
A PROBABILISTIC APPROACH TO HILBERT TRANSFORMS

ON FREE GROUP VON NEUMANN ALGEBRAS

TOMASZ GA��ZKA AND ADAM OS�KOWSKI

Abstract. The paper contains a probabilistic proof of the Lp-boundedness of the Hilbert
transform in the context of a free group von Neumann algebra V N(Fq). The argument rests
on noncommutative version of good-λ inequalities and yields a tight L logL order of the Lp

norms as p→ 1+ and p→∞.

1. Introduction

Let f(z) =
∑

n∈Z f̂(n)zn be a trigonometric polynomial on the unit circle T, equipped with
the normalized Haar (Lebesgue) measure. Then Hf , the Hilbert transform of f , is given by

(1.1) Hf(z) = −i
∑
n∈Z

sgn(n)f̂(n)zn.

This is a fundamental object in harmonic analysis, a prototypical example of Calderón-Zygmund
singular integral operators, and its numerous applications range from convergence of Fourier
series to signal processing. In particular, the boundedness properties of H in various function
spaces are of fundamental importance. Directly from the de�nition, one easily checks that
‖H‖L2(T)→L2(T) = 1. A classical result of M. Riesz [27] asserts that H is bounded as an opera-
tor on Lp(T) for 1 < p <∞; it can be shown that the corresponding norm is of order O(p) as
p→∞, and O((p− 1)−1) as p→ 1. At the endpoint cases p ∈ {1,∞}, the Hilbert transform
is no longer Lp-bounded, but it satis�es the appropriate weak-type inequalities: consult Ben-
nett, DeVore and Sharpley [4], Kolmogorov [17] and Os¦kowski [22]. Various deep structural
connections of the Hilbert transform with the theory of harmonic functions enable the precise
identi�cation of the corresponding norms. This topic has a lot of interest in the literature,
we refer the interested reader to the works of Bañuelos and Wang [1], Bennett [3], Davis [6],
Janakiraman [9], Os¦kowski [20, 21, 22] and Pichorides [24].

The purpose of this paper is to investigate the Lp-boundedness of the Hilbert transform
from the noncommutative perspective, in the context of free group von Neumann algebras. We
need some additional notation, the precise de�nitions will be provided in Section 2 below. In
what follows, for a given q ∈ Z+ ∪ {∞}, (Fq, e) will stand for the free group with q generators
g1, g2, . . . and the identity element e, and the symbol V N(Fq) will denote the associated free
group von Neumann algebra. For a prescribed sequence ε1, ε2, . . . with values in {−1, 1}, we
de�ne the `sign' function ε : Fq → {−1, 0, 1} as follows. If g ∈ Fq (in reduced form) starts with

gk for some k, then set ε(g) = εk; if it starts with g
−1
k , put ε(g) = −εk; �nally, de�ne ε(e) = 0.

Then, for any f ∈ V N(Fq) with the �nite Fourier expansion f =
∑

g∈Fq f̂(g)λ(g), its Hilbert
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transform is given by the formula

(1.2) Hf = −i
∑
g∈Fq

ε(g)f̂(g)λ(g).

This de�nition is consistent with the equation (1.1), which corresponds to q = 1, Fq = Z,
the generator g1 = 1 and the sign function ε(g) = sgn(g). Let us also introduce the adjoint
operator, which acts on f as above by the identity

Hopf = i
∑
g∈Fq

ε(g−1)f̂(g)λ(g).

One easily checks that (Hf)∗ = Hopf∗ (see Proposition 3.1 in [19]).
There is a natural question whether the free Hilbert transform de�ned above extends to the

bounded operator on the associated Lp spaces, 1 < p <∞. Various modi�cations and partial
solutions to this problem appeared in the works of several mathematicians (cf. Junge and Mei
[12], Junge, Parcet and Xu [14], Ozawa [23]) and was answered in the positive by Mei and
Ricard [19]. Quantitatively, it was proved that the orders of the Lp norms do not exceed O(pγ)
as p → ∞ and O((p − 1)−γ) as p → 1, where γ = ln(1 +

√
2)/ ln 2 > 1. Our main result

improves the constant to the order L logL. Precisely, we will establish the following statement.

Theorem 1.1. Let 1 < p <∞ and q ∈ Z+ ∪ {∞}. Then for any f ∈ V N(Fq) we have

(1.3) ‖Hf‖Lp(Fq) ≤ Cp ‖f‖Lp(Fq) ,

where Cp = O(−(p − 1)−1 log(p − 1)) as p → 1 and Cp = O(p log p) as p → ∞. The same

boundedness holds true for the adjoint transform Hop.

The proof of the Lp estimate invented by Mei and Ricard rests on an appropriate version of
the `p→ 2p argument' and the free version of Cotlar's identity: for all f , g ∈ V N(Fq) we have

(1.4) Hf∗Hopg − ( ̂Hf∗Hopg)(e) = H(f∗Hopg) + Hop(H(f∗)g)−HopH(f∗g).

More precisely, one starts with the boundedness of H on L2(Fq), which is evident. Then one
shows that if H is bounded on Lp(Fq), then it is also bounded on L2p(Fq), with an appropriate
recursive upper bound for ‖H‖L2p(Fq)→L2p(Fq) in terms of ‖H‖Lp(Fq)→Lp(Fq): this follows from

(1.4) applied to f = g and Schwarz' inequality. Solving the recursion and applying interpola-
tion, one arrives at ‖H‖Lp(Fq)→Lp(Fq) ≤ O(pγ) for p → ∞, and the behavior of the norms for
p→ 1 is handled by duality.

