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Abstract

This thesis consists of several results in the field of algorithms on strings. In particular, we consider variants
of string covers and pattern matching with mismatches. From now on, we will use n to denote the length of
the input text.

In the first part we consider exact variants of finding string covers, that is, testing whether a text can be
generated by concatenations and superpositions of a shorter string.

In “Efficient Computation of 2-covers of a String” we present an algorithm which tests whether a text
can be generated by concatenations and superpositions of 2 strings of the same length. The algorithm works
in O(n log n log log n) expected time and O(n) space.

“Shortest Covers of All Cyclic Shifts of a String” solves the titular problem in O(n log n) time and O(n)
space. It also provides a precise description of the set of lengths of the shortest covers of all cyclic shifts of
Fibonacci words.

“Internal Quasiperiod Queries” shows how to efficiently answer internal queries about various types of
quasiperiod related queries. The paper presents an algorithm which allows to find the shortest cover on a
given interval in O(log n log log n) or all covers in O(log n(log log n)2) time and O(n log n) space. We also
present more efficient solutions in the offline model.

“String Covers of a Tree” considers a natural generalization of cover, where one can cover a tree with
paths corresponding to the cover. The algorithm from the paper finds all covers in a directed tree in
O(n log n/ log log n) time and in the case of undirected tree in O(n2) time and space. In the case of undirected
tree we provide an alternative algorithm using O(n) space and O(n2 log n) time.

The second part of the thesis provides asymptotically efficient solutions to practical problems.

“Efficient Computation of Sequence Mappability” considers a problem where one needs to compute
mappability for each substring of length m with up to k mismatches. There, we provide a collection of
results, most notably an O(n min{logk n, mk}) time and O(n) space algorithm for fixed k and that one
cannot solve (k, m)-mappability in strongly subquadratic time unless Strong Exponential Time Hypothesis
fails.

“Circular Pattern Matching with k Mismatches” is a variant of pattern matching where we allow the
pattern to be arbitrarily circularly shifted and up to k characters replaced. We provide a simple O(nk) time
and O(m) space solution and more elaborate O(n + nk4/m) time and O(m) space algorithm.

The results usually exploit periodicity analysis and apply a mix of classic stringology tools and state-of-
the-art data structures.

2012 ACM Subject Classification: Theory of computation → Pattern matching



Keywords: Algorithm, Data Structure, String, Cover, Periodicity, Quasiperiodicity, Hamming Distance,
Pattern Matching, Mappability, k-Mismatch
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Streszczenie

Praca jest kompilacją serii wyników z dziedziny algorytmów tekstowych. W szczególności rozważamy wari-
anty problemu znajdowania szablonu i wyszukiwania wzorca w tekście z niedopasowaniami. Jako n będziemy
oznaczać długość wejściowego tekstu.

W pierwszej części rozpatrujemy dokładne warianty problemu znajdowania szablonów. W oryginalnym
problemie szukamy takiego słowa, którego wystąpienia pokrywają dany tekst.

W pracy “Efficient Computation of 2-covers of a String” analizowane jest pojęcie 2-szablonów, czyli
par słów o tej samej długości, których wystąpienia pokrywają dany tekst. W pracy przedstawiamy algo-
rytm znajdujący dla każdej długości k przykładowy 2-szablon długości k (jeśli dla niej takowy istnieje) w
oczekiwanym czasie O(n log n log log n) i pamięci O(n).

“Shortest Covers of All Cyclic Shifts of a String” rozwiązuje problem znalezienia najkrótszych szablonów
dla wszystkich cyklicznych przesunięć w czasie O(n log n) i pamięci O(n). Dodatkowo, opracowany jest
tam bardzo dokładny opis zbioru długości najkrótszych szablonów wszystkich cyklicznych przesunięć słów
Fibonacciego.

W pracy “Internal Quasiperiod Queries” pokazujemy jak efektywnie odpowiadać na zapytania wewnętrzne
o najkrótsze i wszystkie szablony. Opracowana struktura danych pozwala na znalezienie najkrótszego
szablonu na przedziale w czasie O(log n log log n) lub wszystkich szablonów w czasie O(log n(log log n)2).
Struktura danych potrzebuje O(n log n) pamięci i O(n log n) czasu obliczeń wstępnych. Dodatkowo, przed-
stawione są efektywne rozwiązania w modelu offline.

W pracy “String Covers of a Tree” analizowane jest naturalne uogólnienie szablonu, w którym pokrywamy
nie słowo, a drzewo. Krawędzie są etykietowane literami. Etykietą ścieżki jest słowo będące sekwencją
liter na przechodzonych krawędziach. Słowo nazywamy szablonem drzewa, jeśli ścieżki etykietowane tym
słowem pokrywają całe drzewo. Dla skierowanego drzewa przedstawiamy algorytm znajdujący wszystkie
szablony w czasie O(n log n/ log log n), a w przypadku nieskierowanym w czasie i pamięci O(n2). Dodatkowo,
w przypadku nieskierowanym przedstawiamy alternatywny algorytm używający tylko O(n) pamięci, lecz
działający w czasie O(n2 log n).

W drugiej części rozprawy przedstawiamy asymptotycznie efektywne rozwiązania do praktycznych prob-
lemów.

W pracy “Efficient Computation of Sequence Mappability” rozważany jest problem mapowalności. Musimy
w nim policzyć dla każdego indeksu i, będącego początkiem podsłowa długości m, na ilu innych indeksach
znajduje się pasujące podsłowo tej samej długości, dopuszczając do k niedopasowań. Przedstawiamy kilka
wyników, z których głównym jest algorytm działający w czasie O(n min{logk n, mk}) i pamięci O(n) dla
ustalonego k. Dodatkowo, pokazujemy, że nie można rozwiązać problemu mapowalności w ściśle subkwadra-
towym czasie, chyba że hipoteza Strong Exponential Time jest nieprawdziwa.



W pracy “Circular Pattern Matching with k Mismatches” analizujemy wariant wyszukiwania wzorca, w
którym wzorzec może być dowolnie przesuwany cyklicznie i dopuszczamy do k niedopasowań. Przedstawiamy
prosty algorytm działający w czasie O(nk) i pamięci O(m) i bardziej skomplikowany algorytm O(n+nk4/m),
działający również w pamięci O(m).

Wyniki często bazują na analizie okresowości i użyciu zarówno klasycznych narzędzi stringologicznych,
jak i najnowocześniejszych, zaawansowanych struktur danych.

Tytuł rozprawy w języku polskim: Dokładne szablony i wyszukiwanie wzorca z dozwolonymi niedopa-
sowaniami

Słowa kluczowe: algorytmy, struktury danych, słowo, okresowość, quasi-okresowość, szablon, wyszuki-
wanie wzorca w tekście z niedopasowaniami, odległość Hamminga, mapowalność
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Chapter 1

Introduction

1.1 Preface

One of the most fundamental ways of representing data is encoding them into text. Text, or string, is a
sequence of characters from some fixed alphabet. Consecutive parts of text are known as substrings or
fragments.

Algorithms on strings are the subject of stringology. In my thesis I analyze strings under two perspectives
– pattern matching and identifying regularities. While it might not be immediately clear, they are closely
associated with each other.

To know whether a string is regular, intuitively sounds useful. But what is more surprising, knowledge
that a text is not regular can be often exploited as well. Let us show some specific examples.

First, let us define the key concept of this thesis: periodicity. A text is called periodic when it is generated
by repeated concatenation of a shorter word, a fragment, and then possibly trimmed on ends. If a text is
periodic, this means that it is very regular, i.e. it can be stored by just its period and a few numbers
describing its generation. On the other hand, when we know that a fragment of a text is non-periodic, it
can be exploited as well. For example, occurrences of a non-periodic fragment cannot overlap too much,
which gives us an upper bound on number of occurrences of such fragment. If a text is of length n and its
non-periodic fragment is of length m, then the fragment might occur on at most O(n/m) positions in the
text.

Pattern matching in its most basic form has to answer whether a string is a fragment of a text. Since the
first linear algorithm (Morris Jr. and Pratt, 1970), many new variants of the original problem have emerged.
One can allow for a fragment to occur in the text inexactly, allowing for small deviations under Hamming
or edit distance or some other measure we can think of. Equality measure can go even further, e.g. allowing
circular rotations of a pattern. Practical applications and imagination grant us interesting scenarios awaiting
to be solved.
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Pattern matching and identifying regularities are practically inseparable. For example, (Kociumaka,
Radoszewski, et al., 2015) present a solution to the following problem:

Problem 1.1.1: Internal pattern matching

Input:

• T – text of length n

Queries:

• Input:

– Indices of fragments T [i1..i2], T [j1..j2]

• Output:

– Representation of all occurrences of T [i1..i2] in T [j1..j2]

The paper presents a data structure which answers those kinds of queries in constant time if fragments
are of similar length, i.e. when |T [j1..j2]|

|T [i1..i2]| is O(1). The authors’ solution heavily relies on analyzing maximal
periodic fragments of the text, also known as runs. The number of such fragments in a text is at most linear
and the sum of their exponents is at most linear as well (Kolpakov and Kucherov, 1999).

In my thesis I have taken interest in two subjects: variants of covers and pattern matching with mis-
matches. Additionally, cyclic shifts of patterns or texts are often analyzed in my work.

1.2 Covers

a b a b a b a a b a
covered string

 b a b a b a a b
seeded string

a b c a b c a b periodic string

a b c a b c a b c power

abc abc abc

abc abc abc

aba
aba

aba aba

aba
aba

aba aba

Figure 1.1: Different variants of string regularity.

In the preface, I have introduced the notion of a
period; cover is its natural evolution. While peri-
odicity is generated only by concatenation, covers
allow superpositions as well. Therefore, a fragment
is a cover of a text if all occurrences of the fragment
cover the entire text. Different variants of regularity
are shown in Figure 1.1.

The first linear time algorithm finding the short-
est cover was introduced in (Apostolico et al., 1991).
Several years later, in (Moore and Smyth, 1994a,b,
1995) optimal algorithms identifying all covers were
given.

Over the years, several variants of covers were
considered. The most popular variant is seed, which
allows for occurrences of the fragment to go beyond
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the boundaries of the text. Therefore, a cover of the text is a seed of a substring of the text. It should
not be confused with spaced-seed, which is a pattern in which some fixed positions are allowed to be wild-
cards. Seeds were introduced in (Iliopoulos, Moore, et al., 1996), together with an algorithm that finds their
representation in O(n log n) time. It was not until many years later when a linear time algorithm was found
(Kociumaka, Kubica, et al., 2012, 2020).

Later, many other variants of covers emerged. They were considered:

• in approximate variants:
(Amir, Levy, Lewenstein, et al., 2019; Amir, Levy, Lubin, et al., 2019; Christodoulakis et al., 2005;
Flouri et al., 2013; Kedzierski and Radoszewski, 2020; Kociumaka, Pissis, et al., 2015, 2018)

• in different models of computation:
(Ben-Amram et al., 1994; Breslauer, 1994; Gawrychowski, Radoszewski, et al., 2019)

• in non-standard stringology:
(Alatabbi et al., 2016; Barton et al., 2020; Crochemore, Iliopoulos, Kociumaka, et al., 2017; Iliopoulos,
Makris, et al., 2006; Iliopoulos, Mohamed, et al., 2003; Kikuchi et al., 2020)

• in 2-dimensional texts:
(Charalampopoulos, Radoszewski, et al., 2021; Crochemore, Iliopoulos, and Korda, 1998; Popa and
Tanasescu, 2019)

Lately, new results were focused on approximate variants of covers. In my thesis I have focused on exact
variants instead.

1.3 Cyclicity

The original pattern matching assumes that the ends of the pattern are somehow important – they mark
the beginning and ending of a word. It turns out that sometimes, in practical uses, we would like to ignore
that. Usually, this happens when we can freely rotate the object. Therefore, we should pick an equality
measure which would reflect that. For example, if we want to check polygons for equality, a natural textual
representation would consist of a sequence of angles and lengths of sides. Other motivations for considering
cyclic patterns can be found in (Iliopoulos, Pissis, et al., 2017).

1.4 Pattern matching with mismatches

In practical uses, to succeed is often to find something even remotely similar to the pattern. It remains to
define this similarity. In string algorithms there are several prevalent measures of similarity of two texts
T1, T2:

• Hamming distance:
∑

iJT1[i] ̸= T2[i]K
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• L1 distance (Manhattan):
∑

i |T1[i] − T2[i]|,

• edit distance (Levenshtein’s): minimal number of replacements, insertions, deletions to change T1 into
T2

In my thesis I focus on Hamming distance, which is the number of positions on which two strings do not
match. This measure is relatively inexpensive computationally and sufficiently describes some phenomena
from the real world (e.g. mutations or bit flips during transmission).

Efficient algorithms that find Hamming distance between pattern P of length m and all fragments of
length m of text T have been researched for over 30 years. A variant of this problem adds a limit k on
the number of mismatches, in which we seek only such fragments which are sufficiently matching to P with
at most k mismatches. Over the years, the following exact algorithms were proposed (time complexity is
given):

• O(n
√

m log m) (Abrahamson, 1987), independently (Kosaraju, 1987),

• O(nk) (Landau and Vishkin, 1986),

• O(n
√

k log k) (Amir, Lewenstein, et al., 2004),
O((n + (nk3)/m) log k) (Amir, Lewenstein, et al., 2004),

• O((n/m)(k2 log k) + npolylogn) (Clifford, Fontaine, et al., 2016),

• O((n/m)(m + k
√

m)polylogn) (Gawrychowski and Uznański, 2018),

• O((n/m)(m + k2 log log k)) (Charalampopoulos, Kociumaka, and Wellnitz, 2020),

• O((n/m)(m + min(k
√

m log m, k2)) (Chan et al., 2020).

Other variants were also considered in:

• compressed representations of text (Bille et al., 2009; Bringmann et al., 2019; Charalampopoulos,
Kociumaka, and Wellnitz, 2020; Gawrychowski and Straszak, 2013; Tiskin, 2014),

• distributed model (Galil and Giancarlo, 1987),

• streaming model (Clifford, Fontaine, et al., 2016; Clifford, Kociumaka, et al., 2019; B. Porat and E.
Porat, 2009),

• parameterized model (Hazay et al., 2007),

• order-preserving model (Gawrychowski and Uznański, 2016).

1.5 Computational model

In all my papers, we assume word RAM model. In this model, memory consists of M cells which store
machine words, i.e. W -bit numbers. Cells are addressed with consecutive numbers from 0 to M − 1. The
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model allows for random access in constant time. Whenever memory is mentioned, it is measured by the
number of required memory cells.

Strings are stored as an array. Each letter is stored in a separate memory cell.

1.6 String notations

• String is synonymous to word.

• Strings are numbered from 1 to n, where n is the length of a string.

• T [i] denotes the i-th letter of T .

• a · b denotes concatenation of a and b.

• T [i..j] denotes the substring of T from index i to index j inclusive.

• T [i..j) denotes the substring of T from index i to index j − 1 inclusive.
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Chapter 2

Covers

2.1 Efficient Computation of 2-Covers of a String

Problem 2.1.1: Finding 2-covers

Input:

• T – text of length n

Output:

• A representation of all pairs of substrings of equal length S1 = T [i..i + m), S2 = T [j..j + m),
such that each position i in T belongs to an occurrence of S1 and/or S2 in T .

In the case of standard covers, we assume that the text has been generated using concatenations or
superpositions of a single word. In the case of 2-covers we would like to test whether text can be generated
in this way by using two words of the same length.

Just from the problem formulation, one can guess that the problem might be harder than the original
variant. Intuitively, to find all covers of a text, one must check only O(n) of similar candidates, i.e. all
prefixes. That is not the case in 2-covers, as a text of length n may have as many as Θ(n2) different
non-trivial 2-covers (a simple example T = ambambam was shown in (Czajka and Radoszewski, 2021)).

The main algorithm from our paper (Radoszewski and Straszyński, 2020) finds a representation of all
2-covers in O(n log n log log n) expected time. From this representation one can retrieve all 2-covers in
O(n log n log log n + |output|) time, where |output| is the number of all 2-covers. In particular, this repre-
sentation allows to find an example 2-cover for each length (if it exists) in O(n log n log log n) total time.
Despite seemingly increased difficulty by an order of magnitude we managed to stay in nearly linear world.

The problem was divided into two cases (see fig. 2.1):
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• finding prefix-suffix 2-covers, where one word from the 2-cover is a prefix and the other is a suffix of
the text,

• finding border 2-covers, where one word from the 2-cover is both a prefix and a suffix.

a b a a a b a b a a b a a b a a a b a b
abaa abaa abaa

abaa

abab abab

a b a b a a b a a a b a a b a b a b a b
abab

abaa

abab abab
abab

abaa
abaa

border
2-cover

prefix
suffix
2-cover

Figure 2.1: Two texts illustrating two types of 2-covers.

The first case is simpler, but still non-trivial. One word of the 2-cover must be a prefix, and the
other a suffix. Therefore, a fixed length automatically determines a single pair of candidates for a 2-cover.
The algorithm maintains the covered area by storing a set of linear functions. Ultimately this part takes
O(n log log n) time.

The second case is harder as there can be as many as O(n2) candidates. Therefore, we had to find an
efficient representation. The solution is based on an analysis of periodicity and internal pattern matching
queries.

In the algorithm we iterate over the prefixes which we consider to be a possible part of some 2-cover.
Using internal pattern matching queries, we check for the parts of the text covered by occurrences of this
prefix. There is a well known fact in stringology (e.g. (Kociumaka, Radoszewski, et al., 2015)) that whenever
we have a text of length n and its fragment of length L, then at least one of these conditions must hold true:
{

the fragment has O( n
L ) occurrences

the fragment is periodic and has O( n
L ) arithmetic sequences of occurrences.

Therefore, if we fix the length of the prefix to be L, then the uncovered area consists of O( n
L ) gaps of

consecutive positions, which must be covered by the second word of 2-cover. From these gaps we deduce a
set of restrictions for the second word, equivalent with covering the remaining text. We solve this system of
restrictions in O( n

L log log n ) time, which ultimately leads to O(n log n log log n) time for the whole algorithm.

All presented algorithms in the paper require a linear amount of space.

Contribution

I am the author of:

• algorithm finding prefix-suffix 2-covers,
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• algorithm solving the system of restrictions in border 2-covers (in the paper: Positioned Cover).

I have contributed to the ultimate algorithm finding border 2-covers by making combinatorial observations
and finding mistakes in previous incorrect solutions. I have also written most of the introduction to the
paper and the section on prefix-suffix 2-covers. Additionally, I have made some figures.

2.2 Shortest Covers of All Cyclic Shifts of a String

Problem 2.2.1: Shortest covers of all cyclic shifts of a string

Input:

• T – text of length n,

Output:

• For each x, the shortest cover of CyclicShiftx(T ), where

CyclicShiftx

(
T [1..n]

)
:= T (n − x..n] · T [1..n − x]

where A · B stands for concatenation of A and B.

In our paper (Crochemore, Iliopoulos, Radoszewski, et al., 2020b, 2021) we solve the problem in O(n log n)
time and O(n) space. It is an interesting combinatorial problem. Specifically, it can be solved in a more
involved way with our later paper (Crochemore, Iliopoulos, Radoszewski, et al., 2020a) about internal
quasiperiod queries in linear time.

A representation of all seeds, being a set of O(n) disjoint paths on the suffix tree, can be found in O(n)
time (Kociumaka, Kubica, et al., 2020). From (Iliopoulos, Moore, et al., 1996) we know that covers of a
cyclic word S are seeds of S2. Therefore, one can find the shortest cover of cyclic word in linear time.

The problem is solved by string combinatorics and two observations:

• A cover of a cyclic shift of T must have its square occur in T 3.

• A cover of a cyclic shift of T must be a seed of T 3.

The main combinatorial lemma shows that if a fragment of T 3 is a square with its middle at the right place
and its half is a seed of T 3, then it is a necessary and sufficient condition to being a cover of the appropriate
cyclic shift of T . The remaining part of the algorithm uses stringological tools and periodicity analysis to
test for those two conditions.

Additionally, we show an analysis of the shortest covers of all cyclic shifts of Fibonacci words. This
family of words has the following recursive definition:

12



• Fib0 = b,

• Fib1 = a,

• Fibk = Fibk−1 · Fibk−2 for k ≥ 2.

Let CyCoSet(T ) (abbreviating Cyclic Cover Set) be the set of lengths of the shortest covers of all cyclic
shifts of T . In our paper we show a precise description of CyCoSets of Fibonacci words.

Contribution

I am the author of the first solution O(n log2 n) and the Lemma 3, i.e. the main combinatorial lemma, which
was written down by Wiktor Zuba. I am also a co-author of the final O(n log n) algorithm. I have produced
some of the figures. Apart from that, I took part in discussions of the team and proofreading of the paper.

2.3 Internal Quasiperiod Queries

Problem 2.3.1: Internal quasiperiod queries

Input:

• T – text of length n

Queries:

• Input:
1 ≤ i ≤ j ≤ n – queried interval

• Output:
The shortest cover of fragment T [i..j], or
Compact representation of all covers of fragment T [i..j].

