WEAK-TYPE ESTIMATES FOR MAXIMAL OPERATORS

ADAM OSEKOWSKI AND MATEUSZ WOJTAS

ABsTrACT. The paper contains the study of sharp extensions of weak-type estimates
for a martingale maximal function. Given 1 < p < oo and a pair (z,y) of nonnegative
numbers satisfying =P <y, we identify the optimal upper bounds for || sup,, fr||lp,cc0>
for nonnegative martingales f = (fn)n>0 satisfying || f||1 = =z and ||f||} = v.

1. INTRODUCTION

As evidenced in numerous works, maximal inequalities play a distinguished role in
harmonic analysis and probability theory. The purpose of this paper is to present a
refined study of certain weak-type estimates arising in the context of martingales.

We start with the description of the background and notation used throughout the
text. In what follows, (Q,F,P) will denote the probability space, equipped with the
discrete-time filtration (F,)n>0. For an adapted martingale f = (f,)n>0, the symbol
f* = sup,~¢ | fn] will stand for the associated maximal function, we will also use the
notation f;" = maxg<y<y |fx| for its truncated version (n =0, 1, 2, ...).

Estimates between f and f* (equivalent to the boundedness of the maximal operator
on various function spaces) are of fundamental importance to the martingale theory and
form the base for stochastic integration. For example, we have the classical weak- and
strong-type estimates (cf. [2], see also [1, 5] for a different perspective)

177

« p
1l < S Ifllp, 1 <p <00,

poo < fllps 1 <p<oo,

where || f*|[p.00 = supyso (AP(f* > )\))l/p stands for the weak-L? norm of f* and || f|, =

Sup,,>g (E\fn|p)1/p is the LP? norm of a martingale f. Both inequalities are sharp: the
constants 1 and p/(p — 1) cannot be decreased without additional conditions on f.

The purpose of this paper is to study a certain modification and extension of the weak-
type bound. Consider the following alternative norming of the Lorentz space LP°°: for
1 < p < oo and an arbitrary random variable £, put

T —— {P(A)l/ﬁl / smp} 7

where the supremum is taken over all events A of positive probability. It is well-known
that the quasinorms | - ||p,00 and ||| - ||lp,co are equivalent for 1 < p < oo (cf. [3]): we
have [|€]lp,00 < [[1€]llp,c0 < cpll€]lp,co for some constant ¢, depending only on p. We will
identify the optimal constant in the weak-type estimate under this new norming.
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Theorem 1.1. For any 1 < p < co and any martingale f we have the sharp estimate

. 1-1/p
(L.1) HfWMmSF(?_1> £,

1

Note that it is enough to study the above estimate for nonnegative martingales f
only. Indeed, given an arbitrary, real-valued LP-bounded martingale f, let us denote
its pointwise limit by f.. Then the passage from f to the nonnegative martingale
(E(|foo| |Fn))n>0 does not change the right-hand side of (1.1), while the left-hand side
can only increase. Thus, from now on, we will restrict ourselves to nonnegative martin-
gales. We will be able to study the following much more precise version of (1.1). Namely,
fix 1 < p < oo and suppose that f = (fn)n>0 is a nonnegative, LP? bounded martingale
satisfying || f|l1 = = and || f||} = y. Here z, y are arbitrary positive numbers with z? <y
(it is easy to see that for such = and y, there is at least one nonnegative martingale sat-
isfying the norm requirements). What is optimal upper bound for ||| f*|||p.cc? Of course,

1-1
(1.1) will give [|[f*[[[po0 < T % " y'/P, but this does not have to be sharp: for
example, if 2P = y, then f must be a constant martingale: fo = f1 = fo = ... = x and
hence £ .0 = -

Our main result can be formulated as follows. Suppose that x, y are arbitrary positive
numbers with =P < y. Introduce the function

By(w,9) = s {1/ Wy £ 20, f10 =, 115 = v}

Theorem 1.2. The function B, is given by
1-1/p p—1
2p—1 . p—1
By - TG () <
P\ - P p—
e Py +a+ (p—1)ewy (i) —py (ci) x  otherwise,

where ¢, = ci(z,y) is defined in (2.5) below.