Our approach to the Lp-boundedness will exploit certain additional probabilistic arguments.
The following reasoning in the classical setting turns out to be very e�ective, actually, it yields
the optimal constants. Consider trigonometric polynomials f(x) =

∑
n ane

inx, iHf(x) =∑
n sgn(n)ane

inx on T and treat them as a 2π-periodic functions on R. We extend these
functions to the half-plane R2

+ = R× [0,∞) by means of the Poisson integrals

U(x, y) =
1

π

∫
R

yf(z)dz

y2 + (x− z)2
=
∑
n

ane
inx−ny

and

V (x, y) =
i

π

∫
R

yHf(z)dz

y2 + (x− z)2
=
∑
n

sgn(n)ane
inx−ny,
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for (x, y) ∈ R × (0,∞). Now, �x a huge number y > 0 and consider the two-dimensional
Brownian motion B = (X,Y) starting from (0, y) and stopped when Y reaches the level 0. The
functions U , V are harmonic on R2

+ and hence the compositions

ξyt = U(Xt,Yt), ζyt = V (Xt,Yt), t ≥ 0,

are martingales. One can show that for each y, the process ζy is appropriately dominated by
ξy, by means of the so-called di�erential subordination and orthogonality (we will not recall
the de�nition here, we refer the reader to [1] for details). This domination implies that for any
2 ≤ p <∞ we have

(1.5) E|ζy∞|p ≤
(

cot (π/2p)
)pE|ξy∞|p.

Letting y →∞, we obtain the desired Lp-boundedness of H: it can be shown that the left-hand
side above converges to ‖Hf‖pLp(T), while the right tends to

(
cot (π/2p)

)p‖f‖pLp(T).
It should be emphasized that the main ingredient of the above approach is hidden in the sharp

martingale inequality (1.5). Actually, all the aforementioned sharp estimates for the classical
Hilbert transform were obtained with the use of similar probabilistic arguments. This gives
rise to the natural question whether the noncommutative martingale theory, which has been
developed very intensively in the recent two decades, can be successfully applied in the study
of free Hilbert transforms. We will answer this question in the a�rmative, using the noncom-
mutative analogue of the so-called good-λ inequalities, invented recently in [11]. Speci�cally,
this probabilistic argument will allow us to obtain the estimate (1.3) for all f such that Hf is
self-adjoint. Combining this inequality with the argument of Mei and Ricard, we will get the
claim in full generality.

The remaining part of the paper is organized as follows. The next section contains some pre-
liminary material: we introduce there all the relevant notions and discuss their basic properties.
The �nal part of the paper is devoted to the proof of the Lp estimate.

2. Background and notation

Noncommutative operators and Lp spaces. Let us present some basic facts from the
operator theory, for more detailed information we refer the reader to [15], [16] and [29]. Al-
though we will mainly deal with operators from free group von Neumann algebras and their
embeddings into matrix spaces, it is convenient to discuss the general context, which allows a
transparent introduction of martingale methods.

Let M be a von Neumann algebra acting on a Hilbert space H, equipped with semi�nite,
faithful and normal trace τ . The identity element ofM will be denoted by IM. For a densely
de�ned self-adjoint operator x ∈ M and a su�ciently regular function f on R, we de�ne the
operator f(x) via the spectral resolution. An operator x ∈ H a�liated with M is said to

be τ -measurable, if there exists s ≥ 0 such that τ
(
χ(s,∞) (|x|)

)
< ∞, where |x| = (x∗x)

1
2 is

the modulus of x. We denote the space of all τ -measurable operators by L0 (M, τ). For all
0 < p < ∞, we de�ne the noncommutative Lp spaces associated with (M, τ) as Lp (M, τ) =
{x ∈ L0 (M, τ) : ‖x‖Lp(M) <∞}, where the (semi-)norm is given by

‖x‖Lp(M) = (τ (|x|p))
1
p .

Furthermore, we let L∞(M) =M, equipped with the operator norm.
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Noncommutative martingales. Let us start with the notion of a �ltration, which will be
used below in two slightly di�erent meanings. In the classical case, given a probability space
(Ω,F ,P), the term `�ltration' will refer to a nondecreasing sequence (Fn)n∈I of sub-σ-�elds of
F . Here I is a directed set, in our considerations below it will be either {0, 1, 2, . . . , N} or
the interval [0, T ] for some �xed T > 0. In the noncommutative setting, the word `�ltration'

will be used to denote the �nite nondecreasing sequence (Mn)Nn=0 of von Neumann subalgebras
of a given von Neumann algebra M. In such a case, for each n = 0, 1, 2, . . . , N there exists
a conditional expectation En : M → Mn, de�ned as the dual map of natural inclusion i :
L1 (Mn) → L1 (M). It can be veri�ed readily that En enjoys the following bi-module and
trace-preservation properties:

(i) En (axb) = aEn (x) b for all a, b ∈Mn and x ∈M;
(ii) τ ◦ En = τ .

In addition, the conditional expectations satisfy the tower property EnEm = EmEn = Emin (m,n)

and because of the trace-preserving condition (ii) above, each En extends to a contractive
projection from Lp (M, τ) onto Lp

(
Mn, τ|Mn

)
.

A �nite sequence x = (xn)Nn=0 in L
1 (M) is called a noncommutative martingale with respect

to (Mn)Nn=0, if we have the equality

En (xn+1) = xn for all n.

The associated di�erence sequence dx = (dxn)Nn=0 is de�ned by dx0 = x0 and dxn = xn−xn−1
for n = 1, 2, . . . , N . Martingale inequalities play a prominent role in probability theory (both
commutative and noncommutative) and apply in numerous contexts of harmonic analysis. Let
us brie�y discuss a single direction of this extensive subject, which will be important for our
considerations below. Suppose that x = (xn)Nn=0 and y = (yn)Nn=0 are two martingales relative
to the same �ltration (Mn)Nn=0. In addition, impose a certain domination of x over y, expressed
in terms of the corresponding di�erence sequences. For instance, we say that y is the transform
of x by a sequence ε = (εn)n≥0 of signs, if for any n ≥ 0 we have the equality dyn = εndxn.
Another crucial and more general example concerns the so-called di�erential subordination
(cf. [2, 10]): the martingale y is di�erentially subordinate to x if for any n ≥ 0 we have the
inequality |dyn|2 ≤ |dxn|2. For an overview of other examples of martingale dominations, we
refer the reader to [11, 18]. Now, assuming such type of subordination, there is a natural
problem of proving various estimates (e.g., strong- or weak-type) between x and y. There is
a method, invented recently in [11], which enables an e�cient and uni�ed study of a wide
class of such problems. The method is the noncommutative generalization of the so-called
extrapolation (or good-λ approach), which was introduced by Burkholder and Gundy [5] in the
classical case. The precise formulation is the following.

