v()] < allu(®) ]| g lo(®)|lay, u(t),o(t) € Hy(R?) a.e. t € [0,T],
Bllu®)|3yy < Bifult).u(t)], u(t) € H)®Y ac. t € 0,7,

THEOREM. 8.17 Assume that BZ fulfills the conditions of Assumption 8.16 and
ge H ; (R9). Then for each v € H ; (R9) such that v > g, there exists a unique
solution u defined on [0, T] x R? of the following variational inequality

- (%(t% v WDLE + Blu(t),v —u(t)] > 0, a.e.t €[0,T),

u(t) > g, ae.tel0,T], (8.8)

u(T) = g.
For this solution we have u € L*(0, T} H; (R?)) and % € L*(0,T; H/jl(Rd)).

Remark. 8.2 From Theorem 5.29 we know that in fact % € L?(0,T; L% (R%)) and

due to Theorem 5.16 u € C(0, T} L%(Rd)). Hence it is legitimate to use the scalar

product (% (t),v—wu(t)) .. Forthe same reason u(T) = g has the standard sense
P

of equality between two L% functions.

THEOREM. 8.18 Ler g = g(x) € VVp1 P(RY) with p > d. If the hypotheses of
Theorem 8.10 are fulfilled and V (t, x) is the value function defined in this theorem
then V (t, x) is a solution of the variational inequality (8.8) with the coefficients of
Bf) [u, v] given by (8.7). (Infact, (8.8) is solved by e~ "'V (t, ) due to the mentioned
earlier change of variables.)

The proofs of the above two theorems can be found in Chapter 3 of the book
by Bensoussan and Lions [5].

THEOREM. 8.19 Under the assumptions of Theorem 8.17 variational inequal-
ity (8.8) is equivalent to the following integral version which holds for each v €
L?(0,T; H;(Rd)) such that & € L*(0,T; H;l(Rd)) and v(t) > g, for almost
eacht € [0, 7],

T U T

/ (G000 - u®) e + / B [u(t), v(t) — u(t)]dt > 0,
0 P 0

u(t) >g, ae.tel0,T], (8.9)

u(T) = g.



8.3. VARIATIONAL INEQUALITIES 209

In addition, for such v we have

/OT _<%(t), o(t) — u(t)>dt + /OT Bh[u(t), v(t) — u(t))dt

1 1
> 5110(0) = u(0)l[z; = 51(T) = w(T)IZ;, (8.10)
u(t) >g, ae.tel0,T],
uw(T) =g.

Proof. The fact that (8.8) implies (8.9) follows by integration and properties of
functions u(t) and v(t). The opposite implication is due to the fact that v(¢) is an
arbitrary L? function of ¢ € [0, 7.

To obtain (8.10) we have to add to (8.9) the obvious identity

/OT<C(ZL(t) - Z—:(t),v(t) — u(t) )t

1

= 5 [[v(0) = u(O)IIZ; - %HU(T) —u(T)||Z,-

DEFINITION. 8.20 The following problem is called the weak formulation of
variational inequality:

findu € L*(0,T; H;(Rd)) such that % € L2(0,T; Hp_l(Rd)) and u(t) > g, for
a.e. t € [0, T, which fulfills the following inequality

T de T
/0 —<dt(t),v(t)—u(t)>dt—|—/0 Bylu®)v® —wihet

1
> —[[o(T) - u(T)|i35,

for each v € L?(0,T; H) (R%)) such that % € L*(0,T; Hp_l(Rd)) and v(t) > g,
forae. t e€0,T)

Theorem 8.19 shows that a solution of (8.8) is also a solution of the weak
formulation (8.11). The following theorem due to Brésis [9] gives the conditions
for the opposite implication.

THEOREM. 8.21 [f the bilinear form Bf) [w, v] is t-uniformly continuous and co-

ercivein H ; (Rd) the weak formulation (8.11) possesses a unique solution u which
is also a solution of variational inequality (8.8).
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Remark. 8.3 In general, the weak formulation of variational inequality possesses
many solutions (the advantage of the weak formulation is that a solution always
exists). Due to special properties of Blto, there is only one solution of the weak
formulation, which is then also a solution of (8.8).

For numerical applications, it is convenient to formulate variational inequalities
as linear complementarity problems.

LEMMA. 8.22 Under the assumptions of Theorem 8.17 a solution of (8.8) is
equivalent to a solution of the following linear complementarity problem

d

Q) — <—u(t),w) + Blu(t),w] > 0,a.e.t € [0,T),w € HL(R?),w >0,
dt L2

it) u(t) > g, a.e. t € [0,T],

du "
iii) — (2 ()9 - u(t))L% + Blu(t),g —u(t)] =0, a.e.t € [0,T),
w)u(T) = g.
Proof. Let u be a solution of Theorem 8.17. For w € H ; (RY), w > 0, we put
v =wu+w. Thenv(t) > g, v(t) € H, (R%), and due to (8.8)

(G (0w) + Blutoh

= (S0, 0(0) — u(t)

o ; + BZ[u(t),v(t) —u(t)] >0,

L

which proves 7).
Taking v(t) = g in the above inequality, we obtain

_ (%(t)’ g-— u<t)>L§ + Blu(t), g — u(t)] > 0.

On the other hand, taking w = u(t) —g > 0in ) we obtain the opposite inequality.
That gives

du ¢
(G 09— u®) , + Bilutt).g —u(t) =0,
which proves iii).
Conversely, let u solve the LCP of the lemma. Then any v € H; (Rd), v > g,
can be writtenas v = g+w withw > 0and w € H ; (RY). By inequality 7) we get

_<%(t),v —g)L% + Bylu(t),v — g] > 0.
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Adding this inequality to 7i7) we obtain inequality (8.8).
Since points i¢) and iv) are the same as in Theorem 8.17 that completes the
proof. [ |

To compute a numerical approximation of variational inequality (8.8) we have
to restrict our considerations to a compact subset of R?. We will show how to
construct the approximation that converges to a solution to the original problem.

To simplify considerations, we restrict the analysis to the stochastic differential
equation with time-independent coefficients

dXs = b(Xs)ds + o(Xs)dWs

and initial condition X; = .
For numerical computations, we replace the value function of the optimal stop-
ping problem for an American option

1

V(t,x) = — sup E<ﬁTg(Xi’m)).
t T€7;T

by the approximate value function

1 g
Vi (t,z) = — sup E(ﬁ /\thg(Xt T”))

t T€Ti, T

where 73" = inf{s > t: |X"| > K}.
Then we have the uniform convergence of Vi to V' on compact sets (cf. [26]
and [55]).

