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FOR POSITIVE DYADIC SHIFTS

ADAM OS�KOWSKI

Abstract. The paper contains the study of sharp weak-type estimates for
positive dyadic shifts on Rd. The proof exploits Bellman function method:
the inequalities are deduced from the existence of certain associated special
functions, enjoying appropriate majorization and concavity conditions.

1. Introduction

Assume that Q ⊂ Rd is a dyadic cube and let D(Q) stand for the grid of its
dyadic subcubes. For a given sequence α = (αR)R∈D(Q) of nonnegative numbers,
we de�ne its Carleson constant by

Carl(α) = sup
R∈D(Q)

1

|R|
∑

R′∈D(R)

αR′ |R′|,

where |A| is the Lebesgue measure of A. For any such sequence, one can introduce
the associated dyadic shift A which acts on integrable functions f : Q→ R by

(1.1) Af =
∑

R∈D(Q)

αR〈f〉RχR.

Here 〈f〉R = 1
|R|
∫
R
fdu denotes the average of f over the cube R. The class of pos-

itive dyadic shifts have appeared in many papers devoted to weighted inequalities
for various �continuous� objects and their dyadic counterparts. In particular, it is
well known that an e�cient control over various norms of dyadic shifts yields the
corresponding estimates for singular integral operators [10, 12]. As an example, we
will describe in more detail the works of A. Lerner on the celebrated A2 theorem.
Assume that T is a Calderón-Zygmund operator on Rd and let w : Rd → (0,∞)
be a weight satisfying Muckenhoupt's condition A2. The so-called A2 conjecture
concerns the linear dependence of the norm ||T ||L2(w)→L2(w) on [w]A2 , the A2 char-
acteristic of w:

||Tf ||L2(w) ≤ C(T, d)[w]A2
||f ||L2(w).

This question has gained a lot of interest in the recent literature (see e.g. [1, 4,
11, 16, 19, 20, 21, 22, 27]) and was �nally answered in the positive by H¸tonen
[7], with the use of clever representation of T as an average of good dyadic shifts.
Lerner [12] provided a more elementary proof of the A2 theorem, which avoided the
use of most of the complicated techniques in [7]. The idea was to exploit a general
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2 DYADIC SHIFTS

pointwise estimate for T in terms of positive dyadic operators, proven in [10]. This
allowed to reduce the A2 problem to a weighted result for the positive dyadic shifts,
which had been already established in the earlier works [4], [5] and [9].

The above discussion motivates the question about various sharp-norm estimates
for dyadic shifts. Using best-constant estimates for the dyadic maximal operator,
one can show that any A from the class (1.1) is bounded on Lp(Q), 1 < p < ∞.
Actually, one can identify the norm: we have

(1.2) ||Af ||Lp(Q) ≤
p2

p− 1
Carl(α)||f ||Lp(Q)

and the multiplicative constant p2/(p−1) cannot be improved in general (i.e., there
are Carleson sequences for which the Lp norm is precisely p2/(p − 1)). For p = 1
the Lp-boundedness does not hold, but, as proved by Rey and Reznikov [23] (for
d = 1 only), we have the sharp weak-type bound

|{x ∈ Q : Af(x) ≥ 1}| ≤ 2 Carl(α)||f ||L1(Q).

See also [18] for a related logarithmic estimate. In this paper, we will identify the
weak norms of A in the range 1 < p <∞. Namely, the main emphasis will be put
on the weak-type inequality

(1.3) ‖Af‖Lp,∞(Q) ≤ Cp‖f‖Lp(Q), 1 < p <∞,

where Q is a �xed dyadic cube in Rd and A is the shift associated with some
sequence (αQ)Q∈T of Carleson constant not exceeding 1. However, we will use
a slightly di�erent norming than that above. Namely, instead of the quasinorms
‖|ϕ|‖Lp,∞(Q) = supλ>0 λ|{x ∈ Q : |ϕ(x)| ≥ λ}|1/p, we will use the alternative,
equivalent weak norms

‖ϕ‖Lp,∞(Q) = sup

{
1

|E|1−1/p

∫
E

|ϕ|du
}
,

where the supremum is taken over all measurable sets E ⊆ Q of positive Lebesgue
measure. The main result of the paper can be stated as follows.

Theorem 1.1. For any 1 < p <∞, the optimal constant in (1.3) is given by

(1.4) Cp =

(
p− 1 +

∫ ∞
1

e1−uup/(p−1)du

)(p−1)/p

.