By a standard approximation, the above result extends to the continuous-time context.
That is, if (X;);>0 is a nonnegative, continuous-time cadlag martingale satisfying || X||; =
z and || X||b = y, then its maximal function X* = sup,~ | X;| satisfies

H|X*|||p,oo < Bp(xa Y).

Furthermore, the constant on the right cannot be decreased: for each x, y there is a
martingale X with prescribed first and p-th norms, for which both sides above are equal.

Let us say a few words about our approach. A natural idea is to apply Burkholder’s
method (sometimes referred to in the literature as the Bellman function technique). This
approach relates a given martingale inequality to the existence of a certain special func-
tion, enjoying appropriate size and concavity requirements: convenient references on this
subject are [1] and [4]. However, a direct application of the method requires the invention
of a complicated special function of four variables (which control the first norm of f, the
p-th norm of f, the size of the maximal function and the size of the event A which appears
in the definition of the weak norm, respectively). To overcome this technical difficulty,
we propose an alternative novel approach which is of independent interest. Namely, ap-
propriate optimization and homogenization arguments allow to reduce the problem to
the investigation of a much simpler martingale inequality. To prove this inequality, we



WEAK-TYPE ESTIMATES FOR MAXIMAL OPERATORS 3

will still use Burkholder’s method, but this time the special functions will involve two
variables only.

The paper is organized as follows. In the next section we introduce the technical
background needed for our investigation and establish the simple martingale estimate
discussed above. The final part of the paper contains the proofs of Theorem 1.1 and 1.2.

2. AN AUXILIARY ESTIMATE

Throughout this section, we assume that 1 < p < oo is a fixed parameter.

2.1. Some technical facts. We start our analysis with the introduction of a certain
special function of one variable. Let ¢ : [0,00) — [0, 00) be given by

(oo}
9(s) = p(p — 1) exp(ps” ™) / uP ™" exp(—pu~")du.
S
We will need the following properties of this object.
Lemma 2.1. The function g is increasing and satisfies g(s) > s, limg_, 0 g(s)/s = 1.

Proof. The asymptotics lims_, o, g(s)/s = 1 follows easily by de I'Hospital rule. The
estimate g(s) > s is equivalent to

p(p—1) / uP~ exp(—puP~!)du — sexp(—psP~) > 0.

It is enough to note that the left-hand side vanishes at infinity and its derivative at s
equals — exp(—psP~1) < 0. Finally, the monotonicity of g is a direct consequence of the
equation

(2.1) g'(s) =p(p—1)s""(g(s) — )

and the estimate g(s) > s we have just established. O
Put Ao = g(0) = p~/=UT (%) and let v : [Ag,00) — [0,00) be the inverse to

g. Then the estimate g(s) > s implies that v(t) < ¢ for t > Ag. Furthermore, plugging

s = 7(t) into (2.1) and noting that ¢’(v(¢))v'(¢) = 1, we see that ~ satisfies the differential
equation

(2.2) V() = (plp — DYOP 2t — (1), t>0.

We extend 7 to the function on the whole half-line [0, 00), setting v(¢) = 0 for t < Ag.
Later on, we will need the following property of ~.

Lemma 2.2. The function £ : (0,00) — R given by

) = (sfar + 25 ) o

p—1
is nonincreasing and satisfies lim,_,o £(x) = 00, limg_ o &(x) = 1.

Proof. The equality lim,_,o&(z) = oo is evident, the identity lim, , £(z) = 1 follows
directly from the asymptotics lims_, g(s)/s = 1 established in the previous lemma.
We turn our attention to the monotonicity of £&. This property holds on the interval



4 ADAM OSEKOWSKI AND MATEUSZ WOJTAS

x € (0, Ao, because y(x) = 0 there. For x € (Ao, 00), we make the substitution z = g(y);
since ¢ is increasing, we see that we must prove that the function

gly _
y (yp + ()) 9(y)~"
p—1
is nonincreasing on (0,00). By the direct differentiation of this function and (2.1), it
suffices to show that

(2.3) 9(y)* <plgly) —v)((p — 1y + g(y)).