THEOREM. 8.23 Let functions b, o and r fulfill Assumption 8.7 and the reward
function g fulfill the condition

(A5) p(x)g(x) is a continuous function on R?® such that gl oo (ray < C and
1D (pg)l| oo (ray < C for C > 0, where p is the weight function of Definition
5.33.

Then for all Ug = {x € R%: |z| < R}, R > 0,

1 t 00 (T = (.
2 V) = Vet M =0

THEOREM. 8.24 Let us consider the bilinear form Brlu,v| defined for u,v €
HY(UR) by the formula

d

8u ov
BR[U,U] _/UR<Z aU 8:61 axj Zz:b 81‘10—’_0( ) ’U>dl‘,

i,j=1
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where the coefficients of Bgr are defined by (8.7). If conditions (Al)—(A5) are ful-
filled the value function Vy(t, ) is a unique solution of the following variational
inequality

T, du T
- /0 (Cfi—t(t),v(t) —~ u(t))L2 G /0 Brlu(t), v(t) — u(t)ldt > 0,
u(t) > g, ae.tel0,T],
u(T) =g,
u(t) =g, on OUR,t € [0,T],
(8.12)

which holds for each v € L*(0,T; H'(Ug)) such that % € L*(0,T; H*(Ug))
and v(t) > g for almost all t € [0,T), with u € L*(0,T; H'(Ug)) and % €
L2(0a T LQ(UR))

Remark. 8.4 Restricting considerations to a compact set Ur, we have to comple-
ment the problem with boundary conditions on OUg. In general, we can impose
u(t) = go on OUR, where g is an arbitrary function such that gy > g. The result
of Theorem 8.23 justifies any boundary conditions. It says that the behavior of the
solution near the distant boundary OUR does not affect the solution on any fixed
bounded region in the limit R — oo. Therefore, any well-posed problem on Ug
is suitable as an approximation of the original problem on R%, provided that R is
taken sufficiently large. The choice gy = g is just the simplest possible choice.

Discrete variational inequalities

We will now construct a numerical algorithm approximating variational inequality
(8.12). A large part of this section follows the ideas of the book by Glowinski,
Lions, and Trémollieres [22], but the proofs are slightly different as we use finite
differences instead of finite elements used in [22]. For simplicity, we will consider
only a one-dimensional problem with constant coefficients. Without loss of gener-
ality we can assume Ur = (—1, 1) with boundary conditions u(t, —1) = g(—1),
u(t,1) = g(1). We consider the bilinear form

ou Ov ou
B = 2 v b—uv+ 1
rlu, v] /R(a 92 b xv cuv) dx, (8.13)

generated by the operator

Au = —a*— + b— + cu. (8.14)
T x
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Under the conditions discussed at the beginning of this Section we have

Bplu,u] > /BHUH%P(UR)v

Brlu,v] < allullgrwp vl m wy)-

We approximate operator —% + A by finite differences in time and space. We
divide [—1,1] into M subintervals with length 6= = 2 and the time interval [0, 7]
into N subintervals with length §t = % With grid points z, = —1 + kdzx, k =
0,..., M we define a grid function vys = (v(g), .-, v(ar)) Which is an (M + 1)
dimensional vector. Similarly, taking ¢, = ndt, n = 0,..., N, we define a grid
function v = (vg\(}), e vg\]){)) in both time and spatial variables. We will write

vy for a vector and vy for its components if we consider a grid function in a

spatial variable only. Notation vy s and ”((Z) will be used for a function and its

entries in the case of a grid function in both time and spatial variables.

To define a finite difference approximation of — % + A we approximate deriva-
tives by finite differences. The finite difference operators in the x directions are
extensions of the operators defined in Section 6.6. The first-order operator ¢, is
acting on a grid function v, by the central differences

Uk+1) ~ V(k-1)

(0av1)r = 20x

and similarly, the second-order operator

V(1) = 2V(k) + V(1)
(6)?

(6xxUM)k =

The derivative with respect to time is approximated by the forward difference

(o)™ = M T UM

DEFINITION. 8.25 With the above definitions of the finite difference operators,
we define the following spaces for grid functions in spatial variables:

M
L3(Ur) = {om = (v)itor Y I |* < +o0}
k=0

with the norm

M
lonrl2s =S dafug
k=0
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and
N [ V(kt1) ~ Vo) |
Hy(Ug) = {vm = (U(k)>£/io3 kzo ‘(T’ < 400}
with the norm
2 < 2 N | VD) = V) |2
HUMHH}M = kzoéa:|v(k)] + koém’m‘ :

Similarly, we define the L? type spaces for grid functions in time and spatial vari-
ables

N M
L3(0,T5 L3, (Un)) = {owar = i)ig: D03 o 2 < +o0}

n=0 k=0
with the norm
N M -
2 _ n)2
”vaMHLf\,(L?M) = Z:()Zét5x!v(k)| )
n=0 k=0

and
S vfz) 1)~ ”((Z) 1) |2
n + -
L3(0, T3 HYy (Ur)) = {owar = (i gt 303 [0 < oo}
n=0 k=0
with the norm
(n)

v 17 = Zzétéﬂv(n)ﬁ%—zz&f&c‘w
NMALY (Hy) o (k) 2. 557

:

)

We now define a matrix A which is a discrete approximation of operator A.

DEFINITION. 8.26 Let A be an (M + 1) x (M + 1) dimensional matrix acting
on grid functions vy
(Aoar) gy = —a* (Baavrr) () + b(S2v00) (k) + clon) iy, k=1,..., M — 1,
(Avar) o) = v(0),  (Avar)(ary = v(any-
Then for vpr, wyr € Hi (Ug), we define

M

(Avyy, wM)L§M = Z dxw(y (Avar) ()
k=0
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as an approximation of the bilinear form Br[v,w|. By elementary computations
we obtain the analogous estimates as for Bg[v, w]

(Avar war)zz, | < alloarllay, loaly,

[(Avar.oar) 3, | 2 Bloarlly, -

Our goal is to prove that the grid functions obtained by solving an appropriate
discrete variational inequality converge to a solution of the continuous variational
inequality (8.12). This requires an extension of grid functions to functions defined
on [0, 7] x Ug. For this purpose, we use a piecewise constant extension.