More precisely, for any dimension d, any dyadic cube Q ⊂ Rd and any ε > 0, there
is a Carleson sequence (αR)R∈D(Q) such that the corresponding dyadic shift has the

weak Lp norm bigger than
(
p− 1 +

∫∞
1
e1−uup/(p−1)du

)(p−1)/p − ε.
The nice feature of the above weak norming (and one of the main reasons why

we have decided to work under it) is that the inequality (1.3) has a very convenient
dual form. Note that it is enough to study this bound for nonnegative functions
only (indeed, the passage from f to |f | does not change the right-hand side, and
can only make the left-hand side bigger). Since A is self-adjoint, we have∫

E

Afdu =

∫
Q

fAχEdu ≤ ‖f‖Lp(Q)‖AχE‖Lq(Q),
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where q = p/(p − 1) is the conjugate to p. Therefore, if cq is the best constant in
the inequality

(1.5) ‖AχE‖Lq(Q) ≤ cq‖χE‖Lq(Q),

then Cp ≤ cq. However, both constants are equal: the inequality (1.3) implies∫
Q
fAχEdu
‖f‖Lp(Q)

≤ Cp‖χE‖Lq(Q)

for any set E ⊆ Q, and taking the supremum over f on the left-hand side yields
(1.5) with the constant Cp.

So, it is enough to study the best constant in the inequality (1.5). Our approach
will rest on the so-called Bellman function method. This technique enables to
reduce the study of a given �dyadic� estimate to the investigation of a certain
special function which possesses appropriate size and concavity properties (cf. e.g.
[2, 15, 20, 25, 26, 28, 29] and consult references therein).

The rest of the paper is organized as follows. In the next section we present an
informal reasoning which leads to the discovery of a Bellman function corresponding
to our problem. Then, in Section 3, we exploit rigorously the properties of this
object to prove the inequalities (1.3) and (1.5). In the �nal part of the paper we
exploit further properties of the Bellman function to show that the constants in the
estimates (1.3) and (1.5) cannot be improved.

2. A related Bellman function

As we have mentioned above, the proof of the weak-type inequality will depend
heavily on a certain associated special function. This object will have a quite
complicated explicit formula, and the purpose of this section is to present the
analysis which leads to its discovery. Throughout this section, d is a �xed dimension.

2.1. Abstract de�nition of Bellman function and its structural properties.
The abstract Bellman function associated with (1.5) is the function B : [0, 1]×[0, 1]×
[0,∞)→ R given by

B(s, t, x) = sup

{
1

|Q|

∫
Q

(
x+AχE

)q
du

}
,

where Q is a �xed dyadic cube in Rd. The supremum above is taken over all
measurable sets E ⊆ Q satisfying 〈χE〉Q = s and all sequences α = (αR)R∈D(Q) of
nonnegative numbers satisfying Carl(α) ≤ 1 and

(2.1)
1

|Q|
∑

R∈D(Q)

αR|R| = t.

The relation between B and (1.5) is evident: the best constant in the latter es-

timate equals sups,t
(
B(s, t, 0)/s

)1/q
. So, if we manage to �nd the formula for B,

it will immediately lead us to the desired results. How to approach the problem?
Let us start with some simple structural properties of B which are obvious from
its very de�nition. First, the function does not depend on the underlying cube Q.
Indeed, for any two dyadic cubes Q1 and Q2 in Rd, a�ne mappings of one of them
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onto the other put the Carleson sequences satisfying (2.1) in one-to-one correspon-
dence; furthermore, such a change of the variable preserves the averages. Our next
observation is that

for any s ∈ [0, 1] and x ≥ 0, the function t 7→ B(s, t, x) is nondecreasing,

for any t ∈ [0, 1] and x ≥ 0, the function s 7→ B(s, t, x) is nondecreasing.
(2.2)

Furthermore, we have

(2.3) B(s, t, x) ≥ xq, with equality if and only if st = 0.

These statements follow immediately from the de�nition of B. The next property
is less evident and amounts to saying that B satis�es an appropriate concavity.

Lemma 2.1. For any s1, s2, . . ., s2d , t1, t2, . . ., t2d ∈ [0, 1] and x ≥ 0 we have

B

 1

2d

2d∑
j=1

sj ,
1

2d

2d∑
j=1

tj , x

 ≥ 1

2d

2d∑
j=1

B(sj , tj , x).