The data structure described in our paper (Crochemore, Iliopoulos, Radoszewski, et al., 2020a) requires
O(n log n) time for preprocessing and O(n log n) memory. It can answer queries for:

• the shortest cover of an interval in O(log n log log n) time,

• all covers of an interval in O(log n(log log n)2) time.

Additionally, in the offline model, i.e. when we do not have to answer the queries immediately, we can service
m queries for:

• the shortest cover of an interval in O((n + m) log n) time,

• all covers of an interval in O((n + m) log n log log n) time,
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using linear space.

In our paper we create a static segment tree, in which each of the nodes corresponds to a fragment of
the text of length being a power of two, also known as base interval. Each node stores information about
seeds of the corresponding fragment. To answer a query for an interval, first we decompose it into O(log n)
base intervals. Next, we retrieve from each base interval the information about its seeds. Then, we merge
this information to find seeds of the entire queried interval. Finally we check for border conditions to filter
out seeds which are not covers.

Contribution

I have improved the algorithm for finding the shortest cover of the interval by one logarithmic factor by
efficient segment tree traversal. I have also participated in team discussions and proofreading.

2.4 String Covers of a Tree

Problem 2.4.1: All covers of a directed tree

Input:

• Rooted tree with n nodes:

– each edge is labeled with a letter,

– each edge is directed from node closer to the root to the node further from the root.

Output:

• All words S such that one can cover all edges by paths corresponding to that word.

The problem is solved in our paper (Radoszewski, Rytter, et al., 2021) in O(n log n/ log log n) time. The
solution is an adaptation of algorithm for finding all covers in text in linear time (Moore and Smyth, 1995).
First, we notice that if we fix an arbitrary leaf, then some occurrence of the cover must end at that leaf.
Therefore, we can narrow our candidates to O(n) words corresponding to suffixes of word from root to that
leaf. Iterating over suffixes from the shortest to the longest, we maintain a data structure which allows to
find the maximum of all distances between vertically neighbouring occurrences. If that distance is smaller
than or equal to the currently analyzed length, then the entire tree is covered.

Apart from that, we have considered an undirected variant (cf. fig. 2.2):
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Problem 2.4.2: All covers of an undirected tree

Input:

• Tree with n nodes:

– each edge is labeled with a letter.

Output:

• All words S such that one can cover all edges by paths corresponding to that word.

a a

b b

a a

b b

a a

b b

Figure 2.2: Paths corresponding to string aab cover the
entire tree.

In our paper there are two algorithms, solv-
ing the above problem, with the following com-
plexities:

• O(n2) time and O(n2) space,

• O(n2 log n) time and O(n) space.

The quadratic algorithm efficiently groups
the paths by corresponding string-labels. Af-
ter arbitrarily rooting our tree, each path
might be expressed as a sum of two vertical
paths. After preprocessing information about
all paths, we check each of O(n) candidates in
linear time.

In algorithm O(n2 log n) we test each of the
candidates in O(n log n) time using centroid
decomposition. After fixing a candidate, we
find a tree’s centroid and we analyze only paths
which pass through the centroid. Next, we efficiently process paths with matching label, mark appropriate
edges as covered, remove the centroid from the tree and finally we do it recursively for disjoint components.
This way, we will find in O(n log n) time all edges of the tree which are covered by that candidate.

Contribution

I am the author of the O(n2) time algorithm. I am also the author of the ultimate algorithm for testing
candidates in O(n2 log n) time. I have also participated in team discussions and proofreading.
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Chapter 3

Pattern matching with mismatches

3.1 Efficient Computation of Sequence Mappability

Problem 3.1.1: Sequence (k, m)-mappability

Input:

• T – text of length n,

• k – maximum considered Hamming distance,

• m – length of analyzed fragments.

Output:

• Compute the function: f(i) =
∑

i̸=j

[
Hamming

(
T [i..i + m), T [j..j + m)

)
≤ k

]

Our paper (Alzamel et al., 2018; Charalampopoulos, Iliopoulos, et al., 2022) solves the problem of (k, m)-
mappability in O(n · min{mk, logk n}) time and O(n) space, assuming fixed k. Additionally, there are some
auxiliary results:

• proof that for every k, m = Θ(log n) one cannot solve (k, m)-mappability in strongly subquadratic
time, unless Strong Exponential Time Hypothesis fails.

• O(n2) time and O(n) space algorithm finding (k, m)-mappability for each k or for each m.

The problem has stemmed from real problem in bioinformatics, processing of mapping genome. The goal
of sequencing a genome is to construct a genome of some specimen. In this scenario we have:

• a fully constructed reference genome,
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• random segments of the genome to be sequenced, all of fixed length m, without information from
where they come from.

reference genome

unique
fragment

fragment of
sequenced genome

Figure 3.1: Identifying unique fragments of a genome helps
to match sequenced genome fragments at the right position.

a a b a b b a
a a b
a a b
a a b

a a b
a a b

Figure 3.2: T = aababba, m = 3, k = 1.
Mappability of the fragment at index i = 1 is equal to
3 – the number of matching fragments with at most
one mismatch.

Firstly, segments might overlap, which helps to
pair matching fragments of the genome. Secondly,
in genome one can find unique fragments which are
not present anywhere else (fig. 3.1). If the sampled
segment contains such a unique fragment, then it
can be easily matched at an appropriate position.
(k, m)-mappability is nothing but simply identifying
unique fragments. Mappability for such fragments
will be equal to 0. It remains to explain why we need
to allow for k mismatches; it is because segment
reads might contain errors or mutations.

The process of genome mapping has been subse-
quently improved by various techniques and tools
(Fonseca et al., 2012a). Problem of (k, m)-
mappability was introduced for the first time in
(Derrien et al., 2012) (see also (Antoniou et al., 2009)) together with some heuristic solutions. Before our
paper there has been no solution which computed exact mappability under any asymptotic time guarantees
for k > 1.

From algorithmics perspective, our paper is valuable because its the first which presents a technique
of counting a Hamming-distance-based function for all pairs of elements from some set of strings. The
main result is based on the algorithm of finding the longest common substring with k mismatches allowed
(Charalampopoulos, Crochemore, et al., 2018) (see also (Thankachan et al., 2016)), which in turn it is based
on k-errata trees from (Cole et al., 2004).

The main result was achieved by applying combinatorial observations and techniques:

• inclusion-exclusion principle to count exact number of matching pairs,

• smaller-half principle when merging subtrees to simulate mismatches,
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• emulating suffix tree using finger-search trees to perform needed operations on an ordered set of
substrings,

• standard stringology tools such as suffix array.

The paper has been extended to the journal version (Charalampopoulos, Iliopoulos, et al., 2022). There,
we have introduced the following additional problem:

Problem 3.1.2: All matching pairs with at most k mismatches

Input:

• R – set of r strings of length m,

• k – maximum number of mismatches.

Output:

• All pairs of strings S1, S2 ∈ R such that Hamming(S1, S2) ≤ k.

In our paper we present an algorithm working in O(rm + r log r) space and O(rm + r logk+1 r +
|output| log r) time, where |output| is the number of output pairs for fixed k.

The problem is motivated by finding evolutionary relations between different species or taxons. Some
techniques in this field require to compute distance between all pairs of sequences representing analyzed
species/taxons. Depending on the specific application and assumed model of evolution, frequently there is
no need to compute the entire distance matrix (e.g. (Fonseca et al., 2012b), (Crochemore, Francisco, et al.,
2017)). Therefore, in this step we are only interested in such pairs for which the Hamming distance doesn’t
exceed some fixed threshold.

Before this paper, there have been already developed some efficient algorithms but under average-case
model with limits on value k and assumptions on elements of set R (Crochemore, Francisco, et al., 2017;
Gog and Venturini, 2016; Manber and Myers, 1993).

Contribution

I am the author of:

• the first version of the algorithm for (k, m)-mappability (the main result),

• O(n2) time algorithm finding answers for all k,

• algorithm finding all pairs with at most k mismatches.

Additionally I have produced parts respective to those algorithms (including the main result). Additionally,
I have produced the figure 3.1 from (Charalampopoulos, Iliopoulos, et al., 2022). I have participated in
team’s discussions and proofreading.
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3.2 Circular Pattern Matching with k Mismatches

Problem 3.2.1: Circular pattern matching with k mismatches

Input:

• T – text of length n,

• P – pattern of length m,

• k – maximum number of mismatches.

Output:

• All indices i such that for some x

Hamming
(

CyclicShiftx

(
T [i..i + m)

)
, P

)
≤ k

where
CyclicShiftx

(
T [1..n]

)
:= T [n − x + 1..n] · T [1..n − x]

(see fig. 3.3).

Text T

Circular 
pattern P

x - cyclic shift

Figure 3.3: Matching a circular pattern.

All algorithms in our paper (Charalampopou-
los, Kociumaka, Pissis, Radoszewski, Rytter, et al.,
2019, 2021) require O(m) space. Our work has two
main results:

• O(nk) time algorithm,

• O(n + n
m k4) time algorithm (journal version

improves upon the conference version’s O(n +
n
m k5) time algorithm).

First, we simplify the problem to the scenario in
which n ≤ 2m using a standard trick in which we
divide the text into O(n/m) overlapping parts (windows). Additionally we need to use perfect hashing on
alphabet to construct necessary stringology tools in linear time. Next, we solve the problem on each part
independently.

The O(nk) time algorithm is simple and practical. Let us notice that a cyclic shift of P is a concatenation
of its suffix and corresponding prefix. The position in T where prefix of P begins is called an anchor. We
test every possible O(n) positions for anchors and for each of them we compute what is the longest matching
prefix for each number of allowed mismatches from 1 to k. Similarly, we find the longest matching suffixes
for each number of mismatches at the index immediately before the anchor. This procedure is performed
using kangaroo-jumps technique (Galil and Giancarlo, 1987; Landau and Vishkin, 1986).
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The other main result – O(n + n
m k4) time algorithm is based on (Bringmann et al., 2019). In the

algorithm we divide the pattern into O(k) parts and we consider O(k) of them such that some of them must
have occurred in the text exactly, without any mismatches. Therefore, if our considered part is S, then:

• if S is non-periodic, it occurs only O(k) times in the considered window and each occurrence corre-
sponds to two possible anchors at maximum

• if S is periodic, then we need to consider O(k) arithmetic sequences of occurrences. Each of the group
we process with technique “few mismatches or almost periodicity” from (Bringmann et al., 2019).

Contribution

I am the author of the O(nk) time algorithm. Additionally, I have written down the section corresponding
to this algorithm in our paper. Also, I have presented and summarized the paper (Bringmann et al., 2019)
to our research team. Our solution for the periodic case was strongly inspired by this paper. Finally, I have
participated in team discussions and proofreading.
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Chapter 4

Final words

Presented solutions use a wide array of stringological tools, from classical string algorithms to sophisticated
data structures and string combinatorics.

In my opinion, the most characteristic trick for the most of my papers is periodicity analysis. Study of
periodic and non-periodic cases turned out to be quite helpful.

Exploiting non-periodicity

T

T

P[1..x]

x

P[1..x]P[1..x]P[1..x]

P

P

Figure 4.1: If occurrences of fragment P in T are overlapping
too much, then P must be periodic. The last part might be
trimmed, but it must be a prefix of P .

Non-periodicity is helpful in this regard that occurrences of a non-periodic string cannot overlap too
much. If two occurrences of the same fragment overlap on at least half of the length, it means that the
fragment has a regular structure (see fig. 4.1).
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Sometimes the non-periodic case is the only case that is of interest to us. Let us notice that a cover of a
cover of a text is also a cover of the text. Granted that a periodic cover always has a non-periodic cover itself,
we can only consider non-periodic candidates when searching for the shortest cover, e.g. in (Crochemore,
Iliopoulos, Radoszewski, et al., 2020b).

Other times, we exploit the fact that there can be at most O(n/m) occurrences of a fragment of length
m in text of length n (Charalampopoulos, Kociumaka, Pissis, Radoszewski, Rytter, et al., 2019, 2021).

Exploiting periodicity

While for a non-periodic fragment of length m the number of occurrences in text of length n is O(n/m), the
number of occurrences for periodic fragments can be compressed to O(n/m) arithmetic sequences. Those
arithmetic sequences can be deduced based on runs, maximal fragments of periodicity. Periodic fragments
had to be considered in (Charalampopoulos, Kociumaka, Pissis, Radoszewski, Rytter, et al., 2019, 2021;
Crochemore, Iliopoulos, Radoszewski, et al., 2020a, 2021; Radoszewski and Straszyński, 2020).

In the case of covers, a short periodic fragment covers (sometimes omitting ends) a long run, which was
exploited in (Radoszewski and Straszyński, 2020)

Data structures

Internal pattern matching queries (Kociumaka, Radoszewski, et al., 2015) were heavily used in many of
my papers. This data structure is used directly or indirectly in (Charalampopoulos, Kociumaka, Pissis,
Radoszewski, Rytter, et al., 2019, 2021; Crochemore, Iliopoulos, Radoszewski, et al., 2020a,b; Radoszewski
and Straszyński, 2020).

Suffix tree and its derivatives are fundamental data structures in stringology. What is interesting,
in (Alzamel et al., 2018; Charalampopoulos, Iliopoulos, et al., 2022) we traverse a suffix tree without
explicitly constructing it. Instead, we find edges on the run by using finger-search trees which are a variant
of a balanced binary search tree. In (Crochemore, Iliopoulos, Radoszewski, et al., 2020a) we store the
information about seeds as paths on the suffix tree. In (Radoszewski, Rytter, et al., 2021) we use the suffix
tree directly. Algorithms from papers (Alzamel et al., 2018; Charalampopoulos, Iliopoulos, et al., 2022;
Charalampopoulos, Kociumaka, Pissis, Radoszewski, Rytter, et al., 2019, 2021) use internal queries for the
longest common prefix based on the suffix array.

To answer queries, in (Alzamel et al., 2018; Charalampopoulos, Iliopoulos, et al., 2022; Radoszewski,
Rytter, et al., 2021) we have used divide-and-conquer technique of splitting the queried interval into base
intervals.

Possible improvements

Some of the presented results have been already improved. In a recent preprint, my team managed to
solve the problem of computing shortest covers of all cyclic shifts of a text from (Crochemore, Iliopoulos,
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Radoszewski, et al., 2020b) in linear time. We also know how to compute prefix-suffix 2-covers in linear
time; however, this does not improve the overall time complexity of computing 2-covers from (Radoszewski
and Straszyński, 2020) because computing border 2-covers is the bottleneck.

It is possible that the paper about circular pattern matching can be improved by using state-of-the-art
tools from the recent paper (Charalampopoulos, Kociumaka, and Wellnitz, 2020).

It is not known whether the time complexity of the main algorithm for computing sequence mappability
(Charalampopoulos, Iliopoulos, et al., 2022) can be improved. On one hand there is some indirect con-
nection with hardness of indexing with k mismatches (Cohen-Addad et al., 2019). On the other hand in
a problem akin to mappability, finding the longest common substring with k mismatches, the complexity
of an O(n logk n) time algorithm was very recently improved by a factor of

√
log n (Charalampopoulos,

Kociumaka, Pissis, and Radoszewski, 2021).

With the aid of a recent optimal data structure for weighted ancestor queries on a suffix tree (Belazzougui
et al., 2021), internal shortest cover queries can be answered without changing the technique from our paper
(Crochemore, Iliopoulos, Radoszewski, et al., 2020a) in O(log n) time after O(n log n) preprocessing. It is not
clear if the O(n log n) space of the data structure can be improved upon. For internal shortest period queries,
the best known query complexity is O(log n) but the data structure uses only linear space (Kociumaka,
Radoszewski, et al., 2015).
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Abstract
Quasiperiodicity is a generalization of periodicity that has been researched for almost 30 years.
The notion of cover is the classic variant of quasiperiodicity. A cover of a text T is a string whose
occurrences in T cover all positions of T . There are several algorithms computing covers of a text
in linear time. In this paper we consider a natural extension of cover. For a text T , we call a
pair of strings a 2-cover if they have the same length and their occurrences cover the text T . We
give an algorithm that computes all 2-covers of a string of length n in O(n logn log logn+ output)
expected time or O(n logn log2 logn/ log log logn+ output) worst-case time, where output is the size
of output.

If (X,Y ) is a 2-cover of T , then either X is a prefix and Y is a suffix of T , in which case we
call (X,Y ) a ps-cover, or one of X, Y is a border (that is, both a prefix and a suffix) of T , and
then we call (X,Y ) a b-cover. A string of length n has up to n ps-covers; we show an algorithm
that computes all of them in O(n log logn) expected time or O(n log2 logn/ log log logn) worst-case
time. A string of length n can have Θ(n2) non-trivial b-covers; our algorithm can report one
b-cover per length (if it exists) or all shortest b-covers in O(n logn log logn) expected time or
O(n logn log2 logn/ log log logn) worst-case time. All our algorithms use linear space.

The problem in scope can be generalized to λ > 2 equal-length strings, resulting in the notion
of λ-cover. Cole et al. (2005) showed that the λ-cover problem is NP-complete. Our algorithms
generalize to λ-covers, with (the first component of) the algorithm’s complexity multiplied by nλ−2.
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1 Introduction

Identifying repetitive structure of a string is one of the key research areas of text algorithms,
with applications to computational biology; see e.g. the books [19, 28]. Processing of a string
that has a regular structure can be performed more efficiently, be it for pattern matching or
for data compression.

The most elementary notion that grasps repetitiveness is periodicity. If a string can be
generated by repeated concatenation of its smaller piece, then we say that it is periodic.
The field of periodicity has been expanded upon by allowing not only concatenation, but
also superpositions, which resulted in the introduction of quasiperiodicity by Apostolico and
Ehrenfeucht [6].
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77:2 Efficient Computation of 2-Covers of a String

The basic terms of quasiperiodicity are the notions of cover and seed. A cover of a text
T is a string whose occurrences in T cover all positions of T , while a seed of T is a cover of
some superstring of T . An O(n)-time algorithm for computing the shortest cover of a text of
length n was presented by Apostolico et al. [7]. Moore and Smyth showed that all the covers
of a string can be computed in O(n) time [43, 44, 45]. Moreover, O(n)-time algorithms for
computing covers of all prefixes of a string were shown [13, 41]. Seeds were introduced by
Iliopoulos et al. [33] who showed an algorithm for finding a representation of all seeds of a
string in O(n logn) time. The majority of these classic algorithms were developed in the
1990s. It was not until many years later that an O(n)-time algorithm for computing seeds
was found [36, 37]. Various approximate variants of covers and seeds were studied – see
e.g. [3, 4, 16, 25, 38, 39] – as well as covers in other models of computation [10, 14, 26], in
non-standard stringology [1, 9, 20, 31, 32] and in 2-dimensional texts [21, 47].

We consider 2-covers which are a natural generalization of covers. A 2-cover of a text T
is a pair of equal-length strings whose occurrences in T cover all positions of T ; see Figure 1.
A yet more general notion of a λ-cover, that is, a λ-tuple of strings whose occurrences cover
the whole text T , was introduced by Iliopoulos et al. in [27, 49]. Unfortunately, the authors’
O(n2) time algorithm for finding all λ-covers under fixed λ and constant-size alphabet has
been proven to be faulty. In reality, the algorithm has, at worst, exponential runtime [23].

a b a a a b a b a a b a a b a a a b a b
B B

A A
A

A
a b a b a a b a a a b a a b a b a b a b
C C

C
C

D
D

D

Figure 1 Two examples of a 2-cover of a string: a ps-cover (left) and a b-cover (right). Note that
none of these strings has a proper cover.

In this paper, we present an O(n logn log logn+ output) time algorithm for finding all
2-covers of a text of length n. Each string from a 2-cover in the output is represented by giving
endpoints of its sample occurrence. Our algorithm can compute a 2-cover of each length
or all shortest 2-covers in O(n logn log logn) time. The complexities show the expected
running time of the algorithms; they can be made worst-case at a cost of an additional
log logn/ log log logn factor. The space complexities of the algorithms are O(n). We assume
the standard word-RAM model of computation.

In the case of previously mentioned seeds and covers, the input text is generated by
concatenations and superpositions of a single string. However, in our problem, we need to
check if the text can be generated by two strings of equal length. This alone suggests that
the problem is computationally harder than its original counterpart. Intuitively, to find all
covers of a string we need to check only O(n) candidates, i.e. all prefixes. This is not the
case with 2-covers, because a text of length n can have up to Θ(n2) different non-trivial
2-covers. (A simple example T = ambambam of such a text was shown in [23].) The general
λ-cover problem was shown to be NP-hard by Cole et al. [17].