Let x () denote the characteristic function of the interval (z},—3dx, x5 +10x)
and x(ty), the characteristic function of the interval (¢, — 10t,¢, + 1dt), with
obvious modifications for x(zo), x(ar), x(to), x(tn). Then we define the step
function

ovar =Y 3 o x (@)X (tn) (8.15)

and similarly

The following technical lemma summarizes the essential properties of these
step functions.

LEMMA. 8.27 Letv € L?(0,T; H'(Ug)) and % € L*(0,T; H~'(Ug)). Fora
family of grids defined by uniform partitions of U with steps dx — 0 and [0,T]
with steps 6t — 0O there exists a sequence of grid functions vy nr such that the
corresponding piecewise constant extensions Oy y; converge for dx, ot — 0

onm — vin L*(0,T; L*(Ur)),
(6zvn ) — Dv in L*(0,T; L*(Ug))
(5tUN,M)A—> f% in LQ(O, T, Hil(UR)).

Here we write Dv (despite the one-dimensionality of v) to stress the fact that the
derivative is in the weak sense.

Proof. Assuming v € H'(Ug) we will prove that there is a sequence of grid func-
tions vy such that 9y — v in L?(Ug) and (8,vp ) — Dv in L2(Ug).

Since a function in H!(Ug) can be approximated by a sequence of C™ func-
tions (cf. Theorem 5.6) we can restrict the proof to v € C’OO(U r). Fora C*
function v a weak derivative is a classical derivative which will be denoted by v'.
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Let i, k = 0,..., M, be grid points in Ur. We define the grid function
vp = (v(0), - - -, V(ar)) by the localization of v

U(k) = U(l‘k)

Then there is a sequence of grid functions vy, such that step functions ¥; converge
uniformly to v on Ug. Since v is a continuous function on a compact set, this
function is uniformly continuous. Hence, for a given € > 0 there exists a grid step
0x = h1 such that

lv(x) —v(xg)| < e for|x —xk| < hi.

Then
sup |Opr —v| < €
R
for a grid step h;. This proves the uniform convergence of ¥y to v on Ug.
Next, we prove that there exists a grid step ho such that (v, ) converge uni-
formly to v’ on Ug.
With the Taylor expansion, we have

_ —h 1
v(xg + h2) —v(zg 2) . U’(xk)‘ < 7h%|v”($k + 6hg)| < Ch%7
2y 2
where C = %SUPUR [v”].

Let v}, denote the localization of v". Then the above Taylor estimate gives

sup ‘(drvM)A— @ﬁ\/l{ < Ch < ¢/2
Ur

for h3 < 55.
Since v’ is uniformly continuous on U, then for ho sufficiently small we have

sup |0y, — 0| < €/2.
Ur

Together these estimates prove the uniform convergence of (d,vy) to v" on Up.
The proof of convergence (d;vn a1 ) — % is analogous and will be omitted. B

Remark. 8.5 We cannot get oy pr — v in L?(0, T; H (UR)) since On s is not in
HY(UR). That is the reason why we consider separately the convergence of 0 N,M
to v and (dzvn ) to Du.

The consistency of finite difference approximations requires a slightly different
definition than in Chapter 6.
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DEFINITION. 8.28 We say that a bilinear form (Avyr, wyr) defined by matrix A
is consistent with a bilinear form Blv, w] associated with a second-order uniformly
elliptic operator A in divergence form if for each vy, was € Hzlw such that for
oxr — 0
oy — v, (0gvp ) — Dv weakly in LQ(UR),
Wy — w,  (Spwar) — Dw strongly in L*(Ug),
we have
(A@M, If)M) — B[U, w],
(A@M, QA}M) — B[w, ’U].

With a certain abuse of notation, we write AUy understanding this expression as
the abbreviation of (Avpy) .

LEMMA. 8.29 The bilinear form (Avyy,wyy) defined by matrix A of Definition
8.26 is consistent in the sense of the above definition with the bilinear form Br[v, w)
given by (8.13).

In addition, for vy pr € L3:(0,T; Hi (UR)) such that for 6t,5x — 0

ony — v, (Syon ) — Dvweakly in L*(0,T; L*(Ug)),

we have

T T
lim inf AD 3 dt > B dt. 8.16
515%135120/0 (AN s ON M) L2 (Ug) _/0 RV, V] (8.16)

Proof. By elementary computations we get (with natural modifications for k¥ = 0
and k = M)

M
L /Vk+1) — V&) Y(k) ~ Y(k-1)
~(Gesvaruwnr = = %( 5 oz )w“f)
k=0

ﬁ/[: YUk) — Y(k—1) W(k) — W(k-1)
ox ox

k=0
The above identity gives
/ —(0zz0Opr)Wprde = / (02001) (03 s )de,
UR UR
which enables the rewriting of (A0, W) as the bilinear form

(ADpr, pr) :/

(2(6a000) Butonr) + b(Gsonr Yo + congibny ) da.
Ur
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Let now 07 and wjs be sequences that fulfill the conditions of Definition 8.28.
Then (A0, was) and (Away, Opr) can be expressed in terms of the above bilinear
form as linear combinations of scalar products (ul,u2,) in L?(Ug), where u}, is a
sequence weakly convergent to u! and u2,, a sequence strongly convergent to u?.

From the definitions of weak and strong convergence, we have

(uk,u?) — (ut,u?) = (ul,u?).

ny» -'m

This proves the consistency of (Avy,, wyr) with Bg[v, w].
The proof of (8.16) follows from the definition of weak convergence and the
Fatou lemma

T
liminf/ ((A@N,M,@N,M) — (A?A}NyM,’U))dt
6t,0x—0 0

T
> limi ON) — :
_(ls%lxlgg/o ((A’U,UN,M) BR[U,U]>dt

Then

T
lim inf (AON A1, O ar)dE
ot,0x—0 0 ’ ’

T T
> liminf/ ((AﬁMM,v) + (Av, On, 1) — BR[v,det > / Bg[v,v]dt,
ot,0z—0 J 0

which ends the proof. [ |

We approximate the variational inequality (8.12) by the #-scheme in time and
finite differences in space. Using finite differences in spatial variables creates ad-
ditional difficulties in the proof of convergence as 7y is not in H'(Ug). In one
dimension, one can omit that difficulty by using finite elements from H'(Ug).
We have decided to carry on the proof for finite differences but in a way that
can be extended straightforwardly to the finite element approximation in a multi-
dimensional case when v, is not in H 1(U r). In this way, we obtain simultane-
ously the proof for finite differences and finite elements.