Proof. Let Q1, Q2, . . ., Q2d be the pairwise disjoint direct dyadic children of [0, 2]d.
Take Ej ⊆ Qj and (αR)R∈D(Qj) as in the de�nitions of B(sj , tj , x). We glue these

objects as follows: set E =
⋃2d

j=1E
j and let (αR)R∈D([0,2]d) =

⋃2d

j=1(αR)R∈D(Qj) be

the collection of all (αR)R∈D(Qj), with the additional term α[0,2]d = 0. Of course,

we have 〈χE〉[0,2]d = 2−d
∑d
j=1〈χEj 〉Qk = 2−d

∑2d

j=1 sj . Furthermore, it is easy

to see that (αR)R∈D([0,2]d) has Carleson constant less or equal to 1 and satis�es

2−d
∑
R∈D([0,2]d) αR|R| = 2−d

∑2d

j=1

∑
R∈D(Qj) αR|R| = 2−d

∑2d

j=1 tj . Hence

B

 1

2d

2d∑
j=1

sj ,
1

2d

2d∑
j=1

tj , x

 ≥ 1

2d

∫
[0,2]d

(
x+

∑
Q∈D([0,2]d)

αR〈χE〉RχR

)q
du

=
1

2d

2d∑
j=1

∫
Rj

(
x+

∑
R∈D(Qj)

αR〈χEj 〉RχR

)q
du.

Taking the supremum over all Ej and (αjR)R∈D(Qj), we get the desired claim. �

In particular, the lemma above implies that for each x ≥ 0, the function B(·, ·, x)
is concave. The following informal observation plays a crucial role.

Remark 2.2. Let (s, t, x) ∈ [0, 1] × [0, 1] × [0,∞) be a �xed point. Suppose that
E ⊆ [0, 2]d and (αR)R∈D([0,2]d) are the extremizers of B (s, t, x), that is,

B (s, t, x) =

∫
[0,2]d

(
x+

∑
R∈D([0,2]d)

αR〈χE〉RχR

)q
du.

Let Q1, Q2, . . ., Q2d be the direct dyadic children of [0, 2]d and let sj = 2d|E ∩Qj |,
tj = 2d

∑
R∈D(Qj) αR|R|. If α[0,2]d = 0, then we have

B (s, t, x) =
1

2d

2d∑
j=1

∫
Qj

(
x+

∑
R∈D(Qj)

αR〈χE〉RχR

)q
du ≤ 1

2d
B(sj , tj , x)
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and hence, in the light of the lemma above, we actually have equality here. So, if
at least one (sj , tj , x) is di�erent from (s, t, x) and α[0,1] = 0 (which, as we might
hope, should hold for most points (s, t, x)), then there is a line segment passing
through (s, t, x) along which B is linear.

The second structural property of B is the following.

Lemma 2.3. For any s ∈ [0, 1], 0 ≤ t < t+ δ ≤ 1 and x ≥ 0 we have

B(s, t+ δ, x) ≥ B(s, t, x+ sδ).

Proof. We proceed as in the previous lemma, with sj = s and tj = t, and take
the appropriate parameters Ej and (αR)R∈D(Qj). Then Ej are glued into one
set E with the use of the same procedure, and the sequences (αR)R∈D(Qj) are
combined into one sequence as before. The only di�erence is that the additional
term α[0,2]d corresponding to the �full space� [0, 2]d is set to be equal to δ. Then
the Carleson constant of (αR)R∈D([0,2]d) is bounded by 1 and

∑
R∈D([0,2]d) αR|R| =

1
2d

∑2d

j=1 t
j + δ = t+ δ. Therefore, by the de�nition of B,

B (s, t+ δ, x) ≥ 1

2d

∫
[0,2]d

(
x+

∑
R∈D([0,2]d)

αR〈χE〉RχR

)q
du

=
1

2d

2d∑
j=1

∫
Qj

(
x+ α[0,2]d〈χE〉[0,2]d +

∑
R∈D(Qj)

αR〈χE〉RχR

)q
du.

However, α[0,2]d〈χE〉[0,2]d = sδ, so taking the supremum over all Ej and (αjR)R∈D(Qj),
we get the claim. �

2.2. On the search for the explicit formula. Equipped with the structural
properties above, we are ready to construct a candidate for B. This construction
will depend on the additional assumption that the Bellman function is continuous
on its domain and of class C2 in its interior; furthermore, we will impose some
additional conditions - we will assume that certain inequalities become equalities
on some parts of the domain. Since this regularity and these equalities do not
seem to follow from the abstract de�nition of B (actually, we will even see that
the constructed object we will end up with will only be of class C1), the candidate
should be denoted by a di�erent symbol; we will use the letter B. One should keep in
mind that the primary goal of this section is to discover the explicit formula, which
will be rigorously exploited later. We split the reasoning into a few intermediate
steps.

Step 1. By Lemma 2.1 and the assumed regularity of B, we see that for each x
the function

(s, t) 7→ B(s, t, x)

is concave, so

D2
s,tB(s, t, x) =

[
Bss(s, t, x) Bst(s, t, x)
Bst(s, t, x) Btt(s, t, x)

]
≤ 0.