However, integrating by parts, we obtain

9(y) = plp — 1) exp(py”~ ) / P~ exp(—psP~1)ds,
Y

9(y) —y = exp(py” ") /OO exp(—psP~1)ds
and
(2.4) (p—Dy” +9(y) = plp — 1) eXp(pyp‘l)/ 572 exp(—ps?~')ds.

Plugging these three identities into (2.3) we obtain the equivalent bound

00 2 [eS) ey
(/ P exp(—psp_l)d8> < / exp(—ps?~')ds / 5772 exp(—ps"~")ds,
Yy y Y

which follows by Schwarz’ inequality. O
Finally, we will need the following statement.

Lemma 2.3. Assume that positive numbers x, y satisfy the condition (p — 1)/\8_1y <
aP < y. Then there is a unique 100t cx = c.(x,y) < /Ao of the equation

(2.5) (=pery+m-1y(5) + =0

Furthermore, the function ¢ — c'=Py + c(p — 1)y(z/c)P — py(x/c)P~ 1z, considered on
(0,z/Xo], attains its minimum for ¢ = c.(z,y).

Proof. The equation (2.5) is equivalent to £(z/c) = y/xP, so the existence and the unique-
ness of the root follows at once from the previous lemma. To show that c.(z,y) < x/Ao
(that is, z/c.(x,y) > Ag), we use the monotonicity of £ together with the estimate
AP Y
)= 2L— > 2
o) =725
which is assumed in the statement of the lemma. The second part of the assertion follows
from differentiation. Indeed, the derivative of the function in question is precisely the
left-hand side of (2.5); obviously, this derivative is a continuous function and, as we have
just proved, it has a unique zero. Thus it suffices to note that its value at ¢ = z/\g
is nonnegative and its limit as ¢ — 0 is negative. The first inequality has already been
analyzed above, the negativity of the limit follows at once from observing that

_ T\P _ T\ P T\ P x
A=pery+ -7 (2) +2=-perw-a)+ - (7(2) - (3))+ 5,

c c c c c

and recalling that y > «? and v(t) < ¢ for all . O
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2.2. Two martingale inequalities. We are ready to introduce a family (Ux)i>o of
special functions, defined on the angular domain D = {(z,y) : 0 < z < y}, which will
play a central role in this paper. First we need to consider appropriate subdomains D;\
domains D}, D; and D3,

of D. We consider two cases. If A\ > )\g, we introduce three
given by

D} ={(z,y) € D: A <y < g(a)},

Dy ={(z,y) € D:ax>~y(\),y <A},

D} =D\ (D} U Dy).

For 0 < X\ < )\g, there are four domains, defined by
DY ={(z,y) € D: A <y < g(a)},
Dy ={(z,y) € D:y < A},
Dy ={(z,y) € D: A<y < Ao},
D} =D\ (D} UDyUDy).

See Figure 1 below.

Ao

FiGURE 1. The subdomains D} in the case A > \g
D7 is the graph of the function g.

To define Uy : D — R, we also consider two cases. For A >
(y— N —a?
Uz, y) = qy = A+ (@ = D)v()? —py(y)P 'z
(p— DY\ —py(N)P 1
while for 0 < A < Ao, we put

(y = A)4 —aPf
_Jy= A+ =)@ -y
U@ =9 o/

y— A+ xIn(Xo/y)

(left) and A < Ag
(right). On the right picture, the common boundary between D} and

Ao, we let

if (z,y) € D},
if (z,y) € D},
if (x,y) € D3,

if (z,y) € D},
if (z,y) € D},
if (z,y) € D3,
if (z,y) € D3.
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It is easy to check that for any fixed y > 0, the function Uy (-, ) is of class C* on [0, ],
in particular, the partial derivative 0,Uy(z,y) exists for any = € [0,y]. In the lemma
below we study two further important properties of the above functions.

Lemma 2.4. (i) For any (z,y) € D we have the majorization

(2.6) Ux(z,y) > (y — A)+ —aP.
(i) For any (x,y) € D and any h > = we have the estimate
(2.7) Ux(z + h, (z +h) Vy) < Ux(z,y) + 0:Ux(z,y)h

(we set 0;Ux(0,0) =0).