There are two types of 2-cover of a text T , as shown in Figure 1: a ps-cover (X,Y ) that
is composed of a prefix X and a suffix Y of T and a b-cover (X,Y ) in which one of the
strings, let us say X, is a border of T . (2-covers (X,Y ) in which X is actually a cover of T
are considered to be trivial and can be ignored.) Our main result consists of two algorithms,
one for each of the types.
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The first algorithm finds ps-covers. This is the easier type and for it, we propose an
O(n log logn) expected time algorithm. It iterates over all possible candidates (there are
O(n) of them) and maintains a set of gaps, that is, parts of the text that are not covered
yet. There, we exploit locality of changes in coverage between consecutive lengths by using a
predecessor data structure [5, 48]. Secondly, we efficiently express the dynamics of the gaps
by storing linear functions.

The remaining, harder algorithm, finds b-covers (X,Y ). In this case there are significantly
more candidates to consider (up to O(n2) [23]). For each length ` we use string periodicity
to compute a set of O(n/`) positions in T , called anchors, that implies all non-redundant
occurrences of any string Y in a b-cover of length `. This set is computed using Internal
Pattern Matching [40]. Finally our algorithm forms a set of constraints on Y based on
the anchors and finds all strings that satisfy these constraints in O(n log logn/`+ output)
expected time using predecessor queries.

Our algorithms easily generalize to the λ-covers problem, achieving O(nλ−1polylogn+
output) time.
I Remark 1. “String cover” is also used to describe a different notion that should not be
confused with the one studied in this work. Namely, a string cover C of a set of strings S is a
set of factors of strings from S such that every string in S can be written as a concatenation
of the strings in C; see [12, 15, 30, 46].

2 Preliminaries

By [i . . j] we denote the integer interval {i, . . . , j}; we use a round bracket if the interval
does not contain one of its ends. For a set S of integers and integer a, by S ⊕ a and S 	 a
we denote the sets {s+ a : s ∈ S} and {s− a : s ∈ S}, respectively, and by intervalsk(S)
we denote the set {[i . . i+ k) : i ∈ S}.

A string T is a sequence of letters from a given alphabet. The length of string T is
denoted by |T |. We assume that the positions in T are numbered 1 through |T |, with letter
at position i denoted as T [i]. By T [i . . j] we denote the string T [i] . . . T [j] that is called a
factor of T (the same notation is used for open intervals of positions). A factor T [i . . j] is
called a prefix if i = 1 and a suffix if j = |T |.

For a string X, by OccT (X) we denote the set of starting positions of occurrences of X
in T and by CovT (X) the set of positions that are covered by occurrences of X in T , i.e.,

CovT (X) =
⋃

intervals|X|(OccT (X)).

We omit the subscript T when it is clear from the context. We say that a set of strings S is
a λ-cover of length ` of T if the following conditions hold:
|S| = λ

|X| = ` for all X ∈ S⋃
X∈S Cov(X) = [1 . . |T |]

Periodicity of strings. We say that string S has period p (for p ∈ [1 . . |S|]) if S[i] = S[i+ p]
for all i ∈ [1 . . |S| − p].
I Fact 2 (Periodicity lemma; Fine and Wilf [24]). If string S has periods p and q such that
p+ q ≤ |S|, then it has a period gcd(p, q).

A string is called periodic if it has a period that is at most a half of its length and
aperiodic otherwise. Moreover, a string is called 4-periodic if it has a period that is at most a
quarter of its length.
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I Fact 3 (Folklore; see [2]). If S is periodic and S′ is a string of length |S| that differs from
S at exactly one position, then S′ is aperiodic.

In particular, if S is periodic with smallest period p and the letter c is different from
S[|S| − p+ 1], then Sc, i.e., S concatenated with c, is aperiodic.

String B is called a border of string S if B is a prefix and a suffix of S. String S has a
period p if and only if it has a border of length n− p. In particular, this implies the following.

I Observation 4. If string S is not periodic, then |OccT (S)| = O(|T |/|S|).

A string S is primitive if S = V k for a string V and positive integer k implies that k = 1.

I Fact 5 (Synchronization property; [19, Lemma 1.11]). A primitive string S has exactly two
occurrences in S2.

PREF table. The table PREF over a length-n string T stores, as PREF [i], the length of
the longest common prefix of T and T [i . . n]. Let PREFR[i] denote the length of the longest
common suffix of T and T [1 . . i]. Both arrays can be computed in O(n) time by a classical
comparison-based algorithm, as in the Main-Lorentz algorithm [42]; see also the book [22].

Longest Common Extension (LCE) queries. Assume that string T is over an integer
alphabet [1 . . nO(1)]. A longest common prefix (longest common suffix) query on T , given
indices i, j ∈ [1 . . n], returns the length of the longest common prefix of suffixes T [i . . n] and
T [j . . n] (the length of the longest common suffix of T [1 . . i] and T [1 . . j], respectively). Both
types of queries are often referred to as LCE queries. It is well-known that after O(n)-time
preprocessing, one can answer LCE queries for T in O(1) time using the suffix array [34] and
range minimum queries [11]. Moreover, we use the inverse suffix array that gives, for each
suffix, its position in the sorted list of suffixes.

Assume that T [i . . j] is periodic with smallest period p. A position j′ > j (i′ < i) is said
to break the periodicity of T [i . . j] if j′ = min{k > j : T [k] 6= T [k − p]} (i′ = max{k < i :
T [k] 6= T [k + p]}, respectively). We set i′ = 0 and j′ = n+ 1 if the respective position does
not exist. One can use LCE queries to compute the positions breaking periodicity of a given
factor T [i . . j], if they exist, in O(1) time.

Internal Pattern Matching (IPM) queries. Again assume that T is over an integer alphabet
[0 . . nO(1)]. The IPM problem requires one to preprocess a text T of length n so that one can
efficiently compute the occurrences of a factor of T in another factor of T . An O(n)-sized
data structure, with O(n) expected time construction, that answers IPM queries in O(1)
time when the ratio between the lengths of the two factors is at most 2 was presented in [40].
The set of occurrences is returned as a single arithmetic sequence. Moreover, if the sequence
contains at least three elements, then its difference equals the smallest period of the pattern
factor. A deterministic version of this data structure can be found in [35]. This data structure
can also be used to answer in O(1) time so-called two-period queries, in which we are asked
to find the smallest period of a given factor of T if this factor is periodic (an alternative data
structure was proposed in [8]).

Predecessor data structures. For a set of integers A, by pred(x,A) and succ(x,A) we denote
the predecessor and successor of x in A, that is, max{a ∈ A : a < x} and min{a ∈ A : a > x},
respectively. (We assume that max ∅ = −∞ and min ∅ =∞.) We use the following known
efficient dynamic predecessor data structures. A collection A ⊆ [1 . . n] can be maintained
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under insertions and deletions and can answer predecessor and successor queries in O(log logn)
expected time per operation using a y-fast trie [48] or in O(log2 logn/ log log logn) worst-
case time using an exponential search tree [5]. Below by τn we denote the time complexity
of an operation on a predecessor data structure. Moreover, we use Han’s deterministic
algorithm [29] to sort n numbers in O(n log logn) time.

3 Computing ps-covers

Let T be a string of length n. Let us start with a simpler but less efficient approach
for computing ps-covers. For each length ` we would like to check if there is a ps-cover
(X,Y ) of length ` of T . We aim at O(n/`) time complexity after linear-time preprocessing.
In the preprocessing phase we compute the data structures for LCE-queries [11, 34] and
IPM queries [35, 40] in T . If T has a ps-cover (X,Y ) of length `, then X = T [1 . . `] and
Y = T [n− `+ 1 . . n]. We apply IPM queries to compute the sets of occurrences Occ(X) and
Occ(Y ), represented as unions of O(n/`) of arithmetic sequences, in O(n/`) time. This lets
us compute the sets Cov(X) and Cov(Y ), represented as unions of O(n/`) maximal intervals,
sorted left-to-right. Then we need to check if Cov(X)∪Cov(Y ) = [1 . . n], which can be done
in linear time w.r.t. to the sizes of the representations of these sets by merging the sorted
lists of intervals. Thus we have shown the following result.

I Lemma 6. Let T be a string of length n over an integer alphabet. After O(n)-time and
space preprocessing, one can compute a ps-cover of T of a given length `, if it exists, in
O(n/`) time.

Let us note that Lemma 6 applied for all lengths ` = 1, . . . , n allows us to compute
all ps-covers in O(n logn) time. However, there is a more efficient approach that does not
involve the intricate technique of IPM queries and also works for strings over any alphabet.
We will use the lemma when computing λ-covers in Section 5.

Let P` be the prefix of length ` of T and S` be the suffix of length ` of T . For each
length ` there is only one candidate for a ps-cover, that is, (P`, S`). Furthermore, the set of
positions of the text T that are covered by Cov(P`) ∪Cov(S`) does not change much when `
is incremented.

The idea is to iterate over increasing values of ` and check whether occurrences of P` and
S` cover the entire text. We are going to maintain a set of gaps, that is, parts of the text
that are covered by occurrences of neither the prefix nor the suffix.

First, let us identify an occurrence of a prefix P` with the index of its leftmost character
and an occurrence of a suffix S` with the index of its rightmost character. In this way, when
the length ` is incremented, some occurrences persist and get their length increased by one
and other occurrences disappear. Specifically, occurrences of the prefix extend to the right
and, respectively, occurrences of the suffix extend to the left. As a result, some gaps shrink
or disappear and some other gaps are created. For an example, see Figure 2. Because of the
way how joint occurrences of the prefix and the suffix affect the sizes of gaps, we will refer to
these occurrences as the pressing factors.

We will iterate over subsequent ` = 1, . . . , n and observe the set of gaps. If for some `
the set of gaps is empty, then (P`, S`) is a ps-cover. We track the following data:

length `
the set B` of left endpoints of occurrences of P`
the set C` of right endpoints of occurrences of S`
a set of pairwise disjoint gaps and an expiration time (value of `) for each of them.
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Length `:
a b a a b a b a a a a b a a a a a a b
P`

P`

P` P`

S` S` S`

Length `+ 1:
a b a a b a b a a a a b a a a a a a b
P`+1 P`+1 P`+1

S`+1 S`+1

Figure 2 Illustration of gap dynamics. After incrementation of `, a gap b was created, a gap a
disappeared, and a gap aaa shrunk to a.

The sets will be maintained using predecessor data structures, which allow to perform
predecessor/successor queries in τn time. Using the aforementioned data, the outline of the
algorithm is as follows:

Algorithm 1 Outline of the algorithm for computing ps-covers.

pressing_factors :=Occurrences of P1 and S1 in T ;
gaps :=Gaps between pressing_factors;
for ` := 1 to n do

to_remove :=Expired pressing_factors;
Remove to_remove from pressing_factors;
foreach expired_factor in to_remove do

Recalculate elements of gaps around expired_factor;

An occurrence i ∈B` (i ∈C`) persists as long as ` ≤ PREF [i] (` ≤ PREFR[i], respectively).
Therefore, for ` = PREF [i] + 1 (` = PREFR[i] + 1), we consider that occurrence as expired.
In conclusion, the PREF arrays allow us to compute expiration times of every prefix and
suffix. This allows us to efficiently compute expired pressing factors in amortized O(1) time
by precomputing a list of factors to expire for each moment of time in O(n) time.

Now let us simulate gap dynamics. Incrementations of ` successively get a gap increasingly
covered (by occurrences of a prefix and/or suffix) until it expires completely. Assuming that
none of the relevant pressing factors disappears, a gap expiration depends on the closest
prefix occurrence to the left and the closest suffix occurrence to the right of the gap. If we
know that some position p belongs to a gap, we would like to know the following:

LB = max{a : a ∈ B`, a < p} and LC = max{a : a ∈ C`, a < p}
RB = min{b : b ∈ B`, b > p} and RC = min{b : b ∈ C`, b > p}.

Unfortunately, this is too much to maintain. One factor that expires might influence many
gaps. Let us analyze it further. Let us fix some prefix occurrence, i.e. pressing factor that
extends to the right. It might influence expiration time of many gaps to the right. On the
other, hand we can safely note this exclusively in the closest gap to the right. This is because
the pressing factor won’t reach other gaps before closing the immediate gap. When the gap
closes, we can propagate the information to neighbouring gaps. Therefore, in a gap we only
take into consideration pressing factors whose immediate neighbour is this gap and ignore
them otherwise. We can easily check for this and compute all these values in τn time. If the
gap initially covers the interval [i . . j], then it can expire in two ways:

it can close on one boundary by a single opposing pressing factor, so the gap will close no
later than ` = min(RC − i+ 1, j − LB + 1), or
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it can close in the middle of the gap, by both pressing factors simultaneously, at ` =
dRC−LB+1

2 e.

The endpoints of a gap at moment ` can be computed using the formulas:

i = max(LB + `, LC + 1) and j = min(RC − `, RB − 1).

When a gap is created or its neighbouring pressing factors are altered, we use these formulas
to recompute the gap boundaries. The predecessor data structure that stores gaps uses,
for each gap, its recently computed left boundary for comparison. It is sufficient since the
left-to-right order of gaps is never changed.

Thus we can recompute the expiration moment of a single gap given at least one position
belonging to the gap. The remaining issue is to know which gaps need to be updated. Note
that each expired factor can affect at most two existing neighbouring gaps and possibly
introduce a new one. We can find the neighbouring gaps via predecessor/successor queries.
Positions that were not covered will still not be covered after removing the expired factor, so
we can pick an arbitrary position from this gap and recalculate its boundaries.

Now, we need to check if some new gap was created in the boundaries of the expired
factor. In this case we have some intervals of length `, representing the set Cov(P`)∪Cov(S`),
and we would like to know if removing one interval creates a gap in coverage. Thanks to
the fact that all intervals are of the same length, if the expired factor is [i . . j], we only need
to find the last interval ending at most at j and the first interval starting at least at i. If
found intervals do not cover the entirety of [i . . j], we have at least one position of the gap
and we are able to calculate its boundaries. Otherwise, removing the factor did not change
the coverage, so no new gap was created. All of this can be performed using the predecessor
data structures in τn time.

In conclusion, the entire computation of ps-covers takes O(nτn) time and O(n) space.
We obtain the following result.

I Theorem 7. Let T be a string of length n over any alphabet that allows O(1)-time checking
of letter equality. One can compute a ps-cover of T of every possible length in O(nτn) time
and O(n) space.

4 Computing b-covers

Let T be a string of length n. Our goal in this section is, given a length `, to check if
there is a b-cover (X,Y ) of length ` of T . We aim at O(nτn/`) time complexity after
linear-time preprocessing. In the preprocessing phase we compute the data structures for
LCE-queries [11, 34] and IPM queries [35, 40] in T .

Let X = T [1 . . `]. We apply IPM queries to compute the set Occ(X), represented as
a union of O(n/`) of arithmetic sequences, and the set Cov(X), represented as a union of
O(n/`) maximal intervals, in O(n/`) time. If n − ` + 1 6∈ Occ(X), there is no b-cover of
length `, and if Cov(X) = [1 . . n], we skip this length since we have the trivial case of a
2-cover containing a cover. Henceforth we assume that X is a border of T whose occurrences
do not cover the whole string T .

Our goal is to find all strings Y for which (X,Y ) is a b-cover of T . We start by building
up some intuition. We have |Y | = `, so in order for Y to cover all positions from the set
Cov(Y ), it suffices to use O(n/`) occurrences of Y (instead of, potentially, Θ(n) occurrences).
Let PY be a set of starting positions of such a set of occurrences. We will compute t = O(1)
sets Γ1, . . . ,Γt, each of size O(n/`), that contain information about all (Y, PY ), for every Y
that can form a b-cover with X. In each set Γi we will select an element γi ∈ Γi and consider
only length-` factors Y starting at positions γi − a for a ∈ [0 . . `).
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X

Y

Z
γ

a b a b a b a a b a a b a b a a a b a a b a b

Figure 3 This string has a b-cover (X = abab, Y = abaa). The sets Cov(X) and Cov(Y ) are
shown in gray. We have Z = ba, Γ = OccT (Z), and γ is the position of the occurrence of Z that
ends at the first position that is not covered by Cov(X). The set PY of occurrences of Y that is
generated by (Γ, γ, 1) is shown. For the meaning of arrows, see Section 4.3.

In particular, for every such (Y, PY ) we would like to have PY ⊆ (Γi 	 a) and Y =
T [γi − a . . γi − a + `) for some i ∈ [1 . . t] and a ∈ [0 . . `). We then say that (Y, PY ) is
generated by (Γi, γi, a). Moreover, for each set Γi we will provide an interval Ji ⊆ [0 . . `)
such that for every Y that forms a b-cover with X, the factor Y is generated by (Γi, γi, a)
for just a constant number of a ∈ Ji. This will allow us to report each sought factor Y a
constant number of times and filter out repetitions in the end.

In the algorithm we first compute a constant number of factors Z1, . . . , Zt of T length
z = d`/2e such that if (X,Y ) is a b-cover, then Y contains at least one of Z1, . . . , Zt as a factor.
Let Z be a factor of Y such that a+1 ∈ OccY (Z). If i ∈ OccT (Z) and i−a ∈ OccT (Y ), then
we say that the occurrence i of Z a-anchors the occurrence i− a of Y and that the latter is
a-anchored at the former. If Zi is aperiodic, by Observation 4, we have |OccZi(T )| = O(n/`)
and |OccZi(Y )| = O(1) for any length-` string Y . In this case we will take Γi = OccZi(T )
and Ji = [0 . . `− z]. If Zi is periodic with period p, we will only be interested in factors Y
that are periodic with the same period. In this case we will take as Γi a sufficient subset of
OccZi(T ) and set Ji = [0 . . p). See Figure 3 for an example.

Formally, we reduce computing a b-cover of a given length to a constant number of
instances of the following problem.

Positioned Cover of Length `

Input: A factor Z of T , a set of positions Γ ⊆ OccT (Z), its element γ ∈ Γ, and an
interval J ⊆ [0 . . `).
Output: Report all a ∈ J such that CovT (X)∪ (

⋃
intervals`(PY )) = [1 . . n] for (Y, PY )

that is generated by (Γ, γ, a), with |Y | = `.

In Section 4.3 we show how to solve this problem efficiently if |Γ| = O(n/`). Clearly:

I Observation 8. If an instance of Positioned Cover of Length ` for any Γ, γ, J has a
solution (X,Y ) for some a ∈ J , then (X,Y ) is a b-cover of T .

Let i be the first position of T that is not covered by occurrences of X. Hence, i has to
be covered by the second string Y of the b-cover. Let us denote

z = d`/2e, Z1 = T [i− z + 1 . . i], Z2 = T [i . . i+ z).

I Observation 9. If (X,Y ) is a b-cover of length ` of T , then Z1 or Z2 is a factor of Y .
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Proof. Let T [j . . j + `) be an occurrence of Y that covers the position i. If j ≤ i − z + 1,
then it covers the factor Z1. Otherwise, j + `− 1 ≥ i+ z and j ≤ i, so it covers Z2. J

We will consider as Z each of the two factors Z1, Z2 and denote by iZ the starting position
of the occurrence of Z mentioned in the definition. We can ask a two-period query [8, 35, 40]
to check if Z is periodic and, if so, compute its smallest period.

I Observation 10. If Z is aperiodic, then Y is not 4-periodic. If Z is periodic, then either
Y is 4-periodic with the same period, or Y is not 4-periodic.

Proof. Assume that Z is aperiodic. If Y was 4-periodic with period p, i.e., 4p ≤ `, then p
would also be a period of its factor Z and 2p ≤ z, so Z would be periodic.

Assume now that Z is periodic. Let p be the smallest period of Z; we have 2p ≤ z.
Assume to the contrary that Y is 4-periodic with smallest period p′ such that p′ 6= p. We have
4p′ ≤ `, so 2p′ ≤ z. Then p′ is not a multiple of p, since otherwise p would have been a period
of Y . By the periodicity lemma (Fact 2), Z has period gcd(p, p′) < p, a contradiction. J

In the remainder of the reduction we consider two cases depending on if Y is 4-periodic.

4.1 Reduction for non-4-periodic Y
If Z is periodic, then we try two ways of substituting it with a string that is not periodic.

I Observation 11. Assume that Z is periodic with smallest period p, Y is not 4-periodic and
an occurrence T [i . . i+ `) of Y contains T [iZ . . iZ + z). Let i′ < j′ be the positions that break
the periodicity of T [iZ . . iZ + z). Then T [i . . i + `) contains at least one of the fragments
T [i′ . . i′ + z), T [j′ − z + 1 . . j′].

We denote the fragments in the conclusion of the observation by Z ′ and Z ′′, respectively.
Let us recall that if Z is periodic, the positions breaking the periodicity can be computed
using LCE queries. Hence, Z ′ and Z ′′ can be computed in O(1) time. By Fact 3, if Z ′ or
Z ′′ exists, it is aperiodic. If Z is periodic, we try replacing it by Z ′ or Z ′′ (and redefine the
occurrence iZ).

In total we obtain up to four aperiodic strings Z such that if Y is not 4-periodic,
its occurrence contains the occurrence T [iZ . . iZ + z) for at least one of them. We have
|Occ(Z)| = O(n/`) (Observation 4) and all the occurrences can be found in O(n/`) time
using IPM queries. The following lemma summarizes the above argument.