Furthermore, in the light of Remark 2.2, it seems plausible to assume that the de-
terminant of the above Hessian matrix is equal to zero. This is equivalent to saying
that for any x ≥ 0 the function B(·, ·, x) satis�es the Monge-Ampére equation. It
follows from general theory of these equations (see a similar discussion in [29]) that
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[0, 1]×[0, 1], the domain of B(·, ·, x), can be foliated, i.e., split into union of pairwise
disjoint line segments along which this function is linear.

Step 2. It is not di�cult to guess how these line segments (leaves of foliation)
should look like. Indeed, �x x ≥ 0 and suppose �rst that 0 < s < t. Let I be a line
segment containing (s, t), with endpoints a, b lying at the boundary of the square
[0, 1]× [0, 1]. By the concavity of B(·, ·, x), we have

(2.4) B(s, t, x) ≥ γB(a, x) + (1− γ)B(b, x),

where γ ∈ [0, 1] is uniquely determined by the requirement γa + (1− γ)b = (s, t).
Furthermore, if I is �the linearity segment� we search for, both sides above become
equal. In the other words, the leaf of the foliation is the line segment for which the
right-hand side of (2.4) is maximized. We claim that this is the case if one of the
endpoints equals (0, 0) and the other is (s/t, 1): then the right-hand side equals

(2.5) (1− t)B(0, 0, x) + tB(s/t, 1, x) = xq + t
(
B(s/t, 1, x)− xq

)
.

To see this, we consider several cases. If a = (a, 0) and b = (0, b) for some a, b ≥ 0,
then the right-hand side of (2.4) is equal to xq, which is less than (2.5) by virtue
of (2.3). If a = (a, 0) and b = (b, 1), then b ≤ s/t and the right-hand side of (2.4)
is equal to (1− t)xq + tB(b, 1, x). By (2.2), this is not bigger than (2.4). The next
case is a = (0, a) and b = (b, 1). Then b ≥ s/t and the right-hand side of (2.4)
equals (

1− s

b

)
xq +

s

b
B(b, 1, x) = xq + s · B(b, 1, x)−B(0, 1, x)

b
.

But the function u 7→ B(u, 1, x) is concave, so the above expression is not bigger
than

xq + s · B(s/t, 1, x)−B(0, 1, x)

s/t
,

which is exactly (2.5). The �nal possibility is a = (0, a) and b = (1, b), for which
we use (2.2) again: the right-hand side of (2.4) is given by

(1− s)xq + sB(1, b, x) ≤ (1− s)xq + sB(1, 1, x),

and the latter expression has been handled in the analysis of the preceding case.
So, the line segments joining a = (0, 0) with b = (b, 1) belong to the foliation.

Step 3. Now we will identify the foliation of the set {(s, t) ∈ [0, 1]× [0, 1] : s ≥ t}.
To this end, we will show that

(2.6) the function s 7→ Bs(s, s, x) is constant on (0, 1).

Indeed, by the previous step and continuity of B, the function s 7→ B(s, s, x) is
linear and thus

Bss(s, s, x) + 2Bst(s, s, x) +Btt(s, s, x) = 0.

This, combined with the Monge-Ampére equation BssBtt =
(
Bst
)2
, gives

(Bss(s, s, x) +Bst(s, s, x))
2

= 0,

and hence (2.6) follows by simple di�erentiation. Let us now assume that the
function s 7→ Bs(s, s, x) is constant on the full interval [0, 1]; since Bs(0, 0, x) = 0
(which is trivial: B(s, 0, x) = xq for all s), we get that Bs(s, s, x) = 0 for all s.
Combining this with (2.2) and the concavity of B(·, t, x), we see that for any t and
x the function s 7→ B(s, t, x) must be constant on [t, 1]. Equivalently, we must have
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the identity B(s, t, x) = B(min{s, t}, t, x) on the domain of B. Now it is easy to
see that the line segments joining a = (0, 0) with b = (1, b) belong to the foliation.

Step 4. Now we will try to determine the values of B on the set [0, 1]× {1}. To
this end, we will exploit the inequality of Lemma 2.3. Replacing B with B, we see
that B(s, t + δ, x) − B(s, t, x + sδ) ≥ 0 for all δ > 0. Hence, in particular, if we
divide both sides by δ and let δ → 0, we get

Bt(s, t, x)− sBx(s, t, x) ≥ 0.

Let us assume that we have equality if t = 1. Combining this with the equation

sBs(s, 1, x) +Bt(s, t, 1) = B(s, 1, x)−B(0, 0, x)

(which is due to the linearity of the function t 7→ B(st, t, x) obtained in Step 2), we
get

(2.7) s
(
Bs(s, 1, x) +Bx(s, 1, x)

)
= B(s, 1, x)− xq.