Proof. We will only check the case A > \g, for 0 < A\ < A\g the reasoning is similar.

(i) The claim is trivial for (x,y) € D} (both sides are equal). If (z,y) € D7 or
(z,y) € D3, the estimate (2.6) is equivalent to (p — 1)y(y)? + 2P > py(y)P "'z or (p —
1)y(A)P + xP > py(A)P~Lx, respectively, which follows at once from Young’s inequality.

(ii) It is obvious from the formulas on Dy, D7 and D3 that for each y, the function
Ux(-,y) : [0,y] — R is concave. Therefore, the estimate (2.7) holds true for x + h < gy
and we may restrict ourselves to x + h > y. Exploiting the concavity of U,(-,y) again,
we may write

Ux(z,y) + 0. Ux(x,y)h = Ux(z,y) + 0. Ur(z,y)(y — ) + 0. Ux(z,y)(x + h — y)
> Ux(y,y) + 0:Ux(y,y)(x +h —y).

Thus we will be done if we show that Uy(x+h,x+h) < Ux(y,y) + 0:Ux(y,y)(x + h —y).
To this end, we make three observations. First, the function y + Uy(y,y) is of class C!
(straightforward); second, the function y — 9,Ux(y, y) is nonincreasing (this is also very
simple); finally, we have 9,U,(y,y) = 0 for any y > 0: this is clear if (y,y) € DJUD3, and
follows from the differential equation (2.2) for (y,y) € D7. Putting these observations
together, we obtain that the function y — Uy(y,y) is concave and hence

Ux(z + h,z + k) < Ux(y,y) + (0.Ux(y,y) + 0,Ur(y,y)) (z + h — y)
=Ux(y,y) + 0:Ux(y,y)(x + h — y).
The proof is complete. O

We are ready to prove the main results of this section.

Theorem 2.5. Suppose that (fn)n>0 s an arbitrary nonnegative martingale bounded in
LP. Then for any X\ > 0 we have the estimate

(2.8) E(f* =N+ < £ + Us(Efo, Efo)-

Proof. Let us extend the filtration (F,,),>0 by setting F_; = {0, Q}; this adds the variable
f-1 = Efo to the martingale (f,,)n>0 (and possibly increases its maximal function, but this
will not affect the proof). The key observation is that the composition (Ux(fn, f7))n>—1
is a supermartingale. Indeed, the integrability of Ux(fn, f) follows from the estimate
Ux(z,y) < ¢p(1 4 xP + yP), valid for some constant ¢, depending only on p, and the
assumed LP-boundedness of f. Furthermore, for any n > —1 we have

E[Ur(fatt: Fre)lFa] = E[Ur(fa + dfusss (Fo + dfnsn) V £2)| Fol
S U)\(fnaf;) + 8a:U)\(fn7f;)E(dfn+1|fn) - U)\(fn7f;)7
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where the inequality follows directly from (2.7), applied with z = f,,, y = f and h =
dfn+1. Consequently, for any n we have EU\(fn, ) < EUA(f-1, [*1) = Ux(Efo,Efo),
which combined with (2.6) yields

E(fa =N+ = A5 < B = N+ = Eff SEUA(fas f7) < Ux(Efo, Efo).
It remains to let n — oo and apply Lebesgue’s monotone convergence theorem. O
We will also need the following refined version of the above estimate.

Theorem 2.6. Suppose that (f,)n>0 is an arbitrary nonnegative martingale with || f||1 =
x and || fI|b =y. If (p - 1))\871111 < zP <y, then for any A > 0 we have

(29 B(f - 3) < DBt

AP
— p _ 1 9

where

-1 z\” 2\
K(z,y) =" |l Py +a+ (p— Dewy () - (> ‘
p Cy Cx
and ¢, = c.(x,y) is given by (2.5).

Proof. We will consider two major cases £ > A and x < A separately.