Theorem 2.1. Let 2 ≤ p < ∞. Suppose that x = (xn)Nn=0, y = (yn)Nn=0 are self-adjoint

martingales in Lp(M) such that

En−1(dy2n) ≤ En−1(dx2n) and ‖dyn‖Lp(M) ≤ ‖dxn‖Lp(M)

for all n = 0, 1, 2, . . . , N . Then we have the estimate

‖yN‖Lp(M) ≤ cp‖xN‖Lp(M),

for some universal constant cp of order O(p) as p→∞.

See [11] for more information on the subject and applications. We would like to emphasize
that the result above concerns the self-adjoint processes. This restriction can be easily weakened
to the case in which only the symmetry of y is required.
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Lemma 2.2. Let 2 ≤ p < ∞. Suppose that x = (xn)Nn=0, y = (yn)Nn=0 are martingales in

Lp(M) such that y is self-adjoint. If for any n = 0, 1, 2, . . . , N we have

(2.1) En−1(dy2n) ≤ En−1(|dxn|2) and ‖dyn‖Lp(M) ≤ ‖dxn‖Lp(M),

then

‖yN‖Lp(M) ≤ Cp‖xN‖Lp(M),

for some constant Cp of order O(p) as p→∞.

Proof. Using a simple embedding into an appropriate space of 2 × 2 matrices, we reduce the
context to the self-adjoint setting of the previous theorem. Consider the von Neumann al-

gebra M̃ = M2⊗M, equipped with the tensor trace Tr ⊗ τ and the �ltration (M̃n)Nn=0 =

(M2⊗Mn)Nn=0. The associated conditional expectations will be denoted by the symbols Ẽn,
n = 0, 1, 2, . . . , N . Next, consider the martingale di�erences

dỹn =

[
dyn 0
0 0

]
, dx̃n =

[
0 dx∗n
dxn 0

]
for n = 0, 1, 2, . . . , N . These di�erences are self-adjoint operators satisfying

Ẽn−1(dỹ2n) =

[
En−1(dy2n) 0
0 0

]
≤
[
En−1|dxn|2 0
0 En−1|dx∗n|2

]
= Ẽn−1(dx̃2n)

and similarly

‖dx̃n‖p
Lp(M̃)

= ‖dxn‖pLp(M) + ‖dx∗n‖
p
Lp(M) ≥ ‖dyn‖

p
Lp(M) = ‖dỹn‖p

Lp(M̃)
.

Consequently, the assumptions of Theorem 2.1 are valid, so we obtain

‖yN‖Lp(M) = ‖ỹN‖Lp(M̃)
≤ cp ‖x̃N‖Lp(M̃)

= 21/pcp‖xN‖Lp(M). �

Group von Neumann algebras and crossed products. Consider a discrete group (G, e)
with the left regular representation λ : G → B(`2(G)) given by λ(g)δh = δgh. Here (δg)g∈G is
the canonical unit vector basis of `2(G). Then the group von Neumann algebra V N(G) is the
von Neumann subalgebra of B(`2(G)) generated by {λ(g) : g ∈ G}. There is a standard trace
τ = τG on V N(G), which is determined by τ(λ(g)) = 1 if g = e and τ(λ(g)) = 0 otherwise.
Any operator f ∈ V N(G) has a Fourier series expansion of the form

f =
∑
g∈G

f̂(g)λ(g)

and we have τ(f) = f̂(e). Any f with a �nite number of nonzero Fourier coe�cients will be
called a trigonometric polynomial. For any 0 < p ≤ ∞, the associated noncommutative space
Lp(V N(G), τ) will be denoted by Lp(G).

In our investigation below, we will assume that G is equipped with a di�erential structure,
expressed in terms of the so-called conditionally negative length function ψ : G→ R+. Such a
function satis�es the following properties: ψ(e) = 0, ψ(g) = ψ(g−1) and

∑
g,h βgβhψ(g−1h) ≤ 0

for any sequence (βg)g∈G of complex numbers summing up to zero. It is well-known (see [28],
for example) that there is a one-to-one correspondence between conditionally negative length
functions ψ and cocycles (Hψ, αψ, bψ), where Hψ is a Hilbert space, αψ : G → Aut(Hψ) is an
isometric action of G on Hψ and bψ : G→ Hψ is a mapping which satis�es the cocycle law

(2.2) bψ(gh) = αψ,g(bψ(h)) + bψ(g).

Let us specify our further considerations to the case of G = Fq, the free group with q generators
g1, g2, . . .. Haagerup showed in [8] that the length function ψ = | · |, i.e., the distance from g to
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e in the Cayley graph of Fq, is conditionally negative, and the associated cocycle (H|·|, α|·|, b|·|)
can be described as follows. Let Π0 be the class of trigonometric polynomials in V N(Fq),
whose Fourier coe�cients sum up to zero. Then the space H|·| is the closure of the pre-Hilbert
space de�ned in Π0 by means of the inner product

〈f1, f2〉H|·| = −1

2

∑
g,h∈Fq

f̂1(g)f̂2(h)|g−1h|.

In addition, the action α|·|,g is λ(g) and the cocycle mapping is de�ned as b|·|(g) = λ(e)−λ(g).
Since the length function is �xed, we will skip the index | · | and denote the cocycle by (H, α, b).

To link the context of free Hilbert transforms with the theory of noncommutative martin-
gales, we need to recall another operation on von Neumann algebras. Given a noncommuta-
tive measure space (M, τ) with M ⊂ B(H), suppose that there is a trace-preserving action
α : G→ Aut(M). We de�ne the crossed product algebraMoαG as the weak operator closure
of the ∗-algebra generated by IM ⊗ λ(G) and ρ(M) in B(`2(G;H)). Here the ∗-representation
ρ : M → B(`2(G;H)) is de�ned by ρ(f) =

∑
g∈G αg−1(f) ⊗ eg,g, where eg,h stands for the

matrix unit in `2(G). A generic element of M oα G is of the form
∑

g∈G fg oα λ(g), where
fg ∈M, and we have

(i) (fg oα λ(g))∗ = αg−1(f∗g ) oα λ(g−1);
(ii) (fg oα λ(g))(fh oα λ(h)) = fgαg(fh) oα λ(gh).