To solve this equation, �x u ≥ −1 and consider the function

ξ(s) = ξ(u)(s) = B(s, 1, u+ s),

de�ned on s ∈ [0, 1] ∩ [−u,∞). By the previous equation, we see that sξ′(s) =
ξ(s)− (u+ s)q and hence

B(s, 1, u+ s) = ξ(s) = s

∫ 1

s

(u+ r)q

r2
dr + sA(u),

for some unknown function A to be found. The substitution u = x− s yields

B(s, 1, x) = s

∫ 1

s

(x− s+ r)q

r2
dr + sA(x− s).

Plugging s = 1, we get that A(x− 1) = B(1, 1, x) and hence the above identity can
be rewritten in the form

(2.8) B(s, 1, x) = s

∫ 1

s

(x− s+ r)q

r2
dr + sB(1, 1, x− s+ 1).

Now we will use the equality Bs(1, 1, x) = 0 we assumed at the previous step:
plugging this into (2.7) gives

Bx(1, 1, x) = B(1, 1, x)− xq,

which can be easily solved:

B(1, 1, x) = ex
(∫ ∞

x

e−rrqdr + C

)
,

for some absolute constant C. It is easy to see that C = 0; if C < 0, then it
would mean that B(1, 1, x) is negative for su�ciently large x, which contradicts
(2.3). The inequality C > 0 would imply the exponential growth of B(1, 1, x)
as x → ∞, which is impossible: directly from the de�nition of B, we see that
B(1, 1, x) ≤ 2q (xq +B(1, 1, 0)) . Thus, we conclude that

B(1, 1, x) = ex
∫ ∞
x

e−rrqdr,
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and coming back to (2.8), we obtain

B(s, 1, x) = s

∫ 1

s

(x− s+ r)q

r2
dr + sex−s+1

∫ ∞
x−s+1

e−rrqdr

= s

∫ ∞
s

(x− s+ r)qΨ(r)dr,

where the kernel Ψ is de�ned by the formula

Ψ(r) =

{
r−2 if 0 < r < 1,

e1−r if r ≥ 1.

Step 5. Putting all the above facts together, we obtain the following candidate
for the function B : [0, 1]× [0, 1]× [0,∞)→ R: B(s, 0, x) = B(0, t, x) = xq and

B(s, t, x) =


(1− t)xq + s

∫ ∞
s/t

(
x− s

t
+ r
)q

Ψ(r)dr if 0 < s ≤ t,

(1− t)xq + t

∫ ∞
1

(x− 1 + r)qΨ(r)dr if 0 < t ≤ s.

This function will be rigorously investigated in Section 3 and it will lead us to the
main results of the paper.

2.3. The inequality B ≤ B. We are ready to address one of the major two steps
in the study of the Bellman function B. Namely, we will show that it is bounded
from below by the function B discovered in the previous section. The reverse
estimate is postponed to the next section. Again, we split the arguments into
several intermediate steps.

Step 1. We have B(s, t, x) ≤ B(s, t, x) if st = 0. This follows from (2.3) and the
equality B(s, t, x) = xq.

Step 2. We have B(1, 1, x) ≤ B(1, 1, x). By Lemma 2.3 and (2.2), we get, for
small δ > 0,

B(1, 1, x) ≥ B(1, 1− δ, x+ δ) ≥ B(1− δ, 1− δ, x+ δ).(2.9)

Next, B is concave, so in particular it is concave along the line segment with end-
points (0, 0, x+ δ) and (1, 1, x+ δ), containing (1− δ, 1− δ, x+ δ). Consequently,

B(1− δ, 1− δ, x+ δ) ≥ δB(0, 0, x+ δ) + (1− δ)B(1, 1, x+ δ).

Putting the two steps above together, we get

B(1, 1, x) ≥ δB(0, 0, x+ δ) + (1− δ)B(1, 1, x+ δ)

≥ δ(x+ δ)q + (1− δ)B(1, 1, x+ δ),

where the last inequality follows from the previous step. Iterating, we get

B(1, 1, x) ≥ δ
N−1∑
k=0

(1− δ)k(x+ (k + 1)δ)q + (1− δ)NB(1, 1, x+Nδ)

≥ δ
N−1∑
k=0

(1− δ)k(x+ kδ)q
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for each N . Now, if we �x T > 0, put δ = T/N and let N →∞, we get

B(1, 1, x) ≥
∫ T

0

e−u(x+ u)qdu.

Since T was arbitrary and B(1, 1, x) =
∫∞
0
e−u(x+u)qdu, the desired bound holds.