Case © > X\. Apply (2.8) to f/c. and \/c. to obtain an estimate equivalent to

* _ X X
B~ N £ I+ e, (2 2)).
But z/c. > Ao, so we get
p p—1
B =N <Py ba-Atalp-10 (2) -y (2)
+<e Pyt celp =17 | 7 » |z x

(no matter whether \/c. > Ao or not; in both cases, the formula for Uy /.. (v/c«,2/c)

is the same, since (z/c.,x/c) € Di\/c*). That is, we have shown that E(f* — \); <
pK(x,y)/(p—1) — ), and the latter expression does not exceed K (z,y)?A\'=?/(p— 1), by
virtue of Young’s inequality.
Case © < \. Pick the parameter ¢ = Ac¢,./x and proceed as in the previous case to get
X _ T T
(2.10) E(f = Nt < 7PIfIE + e (2,

Now there are two sub-cases. If x/c > ~v(\/c), this is equivalent to

D p—1
E(f* =N+ <Py +(p— Dey (2) -y (A) x

Cc

MNP z\" (A’ 2\ !
() e (2) G () )
x Cx x Cx x
Let us optimize the expression in the square brackets, considered as a function of \/z.
We know that 1 < A\/z < (z/c.)/v(x/cs) (the second inequality is equivalent to x/c >
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~v(A/c)). Therefore, we have

d p p—1
— [Ci‘py + (= Dewy <I> -sP —py (x> z- 5P
ds Cy Cx

s (2 o)

for s = A/z. That is, the expression in the square brackets is the largest for s = 1, and
hence we obtain

1) E(f ), < (2) lci-pw (0 Dewy (””) . (””)x] |

or E(f* = A4 < (M) P (pK(x,y)/(p—1) —z). It remains to note that the latter
expression is not bigger than K (x,y)?A\1=?/(p — 1), by Young’s inequality.

Finally, we need to consider the second sub-case z/c < y(A/c). Under this assumption,
the estimate (2.10) becomes

AP
E(f* =Ny <cP(y—af) = () e Py —aP),
x
which implies (2.11) and the assertion, by the Young inequality again. O

3. PROOFS OF THEOREMS 1.1 AND 1.2

We start with Theorem 1.2. If y = 2P, then the claim is trivial: the only martingale
which satisfies the conditions ||f|l; = = and ||f||5 = = is the constant one: f = =, for
which ||| f]||p,cc = z. Hence, from now on, we will assume that y > z?.

3.1. Proof of the upper bound for B,. We consider two major cases: (p— 1))\87134 >
aP and (p — 1))\8713/ < zP. In the first case, we apply the estimate (2.8) with A = A\g and
the martingale f/c, where c is a positive parameter which will be specified in a moment.
Since Uy, (s,s) < 0 for all s > 0, we obtain E(f*/c— Xo)+ < || f/c|[b, or

E(f* = cho)y < TP f|B =Py

Now pick an arbitrary event A of positive probability. We may write

/ f*dIP) = C)\()]P(A) + / (f* — C)\())CUP S C)\()]P(A) + / (f* — C)\())er]P)
A A A
< eNP(A) +E(f* — cho) v < cAP(A) + ¢! 7Py

The latter expression, considered as a function of ¢, attains its minimal value for ¢ =
((p— l)y)\gllP’(A)_l)l/p. Plugging this choice above, we get

2p—1
p—1
Since A was arbitrary, the estimate follows. In the case (p — 1)/\871y < 2P the reasoning

is similar, but we apply Theorem 2.6 instead. Namely, we take an arbitrary event A with
P(A) > 0 and argue as above, obtaining

/ FrdP < AP(A) + 7]0
A p

1-1/p
[ 7rap < ENT - ) ereay e = (ZEE) e pap,
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The expression on the right, considered as a function of A, attains its minimum for
A = K (z,y)P(A)~'/P. Plugging this special A above, we obtain the claim.

3.2. Proof of the lower bound for B,. We will proceed directly and construct ap-
propriate examples. It is enough to consider continuous-time martingales: as we have
mentioned in the introductory section. As previously, we consider two cases.