It is easy to see thatMoαG forms a von Neumann subalgebra ofM⊗̄B(`2(G)). Furthermore,
there is a canonical trace ν onMoαG, uniquely determined by the requirement ν(fgoαλ(g)) =
τ(fg)δg=e for all fg ∈M and g ∈ G. For the more detailed description of the construction, see
[29].

Cylindrical Brownian motion and an action on L2(Ω,F ,P). In our considerations below,
we will need certain elements of the classical probability theory. We start with the notion of
a cylindrical Brownian motion (see e.g. [7]) which, in a sense, is a Brownian motion taking
values in an in�nite-dimensional Hilbert space. The precise de�nition is the following.

De�nition 2.3. Let (Ω,F ,P) be a classical probability space, let H be a separable Hilbert
space and let T > 0 be a time horizon. A cylindrical H-Brownian motion X = (Xt)t∈[0,T ]
is a family of bounded linear maps from H into L2(Ω,F ,P) which satis�es the following two
conditions:

(i) For all e ∈ H with ‖e‖ = 1, the process (Xte)t∈[0,T ] is a standard Brownian motion in R.
(ii) For all s, t ∈ [0, T ] and e, e′ ∈ H, we have E(Xse · Xte′) = (s ∧ t)〈e, e′〉H.

Next, given y > 0, let Y = (Yt)t≥0 be a one-dimensional Brownian motion independent of
X, started at y. Consider the stopping time

(2.3) η = inf{t ≥ 0 : Yt = 0}.

Below, we will often work with the corresponding stopped versions Xη, Yη of X and Y, de�ned
by Xηt e = Xη∧te and Yηt = Yη∧t. For t ∈ [0, T ], let Ft = FX,Y,η

t stand for the σ-�eld generated
by all the events of the form {ω ∈ Ω : (Xηse)(ω) ∈ B1,Yηu(ω) ∈ B2} for some s, u ∈ [0, t], e ∈ H
and some Borel subsets B1, B2 of R. So, in the language of classical probability, (Ft)t∈[0,T ] is
the natural �ltration of the stopped process (Xη,Yη). For technical reasons, we will assume
that F0 is complete, i.e., contains all the events of probability 0 and all their subsets. The
family (Ft)t∈[0,T ] gives rise to the corresponding �ltration (Nt)t∈[0,T ], where Nt = L∞(Ω,Ft,P)
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is the von Neumann algebra of all bounded Ft-measurable random variables. This algebra is
equipped with the standard expectation with respect to P as the trace.

Suppose that α is an orthogonal representation of a group G over a real Hilbert space H
and t ∈ [0, T ] is a �xed time parameter. Then α induces the expectation-preserving action on
L2(Ω,FT ,P) by the following procedure. Given a random variable Z from the latter space,
there exists a sequence (Zn)n≥0 ⊂ L2(Ω,FT ,P) converging to Z, such that for each n,

Zn = ϕn
(
Xηt1e1,X

η
t2
e2, . . . ,Xηtnen,Y

η
u1 ,Y

η
u2 , . . . ,Y

η
un

)
for some vectors e1, e2, . . ., en ∈ H, t1, t2, . . . , tn, u1, u2, . . . , un ∈ [0, T ] and some Borel
function ϕn : R2n → R. On such `simple' functions Zn, we consider the action α̃ given by

α̃gZn = ϕn
(
Xηt1αg(e1),X

η
t2
αg(e2), . . . ,Xηtnαg(en),Yηu1 ,Y

η
u2 , . . . ,Y

η
un

)
.

Since αg is an isometry and X, Y are independent, we see that for each n andm the distributions
of the pairs (Zn, Zm) and (α̃gZn, α̃gZm) are the same. Thus, in particular, (α̃gZn)n≥0 is also
L2-convergent and we de�ne α̃gZ to be the corresponding limit. It is straightforward to check
that this gives a well-de�ned action on L2(Ω,FT ,P) which is invariant on L2(Ω,FY

T ,P), the
class of square-integrable random variables measurable with respect to Yη. Furthermore, since
the distributions of Zn and α̃gZn coincide for each n, the same is true for the pair Z, α̃gZ and
hence in particular EZ = Eα̃gZ, i.e., the action preserves the expectation. It is also evident
that for any t ≥ 0, the subspace L2(Ω,Ft,P) is invariant under α̃. Note that Nt ⊂ L2(Ω,Ft,P),
since P is a probability measure. Since α̃g is distribution-preserving, as we observed above, we
see that α̃ can be restricted to the action on the von Neumann algebras Nt, t ∈ [0, T ], and
hence in particular one might speak of the crossed product algebras Nt oα̃ G for each t.

3. Lp bounds for the free Hilbert transform

We return to the context of the free group Fq equipped with the length function ψ(g) = |g|
and the associated cocycle (H, α, b). As before, X is the H-cylindrical Brownian motion, Y is
a one-dimensional Brownian motion independent from X and

Nt = L∞
(

Ω,FX,Y,η
t ,P

)
oα̃ Fq, t ∈ [0, T ],

is the increasing family of von Neumann subalgebras ofN = L∞
(
Ω,FX,Y,η,P

)
oα̃Fq, introduced

above. Let f be an arbitrary trigonometric polynomial from V N(Fq). Consider the process

ξ = ξf = (ξt)t∈[0,T ] given by

ξt =
∑
g∈Fq

ε(g)f̂(g) exp(iXηt b(g)− |g|1/2Yηt ) oα̃ λ(g), t ∈ [0, T ],

where ε is the sign function associated with the Hilbert transform H. For the sake of brevity,
let us introduce the (commutative) exponential process

(Λgt )t∈[0,T ] = (exp(iXηt b(g)− |g|1/2Yηt ))t∈[0,T ], g ∈ Fq.