Step 3. We have B(s, 1, x) ≤ B(s, 1, x) for 0 < s < 1. Lemma 2.3 and the
concavity of B imply that

B(s, 1, x) ≥ B(s, 1− δ, x+ sδ)

≥ δB(0, 0, x+ sδ) + (1− δ)B(s/(1− δ), 1, x+ sδ)

≥ δ(x+ sδ)q + (1− δ)B(s/(1− δ), 1, x+ sδ)

for small δ > 0. Here in the last line we have exploited Step 1 above. This
inequality can be iterated. If we pick a large integer N and set δ = 1 − s1/N (so
that (1− δ)N = s), we get

B(s, 1, x) ≥ δ
N−1∑
k=0

(1− δ)k
(
x+ sδ +

sδ

1− δ
+ . . .+

sδ

(1− δ)k

)
+ (1− δ)NB

(
1, 1, x+ sδ +

sδ

1− δ
+ . . .+

sδ

(1− δ)N−1

)
= δ

N−1∑
k=0

(1− δ)k
(
x+ s(1− δ)((1− δ)−k−1 − 1

)
+ (1− δ)NB(1, 1, x+ (1− s)(1− δ))

≥ δ
N−1∑
k=0

(1− δ)k
(
x+ s(1− δ)((1− δ)−k−1 − 1

)
+ (1− δ)NB(1, 1, x+ (1− s)(1− δ)),

where in the last line we have exploited the previous step. Letting N → ∞, we
obtain

B(s, 1, x) ≥
∫ − ln s

0

e−r(x+ (er − 1)s)qdr + sB(1, 1, x+ 1− s)

= s

∫ 1

s

(x− s+ r)qr−2dr + s

∫ ∞
1

(x− s+ r)qe1−rdr = B(s, 1, x).

Step 4. We have the inequality B(s, t, x) ≤ B(s, t, x) for 0 < t < 1. If s ≤ t, we
use the concavity of B and the previous steps to obtain

B(s, t, x) = (1− t)B(0, 0, x) + tB (s/t, 1, x) = (1− t)xp + tB(s/t, 1, x) = B(s, t, x),

as desired. If s > t, the argument is equally simple: we have

B(s, t, x) = (1− t)B((s− t)/(1− t), 0, x) + tB (1, 1, x)

= (1− t)xp + tB(1, 1, x) = B(s, t, x).

This completes the proof of the inequality B ≤ B.
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2.4. A lower bound for the weak-type constant. As a by-product of the pre-
vious subsection, we will show that the weak-type constant in (1.3) is not smaller
than the number in (1.4). As we have discussed in the introduction, this is equiv-
alent to showing that the best constant in (1.5) (let us denote it by βq,d) is at
least the value in (1.4). To this end, �x a dyadic cube Q ⊂ Rd and a number
s ∈ (0, 1]. As we have already established above, there is a measurable set E ⊆ Q
satisfying 〈χE〉Q = s and a Carleson sequence (αR)R∈D(Q) with Carl(α) ≤ 1 and

|Q|−1
∑
R∈D(Q) αR|R| = 1, such that the associated dyadic shift A enjoys

1

|Q|

∫
Q

(AχE)qdu ≥ B(s, 1, 0)− s2 ≥ B(s, 1, 0)− s2.

Consequently,

βqq,d ≥
1

|E|

∫
Q

(AχE)qdu ≥ s−1B(s, 1, 0)− s,

and since lims↓0
[
s−1B(s, 1, 0)− s

]
= cqq, the claim follows.

3. Proof of the inequality B ≤ B and the weak-type bound (1.5)

Now we will study certain properties of the function B and show how they lead to
the desired weak-type bound. We start with the appropriate regularity condition.

Lemma 3.1. The function B is continuous on [0, 1]× [0, 1]× [0,∞), of class C1 on

(0, 1)×(0, 1)×(0,∞) and of class C2 on
(
(0, 1)×(0, 1)×(0,∞)

)
\{(s, t, x) : s = t}.

Proof. The continuity is evident, maybe except for the points of the form (0, 0, x0).
If we let (s, t, x) → (0, 0, x0) along the region {(s, t, x) : s ≥ t}, we clearly have
B(s, t, x)→ xq0; on the other hand, if we let along the region {(s, t, x) : s < t}, then
note that the expression

s

t

∫ ∞
s/t

(
x− s

t
+ r
)q

Ψ(r)dr ≤ s

t

∫ ∞
s/t

(x+ r)
q

Ψ(r)dr

is uniformly bounded and hence B(s, t, x) → xq0 also in this case. The postulated
smoothness on the set

(
(0, 1)× (0, 1)× (0,∞)

)
\ {(s, t, x) : s = t} is obvious, and it

remains to note that for any t0 ∈ (0, 1) and x0 > 0,

lim
(s,t,x)→(t0,t0,x0)

Bs(s, t, x) = Bs(t0, t0, x0) = 0,

lim
(s,t,x)→(t0,t0,x0)

Bt(s, t, x) = Bt(t0, t0, x0) = −xq0 +

∫ ∞
1

(x0 − 1 + r)qΨ(r)dr

(here we have used the integration by parts) and

lim
(s,t,x)→(t0,t0,x0)

Bx(s, t, x) = Bx(t0, t0, x0)

= q(1− t0)xq−10 + qt0

∫ ∞
1

(x0 − 1 + r)
q−1

Ψ(r)dr.