Case (p — )AV "'y < aP. Let ¢, = c.(x,y) be the number defined in (2.5). Consider
the probability space equal to the interval [0, 1], equipped with its Borel subsets and the
Lebesgue measure. We introduce the continuous-time filtration (F;)¢cjo,1), where the o-
algebra F; is generated by the interval [0,1—¢] and all Borel subsets of (1—¢,1]. Consider

the random variable
p—1 1/(p—1)
T Inw
£w) =c. (7 (Z) - )
Cx P

and the associated martingale (&;):c0,1] = (E(§|Ft))tejo,1- We compute that

1 p—1 1/(p-1)
1
E¢ = c*/ ¥ (1‘) _ e dw
0 Cx p
oo p—1 1/(p—1)
T U B
= C*/ ¥ <> + — e “du
0 Cx p
[e’e) p—1
— ep /D) / 0D o [~y (m) du
py(z/c. )Pt Cx
p—1 [e’e)
r —1 1
=c.p(p—1)exp | py () / tP~" exp(—ptP~7)dt
Cx v(z/cx)

x X
=cg|\v|— =Cy— =T
Cy Cy

and, similarly,

. bt p/(p—1)
1
Egpzcg/ 7(9«’) _Inw dw
0 Cx p
T p—1 ]
= clp(p — 1) exp (m () ) / P2 exp(—pt?~ ") dt
C y(a/e)

ey (i)p+ 2Ol < ety <i>p+ =il

where in the third line we have applied (2.4). However, by (2.5), the last expression

above is equal to y: thus, E{” = y. Finally, the maximal function of (&;):cj0,1) satisfies

W) > €uw)=1-w)t Ol_w &(s)ds. Carrying out similar calculations to those above,

we obtain
xz/c z\? 2\ !z
1€ oo > BE™ > c. (p evm(2) -m(2) 2).
p—l Cx Cy Cx

which is the desired lower bound, by (2.5).
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Case (p — 1))\387134 > xP. Consider the auxiliary parameters

_ _ Y _ - Y
z=(p—1)Y/E (5 Ao and g=(p—1)Y/®V (E

Note that £ > z, by the assumption of our case. Furthermore, we check easily that
(p— 1)A€_1g = 7P, s0 by the construction from the previous case, there is a martingale £
satisfying [|¢]1 = 2, [[€]|} = 7 and

1/(p—1) p/(p—1)
) )

0-

= 1/(p—1)
EE = By(2,9) = 2+ N 'a' Py = plp— DY/ ()77

We introduce the martingale (&;):c[0,1) as follows. First we pick an event A of probability
x/T. We assume that on A¢, the compliment of A, the martingale (£;);c[o,1] is constant
and equal to zero; on the other hand, on A its conditional distribution is the same as that
of {. Then we have [|¢[[x = [[{[l1 - z/Z =, [|€]|} = €[]} - /% = 27/ =y and

€l lpoe > P(A)/2-1 /A ¢*dP = P(A)/P - EE* = (2/2)/7 - B, (z, 7).

3.3. Proof of Theorem 1.1. To show (1.1), it is enough to prove the estimate

1-1/p
2p—1 1
B <T /P,
p(z,y) < <p_1> y
If (p— 1))\{)’_13} > 2P, then both sides are equal; otherwise, the inequality is equivalent to

- 2 \P 2\ 1 p)\lfl/p
Py 4+ a4 (p— ey (c) —py (c) z < myl/z{

*

Lemma 2.3 implies that the left-hand side of above inequality is not greater than

- z\”’ 2 \P!
h(z) = ay Py+a+(p— 1)ay7 (a> - Db () T,
Y

Ay

where a, = [(p — 1)y]1/p)\al/p < x/Xo. However, h(z) < a, Py + ayAo. Indeed, for
x = ayAo we have equality here and h/(z) = —py (bfzc/oay)p_1 < 0. Tt remains to observe
that aylfpy + ayho = p(p — 1)1/p71)\(1)—1/py1/p. This gives (1.1). Its sharpness follows at

1-1/p
once from the fact that B,(z,y) =T (if%f) y'/? on a part of the domain of B,,.
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