This process is a martingale with respect to (Ft)t∈[0,T ], which follows immediately from Itô's

formula. Indeed, if we write Λgt = F (Xηt b(g), |g|1/2Yηt ) with F (x, y) = exp(ix− y), then

F (Xηt b(g), |g|1/2Yηt ) = F (Xη0b(g), |g|1/2Yη0) + I1 + I2,
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where

I1 =

∫ t

0
Fx(Xηsb(g), |g|1/2Yηs)dXηsb(g) +

∫ t

0
Fy(Xηsb(g), |g|1/2Yηs)d(|g|1/2Yηs)

=

∫ t

0
Λgsd

(
iXηsb(g)− |g|1/2Yηs

)
is the martingale part (a stochastic integral with respect to a martingale) and

I2 =
1

2

[∫ t

0
Fxx(Xηsb(g), |g|1/2Yηs)d[Xηb(g)]s + 2

∫ t

0
Fxy(Xηsb(g), |g|1/2Yηs)d[Xηb(g), |g|1/2Yη]s

+

∫ t

0
Fyy(Xηsb(g), |g|1/2Yηs)d[|g|1/2Yη]s

]
is the �nite �nite-variation part. But Xηb(g) and |g|1/2Yη are independent, so their square
bracket is zero and the middle term in I2 vanishes. Furthermore, both these processes are
constant multiples of a (stopped) Brownian motion, so if we compute the partial derivatives,
we obtain that the �nite variation part I2 is actually equal to

− 1

2

∫ t

0
Λgsd[Xηb(g)]s +

1

2

∫ t

0
Λgsd[|g|1/2Yη]s = −1

2

∫ η∧t

0
Λgs
(
‖b(g)‖2H − |g|

)
ds = 0.

Thus in particular we get the following alternative de�nition of ξ:

ξt = ξ0 +
∑
g∈Fq

ε(g)f̂(g)

∫ t

0
Λgsd

(
iXηsb(g)− |g|1/2Yηs

)
oα̃ λ(g)

for t ≥ 0. Consider another process ζ = ζf = (ζt)t∈[0,T ], which is de�ned by a similar stochastic
integral:

ζt =
∑
g∈Fq

f̂(g)

∫ t

0
Λgsd

(
iXηsb(g)

)
oα̃ λ(g).

Remark 3.1. Note that in comparison to the above formula for ξ, the term −|g|1/2Yηs was
removed from the integrator in ζ. If we kept this term, then an appropriate domination of ζ
by ξ (which will be shown in a moment), would not be true. We will comment on this later.

At some places, we will assume additionally that f is self-adjoint: we have f̂(g) = f̂(g−1)
for each g ∈ Fq. In such a case, by the form of the adjoint operation and the identities

αg−1b(g) = −b(g−1), α̃g−1(Λgs) = Λg
−1

s , we obtain

ζ∗t =
∑
g∈Fq

f̂(g)αg−1

(∫ t

0
Λgsd

(
− iXηsb(g)

))
oα̃ λ(g−1)

=
∑
g∈Fq

f̂(g−1)

∫ t

0
Λg
−1

s d
(
iXηsb(g−1)

)
oα̃ λ(g−1) = ζt,

i.e., ζ is also self-adjoint. Using the good-λ approach, we will prove the following Lp estimate
between ξ and ζ.

Theorem 3.2. Suppose that f is self-adjoint. Then for any 2 ≤ p <∞, we have

(3.1) ‖ζT ‖Lp(N ) ≤ cp‖ξT ‖Lp(N ),
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for some universal constant cp of order O(p) as p→∞.

Proof. For p = 2 the claim is trivial (the estimate holds with the constant 1), so from now
on, we assume that p > 2. Fix an arbitrary partition 0 = t0 < t1 < t2 < . . . < tN = T and
consider the discretized versions of ξ and ζ, given by xn = ξtn and yn = ζtn , n = 0, 1, 2, . . . , N .
Both these sequences are martingales with respect to the �ltration (Ntn)Nn=0, since so are both
stochastic integrals appearing in the de�nitions of ξ and ζ. We will check the assumptions of
Lemma 2.2. First, note that y is self-adjoint, because the same is true for ζ. We have dy0 = 0,
so both estimates involving dx0 and dy0 are satis�ed. Next, �x 1 ≤ n ≤ N and note that

dxn =
∑
g∈Fq

ε(g)f̂(g)

∫ tn

tn−1

Λgsd
(
iXηsb(g)− |g|1/2Yηs

)
oα̃ λ(g).

As we have already observed above, we have the identity α̃g−1(Λgs) = Λg
−1

s for each g ∈ Fq. So,
by the form of the adjoint operation in crossed product algebras,(∫ tn

tn−1

Λgsd
(
iXηsb(g)− |g|1/2Yηs

)
oα̃ λ(g)

)∗
=

∫ tn

tn−1

Λg
−1

s d
(
iXηsb(g−1)− |g|1/2Yηs

)
oα̃ λ(g−1)

=

∫ tn

tn−1

Λg
−1

s d
(
iXηsb(g−1)− |g−1|1/2Yηs

)
oα̃ λ(g−1).

Next, for any g, h ∈ Fq we have(∫ tn

tn−1

Λg
−1

s d
(
iXηsb(g−1)− |g−1|1/2Yηs

)
oα̃ λ(g−1)

)(∫ tn

tn−1

Λhsd
(
iXηsb(h)− |h|1/2Yηs

)
oα̃ λ(h)

)

=

(∫ tn

tn−1

Λg
−1

s d
(
iXηsb(g−1)− |g−1|1/2Yηs

))
α̃g−1

(∫ tn

tn−1

Λhsd
(
iXηsb(h)− |h|1/2Yηs

))
oα̃ λ(g−1h).