DEFINITION. 8.30 Let g, = (g(0),- - -»9(a))» 9k) = 9(T), be an approxima-
tion of the reward function g. The finite difference approximation wy s of the
variational inequality (8.12) is defined recursively by the following 0-scheme:
i) wﬁ) = 9h
ii) knowing w](SH) € H,,(Ug), wﬁ&*l) > g, find w](\?[) € Hy,(Ug), wg\q/}) 2
g, m=N —1,...,0, such that for all vas € Hi,(Ug), vpr > gn,

(wgg“)—wg?—5tA((1—0)w§$+1)+9w§(})),vM—wE\Z))LQ <0. (8.17)

M
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Since the iterations go downwards then 0 = 1 corresponds to the fully implicit
scheme.

Let us assume for a moment that the recursion of the above definition possesses
a unique solution. The existence of that solution will be proved by the construction
of a relevant numerical algorithm (cf. Theorems 8.35 and 8.36).

Our goal now is to prove that wy s given by (8.17) converges to a solution of
(8.12). We begin with the proof of stability for the finite difference approximation.

THEOREM. 8.31 Let operator A fulfill the conditions of Definition 8.26. Then
wnN, M, a solution of the discrete variational inequality (8.17), has the following
estimate for (1 — 0)0t(5x)~2 small enough

N-1 N
2 (n+1) (n) 2 (n) 2
o ol = g, + € 32 o™ — iy, + 0> ol
n= n=

< 2.
< CTlgnl%,
Proof. Inserting vy = gy, into (8.17) we have
(n+1) (n) (n)
(w]\? — WAL Gh — Wy >L§w

(8.18)
= at(A((1 = 0wl + 0ul) gn —ul)) |, <o

Using the identities
() ) )
(wM W 9h T Wy )L2
1 +1) +1
= 5 (IS = gnlZs, + Il —wiP 12 = i - gals ).

(A((l - O)wj(\zﬂ) + 6w (n)) wg\z))L = 9<Aw(ﬁ),w§(/}))L2
M

n+1 n+1 n+1 n+1 n
+(1-0) (Awg\fL ),wg\fL )>L2 —(1-0) (Awg\;r ),wg\/ﬁ ) w](\/[)>L2,
M

M

M

and the estimates of Definition 8.26 we obtain from (8.18)

(n)

(n+1)
”wM

o2y T = w2 + 20108 w12,
1)
+20t(1 = O)Bl|wi; V|3

(n+1 (n+1 n
M Il ™ = wiiy|

< iy ™ = gnll3s +26t(1 = O)alwy; —w;

(n+1)
+ 26t (1= O)|wl; gy, + 01wl ) lgnll iy,

| g1
H]W
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Since
ol 3, < Co(6z) ™ vl .z, (8.19)
then using the Cauchy inequality we obtain
&

(n) _ 2 _ X0 _ n+1) (n) 12
o) = gnllZs, + (1= 521 = 6)adt(d2) ) Il — wiP I3

+28t0(8 — ac)llwi |3 + 2041 = 0)(8 — 2a0) w2

+1)
<ot \|gh||H1+||w” "~ gnl3s -

Taking 6¢(6z) 2 such small that (1 — %(1 — 6)adt(6x)"?) >~ > 0, and € such
that 2ce < 3, we obtain

+1) +1
i = gall3s +llwii™ —wiP13: +Cotllwi) 3 + Catllwl™ 1%,
1)
< C’étllthHl + |lwy, (1) _ th%?w.

Summing the above inequality from N down to m > 0 we obtain

+1)
ol = gnll3a +72 o™ = wip 172,

N
n n+1
+C Z oty 12 +C Y a2,

n=m n=m

< 2.
< CTHQhHH& u

In the proof of convergence, we will use the weak formulation of a variational
inequality. The theorem below shows that the weak discrete formulation follows
from the strong formulation, the result analogous to the corollary of Theorem 8.19.

THEOREM. 8.32 Let wy,\ be a solution of the strong formulation of discrete
variational inequality

wﬁT) w%/ ) )
Z &( Um T Un )L2

M

+ Z 5t(A((1 - G)w](\ZH) + ij(\z)),v(Mn) - wg\z))L?M >0,
(n)

wy, = gh, n=0,..., N,

N
wyy! = gn.
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for each vy nr such that U(Mn) € H]b and vgz) >gn,n=20,...,N.
Then w \r solves the following weak formulation

N-1 (n+1)  (n)

(VM TV () ()
&( ot UM wM)L2

n=0 M

N-1
+ Z 5t<A((1 — H)w](\ZH) + ij(\z)),vj(\z) — wgg))L?W
n=0

Loy ()
> _§HUM —wyrllzz,
w(Mn)Zgh)n:()?"‘)N?

N
wiy) = g,

for each vy nr as above.

THEOREM. 8.33 Let wy ar be a sequence of solutions of the discrete varia-
tional inequality (8.17) for 6t and dx tending to zero (N, M — o0). Let u be
a unique solution of the continuous variational inequality (8.12) with the bilinear
form Br[u,v] defined by (8.13). Let Wy ns denote a piecewise constant extension

of wy . Then for (1—6) (55732 — 0as dt, dx go to zero, we obtain the convergence

Wy — win L2(0,T; L*(Ur)),
(6xwn ) — Duwin L*(0,T; L*(Ug)).

Proof. From the stability results of Theorem 8.31 it follows that the sequence Wy, y/
is bounded. Then this sequence contains a weakly convergent subsequence, which
we also denote Wy, pr. Let

Wy — win L2(0,T; L*(Ug)),
(6zwn Y — Dw in L*(0,T; L*(UR)).

Our goal is to prove that w is a solution of the variational inequality (8.12) with
Bplu,v] defined by (8.13). We take v € L*(0,T; H'(Ug)) such that & ¢
L*(0,T; HY(UR)), v(T) = g, and v(t) > g fort € [0,7). Let Ox s be a
sequence of piecewise constant approximations to v which exists due to Lemma
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8.27. Inserting vy, ps into the weak inequality of Theorem 8.32 we obtain

N-1 (n+1) Q](n)
51: M ’U(n) _ w(n)
ot ( M M )L?M
.S &(A«l oyl s 0ul) o ) 20

After a rearrangement we have

e R AN -« m) () ()
Z —525(7,2)1\/1 — Wy, )L2 + Z 5t(AwM Uy — Wy )L?u
n=0

n=0 M

-0 X (5l ) o)

(8.20)

Since Wy, ) converges to w weakly then due to Lemma 8.29 we have

T T
zlig?xlgg/o (AwNvM’wNvM)LQ(UR)dtZ/O BR[w,w]dt.