I Lemma 12. If T has a b-cover (X,Y ) of length ` with non-4-periodic Y , then (Y, PY ) is
generated by (Γ, γ, a) where Γ = Occ(Z), γ = iZ and a ∈ [0 . . `− z], for one of up to four
aperiodic strings Z. We have |Γ| = O(n/`) and Γ, γ can be computed in O(n/`) time.

4.2 Reduction for 4-periodic Y
By Observation 10, in this case Z is necessarily periodic with the same smallest period as Y .
If we used the same reduction as in Lemma 12, we could unfortunately have |Γ| = |Occ(Z)| =
Θ(n). We deal with this problem by choosing the first occurrence of Z in Y as an anchor
and selecting only some of the occurrences of Z in T to the set Γ that are sufficient for Y to
cover all positions in Cov(Y ); see Figure 4.

I Lemma 13. If T has a b-cover (X,Y ) of length ` with 4-periodic Y , then (Y, PY ) is
generated by (Γ, γ, a) where Γ ⊆ Occ(Z) and a ∈ [0 . . p), for one of up to two periodic strings
Z with smallest period p and one of up to two positions γ. We have |Γ| = O(n/`) and Γ, γ,
p can be computed in O(n/`) time.
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c b ba b a b a b a b a b a b a b a b a b a b a b

a b a b

a b a b

a b a b

a b a b

a b a b

a b a b

a b a b

a b a b

a b a b

a b a b

b a b a b a b a b a b a b a b a

b a b a b a b a

Figure 4 Z = abab (black rectangles), Y = babababa (blue rectangles); gray color shows Cov(Y ).
The occurrences of Y that are 1-anchored at marked occurrences of Z are shown and cover Cov(Y ).

Proof. Let p = per(Z). We apply IPM queries to compute the set Occ(Z), represented
as a union of O(n/`) arithmetic sequences with difference p. Let us further merge these
arithmetic sequences into maximal sequences with difference p, that we denote as S1, . . . , Sk.
We note that Z[1 . . p] is primitive, since otherwise Z would have a smaller period. By the
synchronization property (Fact 5) for Z[1 . . p], we can assume that max(Si) + p < min(Si+1)
for i = 2, . . . , k, so

∑k
i=1 |Si| = O(n/p). Initially let Γ = Occ(Z). We will show how to

prune Γ by leaving O(|Si|p/`) elements in each of the sequences Si. This will indeed give
|Γ| = O(n/`).

The set OccY (Z) is an arithmetic sequence with difference p and first element t ∈ [1 . . p).
Let m = |OccY (Z)|; we have 2 ≤ m ≤ `/p. An occurrence of Y in T implies a subsequence
of length m of consecutive elements in one of the sequences Si. Moreover, any arithmetic
sequence j, j + p, . . . , j + (m+ 1)p of m+ 2 occurrences of Z in T implies an occurrence of
Y in T at position j + p − t + 1. (Note that a difference-p arithmetic sequence of m + 1
occurrences of Z in T does not have to imply an occurrence of Y , e.g. if T = abababab,
Z = abab and Y = babababa.)

We can now construct the pruned set Γ′ as follows. Let us consider Si = {j, j + p, . . . , j +
(w − 1)p}. If w + 1 < m, then we can ignore Si. Otherwise we insert to Γ′:

the elements j and j + p;
all elements j +m · p · t ∈ Si for positive integer t;
the elements j + (w −m− 1)p and j + (w −m)p.

This way O(w/m) = O(|Si|p/`) elements are inserted to Γ′, so indeed |Γ′| = O(n/`).
Finally, let Sb be the arithmetic sequence that contains the position iZ . Then we have

two choices for γ: min(Sb) or min(Sb) + p. J

4.3 Solution to Positioned Cover problem
Let us recall the problem statement.

Positioned Cover of Length `

Input: A factor Z of T , a set of positions Γ ⊆ OccT (Z), its element γ ∈ Γ, and an
interval J ⊆ [0 . . `).
Output: Report all a ∈ J such that CovT (X)∪ (

⋃
intervals`(PY )) = [1 . . n] for (Y, PY )

that is generated by (Γ, γ, a), with |Y | = `.

I Lemma 14. After O(n) time and space preprocessing, assuming that |Γ| = O(n/`),
Positioned Cover of Length ` over an integer alphabet can be solved in O(nτn/`+output)
time and O(n/`) space.
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Proof. Let A = Cov(X), A′ = [1 . . n] \A, and A ⊆ [1 . . n]2 be the set of maximal intervals
of A. We have |A| ≤ n/` and A can be computed in O(n/`) time. Then the Positioned
Cover problem can be solved with the following Claim 15 for

S = {(i, lcs(T [1 . . i), T [1 . . γ)), lcp(T [i . . n], T [γ . . n])) : i ∈ Γ},

where lcp and lcs is the length of the longest common prefix and the longest common suffix,
respectively. Intuitively, if (i, x, y) ∈ S, then there is an occurrence of a length-` factor Y
a-anchored at i ∈ Occ(Z) if and only if a ≤ x and |Z| ≤ `−a ≤ y. See the arrows in Figure 3.

B Claim 15. In O(nτn/` + output) time and O(n/`) space one can report all a ∈ J such
that

A ∪
⋃

intervals`(S′a 	 a) = [1 . . n], (1)

where S′a = {i : (i, x, y) ∈ S, a ≤ x, `− a ≤ y}.

Proof. In the algorithm we store A in a predecessor data structure DA sorted by the left
endpoints of intervals. We will consider all a ∈ J in a decreasing order and store the current
set S′a in a predecessor data structure DS . However, we will only consider values of a for
which S′a 6= S′a+1. Let us note that (i, x, y) ∈ S contributes to i ∈ S′a for a ∈ [` − y . . x].
Hence, if this interval is non-empty, we will insert i to S′a for a = x and remove it for
a = `− y − 1. We have |S| = O(n/`), so all events of insertion and deletion to DS can be
precomputed and sorted in O(n log logn/`) time using Han’s algorithm [29].

Assume that DS is the data structure that stores S′a for all a in an interval J0 ⊆ J . Let
i ∈ DS and i′ = succ(i,DS). We can observe that:

If K = [i . . i′) \A is non-empty and (1) holds for some a ∈ J0, then K ⊆ [i− a . . i− a+
`) ∪ [i′ − a . . i′ − a+ `).

Hence, if [i . . i′) is to be covered by the left hand side of (1) for some a ∈ J0, we have the
following set C(i, i′) of constraints on a (see Figure 5 in the appendix):
(a) If i′ − i ≤ ` or [i . . i′) ⊆ A, no constraints are imposed. If there are at least two intervals

from A that are fully contained in [i . . i′), then there is no such a.
(b) Otherwise, if no interval in A is a subset of [i . . i′), then a ≥ i′ − j or `− a ≥ j′ − i+ 1,

where j = succ(i, A′) and j′ = pred(i′ − 1, A′).
(c) Otherwise, if there is an interval [u . . v] ∈ A such that [u . . v] ⊆ [i . . i′), then a ≥ i′−v−1

and `− a ≥ u− i.
The respective cases can be checked and C(i, i′) can be constructed in τn time using DA. A
similar set of conditions can be stated for the left hand side of (1) to contain all elements
of [1 . .minDS) and [maxDS . . n]; we denote the resulting constraints by C(0,minDS) and
C(maxDS , n+ 1), respectively, and insert 0 and n+ 1 to S′a.

Let us note that each of the constraints from the set C(i, i′) is a conjunction of at most
two constraints of the form a 6∈ I for some interval I. Indeed,

(a ≥ x) ∨ (a ≤ y)⇔ a 6∈ (y . . x), (a ≥ x) ∧ (a ≤ y)⇔ (a 6∈ [0 . . x)) ∧ (a 6∈ (y . . `)).

When i is inserted to DS , we remove the constraints C(i′, i′′) imposed by the pair i′ =
pred(i,DS) and i′′ = succ(i,DS) and insert the constraints C(i′, i) and C(i, i′′). For every
constraint a 6∈ I, we will retain the value a1 of a for which it is inserted and the value a2 for
which it is removed. If I ′ = [a1 . . a2), the constraint imposes a constraint a 6∈ (I ∩ I ′) on
values of a that satisfy (1).
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Overall we obtain O(n/`) constraints of the form a 6∈ I for (1) to hold. Our goal is to
report all a ∈ J that satisfy all the constraints, i.e., all a in the complement of the union of
the O(n/`) intervals from the constraints. This task can be completed by a classic 1d sweep
algorithm if the endpoints of intervals from the constraints are sorted [29].

The data structure DA takes O(nτn/`) time to construct since |A| = O(n/`) and admits
O(n/`) queries. The data structure DS admits O(n/`) operations. Additional sorting takes
O(nτn/`) time. Finally, all values of a for which (1) is satisfied are reported in O(output)
time. The complexity follows. C

This concludes the solution to Positioned Cover problem. J

A single string Y can be generated by (Γ, γ, a) with a ∈ J from Lemma 12 a constant
number of times because Z is aperiodic, and a constant number of times from Lemma 13
because of the synchronization property. By combining Lemma 14 with Observation 8 and
the reductions of Lemmas 12 and 13, we obtain the following result and its corollary.

I Lemma 16. Let T be a string of length n over an integer alphabet. After O(n)-time and
space preprocessing, one can report all b-covers of T of a given length `, each of them O(1)
times, in O(nτn/`+ output) time.

I Theorem 17. Let T be a string of length n over any ordered alphabet. All b-covers of T
can be computed in O(nτn logn+ output) time and O(n) space.

Proof. Let us sort and renumber letters in T so that they are in [1 . . n]. This takes O(n logn)
time. Then we apply Lemma 16 for every possible length ` of a b-cover. Apart from the
time to report the output, the complexity becomes

∑n
`=1O(nτn/`) = O(nτn logn).

Finally, we need to make sure that each b-cover is reported only once. We can use the
inverse suffix array to sort all factors Y of a given length in the lexicographic order. The
sorting is performed globally, across all lengths, using radix sort. We can then iterate over
length-` strings Y in the sorted order and remove duplicates using LCE-queries. J

5 Computation of 2-covers and λ-covers

We summarize the results of Theorems 7 and 17 and use efficient predecessor data structures [5,
48] to obtain the following result.

I Theorem 18. Let T be a string of length n over any ordered alphabet. All 2-covers of T can
be computed in O(n logn log logn+output) expected time or O(n logn log2 logn/ log log logn+
output) worst-case time and O(n) space.

Let us recall that there are up to n ps-covers. Moreover, the algorithm behind Lemma 16
allows one to generate as many b-covers of a given length as one requires. This shows that
indeed one can compute a 2-cover of each possible length or all the shortest 2-covers in
O(nτn logn) time.

Theorem 19 extends Theorem 18 to λ-covers for any λ ≥ 2. As in the case of 2-covers, we
are only interested in computing λ-covers of lengths for which T does not have a (λ−1)-cover.

I Theorem 19. Let T be a string of length n over any ordered alphabet. For any λ ≥
2, all λ-covers of T can be computed in O(nλ−1 logn log logn + output) expected time or
O(nλ−1 logn log2 logn/ log log logn+ output) worst-case time and O(n) space.

42



J. Radoszewski and J. Straszyński 77:13

Proof. It suffices to give a proof for λ ≥ 3. Similarly as in the case of 2-covers, we classify
λ-covers S = (X1, . . . , Xλ) into ps-λ-covers, for which X1 is a prefix and X2 is a suffix of T ,
and b-λ-covers, for which X1 is a border of T . (Formally, in order to compute all λ-covers, in
case of ps-λ-covers in the end we need to generate all tuples where the prefix and suffix of T
are not the first two respective elements of the tuple, and similarly for b-λ-covers.) The two
cases are handled similarly as ps-covers and b-covers, respectively. The number of ps-λ-covers
is upper bounded by nλ−1, whereas the number of b-λ-covers can be Θ(nλ); see [23].

Let us show how to compute all ps-λ-covers of a given length ` ∈ [1 . . n]. First we use
IPM queries to compute Cov(X1) ∪ Cov(X2), represented as a union of O(n/`) maximal
intervals, as in Lemma 6. We LCE-queries on suffixes of the suffix array of T to partition
positions of T into classes C1, . . . , Cm such that positions i, j belong to the same class if and
only if T [i . . i + `) = T [j . . j + `). This could be also done in O(n logn) total time using
Crochemore’s partitioning [18]. For each of the

(
m
λ−2
)
choices of λ− 2 classes Ci1 , . . . , Ciλ−2 ,

if none of them corresponds to X1 or X2, we compute their union B. The sets B are
computed simultaneously for several choices containing Θ(n) elements in total using radix
sort in order to achieve O(|Ci1 |+ · · ·+ |Ciλ−2 |) amortized time per choice. Within the same
time complexity we can compute the set

⋃
intervals`(B) represented as a union of maximal

intervals. Finally, we merge this set with Cov(X1) ∪ Cov(X2) and check if their union is
[1 . . n]. The time complexity for a given choice of classes is O(|Ci1 |+ · · ·+ |Ciλ−2 |+ n/`).

Over all choices, the running time is proportional to

∑

1≤i1≤...≤iλ−2≤m

(
|Ci1 |+ · · ·+ |Ciλ−2 |+

n

`

)
=
(
m− 1
λ− 3

) m∑

i=1
|Ci|+

(
m

λ− 2

)
n

`
≤ 2nλ−1

`
. (2)

The total cost of computing all classes Ci, over all ` ∈ [1 . . n], is O(n2) (or O(n logn)), and
the other preprocessing (LCE and IPM) takes O(n) time. Thus the overall cost of computing
all ps-λ-covers is O(nλ−1 logn).

Computation of b-λ-covers is a similar adjustment to the computation of b-covers of a
given length. Recall that X1 is a length-` border of T . We iterate over all

(
m
λ−2
)
choices

of λ − 2 classes Ci1 , . . . , Ciλ−2 which corresponds to selecting factors X2, . . . , Xλ−1 from
the b-λ-cover. A selection for which Xi = X1 for some i > 1 is discarded. The set
C := Cov(X1) ∪ · · · ∪ Cov(Xλ−1) can be expressed as a union of O(n/`) maximal intervals
in O(|Ci1 |+ · · ·+ |Ciλ−2 |+ n/`) time, which is O(nλ−1/`) overall by (2).

In order to compute Xλ, we we make a reduction to a generalization of Positioned
Cover of Length ` in which we take C instead of CovT (X). The factors Z1 and Z2 are
computed as in Observation 9, by setting i to the first position in T that is not covered by C.
This allows us to compute Z depending on if Xλ is 4-periodic, as in Sections 4.1 and 4.2,
in O(1) time. The solution of the general Positioned Cover of Length ` is the same
as the one given in Lemma 14, but using C instead of CovT (X). The time complexity of
the solution is O(nτn/`) plus the time needed to output b-λ-covers. These steps need to be
performed for each of the

(
m
λ−2
)
≤ nλ−2 choices of classes, which gives O(nλ−1τn/`) for the

given length `, and O(nλ−1τn logn) in total (plus output).
The complexity follows by summing the complexities of computing ps-λ-covers and

b-λ-covers and using efficient predecessor data structures [5, 48]. J
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6 Conclusions and open problems

We presented quasi-linear time algorithms (plus the time to report the output) for computing
2-covers of a string. One could ask if a shortest 2-cover can be computed in linear time.
A further problem is to check if the general λ-cover problem parameterized by λ is fixed-
parameter tractable.

One could also consider alternative definitions of 2-covers (and λ-covers) in which the
factors that are to cover the text need not to be of the same length. Efficient computation of
such covers seems to be an interesting open problem. In particular, under this alternative
definition, there can be Θ(n4) candidates for a 2-cover (every pair of factors).
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A Supplementary Figure
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Figure 5 Sets of constraints C(i, i′) generated depending on the interactions with intervals
I, I ′ ∈ A. The respective rows correspond to items (a)–(c).
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A factor C of a string S is called a cover of S , if each position of S is contained in an 
occurrence of C . Breslauer (1992) [3] proposed a well-known O(n)-time algorithm that 
computes the shortest cover of every prefix of a string of length n. We show an O(n logn)-
time and O(n)-space algorithm that computes the shortest cover of every cyclic shift of 
a string of length n and an O(n)-time algorithm that computes the shortest among these 
covers. We also provide a combinatorial characterization of shortest covers of cyclic shifts 
of Fibonacci strings that leads to efficient algorithms for computing these covers.
We further consider the bound on the number of different lengths of shortest covers of 
cyclic shifts of the same string of length n. We show that this number is �(logn) for 
Fibonacci strings.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

We consider strings as finite sequences of letters drawn from an alphabet � = [0, nO(1)], often referred to as an integer 
alphabet [1]. The notion of periodicity in strings and its many variants have been well-studied in many fields like combi-
natorics on words, pattern matching, data compression, automata theory, formal language theory, and molecular biology. 
A typical regularity, the period U of a given string S , grasps the repetitiveness of S since S is a prefix of a string constructed 
by concatenations of U . If S = AW B , for some, possibly empty, strings A, W , B , then W is called a factor of S and, respec-
tively, S is a superstring of W . A factor C of S is called a cover of S , if each position of S is contained in an occurrence 
of C . A factor C of S is called a seed of S , if there exists a superstring of S which is constructed by concatenations and 
superpositions of C . In other words, C is a seed of S if S is covered by occurrences and left and right overhangs of C . For 
example, abc is a period of abcabcabca, abca is a cover of abcabcaabca, and abca is a seed of bcabcaabc. The notions “cover” 
and “seed” are generalizations of periods in the sense that superpositions as well as concatenations are considered to define 
them, whereas only concatenations are considered for periods.

In computation of covers, two problems have been considered in the literature. The shortest-cover problem (also known 
as the superprimitivity test) is that of computing the shortest cover of a given string of length n, and the all-covers problem 
is that of computing all the covers of a given string. Apostolico et al. [2] introduced the notion of covers and gave a linear-
time algorithm for the shortest-cover problem. Breslauer [3] proposed an on-line algorithm for computing the shortest 
cover that works in linear time. In particular, his algorithm computes the shortest cover of every prefix of a string. The 
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a

ba

b

circular string

a b a b

a b a b

b a b a

b a b a

cyclic shifts

Fig. 1. The string aba is a cover of the string S = abab treated as a single circular string, but is not a cover of any of cyclic shifts of S .

other direction was taken by Moore and Smyth [4,5] and by Li and Smyth [6] who computed all the covers of a string and a 
representation of all the covers of all prefixes of a string, respectively. A circular string S ′ corresponding to a given string S
is formed by concatenating the first letter of S to the right of its last letter. Covers of circular strings were also considered. 
It is implicit in [7] that covers of a circular string S are exactly seeds of S2. Covers and seeds of Fibonacci strings were 
studied in [8], whereas covers of circular Fibonacci strings were considered in [9].

All the seeds of a string of length n can be represented in O(n) space as a collection of a linear number of disjoint paths 
in the suffix trees of the string and of its reversal. This representation can be computed in O(n log n) time [7] and even in 
O(n)-time [10]. Recently it was also shown in [11] that all the seeds can also be represented as a linear number of disjoint 
paths in just the suffix tree of the string. This implies the following fact:

Lemma 1. The problem of computing the shortest cover of a circular string can be solved in linear time.

We say that a string Y is a cyclic shift of a string X if X = AB and Y = B A for some strings A and B; in this case we 
also write Y = rot|A|(X). It seems that the problem of computing shortest covers of all cyclic shifts of a string is harder 
than that of computing the shortest cover of a circular string. A straightforward application of any of the aforementioned 
algorithms for computing covers of a string yields an O(n2)-time solution to the problem. One should note that covers of 
circular strings are a different notion than that of covers of cyclic shifts of a string; see Fig. 1.

The shortest covers of cyclic shifts of a string can behave rather irregularly. For example, the length of the shortest cover 
of S = abaabababababababa equals 3, whereas the shortest cover of rot1(S) has length 18.

We consider the following problem.

Shortest Covers of All Cyclic Shifts of a String

Input: A string S of length n.

Output: The lengths of the shortest covers of all cyclic shifts of S .

Let S be a string of length n and ShCov(S) denote the shortest cover of S . We introduce an array CCS of length n such 
that CCS [i] = |ShCov(roti(S))|. Our main result is computing this array. We also denote

CCSet(S) = {CCS [i] : i = 0, . . . ,n − 1}.

Example 1. For the Fibonacci strings S1 = abaab, S2 = abaababaabaab we have:

CCS1 = [5,5,5,3,5], CCS2 = [5,5,13,3, . . .]
CCSet(S1) = {3,5}, CCSet(S2) = {3,5,8,13}.

Our results. We show that the whole array CCS and mini CCS [i] for a string S of length n can be computed in O(n log n)

time and O(n) time, respectively, and O(n) space. For this we use a characterization of covers of cyclic shifts of a string by 
seeds and squares, i.e., strings of the form W 2, and the suffix tree data structure.