This proves the claim. �

The next step is to establish the following fact.

Lemma 3.2. For any x ≥ 0, the function B(·, ·, x) is concave on [0, 1]× [0, 1].
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Proof. In the light of the regularity established in the previous lemma, it is enough
to show that the Hessian matrix D2

s,tB is nonpositive-de�nite on
(
(0, 1)× (0, 1)

)
\

{(s, t) : s = t}. This is clear on the set {(s, t) : s > t} (the function does not depend
on s and depends linearly on t), so we may focus on the region {(s, t) : s < t}. Each
point (s, t) belonging to this region is contained in a line segment along which B is
linear (this follows from the construction), which implies that the determinant of
the Hessian matrix is zero. Consequently, it is enough to check that Btt ≤ 0. We
compute directly that if s < t, then

(3.1) Bt(s, t, x) =
qs2

t2

∫ ∞
s/t

(
x− s

t
+ r
)q−1

Ψ(r)dr

and, using integration by parts,

Btt(s, t, x) = −2qs2

t3

∫ ∞
s/t

(
x− s

t
+ r
)q−1

Ψ(r)dr−qs
3

t4

∫ ∞
s/t

(
x− s

t
+ r
)q−1

Ψ′(r)dr.

Now we split the integrals: we have

−2qs2

t3

∫ 1

s/t

(
x− s

t
+ r
)q−1

Ψ(r)dr − qs3

t4

∫ 1

s/t

(
x− s

t
+ r
)q−1

Ψ′(r)dr

= −2qs2

t3

∫ 1

s/t

(
x− s

t
+ r
)q−1

r−2
(

1− s

tr

)
dr ≤ 0

and

−2qs2

t3

∫ ∞
1

(
x− s

t
+ r
)q−1

Ψ(r)dr − qs3

t4

∫ ∞
1

(
x− s

t
+ r
)q−1

Ψ′(r)dr

= −2qs2

t3

∫ ∞
1

(
x− s

t
+ r
)q−1

e1−r
(

1− s

2t

)
dr ≤ 0.

Summing the above two inequalities, we get the desired bound Btt(s, t, x) ≤ 0. �

Next, we will verify the �in�nitesimal version� of Lemma 2.3.

Lemma 3.3. For any s, t ∈ (0, 1) and any x > 0 we have

(3.2) Bt(s, t, x) ≥ sBx(s, t, x).

Proof. We consider two cases. If s ≥ t, the estimate is equivalent to

−xq +

∫ ∞
1

(x− 1 + r)qΨ(r)dr ≥ qs
(

(1− t)xq−1 + t

∫ ∞
1

(x− 1 + r)q−1Ψ(r)dr

)
.

The right hand side attains its maximal value for s = t = 1, because∫ ∞
1

(x− 1 + r)q−1Ψ(r)dr > xq−1
∫ ∞
1

Ψ(r)dr = xq−1

and hence it is enough to show that

−xq +

∫ ∞
1

(x− 1 + r)qΨ(r)dr ≥ q
∫ ∞
1

(x− 1 + r)q−1Ψ(r)dr.

However, both sides are equal, which follows immediately from the integration by
parts. If s < t, the inequality (3.2) is equivalent to

s

t2

∫ ∞
s/t

(
x− s

t
+ r
)q−1

Ψ(r)dr ≥ (1− t)xq−1 + s

∫ ∞
s/t

(
x− s

t
+ r
)q−1

Ψ(r)dr,
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or ∫ ∞
s/t

(
x− s

t
+ r
)q−1

Ψ(r)dr ≥ t2xq−1

s(1 + t)
.

However, we have∫ ∞
s/t

(
x− s

t
+ r
)q−1

Ψ(r)dr ≥
∫ ∞
s/t

xq−1Ψ(r)dr = xq−1 · t
s

and the assertion follows. �

Finally, we will establish the following majorization property.

Lemma 3.4. For any (s, t, x) ∈ [0, 1]× [0, 1]× [0,∞) we have B(s, t, x) ≥ xq and

B(s, t, 0) ≤ cqqs, where cq = Cq/(q−1) is the constant de�ned in (1.4).