As On v — v and (Spun,p) — dt v strongly then passing to the limit §¢, 6z — 0
on the left hand side of (8.20) (with the change from vy, »s and wy s to Oy, and
wp, vr) and using the consistency results of Definition 8.28 one gets

/OT —<%(t),v(t) — w(t)>dt + /T Bglw(t), v(t) — w(t)]dt

> limsup(1 — Z 5t< — ( )) () _ wE\Z))LQ .
M

ot,0x—0

It remains to prove that

N-1
Xnv=(1-9) Z 5t<A(w§\Z) — wg\zﬂ)),v(Mn) — w%?)LQ
M

tends to zero.
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Due to the estimates of Definition 8.26 and (8.19), we obtain
_ (n+1) _
[ Xyl < (1—0)a Z Ot||(wy, —wyy HHMHUM wM HHl
_ +1
< Col1 - B)a(oz) ™! Z otll(w§y — wiy g, 05 = wi s,

N—-1 1
2
< (1= 0)atoa) 60} (X Iy - w12, )
n=0

N-1
2
x (Z st — wmgi{)
n=0
The term
N-1
n+1
> Ml =i I3,
n=0

is bounded due to Theorem 8.31. Since vy s, wy ar € L3:(0,T; Hi;(Ug))

N—-1
S sty —wi; ||H1

is also bounded.
Due to the assumption (1 —6)(5x) =26t — 0 as 6t,dz — 0. Hence Xy ps — 0
and we have

T v T
| (G000 —w®)ir+ [ Bau.o0 - wo]de >0

which proves that w is a solution of the weak formulation of variational inequality
(8.11). Due to Theorem 8.21 a solution of the weak variational inequality (8.11) is
also a solution of strong variational inequality (8.12) and since (8.12) possesses a
unique solution then w = u.

We have to prove that the convergence of Wy ps to u and (6w, ar) to Du is
strong in L2(0,T; L?>(UR)). Let @ as be a piecewise constant approximation of u
which exists due to Lemma 8.27. We will show that

N
Ynu = Z ot (Awg\z) - Aug\/[), wg\z) - ug\/f))LM
n=0

converges to zero as dx, 6t — 0.
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Taking in the weak variational inequality of Theorem 8.32 vy s = un v We

obtain (observe that u(T") = g)

5t w4 0wy, W)
Z (A W)l
N-1 (n+1) (n)
(UM T “M (n) w'™
= ~ &( 5t UM )L2
N-1
+ 3 ot (A = 0wl + o), )
n=0 L?M
Since
Yvar = Z(St (Al wi) 2 Zét (Awhp uip) 2
n=0
N
+ Z ot (AUS\Z), ug\z) — wJ(\Z))L?M
n=0
and
5t w4 0wy, W)
Z ( NG >L§w
N-1
—0) Z ot (Awg\z) - Awg:}“),wg\z)) ,
n=0 L

N—1
= ; ot (Awg\?, w%?) 2,

we can insert (8.21) and (8.23) into (8.22) to obtain
N-1 (n+1)  (n)

Yy < Z (5t<7uM 5 Y ,ug\}l) —w]((}[)>
n=0

N—-1
+ >0 ot (A1 = 0w+ owl),ulp)

N-1
—0) Z ot (Awg\z) - Awgzﬂ),wgz))ﬂ
n=0 M

—Zét AwM),ug\/[ Lﬁ -I-Z(St AuM),ug\Z) —wg\z)
n=0

(8.21)

(8.22)

(8.23)
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Using the equality
(1= 0w ™ +owfy) = wff) — (1 - 0)(wf} —wii™)

we obtain the estimate

N-1 (nt1) _ (n)

u —u n n n
Yo <Y 5t(—7M 4 A gy — w](w))%
n=0
N-1
n n+1 n n
- (1-90) Z 5t<Aw§VI) — Awg\/r ),ug\/[) — wg\/[))L?
n=0 M

We prove now

N—-1
—0) Z ot (ij(\z) - Aw](\ZH), ug\z) - wgq/}))LQ — 0.
From the estimates of Definition 8.26 and (8.19) we have
n 1)
1Z] < (1- Z 5tHwM W HHMHUM - wM ”H1
< Co(1 — O)a(dz) ! Z otlwly — wiy e sy —w N,

; n 2
< C(1-0)( 2<Z||wM — (T ||L2)
x <Z 5t|ully) — w(ﬁngi{)
n=0

NI

Similarly like above,
N-1
+1)
D sy —wii s,
n=0

is bounded due to Theorem 8.31, and since vy a7, wn .y € L3,(0,T; Hi (Ug))
then also

N-1
> otluly — w13,
n=0

is bounded.
Hence if (1 — 0)6t(6x) =2 — 0 as 6t,6x — 0 then Z — 0.



226 CHAPTER 8. AMERICAN OPTIONS

The remaining expression
-1 (n+1) (n)
U — U
5t<—u + Au(n),u(n) — w(n))
2. i R P

also converges to zero. As iy, — u strongly, hence also weakly, and wy p — u

weakly then 4y ps — Wy, converges to zero weakly. Since (d;un ) — Cgf

strongly then

- (n+1) (n)
s VER) VA (O BN CO)
Z:&( 50 yUpy wM>L§M_>0'

By the strong convergence iy, — u, the weak convergence iy, ar — Wy, v — 0,
and the consistency result of Lemma 8.29 we have

T
Z&t (Aufy, ufy) —wi) o = /O (A g, @var = BN o gy, dE = 0.

That proves Y ar — 0 as 0t, 0z — 0.
By the estimates of Definition 8.26 and the convergence Yy s — 0

N N
> ot (Awly) — A i) =) o dt = 8 otlwy) — i, .

T
/0 o, ar = i, al| T2y dt — 0,

and

T
/0 10z, ) = (Eoun e |2y dt — 0,
which give the desired convergence

Wy, M — w strongly in L*(0,T; L*(Ug)),
(6xwy ar) — Du strongly in L?(0,T; L*(URg)).
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Projected SOR algorithm

We begin with reformulating the discrete variational inequality (8.17) as a linear
complementarity problem. The following lemma is a discrete version of Lemma
8.22.