Since α̃g−1

(
iXηsb(h)−|h|1/2Yηs

)
= iXηsαg−1b(h)−|h|1/2Yηs , we compute the classical conditional

expectation

EFtn−1

{(∫ tn

tn−1

Λg
−1

s d
(
iXηsb(g−1)− |g−1|1/2Yηs

))
α̃g−1

(∫ tn

tn−1

Λhsd
(
iXηsb(h)− |h|1/2Yηs

))}

=

∫ tn

tn−1

Λg
−1

s α̃g−1Λhsd
(

[iXηsb(g−1), iXηsαg−1b(h)] + |g−1|1/2|h|1/2[Yη]s
)

=
(
〈b(g), b(h)〉H + |g−1|1/2|h|1/2

)∫ tn

tn−1

Λg
−1

s α̃g−1Λhsds.

Consequently, we obtain

En−1(|dxn|2) =
∑
g,h∈Fq

(
ε(g)ε(h)f̂(g)f̂(h)

(
〈b(g), b(h)〉H + |g−1|1/2|h|1/2

)∫ tn

tn−1

Λg
−1

s α̃g−1Λhsds

)
oα̃ λ(g−1h)

≥
∑
g,h∈Fq

(
ε(g)ε(h)f̂(g)f̂(h)〈b(g), b(h)〉H

∫ tn

tn−1

Λg
−1

s α̃g−1Λhsds

)
oα̃ λ(g−1h),
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where the latter bound follows from the estimate∑
g,h∈Fq

(
ε(g)ε(h)f̂(g)f̂(h)|g−1|1/2|h|1/2Λg−1

s α̃g−1Λhs

)
oα̃ λ(g−1h)

=

∣∣∣∣∣∣
∑
g∈Fq

ε(g)f̂(g)|g|1/2Λgs oα̃ λ(g)

∣∣∣∣∣∣
2

≥ 0.

The above lower bound for En−1(|dxn|2) can be simpli�ed a little. Note that if g and h (in
reduced form) start with a di�erent generator, then 〈b(g), b(h)〉H = (|g|+ |h| − |g−1h|)/2 = 0;
otherwise, if g and h start with the same generator, then ε(g) = ε(h). This yields

En−1(|dxn|2) ≥
∑
g,h∈Fq

f̂(g)f̂(h)〈b(g), b(h)〉H
∫ tn

tn−1

Λg
−1

s α̃g−1Λhsdsoα̃ λ(g−1h).

However, the repetition of the above calculation shows that the expression on the right is
precisely En−1(dy2n) and thus the �rst assumption in (2.1) is satis�ed. Here we refer the reader to
the Remark 3.1 above: without the modi�cation mentioned there, the domination En−1(dy2n) ≤
En−1(|dxn|2) would break down, since some additional summands would appear in En−1(dy2n).

Unfortunately, the second inequality in (2.1) does not seem to be true and we need to apply
additional embedding and limiting arguments to overcome this di�culty. Consider the larger

von Neumann algebra Ñ = MN+2⊗N , equipped with the tensor trace Tr ⊗ ν and the �ltration

(Ñn)Nn=0 = (MN+2⊗Ntn)Nn=0. We embed the above di�erences dxn, dyn into this larger context
as follows. Let ej,k stand for the matrix in MN+2 whose all entries are zero, except for a single
1 which stands at the intersection of j-th row and k-th column. For any n = 0, 1, 2, . . . , N ,
put

d̃xn = e1,1 ⊗ dxn + en+2,n+2 ⊗ dyn and d̃yn = e1,1 ⊗ dyn.

Note that the operator dyn appears in the de�nition of d̃xn. Both d̃x and d̃y are martingale dif-

ferences, furthermore, the di�erences d̃yn are self-adjoint. Moreover, by the above calculations,

we immediately obtain Ẽn−1d̃y
2

n ≤ Ẽn−1|d̃xn|2 and

‖d̃yn‖Lp(Ñ )
= ‖dyn‖Lp(N ) ≤ ‖d̃xn‖Lp(Ñ )

.

That is, d̃x and d̃y satisfy the assumptions of Lemma 2.2 and hence we get

(3.2) ‖yN‖Lp(N ) = ‖ỹN‖Lp(Ñ )
≤ Cp‖x̃N‖Lp(Ñ )

= Cp

(
‖xN‖pLp(N ) +

N∑
n=0

‖dyn‖pLp(N )

)1/p

.

Now, the process (ζt)t≥0 has continuous paths, so the assumption p > 2 implies

(3.3)
N∑
n=0

‖dyn‖pLp(N ) = ν

(
N∑
n=1

|ζtn − ζtn−1 |p
)
→ 0

as N → ∞ and the mesh of the partition (tn)Nn=0 tends to zero. Indeed, since f is a trigono-
metric polynomial, we have

ν

(
N∑
n=1

|ζtn − ζtn−1 |p
)
≤ Cf

∑
g∈Fq

|f̂(g)|pE

{
N∑
n=1

∣∣∣∣∣
∫ tn

tn−1

Λgsd(iXηsb(g))

∣∣∣∣∣
p}

,
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where Cf depends on the number of nonzero terms in f . But for any g ∈ Fq, the process(∫ t
0 Λgsd(iXηsb(g))

)
t≥0

is a commutative continuous-path martingale, so

E

{
N∑
n=1

∣∣∣∣∣
∫ tn

tn−1

Λgsd(iXηsb(g))

∣∣∣∣∣
p}
→ 0,

by elementary properties of stochastic integrals. Thus (3.3) follows and hence (3.2) yields the
desired estimate: it remains to note that yN = ζT and xN = ξT . �

The next lemma provides a connection between the Hilbert transform and the martingale
transformation ξ → ζ studied above. It will be convenient to indicate the dependence of the
processes on the underlying functions: we will write ξf , ζf , etc.

Lemma 3.3. For any f, ϕ ∈ V N(Fq) of a �nite Fourier expansion, we have

(3.4) τ(fHϕ) = −2i lim
y→∞

lim
T→∞

ν(ζfT ξ
ϕ
T ).