We give a simple recursive formula for computing CCS for a Fibonacci string S . It implies a linear-time algorithm for 
computing this array as a whole and can be used to devise time and space efficient algorithms for computing subsequent 
elements of this array. We also show that for the family of Fibonacci strings we have |CCSet(S)| = �(log |S|).

Structure of the paper. In Section 2 we recall basic definitions and illustrate them by showing a linear-time algorithm that 
solves a similar problem to the one in scope, that is, computing the shortest periods of all cyclic shifts of a string. Then in 
Section 3 we present characterizations of shortest covers of cyclic shifts of a string, which lead us to the main algorithmic 
results in Section 4. Shortest covers of cyclic shifts of Fibonacci strings are studied in Section 5. We conclude and mention 
some open problems in Section 6.
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Fig. 2. The string S = ababaabaa has the following seeds: aba, abaab, baaba, abaaba, ababaaba, babaabaa, ababaabaa. They can be represented on the 
(uncompressed) suffix tree of S as shown in the figure. Each seed is a path from root to marked node. In some cases, e.g. abaab, abaaba, multiple seeds are 
represented on a single path.

This is a full version of the paper [12]. In particular, compared to the conference version, it contains a much more precise 
characterization of shortest covers of cyclic shifts of Fibonacci strings.

2. Preliminaries

We assume that positions of a string S are numbered 0 through |S| − 1, S = S[0] . . . S[|S| − 1]. By S[i . . j] we denote 
a factor of S equal to S[i] . . . S[ j]. A factor is called a prefix of i = 0 and a suffix if j = |S| − 1. A factor that occurs both 
as a prefix and as a suffix of S is called a border of S . A positive integer p is a period of S if S[i] = S[i + p] for all 
i = 0, . . . , |S| − p − 1.

2.1. Suffix trees

Recall that a suffix tree of a string S is a compact tree of all the suffixes of S#, where # is a special end marker. The 
root, branching nodes (i.e., nodes with more than one child), and leaves of the tree are explicit. All the remaining nodes are 
implicit in the tree. Each leaf is labeled with the starting position of the corresponding suffix. Every factor of S is represented 
as an explicit or implicit node of the tree. A suffix tree of a string of length n over an integer alphabet can be constructed 
in O(n) time [1].

Observation 1. Let S be a string of length n. After O(n)-time preprocessing, all the occurrences of a factor of S , represented 
as a node in the suffix tree of S , can be reported in linear time w.r.t. the number of these occurrences.

Proof. It suffices to store a list L of leaves of the suffix tree in a left-to-right order. Then for every explicit node v of the tree, 
we precompute the endpoints of the sublist of L that corresponds to the occurrences of the string v . This precomputation 
is done bottom-up in O(n) time. �

We also use the following lemma.

Lemma 2 ([11]). Given a collection of factors U1, . . . , Uk of a string S of length n, each represented by an occurrence in S, in O(n + k)

time we can compute the implicit or explicit node in the suffix tree of S that corresponds to each factor Ui . Moreover, all these nodes 
can be made explicit in O(n + k) time.

The set (possibly of a quadratic size) of all seeds of a string can be represented as a collection of linearly many disjoint 
paths in the suffix tree [11]. It can be assumed that each path belongs to a single edge of the suffix tree. The endpoints of 
the paths can be implicit nodes. For an example, see Fig. 2.

2.2. Runs and squares

A string X is called primitive if X = Y k for positive integer k implies that k = 1. A string of the form Z 2 is called a square; 
it is called primitively rooted if Z is primitive.
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Fig. 3. Primitive squares can be derived from runs, knowing the shortest periods of runs. The leftmost square (abcd)2 has its center at interposition 4.

i roti(S) min. period

0 abababa 2
1 bababaa 7
2 ababaab 5
3 babaaba 5
4 abaabab 5
5 baababa 5
6 aababab 7

Fig. 4. Smallest periods of all cyclic shifts of string S = abababa.

A run (also called a maximal repetition) in a string S is a triple (a, b, p) such that S[a . .b] has period p, 2p ≤ b − a + 1
and the interval [a, b] cannot be extended to the left nor to the right without violating the above property, that is, S[a −1] �=
S[a + p −1] and S[b − p +1] �= S[b +1], provided that the respective positions exist. The exponent of a run (a, b, p) is defined 
as b−a+1

p . A string of length n has O(n) runs and they can all be computed in O(n) time [13,14].
From a run (a, b, p) we can produce all triples (a, b, kp) for integer k ≥ 1 such that 2kp ≤ b − a + 1; we call such triples 

generalized runs. That is, the period of a generalized run need not be the shortest period. The number of generalized runs is 
also O(n) as the sum of exponents of runs is O(n) [13,14].

We say that a square factor S[i . . i +2� −1] in S is induced by a generalized run (a, b, p) if � = p and [i, i +2� −1] ⊆ [a, b]. 
A square factor is induced by exactly one generalized run and a primitively rooted square factor is induced by exactly one 
run [15]; see also Fig. 3.

An interposition i in S , for i = 1, . . . , |S| − 1, is a delimiter between positions i and i − 1. Moreover, interposition 0 
precedes the first letter of S and interposition |S| follows the last letter. Thus a string S has |S| + 1 interpositions. We use 
interpositions to describe centers of square factors; see Fig. 3.

As an illustration of these notions, we show below that smallest periods of all cyclic shifts of a string can be computed 
in O(n) time. See also Fig. 4.

Smallest Periods of All Cyclic Shifts of a String

Input: A string S of length n.

Output: The lengths of the smallest periods of all cyclic shifts of S .

Proposition 1. Smallest periods of all cyclic shifts of a string of length n can be computed in O(n) time.

Proof. Let S be a string of length n. We will show how to compute the smallest periods of strings of the form roti(S)

from the longest squares in the string W = S3. Let f W ,k(i) be the half length of the longest square with the center at the 
interposition i in W and half length smaller than k:

f W ,k(i) = max{ j ∈ [0,k − 1] : W [i − j . . i − 1] = W [i . . i + j − 1]}.
We can observe that f W ,n(n + i) is the longest border of roti(S) (see Fig. 5), so the smallest period of roti(S) is n − f W ,n(n +
i).

In [15] it was shown how to compute the shortest square centered at each interposition of a string in linear time from 
the runs in the string. The solution used a min-variant of a so-called Manhattan Skyline Problem. The array f W ,n can be 
computed using a max-variant of the problem, stated formally below.

Max-Variant of Manhattan Skyline Problem

Input: A set I of O(n) subintervals of [0, 3n] with natural heights of size O(n)

Output: The table f [t] = max{height([i, j]) : t ∈ [i, j], [i, j] ∈ I}, t ∈ [0, 3n].

The solution to the problem is obtained in the same way as it was shown in [15] for the min-variant.

Claim 1 (See [15, Lemma 16]). The Max-Variant of the Manhattan Skyline Problem can be solved in linear time.
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Fig. 5. Relation between f W ,n(n + i) and the smallest period of roti(S).

Fig. 6. Illustration of Example 2.

In our case subintervals correspond to generalized runs in S , since each generalized run (a, b, p) induces squares of half 
length p with centers at interpositions {a + p, . . . , b − p + 1}. �

Remark 1. In the above proof, taking W = S3 (and not, say, W = S2) is necessary when f W ,n(n + i) is almost n.

3. Covers of cyclic shifts

We denote by 1
2 -Squares(S) (square halves) the set of factors Z of S such that the square Z 2 is also a factor of S and by 

1
2 -PSquares(S) the subset of 1

2 -Squares(S) that consists only of primitive strings. We further denote by Seeds(S) the set of 
factors which are seeds of S . We use these sets for the string S3 in order to characterize covers of all cyclic shifts of S .

Lemma 3. Let S be a string of length n and C be a string of length up to n. Then C is a cover of roti(S) if and only if C ∈ Seeds(S3) ∩
1
2 -Squares(S3) and C2 occurs with its center at interposition j ≡ i (mod n) in S3 .

Moreover, if C is the shortest cover of roti(S), then C ∈ Seeds(S3) ∩ 1
2 -PSquares(S3).

Proof.

(⇒) String C is a cover of (roti(S))4, and thus a seed of its factor S3. Moreover, S3[ j − |C | . . j + |C | − 1], that is, the factor 
of S3 of length 2|C | with center at interposition j, is equal to C2 for j = i + n.

(⇐) The square C2 occurs in S3 with its center at interposition j ≡ i (mod n). Thus C is a border of rot j(S) = roti(S) as 
|C | < n. C is also a seed of roti(S) which is a factor of S3, hence it is a cover of roti(S).

As for the “moreover” part, it suffices to note that the shortest cover of a string is obviously primitive. �

Example 2. In the above lemma, one could not take S2 instead of S3. Indeed, for S = abaaaaba we have that rot4(S) =
aabaabaa has the shortest cover aabaa, but S2 = abaaaabaabaaaaba does not contain the square (aabaa)2; see Fig. 6.

Let T (S3) be the suffix tree of S3 in which we distinguish the nodes v corresponding to strings Z 2 for Z ∈ Seeds(S3) ∩
1
2 -PSquares(S3). These nodes are called candidate nodes. Some of these nodes could be implicit nodes in the suffix tree. Then 
they are made explicit. Denote by CandAnc(v) the set of ancestor nodes of v in T (S3) which are candidate nodes. Let |v| be 
the length of the string corresponding to the node v .

We can reformulate Lemma 3 as follows; see also Fig. 7.

Lemma 4. CCS [i], i.e., the length of the shortest cover of roti(S), equals

min
j,v

{k : k = |v|/2, i = ( j + k) mod n, j ∈ Leaves(T (S3)), v ∈ CandAnc( j)}.

Clearly if C is a cover of roti(S), then C is a cover of S treated as a circular string. As we have already noted in Fig. 1, 
the converse is not necessarily true. However, we show that every shortest cover of the circular string S is a cover of the 
corresponding cyclic shift of S .

Lemma 5. A shortest cover of a circular string is always a (shortest) cover of some cyclic shift.
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Fig. 7. Illustration of Lemma 4. The situation when CCS [i] = k. We have that i = ( j + k) mod n and Z 2 is a primitively rooted square of length 2k; it 
corresponds to the node v which is possibly inside an edge of the suffix tree.

Proof. We need the following claim.

Claim 2 (See [7]). String C is a cover of S considered as a circular string iff it is a seed of S2, hence also iff it is a seed of S3.

Let C be a cover of a circular string S , such that C2 does not occur in it. Consider the last position covered by any 
occurrence of C in the string.

The position must be also covered by another occurrence of C (the next position must be covered and cannot be the 
first position of some C ). Thus by erasing the last position of C we obtain a shorter cover. Hence if C is a shortest cover 
then C2 must appear in the circular string S .

By Lemma 3, C is a cover of some cyclic shift of S . �

By computing the shortest cover of the circular string S using Lemma 1 we obtain the following preliminary result.

Corollary 1. For a string S of length n, min CCS can be computed in O(n) time.

4. Main algorithm

First we have to show how to compute efficiently the tree T (S3). We denote by OccPSquares(S) the set of all occurrences 
of primitively rooted squares in S . Each occurrence is represented in O(1) space as a factor of S . A direct consequence of 
the Three-square-prefix Lemma, see [16], is that a string of length n has no more than log n prefixes that are primitively 
rooted squares.

Lemma 6 ([16]). For a string S of length n, |OccPSquares(S)| = O(n log n).

Lemma 7. For a string S of length n, | 1
2 -PSquares(S)| = O(n) and this set can be computed in O(n) time.

Proof. Let us start with efficient computation of squares.

Claim 3 ([17,15,18–20]). For a string S of length n, we have | 1
2 -Squares(S)| = O(n) and this set can be computed in O(n) time.

By the claim, | 1
2 -PSquares(S)| = O(n) since 1

2 -PSquares(S) ⊆ 1
2 -Squares(S).

The set 1
2 -PSquares(S) can be computed by filtering out the factors from 1

2 -Squares(S) that are not primitive. This can be 
done in O(1) time per factor after O(n)-space and time preprocessing using so-called Two-Period queries [14,21]. A more 
direct approach would be to (effortlessly) adapt the algorithm for computing different square factors from [15] using rela-
tions between primitive squares and runs (maximal repetitions); see Fig. 3. �

Lemma 8. The tree T (S3) can be computed in O(n) time.

Proof. We use a version of a minimal augmented suffix tree (MAST, in short), a data structure that was initially introduced 
in [22].

Let us recall that Lemma 2 can be used to augment the suffix tree of S3 with nodes that correspond to a set of factors 
of S3. We first apply the lemma to the collection of factors 1

2 -PSquares(S3), which can be efficiently computed due to the 
previous lemma.
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Then we compute a representation of all the seeds of S3 in the suffix tree using the algorithm from [11]. The represen-
tation consists of a collection of disjoint paths, each located on a single edge in the suffix tree; see Fig. 2. The endpoints of 
the paths that are implicit nodes can also be made explicit using Lemma 2.

For every node v corresponding to an element in 1
2 -PSquares(S3), we check if it is located on some path that belongs to 

the representation of Seeds(S3). Finally, we again use Lemma 2 for the original suffix tree of S3 and set of factors Z 2 that 
correspond to all such elements Z ∈ 1

2 -PSquares(S3) ∩ Seeds(S3) to augment the suffix tree with the set of candidate nodes. 
This completes the proof. �

The number of integers equal to ( j +k) mod n is constant, hence we can forget about computing modulo n and for each 
0 ≤ i < 3n we are to compute:

min
j,v

{k : k = |v|/2, i = j + k, j ∈ Leaves(T (S3)), v ∈ CandAnc( j)}. (1)

Algorithm 1: ComputeCC.

Initialize each entry of CC to +∞
Compute T (S3)

foreach candidate node v in T (S3) do
foreach occurrence S3[ j . . j + |v| − 1] of v in S3 do

i := ( j + |v|/2) mod n
CC[i] := min (CC[i], |v|/2)

return CC

Theorem 1. The algorithm ComputeCC computes the lengths of shortest covers for all cyclic shifts of a string in O(n logn) time and 
O(n) space.

Proof. In the third paragraph we simply implement (1). This proves correctness. It is possible to iterate over the occurrences 
of v in O(n) space using Observation 1. The required complexity follows from Lemmas 6 and 8. �

5. Shortest covers of cyclic shifts of Fibonacci strings

Recall that the Fibonacci strings are defined as Fib0 = b, Fib1 = a, Fibk = Fibk−1Fibk−2 for k ≥ 2. In other words, Fibk =
φk(Fib0), where φ is a morphism

φ(a) = ab, φ(b) = a.

Hence

Fib2 = ab, Fib3 = aba, Fib4 = abaab, Fib5 = abaababa, . . . .

We denote Fk = |Fibk|, the k-th Fibonacci number. In this section we give a precise characterization of CC and CCSet of 
Fibonacci strings. We further denote CFn = CCFibn . See Fig. 8 for an example.

Let lcp(U , V ) denote the length of the longest common prefix of strings U and V . We use the following known properties 
of Fibonacci strings.

Observation 2. lcp(Fibn, Fibn−2Fibn−1) = Fn − 2.

Fact 1 ([23,24]). For every non-empty factor U 2 of Fibk , U is a cyclic shift of Fibm for some m.

The following lemma bounds CCSet(Fibn). Later we will show that actually CCSet(Fibn) = {F3, . . . , Fn}.

Lemma 9. CCSet(Fibn) ⊆ {F1, . . . , Fn}.

Proof. By Lemma 3, every element of the set CCSet(Fibn) is a square half of length at most Fn in Fib3
n . By Fact 1, the lengths 

of square halves in a Fibonacci string are Fibonacci numbers. It suffices to note that, for n ≥ 3, Fib3
n is a factor of Fibn+5 since

Fib8 = abaababaabaababaababaabaababaabaab

contains a cube Fib3
3 (underlined). �

Let us recall that there is a connection between covers of roti(Fibn) and seeds of Fib3
n (Lemma 3). The following lemma 

gives a combinatorial characterization of the latter.
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Fib2 = ab

i cyclic shift shortest cover CF[i]
0 ab ab 2

1 ba ba 2

Fib3 = aba

0 aba aba 3

1 baa baa 3

2 aab aab 3

Fib4 = abaab

0 abaab abaab 5

1 baaba baaba 5

2 aabab aabab 5

3 ababa aba 3

4 babaa babaa 5

Fib5 = abaababa

i cyclic shift shortest cover CF5[i]
0 abaababa aba 3

1 baababaa baababaa 8

2 aababaab aababaab 8

3 ababaaba aba 3

4 babaabaa babaabaa 8

5 abaabaab abaab 5

6 baabaaba baaba 5

7 aabaabab aabaabab 8

Fib6 = abaababaabaab

i Fibonacci representation of i + 1 cyclic shift shortest cover CF6[i]
0 000001 abaababaabaab abaab 5

1 000010 baababaabaaba baaba 5

2 000100 aababaabaabab aababaabaabab 13

3 000101 ababaabaababa aba 3

4 001000 babaabaababaa babaabaababaa 13

5 001001 abaabaababaab abaab 5

6 001010 baabaababaaba baaba 5

7 010000 aabaababaabab aabaababaabab 13

8 010001 abaababaababa aba 3

9 010010 baababaababaa baababaa 8

10 010100 aababaababaab aababaab 8

11 010101 ababaababaaba aba 3

12 100000 babaababaabaa babaababaabaa 13

Fig. 8. Shortest covers of cyclic shifts of Fibonacci strings.

Lemma 10. Let n ≥ 2.

(a) If S is a seed of Fib3
n and |S| ≤ Fn−1 , then S is a seed of Fib3

n+1 .

(b) rotk(Fibn) is a seed of Fib3
n+1 for 0 ≤ k ≤ Fn−1 − 2.

Proof. (a) We will show that S is a cover of a factor U of Fib2
n+1 of length at least Fn+1. This is sufficient to prove that S is 

a seed of Fib3
n+1.

By Observation 2, we have that lcp(Fib3
n, Fib2

n+1) = Fn+2 − 2; see Fig. 9. Let X be the set of occurrences of S in Fib3
n

that start at the first 2Fn positions. Those occurrences cover the string U = Fib3
n[min(X) . . max(X) + |S| − 1]. Let us note 

that the first occurrence of S in the third Fibn is at position 2Fn + min(X) (possibly it is an overhang), so the position 
2Fn + min(X) − 1 must be covered by the occurrence at position max(X). Therefore

max(X) ≥ 2Fn + min(X) − |S|, hence |U | = max(X) + |S| − min(X) ≥ 2Fn > Fn+1. (2)
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Fibn Fibn−1 Fibn−2

Fibn

Fibn−1 Fibn−2

Fibn

S

S S

U

lcp

Fibn+1 Fibn Fibn−1

Fibn+1

Fig. 9. lcp(Fib3
n, Fib2

n+1) = Fn+2 − 2. Factor U and the first occurrence of S in Fib3
n outside its prefix Fib2

n are shown.

If max(X) + |S| − 1 < Fn+2 − 2, then U is a factor of Fib2
n+1, which concludes the proof. Otherwise |S| = Fn−1 and 

max(X) = 2Fn − 1; in this case it can be readily verified that S is not a seed of Fib3
n .

(b) The string S = rotk(Fibn) occurs at positions k and Fn + k in Fib3
n , covering a factor of length 2Fn > Fn+1. It ends at 

position 2Fn + k − 1 < Fn+2 − 2, so it occurs also in Fib2
n+1. Hence, S is a seed of Fib3

n+1. �

Example 3. The upper bound on k in Lemma 10(b) is tight. E.g., Fib3 = aba is a seed of Fib3
3 and of Fib3

4 = abaababaababaab, 
whereas rot1(Fib3) = baa is a seed of Fib3

3 but not of Fib3
4.

For a sequence of numbers X let us denote by X+ the sequence X with elements Fn changed to Fn+1.

Theorem 2. For n ≥ 4 we have:

(a) CFn+1 = C+B+C+ AB+, where CFn = ABC, |B| = Fn−3, |A| = |C | = Fn−2 .
(b) Let Sn denote the prefix of CFn of length Fn−1 − 1. Then

CFn = Sn−2 Fn Sn−3 Fn Sn−2 Fn Sn−1 Fn.

Proof. (a) The proof goes by induction. Two additional conditions are included in the statement:

• A and B do not contain Fn−1 (this immediately follows from the fact that they are constructed from blocks with a +);
• Fn occurs in CFn only four times, at positions Fn−3 − 1, Fn−2 − 1, Fn−1 − 1, Fn − 1 (that is, at ends of blocks A, B, C and 

once in the middle of the block A).

We use the following crucial observation that immediately follows from the characterization of covers of cyclic shifts 
(Lemma 3) and Lemma 10(a).

Observation 3. If x = CFn[i] with x �= Fn and a string of length 2x with its center at interposition i in Fibn (seen as a circular 
string) is the same as a string of length 2x with its center at interposition j in Fibn+1 (also circular), then CFn+1[ j] = x.

Let us factorize strings Fibn and Fibn+1 into named blocks, as shown in Fig. 10. We see that:

• Y1 has the same surrounding of length Fn−1 − 2 as X3
(lcp(Fibn−1, Fibn−3Fibn−2) = Fn−1 − 2 by Observation 2).