LEMMA. 8.34 Let wy,\ be a solution of the discrete variational inequality of
Definition 8.30. Then wy nr is a solution of the following discrete linear comple-
mentarity problem:

knowing wE\ZJrl) € H},(Ug) such that wz(\zﬂ) > gp, find wgz) € H,(Ug), n =
N —1,...,0, such that for all vy € H}W(UR), vy >0,

Z) w§\]4V) = Gh,

i) (wj(\zﬂ) - wj(\z) —0tA((1 - Q)w(Mn+1) + wa})),vM) L2 <0,

M

iti) w\? > gn,

. +1 +1
iv) (w](\Z ) _ wj(g) - (515A((1 - G)wg\z )y waj)),gh — wg\?)L?w =0.
By the above lemma on each time stepn = N — 1,...,0 we have to solve the

linear problem

QX > G,
X > o, (8.24)
(QX -G, X — ) =0,

where (-, -) denotes the scalar product in RM*! = 1.2 and

Q = I + 06tA,
X = w]((/}),
G=(-1-0)6tNwli™),
D = gp.

Introducing new variables Z = X — ® and V = G — Q@ we can rewrite the linear
complementarity problem in the following form:
find W = (Wy,)M, and Z = (Z;)}, such that

QZ-W=V,
W >0, Z>0, (8.25)
(W, Z) = 0.
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THEOREM. 8.35 Let A fulfill the estimates of Definition 8.26. Then a solution of
(8.25) is unique.

Proof. Due to the estimates of Definition 8.26, we have (dt is fixed)
2 2
Cilloly > (Qu,v)gz, > Collolls -

Since now dz is fixed the norms || - || 12, and -l w1, are equivalent. Hence @ is a
bounded, positive definite matrix.

Assume for the proof simplicity that ) is symmetric (this assumption will be
used further in the PSOR algorithm).

Let us consider the following optimization problem

1
T, LT
Iélzzi%d/ Z 2Z QZ.

The Lagrange function for this problem is
1
L(Z,W) = 5ZTQZ —-V'Zz-w'z,

where W is a vector of the Lagrange multipliers. Let us observe that the Lagrange
function is convex. Hence there is a unique solution of this optimization problem
and the solution fulfills the Kuhn-Tucker conditions. Computing the Kuhn-Tucker
conditions we obtain

QZ-V —-W =0,
W >0, Z>0,
WiZ, =0, k=0,...,M, hence (W,Z) = 0.

which is exactly (8.25). [ ]

We have assumed in the above proof that () is a symmetric, positive definite
matrix. The positive definiteness of matrix () is essential for the algorithm (see
Theorem 8.36). The assumption of symmetry can be partially relaxed to diago-
nally dominant matrices or a particular type of tridiagonal matrices. We omit such
extensions to make the proof of convergence simple.

The PSOR algorithm

Step 1.

Select the relaxation parameter w € (1,2), the accuracy ¢ > 0, and the starting
point Z° > 0. Put p = 0.

Step 2.
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Compute successively

i—1 M
+1 +1
YT =Vi} QuZlT =) QuZ
j=1 j=i

p+1

Y,
zPt —max(O ZP +w—L O )
WP = v Qu(ZPt - ZP).
Step 3.

If | ZP*1 — ZP| > e increase p by 1 and return to Step 2, otherwise stop. ZP*! is
the solution.

THEOREM. 8.36 Let ZP, WP be generated by the PSOR algorithm. Then ZP —
Z, WP — W where (Z, W) is a solution of (8.25).

Proof. Let F(u) = u' Qu — 2u' V. Then by the symmetry of Q
Fu) = F(v) = (u— o) Q(u— v) +2(u— ) (Qu — V).
We define the vectors 2! [ = —1,0,..., M,

ey _ [ 20T for0<i<i,
' z?, forl <i< M.

Then zP+1.—1) = 7P and z(P+1.M) — zp+1 With vectors 2P0 we can write
Yp+1 (V QZ (p+1,i— 1))

Let

(27— 2) G, it¥E 0,
14) — v
(p+1,3) if )/ip'i‘l =0.

W,

+1

We have 0 < w14 < w since‘ i) if YT # 0and 27 + w'o— > 0 then

W(pt1,s) = W5 i1) 1pr+w Q < 0 then YpJrl < 0and 0 < w(py1,4) < w. Thus

we can write
p+1

Qll

1
7P = 2P+ wip——
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We have
F(zt10) — p(z izl
= (2(H1) Z(p+1,¢71))TQ(Z(p+Li) — prLi=D))
n 2(Z(p+1,i) _ z(p+1,1>1))T (Qz(pﬂ,iq) ~V)
and after simplifications
F (2Pt — p(pprlizl)
_ Qz‘z‘(Zf)H B Zf)z B 2(Z§o+1 _ Zf)Y;p+1
07+’

= W12~ W) e

Since 0 < w1, < w < 2 then F(2PT19) < F(z(P+1i=1)) and the sequence
F(2P?) is decreasing. By the definition of z(P%) we have F(ZPT!) < F(ZP).
Since F'(u) is bounded from below as a quadratic function with matrix ) positive
definite then

F(ZP) \( Fro, p— 0.

Let a = minp<;<s @i; then by the definition of W(pt1,) We obtain

A . 2
(D) - F0H0) = Qu(20 - 20)* (-1 4+ ——)
(p+1,0)

> a(—l + %) (ZP+! — zP)*.

This gives

N

Zr = 78| < (a( -1+ i)) (P0+1D) = F(ew0)) 7,

The convergence of F(z®?") implies
’ZZerleﬂ — 0, p— o0

Let Z be a condensation point of ZP. There exists a sequence p;, — oo, for
k — oo, such that
ZPk — 7 for k — oo.

Then we have

YPE Y =V - QZ,
WPk — W = -Y.
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We have to prove Z > 0 and Y < 0. Condition Z > 0 follows from the
inequality ZP > 0 for all p. Let us assume now that Y > 0. Then there exist € > 0,
po, and 7q such that Y£ k> ¢ for pr, > pg. But from Step 2 of the PSOR algorithm
we obtain

€w
P — 7t >
‘o ‘o Qio’io
and that contradicts the convergence Z* — ZP* ™1 — (.
We will now prove that Y' Z = 0. Suppose it is not true. Then there exist
€ > 0, 19, and pg such that

, for pr > po

7Pk > ¢

9 — 7

Yk < —e, for pj, > po.