Proof. The inequality B(s, t, x) ≥ xq follows at once from the facts that B is con-
tinuous, Bt ≥ 0 (see (3.1)) and B(s, 0, x) = xq. To show the second estimate, we
use the bound Bt ≥ 0 again and get

s−1B(s, t, 0) ≤ s−1B(s, 1, 0) =

∫ ∞
s

(−s+ r)qΨ(r)dr.

Obviously, the latter expression decreases as s increases, so we obtain

s−1B(s, t, 0) ≤
∫ ∞
0

rqΨ(r)dr = cqq. �

As a consequence of the lemmas above, we get the following concavity-type
property of B. It will be fundamental for the induction argument used in the proof
of the inequality B ≤ B.
Lemma 3.5. Let d ≥ 1 be an integer, let x ≥ 0 and suppose that (si, ti) ∈
[0, 1] × [0, 1], i = 1, 2, . . . , 2d, are arbitrary points. Set s = 2−d

∑2d

j=1 sj and

t = 2−d
∑2d

j=1. Then for any t̃ ≥ t we have

B(s, t̃, x) ≥ 2−d
2d∑
j=1

B
(
sj , tj , x+ s(t̃− t)

)
.(3.3)

Proof. Denote x̃ = x+ s
(
t̃− t

)
. Since the function B(·, ·, x̃) is concave, we obtain

2−d
2d∑
j=1

B
(
sj , tj , x+ s

(
t̃− t

))
≤ B(s, t, x̃) = B

(
s, t̃− (t̃− t), x+ s(t̃− t)

)
.

However, by (3.2), the function u 7→ B(s, t̃ − u, x + su) is decreasing on [0, t̃].
Therefore, (3.3) follows. �

We are ready to establish the weak-type estimate.

Proof of the inequality B ≤ B. Fix the dimension d and let Q be a given dyadic
cube in Rd. Fix (s, t, x) ∈ [0, 1]× [0, 1]× [0,∞). Pick a sequence (αR)R∈D(Q) with a

Carleson constant less or equal to 1 and satisfying |Q|−1
∑
R∈D(Q) αR|R| = t, and

let E be a measurable set with 〈χE〉Q = s. We will use the following notation: for
R ∈ D(Q) we will write

sR = 〈χE〉R, tR =
1

|R|
∑

R′∈D(R)

αR′ |R′|, xR = x+
∑

R′)R,R′∈D(Q)

αR′〈χE〉R′ ,
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with the convention xQ = x. Observe that if R1, R2, . . ., R2d are direct children of
R, then

sR = 2−d
2d∑
j=1

sRj , tR = αR + 2−d
2d∑
j=1

tRj and xRj = xR + αRsR.

Therefore, if we apply the inequality (3.3) with sj = sRj and tj = tRj , j =
1, 2, . . . , 2d, then we get

B(sR, tR, xR) ≥ 2−d
2d∑
j=1

B
(
sRj , tRj , xR + αRsR

)
.(3.4)

Multiply throughout by |R| and sum the obtained inequalities over all R ∈ DN (for
some �xed N ≥ 0; here DN is the N -th dyadic generation of Q, i.e., the collection
of all dyadic cubes contained in Q which have measure 2−Nd|Q|) to get∑

R∈DN

B(sR, tR, xR)|R| ≥
∑

R∈DN+1

B(sR, tR, xR)|R|.

This immediately implies that for any positive integer M ,

B(sQ, tQ, xQ) =
∑
R∈D0

B(sR, tR, xR)|R| ≥
∑

R∈DM

B(sR, tR, xR)|R|.

The left-hand side is equal to B(s, t, x). Since B(sR, tR, xR) ≥ xpR (see Lemma 3.4),
the right-hand side is at least∑

R∈DM

xpR|R| =
∫
Q

(
x+

M−1∑
n=0

∑
R∈Dn

αR〈χE〉RχR

)q
du.

Therefore, letting M →∞ we obtain∫
Q

(
x+AχE

)q
du ≤ B(s, t, x),

by Lebesgue's monotone convergence theorem. This implies B(s, t, x) ≤ B(s, t, x),
by the very de�nition of B, since the set E and the Carleson sequence (αR)R∈D(Q)

were arbitrary. �

As an immediate corollary, we obtain our main weak-type inequality.

Proof of (1.5). For any measurable E and any Carleson sequence (αR)R∈D(Q) with
Carl(α) ≤ 1, we have∫

Q

(AχE)qdu ≤ B

|E|, ∑
R∈D(Q)

αR|R|, 0

 ≤ cqq|E|.
Here in the last passage we have exploited Lemma 3.4. This is what we need. �
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