• Y2 has the same surrounding of length Fn−2 as X2
(Fibn−2 ends with a different letter than Fibn−3).

• Y3 has the same surrounding of length Fn−1 as X3
(Fibn−2 ends with a different letter than Fibn−3).

• Y4 has the same surrounding of length at least Fn as X1
(Fibn−3Fibn−2 starts with Fibn−2).

• Y5 has the same surrounding of length Fn − 2 as X2
(again by Observation 2).

For each of the blocks Y3, Y4, Y5, the surrounding of length at least Fn−1 is the same as for the corresponding X-block. By 
the observation, for each of these blocks, the parts of CFn+1 contain the same values ≤ Fn−1 in the same places as their 
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Fig. 10. Factorizations of Fibn and Fibn+1.

corresponding X-blocks. The same also holds for blocks Y1 and Y2; in case of Y1 we use the fact that the last position of C
contains Fn , and in case of Y2 that B does not contain Fn−1.

Now it remains to take care of the last six positions of CFn+1, the ones obtained from the four positions of CFn that are 
equal to Fn . By Lemma 9 each of those positions has their CFn+1 value equal to either Fn or Fn+1 (Lemma 10(a) works in 
both ways). For positions Fn−2 − 1, Fn−1 − 1, Fn − 1, Fn+1 − 1 one can check that the strings of length 2Fn with their centers 
at the corresponding interpositions are not squares. For example, for position Fn−2 − 1 the string in question equals

aFibn−2Fibn−3Fib′
n−2 aFibn−3Fibn−2Fib′

n−2,

where a is the last letter of Fibn−2 and Fib′
n is Fibn with the last letter removed; we have Fibn−2Fibn−3 �= Fibn−3Fibn−2 by 

Observation 2. Hence for those positions CFn+1 contains values Fn+1.
However, for positions Fn + Fn−3 − 1 and Fn + Fn−2 − 1 such strings match and are equal to Fibn−4Fibn−3Fibn−1 shifted 

to the right by one and to Fibn−3Fibn−2Fibn−1 shifted to the right by one, respectively. For example,

rotFn−3(Fibn) = rotFn−3(Fibn−3Fibn−4Fibn−3Fibn−3Fibn−4) = Fibn−4Fibn−3Fibn−1. (3)

By Lemma 10(b) these strings are seeds of Fib3
n+1, hence CFn+1 contains Fn at these positions.

(b) We prove by induction that A = Sn−2 Fn Sn−3, B = Sn−2 Fn, C = Sn−1 Fn .
C is obtained from AB from the previous step by changing the last element from Fn−1 to Fn . This AB is a prefix of 

CFn−1 of length Fn−2 = |Sn−1| + 1.
B is obtained from C from the previous step which is obtained from AB for n − 2 again by first changing Fn−2 into Fn−1

and then to Fn .
A is obtained from C B from the previous step; we again have the same construction. �

The recursive characterizations of Theorem 2 easily imply efficient algorithms for computing the CF array as well as its 
subsequent elements.

Theorem 3.

(a) CFn can be computed in linear (O(Fn)) time.
(b) Given n and k, we can compute CFn[k] in O(n) time and O(1) space.

Proof. The first point follows directly from the previous theorem.
For a proof of (b), we use the following algorithm ComputeCF that implements the formula of Theorem 2(b). �

Corollary 2. We have CCSet(Fibn) = {F3, . . . , Fn}. More precisely, for n ≥ 4, CFn contains 4 occurrences of Fn, Fn−3 occurrences of 3
and 2Fn−k occurrences of Fk for 3 < k < n.

Proof. From Theorem 2(b) we have that Sn = Sn−2 Fn Sn−3 Fn Sn−2. It is enough to prove by induction that Sn and Sn−1
contain together Fn−3 occurrences of 3 and 2Fn−k occurrences of Fk for 3 < k ≤ n. The base cases for n = 4, 5 are illustrated 
by Fig. 8. The content of Sn + Sn−1 is equal to the contents of (Sn−2 + Sn−3 + Sn−2) + Sn−1 = (Sn−2 + Sn−3) + (Sn−1 + Sn−2)

plus two occurrences of Fn . By induction for n ≥ 6 we have Fn−5 + Fn−4 = Fn−3 occurrences of 3 and 2Fn−k−2 + 2Fn−k−1 =
2Fn−k occurrences of Fk for 3 < k ≤ n − 2. Fn−1 occurs 2F1 = 2 times (both in Sn−1). �
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Algorithm 2: ComputeCF(n, k).

while n ≥ 4 do
if k + 1 ∈ {Fn−3, Fn−2, Fn−1, Fn} then

return Fn

if k ≥ Fn−1 then n := n − 1; k := k − Fn

else if k ≥ Fn−2 then n := n − 2; k := k − Fn

else if k ≥ Fn−3 then n := n − 3; k := k − Fn

else n := n − 2
return Fn

Let reprn(k) be a Fibonacci representation of k + 1 where the most significant (leftmost) digit represents Fn . E.g., for 
n = 10 we have 49 + 1 = 50 = 34 + 13 + 3 = F8 + F6 + F3, hence repr10(49) = 0010100100. Further let odd(k) = k mod 2
and even(k) = 1 − odd(k).

Theorem 4. Assume that reprn(k) ends with 0x10y , where x, y ≥ 0 are maximal. Then CFn[k] = Fl , where

l =

⎧⎪⎨
⎪⎩

n if x + y = n − 1, x ≤ 1

odd(x) + y + 3 if x + y = n − 1, x > 1

even(x) + y + 3 otherwise.

Proof. Let us recall the algorithm of Theorem 3(b) and check what happens to reprn(k) in all the cases:

• If reprn(k) = 0x10y and x ∈ {0, 1}, then k + 1 equals Fn or Fn−1, hence l = n.
• If reprn(k) = 0x10y and x ∈ {2, 3}, then l = x mod 2 + y + 3 = n as well.
• If reprn(k) = 0x10∗ and x ∈ {1, 2, 3}, then reprn′(k′) (representation for the reduced n and k) will be equal to 00∗ (leading 

0’s are erased and 1 is changed into 0).
• If reprn(k) = 0x10∗ and x > 3 then reprn′(k′) will be equal to 0x−210∗ (n decreases by 2).

Hence for reprn(k) = 0x10y two trailing 0’s will be erased unless x ≤ 3, hence in the important step (in which output is 
produced) reprn′(k′) will be equal to 0x mod 2+210y , hence n′ will be equal to x mod 2 + 2 + 1 + y = l.

For reprn(k) = ∗10x10y in some step it will be changed into 0x+110y (reduction to the previous case). �

Corollary 3. We can output CFn[i . . j] in O(n + ( j − i)) time using O(log( j − i)) working space.

Proof. In O(n) time we compute reprn(i) and store the positions of 1’s in a sorted linked list starting from the least 
significant bit (e.g., for i = 49 the list contains (3, 6, 8)).

By Theorem 4 we can compute CFn[k] in constant time using reprn(k) (the positions of two least significant 1’s are stored 
at the beginning of the list, and this information is sufficient for our purpose).

We can update the list storing reprn(k) to obtain the list storing reprn(k + 1) in constant amortized time (the possible 
extra O(n) time for small ( j − i) is covered in the complexity).

The above gives an algorithm which works in O(n) space. However, using a simple trick we can reduce it to O(log( j − i)). 
Consider the most significant bit on which reprn(i) and reprn( j) differ. It is enough to remember only one higher bit (all 
higher bits will be constant during the entire runtime). Let x be the number for which reprn(x) is equal to reprn( j) with all 
low bits zeroed (bits less important than the one which differs reprn(i) and reprn( j)). From x to j we will only have up to 
�(log( j − x)) 1’s (not counting the forgotten high bits). For the sequence from i to x − 1 we count the new highest differing 
bit. This bit is �(log(x − i)) and max(log(x − i), log( j − x)) = O(log( j − i)). �

6. Conclusions and open problems

Breslauer [3] proposed a linear-time algorithm for computing the shortest cover of every prefix of a string. We have 
proposed an O(n log n)-time algorithm for computing the shortest cover of every cyclic shift of a string. It remains an open 
problem if these values can be computed in O(n) time.

O(n), O(n log n) and O(n2)-time algorithms for computing the shortest left seed, right seed, and seed, respectively, of 
all the prefixes of a string are known; see [25,26]. Here left and right seed are notions that are intermediate between cover 
and seed. It remains an open problem if the shortest left seed, right seed, and seed can be computed efficiently for all the 
cyclic shifts of a string.

Based on computer experiments we make the following conjecture.

Conjecture 1. For a string S of length n, |CCSet(S)| = O(log n).
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Abstract. Internal pattern matching requires one to answer queries
about factors of a given string. Many results are known on answering
internal period queries, asking for the periods of a given factor. In this
paper we investigate (for the first time) internal queries asking for covers
(also known as quasiperiods) of a given factor. We propose a data structure
that answers such queries in O(logn log logn) time for the shortest cover
and in O(logn(log logn)2) time for a representation of all the covers,
after O(n logn) time and space preprocessing.

Keywords: cover · quasiperiodicity · internal pattern matching · seed ·
run (maximal repetition)

1 Introduction

A cover (also known as a quasiperiod) is a weak version of a period. It is a
factor of a text T whose occurrences cover all positions in T ; see Fig. 1. The
notion of cover is well-studied in the off-line model. Linear-time algorithms for
computing the shortest cover and all the covers of a string of length n were
proposed in [2] and [23,24], respectively. Moreover, linear-time algorithms for
computing shortest and longest covers of all prefixes of a string are known; see [6]
and [22], respectively. Covers were also studied in parallel [5,7] and streaming [13]
models of computation. Definitions of other variants of quasiperiodicity can be
found in the survey [12]. In this work we introduce covers to the internal pattern
matching model [20].

In the internal pattern matching model, a text T of length n is given in
advance and the goal is to answer queries related to factors of the text. One
of the basic internal queries in texts are period queries, that were introduced
in [19] (actually, internal primitivity queries were considered even earlier [9,10]).
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?? Partially supported by ERC Consolidator Grant 772346 TUgbOAT and by the Polish

National Science Center, grant no. 2018/31/D/ST6/03991.
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T : a a a a a a a ab b b b b

Fig. 1. MinCover(T ) = aba is the shortest cover of T and MinCover(T [2 . . 13]) =
baababa is the shortest cover of its suffix of length 12.

A period query requires one to compute all the periods of a given factor of T . It is
known that they can be expressed as O(log n) arithmetic sequences. The fastest
known algorithm answering period queries is from [20]. It uses a data structure
of O(n) size that can be constructed in O(n) expected time and answers period
queries in O(log n) time (a deterministic construction of this data structure was
given in [16]). A special case of period queries are two-period queries, which ask
for the shortest period of a factor that is known to be periodic. In [20] it was
shown that two-period queries can be answered in constant time after O(n)-time
preprocessing. Another algorithm for answering such queries was proposed in [3].

Let us denote by MinCover(S) and AllCovers(S), respectively, the length
of the shortest cover and the lengths of all covers of a string S. Similarly as in the
case of periods, it can be shown that the set AllCovers(S) can be expressed
as a union of O(log |S|) pairwise disjoint arithmetic sequences. We consider data
structures that allow to efficiently answer these queries in the internal model.

Internal quasiperiod queries

Input: A text T of length n

Query: For any factor S of T , compute MinCover(S) or
AllCovers(S) after efficient preprocessing of the text T

Recently [11] we have shown how to compute the shortest cover of each cyclic
shift of a string T of length n, that is, the shortest cover of each length-|T | factor
of T 2, in O(n log n) total time. This work can be viewed as a generalization
of [11] to computing covers of any factor of a string. It also generalizes the earlier
works on computing covers of prefixes of a string [6,22].

Our results. We show that MinCover and AllCovers queries can be an-
swered in O(log n log log n) time and O(log n (log log n)2) time, respectively, with
a data structure that uses O(n log n) space and can be constructed in O(n log n)
time. In particular, the time required to answer an AllCovers query is slower
by only a poly log log n factor from optimal. Moreover, we show that any m
MinCover or AllCovers queries can be answered off-line in O((n+m) log n)
and O((n+m) log n log log n) time, respectively, and O(n+m) space. In particu-
lar, the former matches the complexity of the best known solution for computing
shortest covers of all cyclic shifts of a string [11], despite being far more general.
We assume the word RAM model of computation with word size Ω(log n).

Our approach. Our main tool are seeds, a known generalization of the notion of
cover. A seed is defined as a cover of a superstring of the text [14]. A representation
of all seeds of a string T , denoted here SeedSet(T ), can be computed in linear
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time [17]. We will frequently extract individual seeds from SeedSet(T ); each
time such an auxiliary query needs O(log log n) time. Consequently, log log n is a
frequent factor in our query times related to internal covers.

We construct a tree-structure (static range tree) of so-called basic factors
of a string. For each basic factor F we store a compact representation of the
set SeedSet(F ). The crucial point is that the total length of all these factors is
O(n log n) and every other factor can be represented, using the tree-structure, as
a concatenation of O(log n) basic factors. Representations of seed-sets of basic
factors are precomputed. Then, upon an internal query related to a specific factor
S, we decompose S into concatenation of basic factors F1, F2, . . . , Fk. Intuitively,
the representation of the set of covers or (in easier queries) the shortest cover will
be computed as a “composition” of SeedSet(F1),SeedSet(F2), . . . ,SeedSet(Fk),
followed by adjusting it to border conditions using internal pattern matching. To
get efficiency, when quering about covers of a factor S, we do not compute the
whole representation of SeedSet(S) (these representations are only precomputed
for basic factors).

Finally, several stringology tools related to properties of covers and string
periodicity are used to improve polylogn-factors in the query time that would
result from a direct application of this approach.

2 Preliminaries

We consider a text T of length n over an integer alphabet {0, . . . , nO(1)}. If this is
not the case, its letters can be sorted and renumbered in O(n log n) time, which
does not influence the preprocessing time of our data structure.

For a string S, by |S| we denote its length and by S[i] we denote its ith letter
(i = 1, . . . , |S|). By S[i . . j] we denote the string S[i] . . . S[j] called a factor of S;
it is a prefix if i = 1 and a suffix if j = |S|. A factor that occurs both as a prefix
and as a suffix of S is called a border of S. A factor is proper if it is shorter than
the string itself. A positive integer p is called a period of S if S[i] = S[i + p]
holds for all i = 1, . . . , |S| − p. By per(S) we denote the smallest period of S. A
string S is called periodic if |S| ≥ 2per(S) and aperiodic otherwise. If S = XY ,
then any string of the form Y X is called a cyclic shift of S. We use the following
simple fact related to covers.

Observation 1. Let A, B, C be strings such that |A| < |B| < |C|.
(a) If A is a cover of B and B is a cover of C, then A is a cover of C.
(b) If B is a border of C and A is a cover of C, then A is a cover of B.

Below we list several algorithmic tools used later in the paper.

Queries related to suffix trees and arrays.
A range minimum query on array A[1 . . n] requires to compute min{A[i], . . . , A[j]}.

Lemma 2 ([4]). Range minimum queries on an array of size n can be answered
in O(1) time after O(n)-time preprocessing.
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By lcp(i, j) (lcs(i, j)) we denote the length of the longest common prefix of
T [i . . n] and T [j . . n] (longest common suffix of T [1 . . i] and T [1 . . j], respectively).
Such queries are called longest common extension (LCE) queries. The following
lemma is obtained by using range minimum queries on suffix arrays.

Lemma 3 ([4,15]). After O(n)-time preprocessing, one can answer LCE
queries for T in O(1) time.

The suffix tree of T , denoted as T (T ), is a compact trie of all suffixes of T .
Each implicit or explicit node of T (T ) corresponds to a factor of T , called its
string label. The string depth of a node of T (T ) is the length of its string label.

We use weighted ancestor (WA) queries on a suffix tree. Such queries, given
an explicit node v and an integer value ` that does not exceed the string depth
of v, ask for the highest explicit ancestor u of v with string depth at least `.

Lemma 4 ([1,17]). Let T (T ) be the suffix tree of T . WA queries on T (T ) can
be answered in γn = O(log log n) time after O(n)-time preprocessing. Moreover,
any m WA queries on T (T ) can be answered off-line in O(n+m) time.

Internal Pattern Matching (IPM).
The data structure for IPM queries is built upon a text T and allows efficient
location of all occurrences of one factor X of T inside another factor Y of T ,
where |Y | ≤ 2|X|.

Lemma 5 ([20]). The result of an IPM query is a single arithmetic sequence.
After linear-time preprocessing one can answer IPM queries for T in O(1) time.

A period query, for a given factorX of text T , returns a compact representation
of all the periods of X (as a set of O(log n) arithmetic sequences).

Lemma 6 ([20]). After O(n) time and space preprocessing, for any factor of
T we can answer a period query in O(log n) time.

The data structures of Lemmas 5 and 6 are constructed in O(n) expected
time. These constructions were made worst-case in [16].

Static range trees.
A basic interval is an interval [a . . a+ 2i) such that 2i divides a− 1. We assume
w.l.o.g. that n is a power of two. We consider a static range tree structure
whose nodes correspond to basic subintervals of [1 . . n] and a non-leaf node has
children corresponding to the two halves of the interval. (See e.g. [18]). The total
number of basic intervals is O(n). Using the tree, every interval [i . . j] can be
decomposed into O(log n) pairwise disjoint basic intervals. The decomposition
can be computed in O(log n) time by inspecting the paths from the leaves
corresponding to i and j to their lowest common ancestor. A basic factor of T is
a factor that corresponds to positions from a basic interval.
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a a a a a a a a a a ab b b b b b

a a a a a a a a a a ab b b b b b

Fig. 2. The strings aba, abaab are seeds of the given string (as well as strings
abaaba, abaababa, abaababaa).

Seeds.
We say that a string S is a seed of a string U if S is a factor of U and S is a
cover of a string U ′ such that U is a factor of U ′; see Fig. 2. The second point of
the lemma below follows from Lemma 4.

Lemma 7 ([17]).

(a) All the seeds of T can be represented as a collection of a linear number of
disjoint paths in the suffix tree T (T ). Moreover, this representation can be
computed in O(n) time if T is over an integer alphabet.

(b) After O(n) time preprocessing we can check if a given factor of T is a seed
of T in O(γn) time.

Our main data structure is a static range tree SeedSets(T ) which stores all
seeds of every basic factor of T represented as a collection of paths in its suffix
tree. Actually, only seeds of length at most half of a string will be of interest; see
Fig. 3.

aabaababababaaba
seeds: aba

aabaabab
seeds: aba

aaba
seeds: ∅

aa
seeds: a

ba
seeds: ∅

abab
seeds: ab,ba

ab
seeds: ∅

ab
seeds: ∅

ababaaba
seeds: aba

abab
seeds: ab,ba

ab
seeds: ∅

ab
seeds: ∅

aaba
seeds: ∅

aa
seeds: a

ba
seeds: ∅

Fig. 3. A schematic view of tree SeedSets of T (in the real data structure, seeds are
stored on suffix trees of basic factors). For example, ba is a seed of T [5 . . 12] since
it is a seed of basic factors T [5 . . 8] and T [9 . . 12] and its occurrence covers T [8 . . 9]
(Lemma 10).

The sum of lengths of basic factors in T is O(n log n). Consequently, due
to Lemma 7, the tree SeedSets(T ) has total size O(n log n) and can be computed
in O(n log n) time. (To use Lemma 7(a) we renumber letters in basic factors of T
via bucket sort so that the letters of a basic factor S are from {0, . . . , |S|O(1)}.)
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3 Internal Cover of a Given Length

In this section we show how to use SeedSets(T ) to answer internal queries related
to computing the longest prefix of a factor S of T that is covered by its length-`
prefix. We start with the following, easier queries.

Cover of a Given Length Query (IsCover(`, S))

Input: A factor S of T and a positive integer `

Query: Does S have a cover of length `?

The following three lemmas provide the building blocks of the data structure
for answering IsCover queries.

Lemma 8 (Seed of a basic factor). After O(n log n)-time preprocessing, for
any factor C and basic factor B of T such that 2|C| ≤ |B|, we can check if C is
a seed of B in O(γn) time.

Proof. Let |C| = c and B = T [a . . b]. We first ask an IPM query to find an
occurrence of C inside T [a . . a+2c−1]. If such an occurrence does not exist, then
C cannot be a seed of T [a . . b] as it is already not a seed of T [a . . a+2c−1] (there
must be a full occurrence to cover the middle letter, and a+2c−1 ≤ b). Otherwise,
we can use the occurrence to check if C is a seed of B with Lemma 7(b). ut

For strings C and S, by Cov(C, S) we denote the set of positions of S that
are covered by occurrences of C.

Lemma 9 (Covering short factors). After O(n)-time preprocessing, for
any two factors C and F of T such that |F |/|C| = O(1), the set Cov(C,F ),
represented as a union of maximal intervals, can be computed in O(1) time.