Proof. By linearity, it is enough to check the equality for f = λ(h) and ϕ = λ(g), for some
g, h ∈ Fq. Moreover, from the very de�nition of trace and multiplication in the crossed product,
we only have to consider the case gh = e, otherwise both sides in (3.4) are equal to zero. Directly
from (1.2), we check that τ(fHϕ) = −iε(g). As for the right-hand side of (3.4), recall that

ζfT =

∫ T

0
Λhsd(iXηsb(h)) oα̃ λ(h) =

∫ T

0
Λg
−1

s d(iXηsb(g−1)) oα̃ λ(g−1),

ξϕT = ξϕ0 + ε(g)

∫ T

0
Λgsd(iXηsb(g)− |g|1/2Yηs) oα̃ λ(g).

Since

E
(

exp(−|g|1/2y)

∫ T

0
Λg
−1

s d(iXsb(g−1))
)

= 0,

we check that

ν(ζfT ξ
ϕ
T ) = ε(g)E

{(∫ T

0
Λgsd(iXηsb(g)− |g|1/2Yηs)

)
α̃g

(∫ T

0
Λg
−1

s d(iXηsb(g−1))
)}

= ε(g)E
∫ T

0
Λgsα̃gΛ

g−1

s ‖b(g)‖2Hds

= ε(g)E
∫ T

0
|Λgs|2|g|ds

T→∞−−−−→ ε(g)|g|E
∫ ∞
0
|Λgs|2ds,

by Lebesgue's monotone convergence theorem. To compute the latter integral, we rewrite it in
the form

(3.5)

∫ ∞
0

E exp
(
− 2|g|1/2(y − Ys)

)
1{s<µ}ds,

where Y = (Yt)t≥0 is the standard one-dimensional Brownian motion started at zero and
µ = inf{t : Yt ≥ y}. Now, we will exploit some elementary facts from stochastic analysis.
First, note the obvious equality {s < µ} = {max0≤u≤s Yu < y}. Second, for each s, the density
of the pair (Ys,max0≤u≤s Yu) is given by (cf. Revuz and Yor [26], p. 110)

ds(a, b) =

(
2

πs3

)1/2

(2b− a) exp

(
−(2b− a)2

2s

)
1{a≤b, b≥0}.



12 TOMASZ GA��ZKA AND ADAM OS�KOWSKI

Consequently, the integral in (3.5) equals∫ y

0

∫ b

−∞

∫ ∞
0

exp(−2|g|1/2(y − a))ds(a, b)dsdadb = 2

∫ y

0

∫ b

−∞
exp(−2|g|1/2(y − a))dadb

=
1

2|g|
[
1− exp(−2|g|1/2y)

]
.

Putting all the above observations together, we get the claim. �

In the next lemma, we compare the distributions of Hf and ξfT .

Lemma 3.4. Suppose that f ∈ V N(Fq) has a �nite Fourier expansion. Then we have

limT→∞
∥∥ξfT∥∥Lp(N )

= ‖Hf‖Lp(Fq).

Proof. We will show a stronger statement, which yields the claim by a straightforward ap-

proximation (both ξfT and Hf are bounded operators). Namely, we will prove that for any
polynomial P in variables x, x∗, we have the identity

(3.6) lim
T→∞

ν(P (−iξfT )) = τ(P (Hf)).

To this end, recall �rst that

ξfT =
∑
g∈Fq

ε(g)f̂(g) exp(iXηT b(g)− |g|1/2YηT ) oα̃ λ(g).

If T → ∞, then YηT → 0 and XηT b(g) → Xηb(g). Thus, by Lebesgue's dominated convergence
theorem, it is enough to show that

ν

P
−i∑

g∈Fq

ε(g)f̂(g)Jg

 = τ(P (Hf)),

where Jg is the generic element Jg = exp(iXηb(g))oα̃ λ(g). Directly from the cocycle property
(2.2) and the identity αg−1b(g) = −b(g−1), we infer that

(3.7) J∗g = Jg−1 , JgJh = Jgh.

By the direct expansion, P
(
−i
∑

g∈Fq ε(g)f̂(g)Jg

)
is the �nite sum of the terms of the form

k∏
j=1

(
−iε(gj)f̂(g

κj
j )J

g
κj
j

)
,

where for 1 ≤ j ≤ k, κj = ±1 indicates whether the corresponding term was conjugated or

not. The trace of such a single term vanishes unless
∏k
j=1 g

κj
j = e and then

ν

 k∏
j=1

(
−iε(gj)f̂(g

κj
j )J

g
κj
j

) =

k∏
j=1

(
−iε(gj)f̂(g

κj
j )
)
.

The right-hand side of (3.6) is handled similarly: we only need to replace ν with τ and Jg with
λ(g). Since the identities (3.7) hold for (λ(g))g∈Fq as well, the arguments carry over. �

We are ready for the proof of Lp-boundedness of the Hilbert transform. The �rst step is the
following.
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Lemma 3.5. For 2 ≤ p <∞ and any self-adjoint f ∈ Lp(Fq) with f̂(e) = 0, we have

‖f‖Lp(Fq) ≤ 4cp‖Hf‖Lp(Fq),

where cp is the constant appearing in (3.1).

This result is very close to the desired Lp bound for H. Indeed, replacing f with Hf we
obtain (1.3), but under the additional assumption that Hf is self-adjoint. Unfortunately, it
seems that this assumption cannot be dropped by any decomposition arguments: the Hilbert
transform is not symmetric. To handle this problem, we need some additional e�ort: we will
exploit Cotlar's identity (1.4).