Then from Step 2 of the PSOR algorithm

€W
Qivio

which again contradicts the convergence Z”* — ZP¥~1 — 0.

For the proof completeness, we have to show that the sequence Z? possesses
a condensation point. To this end, let us observe that Z? € R = {z: F(z) <
F(Z°)} for all p. Since F(u) is bounded from below, R is compact as the inverse
image of a compact set under a continuous mapping. Then ZP has a condensation
point as an infinite sequence in a compact set. [ |

pr—1 P D Pr—1
ZPTh > 7P and | 2P0 — ZPH > , for pr. > po,

Penalty method

The basic idea of the penalty method is to replace variational inequality (8.12) by
the nonlinear differential equation

Ou,

ot
ue(t) =g, on dUR, a.e. t € [0,T), (8.26)
uE(T> =g, on UR;

1
+ Alue + Ej(ue(t)) =0, on [0,7) x Ug,

where j(u) = [u — g]” and [z]” = min(z, 0).
We begin the investigation of (8.26) with the following useful lemma.

LEMMA. 8.37 Operator j(u) is monotone in L*(Ug), i.e.,
Yui,ug € LQ(UR) (](ul) —j(uz),ul - UQ) > 0.

This operator is also continuous in L*>(Ug).
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Proof. By the elementary estimate
(l'_—y_)(l'—y) > (l‘_—y_)Q, x?Z/GR
we obtain taking uy,us € L?(UR)
(d(ur) = g (uz), w1 —uz) = ([ur — gl — [uz — g] 7, w1 — ua)
= ([ur — 9" —[uz —g]", (w1 — 9) — (u2 — 9))
> [l[ur = g]™ = [u2 = g]7I1* = [lj (1) = j(u2)[|* > 0.
The same estimate proves that j(u) is continuous. |

From Chapter 3 of the book by Bensoussan and Lions [5] we have the following
two theorems.

THEOREM. 8.38 Let Assumption 8.16 hold in Ugr. There exists a unique weak

solution uc(t) of (8.26) withu, € L?(0,T; H'(Ug)) and % € L*(0,T; L*(Ug)).

THEOREM. 8.39 Let u(t) be a solution of (8.12) with u € L*(0,T; H*(Ug))
and % € L%(0,T; L?(UR)). Let uc(t) solve (8.26) with uc € L?(0,T; H (Ug))
and %< € L2(0,T; L?(UR)). Then

— <
s () = ()] 20 < OVE

for C' > 0.

We will now construct a numerical solution of (8.26). Similarly, like for varia-
tional inequalities, we limit considerations to a one-dimensional case. We assume
that operator A’ is time-independent and given by formula (8.14) and consider the
weak formulation of the differential equation (8.26)

1
(= e (®):0) 2y + Brlue(®)v] + ~ (i), ) 2y =0, (827)

which holds ¢ € [0,T) a.e. for each v € H(Ug).

We approximate the differential problem by finite differences. Like previously,
we define space and time grids, the corresponding functional spaces L?W(UR),
H:,(Ug) and L3,(0,T; L3,(Ug)), L%(0,T; H,;(Ug)), and grid functions vy,
vN,m- Matrix A is given by Definition 8.26, and due to Lemma 8.29 (Avas, way)
is consistent with Bg[v, w].

We approximate problem (8.26) for a space-time grid function wy s by the
following #-scheme

wg/[) - wg\4+1) + 5tA((1 - G)w](wH) + 9w](\4)) + ?]h(w](\/[)) =0, (8.28)
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h N () AN A () I
where ji(w),) = [y, — gn]™.
It can be shown under additional mild assumptions (cf. Theorem 8.44) that

(8.28) possesses a unique solution.

THEOREM. 8.40 Let matrix A fulfill the conditions of Definition 8.26. Then
w1, a solution of the discrete penalty problem (8.28), has for (1 — 0)§t(dz) >
small enough the following estimate

N-1 N
(n) 2 (n+1) (n)12 (n) 12
max [0~ gully +0 Y ™ —wfi, + 03 sty I3,
n=0 n=0
2
< CTlgully,

Proof. Multiplying equation (8.28) scalarly by (w(Mn) — gp) wWe obtain

(w]((/}) — w](\T_l), w}? - 9h> L2 + 0t (A(<1 - 9)“’1(\7/}+1)+ WYZ))’W%Z) - gh> 12

M M

ot (. . () (n)
+?(]h( )s Wiy —9h>L2 = 0.

M

(8.29)

‘We have

(jh(w(Mn)), wiy) — gh> b= (jh(wﬁ% — jnlgn), w0l — gh) >0
M

LYy

by the monotonicity of j; which follows from Lemma 8.37 and the observation

that jp,(gn) = 0.
Then (8.29) can be reduced to

n n+1 n
(w(n[)—w(” ),w(M) —gh> )
Ly

+ 5t(A((1 - Q)wg\ZH) + wa})),w(Mn) - gh>L2 <0
M

and this is exactly inequality (8.18) from the proof of Theorem 8.31. Thus the rest
of the proof goes exactly like the proof of Theorem 8.31. [ |

With the above estimate we can prove that solutions of problem (8.28) converge

to a weak solution of problem (8.26) as dt, dx — 0.

THEOREM. 8.41 Let wy,nr be a sequence of solutions of the discrete penalty
problem (8.28) for it and 6z tending to zero (N, M — o0). Let u. be a unique



234 CHAPTER 8. AMERICAN OPTIONS

weak solution of the continuous penalty problem (8.26). Let 1wy s denote a piece-
wise constant extension of wy,nr. Then for (1 — 9)(55Tt)2 sufficiently small to fulfill
the conditions of Theorem 8.40, we obtain the convergence

WN ar — ue in L2(0,T; L*(Ug)),
(6xwy 1) — Duc in L*(0,T; L*(Ug)).

Proof. From the stability results of Theorem 8.40 it follows that the sequence Wy ys
is bounded. Then this sequence contains a weakly convergent subsequence, which
we also denote Wy ps. Let

Wy, — win L*(0,T; L*(Ug)),
(6xwy ) — Dwin L*(0,T; L*(Ug)).

Our goal is to prove that w is a weak solution of the penalty problem (8.26). This
proof is analogous to the proof of Theorem 5.28. We take v € L?(0,T; H'(Ug))
such that v(t) > g for t € [0,T]. Let 0y, be a sequence of piecewise constant

approximations of v. We multiply (8.28) scalarly by @(Mn) and sum over n

N-1, (ntl) _.(n)
Z <_u @(")> + (A((l _ 0)@("+1) + gw(")) {)(n))
ot s Y M 12 M M ) YM L?\/I

n=0 M
Lo )y +(n)
+ g(]h(wM ) Uy )L?u =0.