Proof. We ask IPM queries for pattern C on length-2|C| factors of F with step |C|.
Each IPM query returns an arithmetic sequence of occurrences that corresponds
to an interval of covered positions (possibly empty). It suffices to compute the
union of these intervals. ut

Lemma 10 (Seeds of strings concatenation). After O(n)-time preprocess-
ing, for any three factors C, F1 = T [i . . j] and F2 = T [j + 1 . . k] of T such that
2|C| ≤ |F1|, |F2| and C is a seed of both F1 and F2, we can check if C is also a
seed of F1F2 in constant time.

Proof. For a string C of length c being a seed of both T [i . . j] and T [j + 1 . . k]
to be a seed of T [i . . k], it is enough if its occurrences cover the string U =
T [j − c+ 1 . . j + c]. We can check this condition if we apply Lemma 9 for C and
F = T [j − 2c+ 1 . . j + 2c]. ut

Lemma 11. After O(n log n) time and space preprocessing of T , a query
IsCover(`, S) can be answered in O(log(|S|/`) γn + 1) time.
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Proof. Let S = T [i . . j], |S| = s and C = T [i . . i+ `− 1].
We consider a decomposition of S into basic factors, but we are only interested

in basic factors of length at least 2` in the decomposition. Let F1, . . . , Fk be those
factors and T [i . . i′], T [j′ . . j] be the remaining prefix and suffix of length O(`).
Note that k = O(log(s/`)). Moreover, this decomposition can be computed in
O(k+ 1) time by starting from the leftmost and rightmost basic factors of length
2b, where b = dlog `e+ 1, that are contained in S.

If C is a cover of S, it must be a seed of each of the basic factors F1, . . . , Fk.
We can check this condition by using Lemma 8 in O(kγn) total time.

Next we check if C is a seed of F1 · · ·Fk in O(k) total time using Lemma 10.
Finally, we use IPM queries to check if occurrences of C cover all positions in
each of the strings T [i . . i′+ c− 1], T [j′− c+ 1 . . j] and if C is a suffix of T [i . . j],
using Lemma 9. This takes O(1) time.

The total time complexity is O(kγn + 1). ut
As we will see in the next section, IsCover queries immediately imply a

slower, O(log2 nγn)-time algorithm for answering MinCover queries. However,
they are also used in our algorithm for answering AllCovers queries. In the
efficient algorithm for MinCover queries we use the following generalization of
IsCover queries.

Longest Covered Prefix Query (CoveredPref(`, S))

Input: A factor S of T and a positive integer `

Query: The longest prefix P of S that is covered by S[1 . . `]

To answer these queries, we introduce an intermediate problem that is more
directly related to the range tree containing seeds representations.

SeededBasicPref(C, `, S) query

Input: A length-` factor C of T and a factor S being a concatenation of
basic factors of T of length 2p, where p = min{q ∈ Z : 2q ≥ 2`}
Output: The length m of the longest prefix of S which is a concatenation
of basic factors of length 2p such that C is a seed of this prefix

In other words, we consider only blocks of S which are basic factors of
length 2p = Θ(`). Everything starts and ends in the beginning/end of a ba-
sic factor of length 2p. The number of such blocks in the prefix returned by
SeededBasicPref is O(result′/`), where result′ = SeededBasicPref(C, `, S),
and, as we show in Lemma 13, it can be computed in O(log(result′/`)γn + 1)
time. This is how we achieve O(log(result/`) γn +1) time for CoveredPref(`, S)
queries. In a certain sense the computations behind Lemma 13 can work in a
pruned range tree SeedSets(T ).

Lemma 12. After O(n)-time preprocessing, a CoveredPref(`, S) query re-
duces in O(1) time to a SeededBasicPref(C, `, S′) query with |S′| ≤ |S|.
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Proof. First, let us check if the answer to CoveredPref(`, S) is small, i.e. at
most 4`, using Lemma 9. Otherwise, let p be defined as in a SeededBasicPref
query, C = S[1 . . `] and S′ be the maximal factor of S that is composed of basic
factors of length 2p (S′ can be the empty string, if |S| < 3 · 2p). Let S = T [i . . j]
and S′ = T [i′ . . j′]. Then

|(i′ + SeededBasicPref(C, `, S′))− (i+ CoveredPref(`, S))| < 2p;

see Fig. 4. Hence, knowing d = SeededBasicPref(C, `, S′), we check in O(1)
time, using Lemma 9 in a factor T [i′ + d− 2p . . i′ + d+ 2p − 1] of length 2p+1,
what is the exact value of CoveredPref(`, S).

S′

F1 F2 F3

S

C

Fig. 4. F1, F2, F3 are basic factors of length 2p. The answers to CoveredPref(`, S)
and SeededBasicPref(C, `, S′) queries are shown in bold. Note that C is a seed of F1

and F2 and that it could be the case that C is also a seed of F3, even though it has no
further full occurrence.

We compute p using the formula p = 1 + dlog `e. Then the endpoints of S′

can be computed from the endpoints of S in O(1) time using simple modular
arithmetic. The O(n) preprocessing is due to Lemma 9. ut

A proof of the following lemma is left for the full version.

Lemma 13. After O(n log n) time and space preprocessing of T , a query
SeededBasicPref(C, `, S) can be answered in O(log(result/`) γn + 1) time,
where result = |SeededBasicPref(C, `, S)|.

As a corollary of Lemmas 12 and 13, we obtain the following result.

Lemma 14. After O(n log n) time and space preprocessing of T , a query
CoveredPref(`, S) can be answered in O(log(result/`) γn + 1) time, where
result = |CoveredPref(`, S)|.

4 Internal Shortest Cover Queries

For a string S, by Borders(S) we denote a decomposition of the set of all border
lengths of S into O(log |S|) arithmetic sequences A1, . . . , Ak such that each
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sequence Ai is either a singleton or, if p is its difference, then the borders with
lengths in Ai \ {min(Ai)} are periodic with the shortest period p. Moreover,
max(Ai) < min(Ai+1) for every i ∈ [1 . . k − 1]. See e.g. [8]. The following lemma
is shown by applying a period query (Lemma 6).

Lemma 15 ([16,20]). For any factor S of T , Borders(S) can be computed in
O(log n) time after O(n)-time preprocessing.

4.1 Simple Algorithm with O(log2 nγn) Query Time

Let us start with a much simpler but slower algorithm for answering MinCover
queries using IsCover queries. We improve it in Theorem 17 by using
CoveredPref queries and applying an algorithm for computing shortest covers
that resembles, to some extent, computation of the shortest cover from [2].

Proposition 16. Let T be a string of length n. After O(n log n)-time pre-
processing, for any factor S of T we can answer a MinCover(S) query in
O(log2 n log log n) time.

Proof. Using Lemma 15 we compute the set Borders(S) = A1, . . . , Ak in O(log n)
time. Let us observe that the shortest cover of a string is aperiodic. This implies
that from each progression Ai only the border of length min(Ai) can be the
shortest cover of S. We use Lemma 11 to test each of the O(log n) candidates in
O(log nγn) time. ut

4.2 Faster Queries

Theorem 17. Let T be a string of length n. After O(n log n)-time preprocessing,
for any factor S of T we can answer a MinCover(S) query in O(log n log log n)
time.

Proof. Again we use Lemma 15 we compute the set Borders(S) = A1, . . . , Ak, in
O(log n) time. Let us denote the border of length min(Ai) by Ci and Ck+1 = S.
We assume that Ci’s are sorted in increasing order of lengths. Then we proceed
as shown in Algorithm 1. See also Fig. 5.

Algorithm 1: MinCover(S) query.

i := 1;
while true do

// Invariant: C1, . . . , Ci−1 are not covers of S
// Ci is an active border
P := CoveredPref(|Ci|, S);
if P = S then return |Ci|;
while |Ci| ≤ |P | do

i := i+ 1;
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To argue for the correctness of the algorithm it suffices to show the invariant.
The proof goes by induction.

The base case is trivial. Let us consider the value of i at the beginning of
a step of the while-loop. If P = S, then by the inductive assumption Ci is the
shortest cover of S and can be returned. Otherwise, Ci is not a cover of S.

Moreover, for each j such that |Ci| < |Cj | ≤ |P |, since Cj is a prefix of P , Ci

is a seed of Cj . Moreover, both Ci and Cj are borders of S, so Ci is a border of
Cj . Consequently, Cj cannot be a cover of T , as then Ci would also be a cover of
T by Observation 1. This shows that the inner while-loop correctly increases i.

The algorithm stops because at each point |P | ≥ |Ci| and i is increased.

CoveredPref

C1
C2
C3
C4
C5
C6
C7
C8

Fig. 5. If C3 is an active border, then the next active one is C7. We skip C4, C5, C6 as
candidates for the shortest cover.

Let c1, . . . , cp be equal to the length of an active border in the algorithm at
the start of subsequent outer while-loop iterations and let cp+1 = |S|.

Let us note that, for all j = 1, . . . , p, |CoveredPref(cj , S)| ≤ cj+1. By
Lemma 14, the total complexity of answering longest covered prefix queries in
the algorithm is at most

O


p+ γn

p∑

j=1

log
cj+1

cj


 = O(log n+ γn(log cp+1 − log c1)) = O(log nγn).

The preprocessing of Lemmas 14 and 15 takes O(n log n) time. The conclusion
follows. ut

If MinCover queries are to be answered in a batch, we can use off-line WA
queries of Lemma 4 to save the γn-factor. We can also avoid storing the whole data
structure SeedSets by using an approximate version of CoveredPref queries.
Details are left for the full version.

Theorem 18. For a string T of length n, any m queries MinCover(T [i . . j])
can be answered in O((n+m) log n) time and O(n+m) space.
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5 Internal All Covers Queries

In this section we refer to AllCovers(S) as to the set of lengths of all covers of
S. This set consists of a logarithmic number of arithmetic sequences since the
same is true for all borders. In each sequence of borders we show that it is needed
only to check O(1) borders to be a cover of S. Hence we start with an algorithm
testing any sequence of O(log n) candidate borders.

5.1 Verifying O(logn) Candidates

Assume that B is an increasing sequence b1, . . , bk of lengths of borders of a given
factor S (not necessarily all borders), with bk = |S|. A chain in B is a maximal
subsequence bi, . . . , bj of consecutive elements of B such that S[1 . . bt] is a cover
of S[1 . . bt+1] for each t ∈ [i . . j). From Observation 1 we get the following.

Observation 19. The set of elements of a chain that belong to AllCovers(S)
is a prefix of this chain. Moreover, if the last element of a chain is not |S|, then
it is not a cover of S.

We denote by chains(B) and covers(B), respectively, the partition of B into
chains and the set of elements b ∈ B such that S[1 . . b] is a cover of S. For b ∈ B
by prev(b) we denote the previous element in its chain (if it exists). Moreover,
for C ⊆ B by nextC(b) we denote the smallest c ∈ C such that c > b.

Lemma 20. Let T be a string of length n. After O(n log n)-time preprocessing,
for any factor S of T and a sequence B of O(log n) borders of S we can compute
covers(B) in O(log n log log nγn) time.

Proof. We introduce two operations and use them in a recursive Algorithm 2.

refine(B): removes the last element of each chain in B and every second element
of each chain, except |S| (see Fig. 6). Note that |refine(B)| ≤ |B|/2 + 1.

computeUsing(B,C): Assuming that we know the set C of all covers of S
among refine(B), for each element b of B \ refine(B) we add it to C if
prev(b) ∈ C and S[1 . . b] is a cover of S[1 . .nextC(b)]. The set of all elements
that satisfy this condition together with C is returned as covers(B).

b1 b2 b3 b4 b5 b6 b7 b8 b9

|S|

= refine
b1 b3 b6 b8 b9

|S|

=

Fig. 6. There is an arrow from bi to bi+1 iff S[1 . . bi] is a cover of S[1 . . bi+1]. Note that
all elements in the last chain b6, b7, b8, b9 are cover lengths of S, b5 is not, but some
prefix of b1, b2, b3, b4 may be.
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Algorithm 2: covers(B)

Compute chains(B);
if B is a single chain (ending with |S|) then return B;
B′ := refine(B); // |B′| ≤ |B|/2 + 1
C := covers(B′);
return computeUsing(B,C);

If B = (b1, . . , bk), then chains(B) can be constructed in O(
∑k−1

i=1 (log bi+1

bi
γn+

1)) = O(log nγn) time using Lemma 11. Similarly, operation computeUsing(B,C)
requires O(log nγn) time since the intervals [b,nextC(b)] for b ∈ B \ refine(B)
such that prev(b) ∈ C are pairwise disjoint. The depth of recursion of Algorithm 2
is O(log log n). This implies the required complexity. ut

5.2 Computing Periodic Covers

Our tool for periodic covers are (as usual) runs. A run (also known as a maximal
repetition) is a periodic factor R = T [a . . b] which can be extended neither
to the left nor to the right without increasing the period p = per(R), i.e.,
T [a− 1] 6= T [a+ p− 1] and T [b− p+ 1] 6= T [b+ 1] provided that the respective
positions exist. The following observation is well-known.

Observation 21. Two runs in T with the same period p can overlap on at most
p− 1 positions.

The exponent exp(S) of a string S is |S|/per(S). The Lyndon root of a string
S is the minimal cyclic shift of S[1 . . per(S)].

If S = T [a . . b] is periodic, then by run(S) we denote the run R with the same
period that contains S. We say that S is induced by R. A periodic factor of T
is induced by exactly one run [10]. The run-queries are essentially equivalent to
two-period queries. By R(T ) we denote the set of all runs in a string T .

Lemma 22 ([3,10,21]).

(a) |R(T )| ≤ n and R(T ) can be computed in O(n) time.
(b) After O(n)-time preprocessing, run(S) queries can be answered in O(1) time.
(c) The runs from R(T ) can be grouped by their Lyndon roots in O(n) time.

The following lemma implies that indeed for any string S, AllCovers(S)
can be expressed as a union of O(log |S|) arithmetic sequences. It also shows a
relation between periodic covers and runs in S.

Lemma 23. Let S be a string, A ∈ Borders(S) be an arithmetic sequence with
difference p, A′ = A\{min(A)} and a′ = min(A′). Moreover, let x be the minimal
exponent of a run in S with Lyndon root being a cyclic shift of S[1 . . p].

(a) If a′ 6∈ AllCovers(S), then A′ ∩AllCovers(S) = ∅.
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(b) Otherwise, there exists c ∈ ((x− 2)p, xp] ∩A′ such that
A′ ∩AllCovers(S) = {a′, a′ + p, . . . , c}.

Proof. Part (a) follows from Observation 1. Indeed, assume that S has a cover
of length b ∈ A′, with b > a′. As S[1 . . a′] is a cover of S[1 . . b], we would have
a′ ∈ AllCovers(S).

We proceed to the proof of part (b). Let c be the maximum element of A′

such that C := S[1 . . c] is a cover of S. By the same argument as before, we have
that A′ ∩AllCovers(S) = A′ ∩ [1, c]. It suffices to prove the bounds for c.

Let L be the minimum cyclic shift of S[1 . . p]. We consider all runs R1, . . . , Rk

in S with Lyndon root L. Each occurrence of C in S is induced by one of them.
Each of the runs must hold an occurrence of C. Indeed, by Observation 21, no
two of the runs overlap on more than p− 1 positions, so the pth position of each
run cannot be covered by occurrences of C that are induced by other runs. The
shortest of the runs has length xp, so c ≤ xp.

Furthermore, let C ′ = S[1 . . c′] be a prefix of S of length c′ = c + p. If
p · exp(Ri) ≥ c′ + p− 1, then Ri induces an occurrence of C ′ and Cov(C ′, Ri) =
Cov(C,Ri). Hence, if px ≥ c′ + p − 1 would hold, C ′ would be a cover of S,
which contradicts our assumption. Therefore, px < c′ + p − 1 = c + 2p − 1, so
c > (x− 2)p. ut

Lemma 25 transforms Lemma 23 into a data structure. We use static dictionaries.

Lemma 24 (Ružić [25]). A static dictionary of n integers that supports O(1)-
time lookups can be stored in O(n) space and constructed in O(n(log log n)2) time.
The elements stored in the dictionary may be accompanied by satellite data.

Lemma 25 (Computing O(log n) Candidates).
For any factor S of T we can compute in O(log n) time O(log n) borders of S
which are candidates for covers of S. After knowing which of these candidates are
covers of S, we can in O(log n) time represent (as O(log n) arithmetic progres-
sions) all borders which are covers of S. The preprocessing time is O(n(log log n)2)
and the space used is O(n).

Proof. It is enough to show that for any factor S of T and a single arithmetic
sequence A ∈ Borders(S) we can compute in O(1) time up to four candidate
borders. Then, after knowing which of them are covers of S, we can in O(1) time
represent (as a prefix subsequence of A) all borders in A which are covers of S.
We first describe the data structure and then the query algorithm.

Data structure. Let T [a1 . . b1], . . . , T [ak . . bk] be the set of all runs in T with
Lyndon root L, with a1 < · · · < ak (and b1 < · · · < bk). The part of the data
structure for this Lyndon root consists of an array AL containing a1, . . . , ak, an
array EL containing the exponents of the respective runs, as well as a dictionary
on AL and a range-minimum query data structure on EL. Formally, to each
Lyndon root we assign an integer identifier in [1, n] that is retained with every
run with this Lyndon root and use it to index the data structures. We also
store a dictionary of all the runs. The data structure takes O(n) space and can
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be constructed in O(n(log log n)2) time by Lemmas 2, 22 and 24. We also use
LCE-queries on T (Lemma 3).

Queries. Let us consider a query for S = T [i . . j] and A ∈ Borders(S). If |A| = 1,
we have just one candidate. Otherwise, A is an arithmetic sequence with difference
p. Let a = min(A), A′ = A \ {a}, and a′ = min(A′). We select borders of length
a and a′ as candidates. If a′ 6∈ AllCovers(S), then Lemma 23(a) implies that
A∩AllCovers(S) ⊆ {a}. We also select borders of lengths in A∩ ((x− 2)p, xp]
as candidates, where x is defined as in Lemma 23. Note that there are at most
two of them. Let c be the maximum candidate which turned out to be a cover of
S. Then A ∩AllCovers(S) = A ∩ [1, c] by Lemma 23(b).

What is left is to compute x, that is, the minimum exponent of a run in S
with Lyndon root L that is a cyclic shift of S[1 . . p]. Since |A| ≥ 2, S has a prefix
run with Lyndon root L. Then ` = min(p + d, |S|), where d = lcp(i, i + p), is
the length of the run. If ` = |S|, then x = `/p and we are done. Otherwise, let
i′ = i+ p+ d. We make the following observation.

Claim. If a′ ∈ AllCovers(S), then T [i′ . . i′+ p] is contained in a run in T with
Lyndon root L.

We identify the run T [a . . b] with period p containing T [i′ . . i′ + p] by asking
lcp(i′, i′ + p) and lcs(i′, i′ + p) queries. This lets us recover the identifier of its
Lyndon root L. Similarly we compute the suffix run with Lyndon root L in S
and the previous run T [a′ . . b′] with Lyndon root L in T . Using the dictionary
on AL, we recover the range in the array that corresponds to elements from a
to a′. This lets us use a range minimum query on this range in EL and use it
together with the exponents of the prefix and suffix runs of S to compute x. ut

5.3 Main Query Algorithm

The main result of this section follows from Lemma 20 and Lemma 25.

Theorem 26. Let T be a string of length n. After O(n log n)-time preprocessing,
for any factor S of T we can answer a query AllCovers(S), with output
represented as a union of O(log n) pairwise disjoint arithmetic sequences, in
O(log n(log log n)2) time.

The transformation to the off-line model is similar as in Theorem 18.

Corollary 27. For a string T of length n, any m queries AllCovers(T [i . . j])
can be answered in O((n+m) log n log log n) time and O(n+m) space.

6 Final Remarks

We showed an efficient data structure for computing internal covers. However, a
similar problem for seeds, which are another well-studied notion in quasiperiodic-
ity, seems to be much harder. We pose the following question.

Open problem.
Can one answer internal queries related to seeds in O(polylogn) time after

O(n · polylogn) time preprocessing?
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time algorithm for seeds computation. ACM Trans. Algorithms 16(2) (Apr 2020).
https://doi.org/10.1145/3386369

18. Kociumaka, T., Radoszewski, J., Rytter, W., Straszyński, J., Waleń, T., Zuba, W.:
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25. Ružić, M.: Constructing efficient dictionaries in close to sorting time. In: Aceto, L.,
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Abstract. We consider covering labeled trees by a collection of paths
with the same string label, called a (string) cover of a tree. We
show how to compute all covers of a directed (rooted) labeled tree in
O(n log n/ log log n) time and all covers of an undirected labeled tree in
O(n2) time and space or in O(n2 log n) time and O(n) space. We also
show several essential differences between covers in standard strings and
covers in trees.