Proof of Lemma 3.5. Pick arbitrary trigonometric polynomials f and ϕ ∈ V N(Fq) such that

f is self-adjoint and f̂(e) = 0. By (3.4), Hölder's inequality and (3.1), we have

|τ(fHϕ)| = 2

∣∣∣∣ lim
y→∞

lim
T→∞

ν(ζfT ξ
ϕ
T )

∣∣∣∣ ≤ 2 lim sup
y→∞

lim sup
T→∞

‖ζfT ‖Lp(N )‖ξ
ϕ
T ‖Lp′ (N )

≤ 2 lim sup
y→∞

lim sup
T→∞

cp‖ξfT ‖Lp(N )‖ξ
ϕ
T ‖Lp′ (N )

= 2cp‖Hf‖Lp(Fq)‖Hϕ‖Lp′ (Fq),

where the last passage follows from Lemma 3.4. Now replace ϕ with Hϕ and observe that
H2ϕ = ϕ̂(e)λ(e)− ϕ. Since f̂(e) = 0, we obtain

|τ(fϕ)| =
∣∣τ(f(ϕ̂(e)λ(e)− ϕ

)∣∣ ≤ 2cp‖Hf‖Lp(Fq)‖ϕ̂(e)λ(e)− ϕ‖Lp′ (Fq)
≤ 4cp‖Hf‖Lp(Fq)‖ϕ‖Lp′ (Fq).

Here in the last passage we have used Hölder's inequality again:

|ϕ̂(e)| = |τ(ϕλ(e))| ≤ ‖ϕ‖Lp(Fq)‖λ(e)‖Lp′ (Fq) = ‖ϕ‖Lp(Fq).

Thus, by duality, we get the claim for polynomials; the passage to general (self-adjoint) f
follows by approximation. �

Proof of Theorem 1.1. For any p ≥ 2, let αp = ‖H‖Lp(Fq)→Lp(Fq) = ‖Hop‖Lp(Fq)→Lp(Fq). Pick

an arbitrary f ∈ L2p(Fq) and apply Cotlar's identity (1.4) with f = g to obtain

‖|Hopf |2‖Lp(Fq)
≤ ‖Hopf‖2L2(Fq) + ‖H(f∗Hopf)‖Lp(Fq) + ‖Hop(H(f∗)f)‖Lp(Fq) + ‖HopH(|f |2)‖Lp(Fq).

(3.8)

Note that ‖Hopf‖2L2(Fq) ≤ ‖f‖
2
L2(Fq) ≤ ‖f‖

2
Lp(Fq), since the trace in V N(Fq) is normalized.

Furthermore, by the de�nition of αp and Schwarz' inequality, we get

‖H(f∗Hopf)‖Lp(Fq) ≤ αp‖f
∗Hopf‖Lp(Fq) ≤ αp‖f‖L2p(Fq)‖H

opf‖L2p(Fq) ≤ αpα2p‖f‖2L2p(Fq)
and similarly, ‖Hop(H(f∗)f)‖Lp(Fq) ≤ αpα2p‖f‖2L2p(Fq). Now we will apply Lemma 3.5 to the

last term on the right of (3.8). Note that |f |2, and hence also HopH(|f |2), is self-adjoint.
Consequently,

‖HopH(|f |2)‖Lp(Fq) ≤ 4cp‖Hop(|f |2)‖Lp(Fq) ≤ 4αpcp‖f‖2L2p(Fq).

Putting all the above facts together, we obtain

‖Hopf‖2L2p(Fq) ≤ (1 + 2αpα2p + 4αpcp)‖f‖2L2p(Fq),
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which implies α2p ≤ αp+
√

1 + α2
p + 4αpcp. Now suppose that p = 2n for some positive integer

n. Then we have c2n ≤ β2n for some universal constant β and the preceding estimate yields

α2n+1 ≤ α2n +
√

1 + α2
2n + 4α2n · β2n ≤ 2α2n + 2β · 2n.

But α2 = 1, so by induction, we get α2n ≤ βn2n, as desired. The estimate for general p ∈ [2,∞)
follows from interpolation, and the passage to 1 < p < 2 is due to duality. �

Remark 3.6. As proved in [19], the free Hilbert transform is completely bounded on Lp for
1 < p < ∞, that is, ‖H‖cb := supN≥1 ‖idMN

⊗ H‖Lp(MN⊗V N(Fq))→Lp(MN⊗V N(Fq)) < ∞. Here
Lp(MN⊗V N(Fq)) denotes the Lp space on the tensor product algebra MN⊗V N(Fq) (cf. [25]
for details). This property can be regarded as an extension of (1.3) to the context in which f
is a matrix with entries belonging to V N(Fq), on which H acts entrywise. The approach used
above works perfectly in this more general setting and yields the Lp constant of the same order
as in (1.3). Let us describe this brie�y, the arguments go along the same lines. Let N ≥ 1 be
a �xed integer, T > 0 be a given constant and ε be the sign function of the Hilbert transform
H. Fix an operator f =

∑
1≤i,j≤N ei,j ⊗ f i,j , where each f i,j is a trigonometric polynomial in

V N(Fq). Such an f gives rise to the martingales (ξt)t∈[0,T ] and (ζt)t∈[0,T ] on MN⊗N , given by

ξt =
∑
i,j

ei,j ⊗

∑
g∈Fq

ε(g)f̂ i,j(g) exp(iXηt b(g)− |g|1/2Yηt ) oα̃ λ(g)

 =
∑
i,j

ei,j ⊗ ξf
i,j

t

and ζt =
∑

i,j ei,j ⊗ ζ
f i,j

t , where ξf
i,j

and ζf
i,j

have been introduced above (recall that N =

L∞
(
Ω,FX,Y,η,P

)
oα̃Fq). We de�ne xn and yn by the same formula as previously, for a given par-

tition of [0, T ], and check the conditions (2.1) for a self-adjoint f , using analogous calculations
(there is an additional sum due to the matrix component, but no extra e�ort is needed to han-
dle it). If we send the mesh of the partition to zero, we get ‖ζT ‖Lp(MN⊗N ) ≤ cp‖ξT ‖Lp(MN⊗N ),

which in turn, by letting T →∞, yields ‖f‖Lp(MN⊗V N(Fq)) ≤ 4cp‖(idMN
⊗H)f‖Lp(MN⊗V N(Fq))

for any self-adjoint f with (Tr⊗τ)(f) = 0. Finally, we may apply the version of Cotlar's iden-
tity (1.4), in which H and Hop are replaced with idMN

⊗H and idMN
⊗Hop, respectively, and

f , g are matrix-valued operators as above. The repetition of the above proof of (1.3) yields
the desired complete Lp-boundedness.
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