Passing to the limit §¢, = — 0, using the consistency of (Awxy, var) with Br[w, v]
and the continuity (hence also the weak continuity) of j(z) we obtain

T
[ (4000000 1+ Bl 0.0+ £ G000 1y ) = 0

€

Since v € L?(0,T; H'(Ug)) is arbitrary, we have

1

(_%w(t)7 Z)LQ(UR) + BR[w(t)> Z] + E(](w(t))’ Z)L2(UR) =0,

for each z € H'(Ug). Hence w(t) is a weak solution of (8.26) with w > g as all
. . (V) _
wn,m > gn and w(T') = g since wy,;’ = gp. [

Remark. 8.6 Delicate analytical considerations exploring the regularity of solu-
tions of penalty problem (8.26) and the estimates of Theorem 8.40 reveal that the
weakly convergent sequence Wy v of Theorem 8.41 is in fact converging strongly
tow = ue in L*(0,T; L*(Ug)).
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DEFINITION. 8.42 A square matrix A is called the M-matrix if non-diagonal
entries of A are nonpositive (a;; < 0, i # j) and all principal minors of A are
positive definite. This property can be expressed in terms of entries of A saying
that Vi a; > 0, a;; < 0,1 # j and Vi Zj ai; > 0 with at least one iy such that
Zj iy > 0.

The property of an M-matrix A which will be particularly important for our
future considerations is the positivity of A~1.

Remark. 8.7 For the Black-Scholes model we have matrix A with a®> = 152, b =

%02 —rand ¢ = r. Then A is a tridiagonal matrix with

1

Ak,k = 0—27((5{6)2 +r,

Mokt = =505 + (5" - T)%’
1, 1 1, 1

Mer—1= =507 552 — (5" - T)%'

Hence A is an M -matrix for x < min(1, g—i)
Obviously also Q = (I + 0t0A) is an M-matrix. Q) is an M-matrix even for
negative interest rates provided 0t is sufficiently small.

Denoting
Q =1+ 00tA,
X = wg\g),
Qp= (I —(1-0)dtA),
n+1
Xp= wJ(\/[ )v
® = gn,

we can write (8.28) in the compact form
ot _
QX + ?[X —B” =QpX,. (8.30)

We will solve (8.30) assuming that () is an M -matrix. To solve equation (8.30),
we will apply an iterative method. But first, we will prove the following estimate.

LEMMA. 8.43 Let wn nr be a solution of (8.28). Then for 0 <n < N
€

iy = @17z, < C.
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Proof. We denote Y, = wg\z) — ®. Then (8.30) can be written as

5t
QY+ —[V]™ = QpX, — Q2. (8.31)

Without loss of generality we can assume that Y, = (y1,y2), where y; = [Y] ™,
and y» = [Y]™, and matrix Q is decomposed accordingly

[ Qi1 Q2
Q_<Q21 Q22>'

Let Qp X, — Q® = b. Due to Theorem 8.40 HbHL%I is bounded for all wy as.
We multiply scalarly (8.31) by [Y]~ to obtain

ot _ _
(Quyt,y1)rz, + (Quay2,y1) 12, + ?H[Ye] ”%g/j =0, [Y] )z, (832

(Q1191, yl)wa > O since @ is an M -matrix. We have y; < 0 and Q1272 < 0 since
y2 > 0and Q12 < 0. Then (Q12y2, yl)L?M > 0. Dropping these nonnegative terms
from the left hand side of (8.32) we obtain

_ € _ € _
V7125, < 10, 1Y )iz, | < SNVl Do, -

A solution of (8.30) is obtained by nonlinear iterations. To define these itera-
tions let us introduce the diagonal matrix

1 f X <®andi =y,
P(X)y = { J (8.33)

0 otherwise.

Then we can write equation (8.30) as

% p(x)o.

€

(@+2P(0)) X = @,%, +
The above equation can be solved by the following Newton iterations:
X% =X,
(Q + %P(Xk))X’““ = QpX, + %P(X’f)qx (83
The iteration process stops when for a given tolerance n

| XFH = XF[| oo ()
max(l, |’Xk+1||L°°(UR))

<n, or P(X*1) = P(X%).
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THEOREM. 8.44 Let A be an M -matrix. Then

a) the iterates (8.34) converge to a unique solution of (8.30) for any initial
value X,;

b) the iterates converge monotonically: if X' > XO then X*+t1 > X* for
k> 1

Proof. Monotone convergence. Subtracting from equation (8.34) for X**! the
same equation for X* we obtain

(@ + 2L peety) ek = xb) = % (P(x4) — PX) (- X5

Let us examine the term (P(X*) — P(X*1))(® — X*):
1. if X} < ®; then P(X*);; = 1 and (P(X*) — P(X*71)) (® — X*); > 0;

1)
2. if X} > ®; then P(X*);; = 0 and (P(X*) — P(X*71)) (& — XF); =
—P(XF 1) (0 — X*); > 0.

Thus we always have
(P(XF) —P(X* ) (@ - X" >0, k>1.

Since A is an M-matrix then also (I + 05tA + % P(X*)) is an M-matrix. Thus
for £ > 1 we have

(XHH  xF
_ (I + OStA + %P(Xk)) “Pxt) — P(XP) (@ - XM > 0.
Bounded iterates. From (8.34) we have for k > 1
[ X5 oo (1)

<[(@+ T .

)HQPXP + ?P(Xk)rb)‘ <c,

L(Lo, L L(Ur) ~

since matrix (Q + %P(X k)) is bounded as the inverse of an M -matrix and

matrices @, and P(X ¥) are bounded (in the norm of any finite dimensional space).
The bounded, monotone sequence of iterates converges to a solution of (8.30).
Uniqueness. Assume that there are two solutions of (8.30): V! and V2. Sub-
tracting equation (8.30) for V2 from the same equation for V! we obtain

(@+ 2pua) v = v2) = 2P - PV @ - V)

€
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Using similar computations as in the proof of monotonicity, we have
(P(VH —PWV?)(@ -V >0.

Since (Q + % P(V?)) is an M-matrix then (V! — V2) > 0. Performing the same
computations with the role of V! and V2 interchanged we get (V2 — V1) > 0.
Hence V! = V2. |
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