1 Introduction

We consider undirected and directed trees with at least 2 nodes and edges labeled

by single symbols. The label of a simple path v1

a1− v2

a2− v3

a3− . . .
ak−1

− vk is the
string W = a1a2 . . . ak−1. Let us note that the label of the reverse path from vk

to v1 is WR, the reverse of W . We say that a non-empty string W covers a tree
if each edge is on a simple path labeled by W . In case of rooted trees we consider
only edges directed bottom-up towards the root (the symmetric ordering top-
down is equivalent with respect to coverings). Figure 1 shows the covers of an
example undirected tree.

A standard string can be considered as a directed path, hence covers of a
directed path can be found using one of the known algorithms for computing
covers of strings [4,7,24,25]. However, covering an undirected simple path (see
e.g. Fig. 2) is a very different problem and is much harder than covering a string.
It is equivalent to covering with two strings W and WR. A nontrivial almost
linear time algorithm for covering an undirected path is implied by the algorithm
in [27, Section 3] about covering a string with two equal-length strings.

Covers in directed trees are also quite different from covers in strings. A
directed tree can be seen as a collection of strings corresponding to leaf-to-root
paths, but a cover of a tree does not necessarily cover each of these strings; see
Fig. 3, where the string ababaaba is not a cover of a string corresponding to the
leftmost leaf-to-root path, though it is a cover of the whole tree. However, the
following fact can be shown with the aid of induction.

Work supported by the Polish National Science Center, grant no. 2018/31/D/ST6/
03991.
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String Covers of a Tree 69

Fig. 1. The string aab is a cover of this undirected tree T ; all its occurrences are shown
in green. The tree has 14 distinct covers: aab, aabab, ab, abaabab, abab, ba, baa, baab,
baabab, baba, babaa, babaab, babaaba, babaabab. Observe that the bottom-up directed
version of T rooted in the top node has only two covers: ba and baba.

Fig. 2. An undirected path ambam of length n = 2m + 1 has Ω(n) different aperiodic
covers, of the form ambai or aibam, for i = 0, . . . , m. A standard string of length n can
only have O(log n) aperiodic covers; see [4].

Observation 1. If S is a cover of a directed tree T , then it is a cover of at least
one of the strings corresponding to leaf-to-root branches.

Fig. 3. The displayed directed tree has 3 covers aba, ababa, ababaaba. In case of stan-
dard strings a shorter cover is a suffix of the longer one. This does not work for covers
of directed trees; ababa is not a suffix of ababaaba

This work extends the rich study of covers in non-standard settings—
e.g., 2-dimensional [9,10,26], Abelian [20,21,23], parameterized and order-
preserving [17], and on indeterminate [1,3,11,16] and weighted strings [5,16]—to
labeled trees. Moreover, we continue the line of work on algorithmic and combi-
natorial properties of palindromes, powers and runs in labeled trees, which have
different properties than in strings [8,10,12–14,18,19,29].
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70 J. Radoszewski et al.

Our Results: We show that all covers of a directed labeled tree can be com-
puted in O(n log n/ log log n) time if the labels of tree edges belong to an integer
alphabet, i.e., are integers of magnitude nO(1). In case of undirected trees with
labels over any alphabet, all covers can be computed in O(n2) time and space
or in O(n2 log n) time and O(n) space.

2 Preliminaries

In this section we introduce several algorithms and combinatorial properties
related to labeled and unlabeled trees. If u1 � uk = (u1, u2, . . . , uk−1, uk) is a
(simple) path in a labeled tree T , then its length dist(u1, uk) is defined as the
number of edges (i.e., k − 1) and its string label is the concatenation of labels of
edges (u1, u2), . . . , (uk−1, uk).

Let T be a rooted labeled tree. We assume that all edges are directed towards
the root. For a node v of T , by labeld(v) we denote the string label of a path
from v to its ancestor at distance d and by label(v) we denote the string label of
a path from v to the root.

2.1 The Table of Prefixes

For a string S, we denote TreePREFS [v] = max{d ≥ 0 : labeld(v) = S[1..d]},
where S[1..d] is a length-d prefix of string S; see Fig. 4.

Fig. 4. An example of TreePREFS array, where S = babcabc (red path, bottom-up).
The nonzero values of the array are shown in brackets. (Color figure online)

To compute this array we use the concept of a suffix tree of a labeled tree T
that was introduced by Kosaraju [22]. A compacted trie is a trie in which maximal
paths whose inner nodes have degree 2 are represented as single edges with string
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labels. Usually such labels are not stored explicitly, but as pointers to a base
string (or base strings); only the first letters are stored. The remaining nodes
are called explicit, whereas the nodes that are removed due to compactification
are called implicit. The suffix tree of a rooted labeled tree T is a compacted trie
of the strings label(v) for all nodes v in T . An efficient construction of the suffix
tree of a tree was given by Shibuya [28].

Fact 1 (Shibuya [28]) The suffix tree of a rooted tree with n nodes over an
integer alphabet has size O(n) and can be constructed in O(n) time.

Lemma 1. For a directed labeled tree T with n nodes, the array TreePREFS can
be computed in O(n) time.

Proof. We create a path from the root of T leading to a new leaf s with label(s) =
S; let T ′ be the resulting tree. Then we compute the suffix tree T of the tree
T ′. For each node u of T ′, by where(u) let us denote the node of T with path
label label(u). For each node u of T ′ that originates from T , TreePREFS [u] is
the depth of the lowest common ancestor (LCA) of where(u) and where(s). We
use the fact that LCA queries can be answered in O(1) time after linear time
preprocessing [6]. ��

2.2 Summing Second Heights of All Nodes

We are interested in computing sums of heights of nodes. Let us define height(v)
to be the number of nodes on the longest path from v to a leaf.

Remark 1. The sum of heights of all nodes can be quadratic, for example for a
simple directed path.

The situation changes if we consider for each node its second highest child.
Denote by sec-height(v) the second largest height of a child of v (possibly
sec-height(v) = height(v) − 1 if there are two children with the same largest
height). If v has only one child then we define sec-height(v) = 0.

Proposition 1.
∑

v∈T sec-height(v) ≤ n.

Proof. For a node v we define MaxPath(v) as a longest path from v to its leaf.
Initially we choose (one of possibly many) MaxPath(root), then we remove this
path (both nodes and edges) and choose longest paths for roots of resulting
subtrees. We continue in this way and obtain a decomposition of the tree into
node-disjoint longest paths; see Fig. 5.

Let FirstChild(v) denote a child of v which belongs to the same path in
the decomposition and SecondChild(v) denote a child w �= FirstChild(v) of v of
largest height. Let V ′ be the set of nodes with at least two children each. Then

∑

v

sec-height(v) =
∑

v∈V ′

|MaxPath(SecondChild(v))| ≤ n,

since all selected longest paths are node-disjoint (|p| denotes the number of nodes
in a path p). ��
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Fig. 5. A tree T with the values sec-height(v). The longest paths are distinguished.
Observe that

∑
v sec-height(v) < |T |.

3 Covers of Directed Trees

Let T be a rooted labeled tree with n ≥ 2 nodes. Let Subtree(v) denote the set
of descendant nodes of v, including v. For a set M of marked nodes and nodes
u, v in T we define

Bottom(v) = a node u ∈ M ∩ Subtree(v) with minimal dist(u, v),

chain(u) = {v : Bottom(v) = u}.

Fig. 6. Chain decomposition; each chain is the set of nodes v such that Bottom(v) = u,
where u is its bottom node (marked node, black in the figure). Red nodes are top nodes
of nontrivial chains; nodes constituting single element chains are black and red at the
same time. We have maxgap = 4; the two chains of size 4 are drawn in orange. (Note
that the chain containing the root has size 3, since the root node is not counted.) (Color
figure online)

Let u ∈ M . Our algorithm keeps an invariant that chain(u) is a path. We
denote by ‖chain(u)‖ the number of non-root nodes on chain(u), called the size
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of the chain. If v ∈ chain(u), then by Top(v) we denote the topmost node of
chain(u). We define:

maxgap(M) = max{‖chain(v)‖ : v ∈ T}.

In other words, maxgap(M) is the maximal number of edges from a bottom node
to the root, if the root is in the same chain, or to the lowest node in a different
chain; see Fig. 6. Here ‖chain(v)‖ = ∞ if v does not belong to any chain.

Observation 2. Let S be the label of a chosen leaf-to-root path, d be a positive
integer, and let M = {w : TreePREFS(w) ≥ d}. The tree T has a cover of length
d if and only if maxgap(M) ≤ d.

Fig. 7. Structure of a chain u � w. The top node w keeps the value Bottom[w] = u.
(Color figure online)

Algorithm 1: Covers-in-directed-tree

S := label(leaf , root) for some leaf ;
Compute TreePREFS [v] for all v ∈ T ;
m := min{TreePREFS [v] : v is a leaf};
foreach v in T do TreePREFS [v] := min(TreePREFS [v], m);

Initialize;

for d := m down to 1 do

NEW := {v : TreePREFS [v] = d} \ leaves(T );
foreach v in NEW do MarkAndUpdate(v);

if maxgap(M) ≤ d then Report a cover of length d;

For each u ∈ M , the values len[u] := ‖chain(u)‖ and Top[u] := Top(u) are
stored. Moreover, we assume that the node w = Top[u] is colored in red and
stores u, as Bottom[w] := Bottom(w). If v �∈ M , we store, as Prev[v], the child
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of v on the path from v to Bottom(v). If v �∈ M , we will compute Top(v) as the
lowest red ancestor of v; this will be the bottleneck of the algorithm. See Fig. 7.

We use the algorithm Covers-in-directed-tree shown as Algorithm 1 with
auxiliary functions. The algorithm considers all possible lengths d of a cover in
descending order and stores the chain decomposition implied by the set M of
Observation 2. Non-leaf nodes are sorted by their TreePREFS values using buck-
ets in O(n) time. To some extent this algorithm resembles Moore and Smyth’s
algorithm [24,25] for computing covers of strings (working in a reversed order).

Function Initialize
Comment: Creates chains for M = leaves(T )
foreach v in T do

Compute Leaf [v] as the leftmost nearest leaf in the subtree of v;
foreach leaf in leaves(T ) do

NewChain(leaf , v) where v is the topmost node with Leaf [v] = leaf ;
Compute the initial Prev[·] values;

The function NewChain(u,w) creates a chain u � w, whereas the function
FindChain(v) = (u � w) first computes w = Top(v) as the lowest red ancestor
of v and then computes u = Bottom[w]. We assume that the nodes of T are
pre-ordered from left to right in Initialize.

v

u

w

w1

w2

w3

w4

u1

u2

u3

u4

v

u

w3

w4

u1

u2

u3

u4

Fig. 8. Illustration of execution of one call to MarkAndUpdate(v). The successive
values of Top(chain1) are w, w1, . . . , w3. Finally Top(chain1) = w3. The nodes p =
parent(w), p1 = parent(w1), p2 = parent(w2) are changing their chains and Prev values.
For each of them chain-height (for a definition, see below) is decreasing, also their chain
goes through a different child. The newly marked node v is winning with u1, u2, u3.

In addition to the pseudocodes, the len[·] array is updated whenever opera-
tions on chains are performed. Moreover, the maximum (finite value) in this
array, i.e., maxgap(M), never increases because a newly created chain only
extends if it “wins” with an existing one (see Fig. 8). Hence, it is sufficient to
store an array of n buckets containing all len[·] values and retain as maxgap(M)
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Function MarkAndUpdate(v)

Comment: Inserts v to M and updates the chains decomposition; see Fig. 8
chain := FindChain(v);
chain1 := NewChain(v, Top(chain));
Top(chain) := Prev[v]; color Top(chain) in red;

while Top(chain1) �= root do
chain2 := FindChain(parent(Top(chain1)));
if not Crossover(chain1, chain2) then

break;
// Otherwise we say that v wins with w

update maxgap(M);

the maximum index of a non-empty bucket, which never increases. Overall this
works in time linear in the number of operations on chains plus O(n).

To analyze the complexity of the algorithm, let us define chain-height(v) =
dist(v,Bottom(v)).

Observation 3. In the algorithm Covers-in-directed-tree, after a node p
changes its chain in the function Crossover, we have chain-height(p) ≤
sec-height(p) + 1. Afterwards, each time p changes its chain in the func-
tion Crossover, its chain-height decreases. Consequently, p changes its chain
O(sec-height(p)) times.

Lemma 2. The algorithm Covers-in-directed-tree works in O(β(n)) time, where
β(n) is the cost of answering on-line n lowest red ancestor queries.

Proof. It is enough to show that the total number of “wins” performed in the
algorithm is O(n). Then the total number of iterations of the while-loop in the
function MarkAndUpdate is linear.

Due to Observation 3 the total number of wins in the function MarkAndUp-
date is amortized by the sum of all numbers sec-height(p). Now the thesis follows
from Proposition 1. ��

Fig. 9. Graphical illustration of one call to Crossover(chain1, chain2).

To answer Top queries, we can use the following result from [2], where in this
case the marked nodes are the red nodes.
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Function Crossover(chain1, chain2)

Comment: Works as shown in Fig. 9. We have parent(Top(chain1)) ∈ chain2.

p := parent(Top(chain1));

if dist(p, Bottom(chain1)) ≥ dist(p, Bottom(chain2)) then

return false;
else

uncolor Top(chain1);
(Top(chain2), Prev[p], Top(chain1)) :=
(Prev[p], Top(chain1), Top(chain2));

color Top(chain2) in red; return true;

Fact 2. Lowest red ancestor queries for a dynamic set of marked nodes in a tree
of size n can be answered in O(log n/ log log n) time.

Now, the main result of this section follows from Lemma 2 and Fact 2.

Theorem 1. All covers in a directed tree with n nodes can be computed in
O(n log n/ log log n) time.

4 Covers of Undirected Trees

Covering an undirected tree is much harder than that of a directed tree. Even
the case when the tree is a simple undirected path is nontrivial. For example,
the shortest standard cover of a Fibonacci string abaababaabaab (and the corre-
sponding directed path) is abaab, however it is not true in the undirected case,
where the shortest cover is ab. A serious difference between covers in directed
and covers in undirected trees is shown in the generic example below.

Example 1. Take a full binary tree Tk of height k, subdivide each edge, and then
label the higher edge obtained in this division with a, and the lower edge with b
(Fig. 10 shows the tree T4). Tk has 2k+2−3 nodes. This tree has Ω(k) = Ω(log n)
different covers of the same length (this cannot happen for covers of strings).

4.1 O(n2) Time and Space Solution

We say that a set M of simple paths in a tree T covers T if each edge of T is
on some path in M . We define an auxiliary problem that will be used to test
candidates for a cover.

Strips Covering Problem
Input: A set M of simple paths in an undirected tree T (given by their
endpoints).
Output: YES if M covers T , NO otherwise.
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Fig. 10. The undirected tree T4. It has 44 distinct covers and there are many distinct
aperiodic covers of the same length. Generally there are k(2k+3) covers in Tk. The label
of every path that starts in a leaf, has length at least two and if it ends with an edge with
a letter b, then it has a subpath with label aa, is a cover of Tk. The reverses of such labels
are also covers. There are 4 distinct covers of length 6: bababa, ababab, babaab, baabab.

Lemma 3. The Strips Covering Problem can be solved in O(|T | + |M |) time.

Proof. Let us root T in an arbitrarily chosen node. We can reduce the problem
to the case when each path π ∈ M is a bottom-up path. For a path π = u � v
we compute w = LCA(u, v) and replace π by two paths u � w, v � w. This
reduction works in linear time [6].

We use counters for nodes. For each node w initially count [w] = 0. Next for
each non-empty bottom-up path (u,w) we set count [u]+=1, count [w]–=1. An
edge (w, parent(w)) is covered by M if and only if the sum of counters of all
descendants of w (including w) is positive. These sums can be easily computed
in a bottom-up manner within the required complexity. In the end M covers T
if and only if all edges are covered. ��
Lemma 4. An undirected labeled tree with n nodes has at most 2n − 2 covers.

Proof. Take any leaf; the only edge connected to this leaf must be covered by a
first or last letter of the cover. An occurrence of the cover must appear on some
path in the tree, and each such path is determined by the two nodes on its ends.
As one end is fixed (the chosen leaf), there can only be n − 1 such paths. This
gives at most 2(n − 1) possible cover candidates. ��
Theorem 2. All covers of an undirected tree with n nodes can be computed in
O(n2) time and space.

Proof. We group all O(n2) paths in the tree by their string labels, and for each of
the k = O(n) candidates from Lemma 4 check if all paths in the group with the
same string label as the candidate cover the whole tree. If M1, . . . ,Mk are these
sets of paths, then the solution using Lemma 3 works in O(kn +

∑k
i=1 |Mi|) =

O(n2) time since the sets Mi are pairwise disjoint.
For grouping paths by their string labels we assign identifiers in {1, . . . , n2}

to all paths using the following algorithm:
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– The labels of edges are renumbered with integers in the range {1, . . . , n − 1}
in O(n log n) time.

– Given the identifiers of paths of length i, we compute paths of length i + 1
and assign identifiers to them by forming pairs of the form: (the identifier of
prefix path of length i, the identifier of the last edge), sorting them by radix
sort and renumbering with integers from {1, . . . , n2}. If pi+1 is the number of
paths of length i + 1, then this step takes O(pi+1 + n) time.

This gives O(n log n +
∑n

i=2(pi + n)) = O(n2) time and space. ��

4.2 O(n2 log n) Time and O(n) Space

Let us recall that there are O(n) candidates for a cover (see Lemma 4). In this
section we show how to check if each of them is a cover in O(n log n) time. We
use the following auxiliary problem together with a centroid decomposition.

Anchored Covering Problem
Input: Labeled tree T , its node r and a string C; |T | = n, |C| = m.
Output: All edges of T that are covered by occurrences of C in T that pass
through the node r.

Lemma 5. Anchored Covering Problem for a tree with n nodes can be solved in
O(n) time.

Proof. Let us root T in r. We denote by T1, T2, . . . , Tt the subtrees of r. For each
i ∈ {1, . . . , t}, we define Pi, Si as the set of nodes v ∈ Ti such that the label of the
path v � r is a prefix and a reverse of a suffix of C, respectively. For v ∈ Ti we
have v ∈ Pi (v ∈ Si) if TreePREFC [v] = depth(v) (TreePREFCR [v] = depth(v),
respectively, where depth(v) denotes the distance of v from the root r), so these
sets can be computed in O(n) time (cf. Lemma 1).

A node v is called good if it is an endpoint of an undirected path labeled C
and passing through r.

Claim 1. v ∈ Ti is good if there is a node u ∈ Tj , j �= i such that

(depth(u) + depth(v) = m) and (u ∈ Sj , v ∈ Pi or u ∈ Pj , v ∈ Si).

We use the function MarkNodes to mark good nodes. In the pseudocode we
denote by depths(W ) a list of depths of nodes in W . We represent each of the
sets PrefDepths, SufDepths by its characteristic vector so that adding a set
depths(W ) to them can be done in time proportional to the number of inserted
elements.

In the algorithm AnchoredCovering we are implementing the claim and pro-
cess i’s in the ascending and descending orders; in the first pass PrefDepths,
SufDepths consist of depths of Pj , Sj of u ∈ Tj for all j < i and in the second
pass for j > i. Each pass works in O(n) time. In the end all edges that are
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Function MarkNodes(i)

Comment: (some) good nodes in the subtree Ti are marked

foreach v in Pi do
if m − depth(v) ∈ SufDepths then

mark v as a good node;

foreach v in Si do
if m − depth(v) ∈ PrefDepths then

mark v as a good node;

PrefDepths := PrefDepths ∪ depths(Pi);

SufDepths := SufDepths ∪ depths(Si);

Algorithm 2: AnchoredCovering

PrefDepths := SufDepths := ∅;
for i := 1 to t do MarkNodes(i);

PrefDepths := SufDepths := ∅;
for i := t down to 1 do MarkNodes(i);

return all edges on paths from marked nodes to r;

located on paths v � root for good nodes v are computed in O(n) time with a
simple bottom-up traversal. ��

Let T1, T2, . . . , Tt be the connected components obtained after removing a
node r from T . The node r is called a centroid of T if |Ti| ≤ n/2 for all Ti.

The centroid decomposition of T , CDecomp(T ), is defined recursively as:

CDecomp(T ) = {(T, r)} ∪
t⋃

i=1

CDecomp(Ti).

Every tree has a centroid, see [15], and a centroid of a tree can be computed in
O(n) time.

The recursive definition of CDecomp(T ) implies the following bounds.

Fact 3. For a tree T with n nodes, the total size of all subtrees in CDecomp(T )
is O(n log n). The decomposition CDecomp(T ) can be computed in O(n log n)
time and O(n) additional space (excluding the space used for storing the output).

Theorem 3. One can check if a given string covers an undirected tree with n
nodes in O(n log n) time and O(n) space.

Proof. A known property of a centroid decomposition is that for every path π
in T there exists an element (T ′, r′) ∈ CDecomp(T ) such that π is a path in
T ′ that passes through r′. We generate the pairs (T ′, r′) forming CDecomp(T )
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one by one, for each of them solve an instance of the Anchored Covering Prob-
lem, and mark all edges returned by each instance. The complexity follows by
Fact 3. ��

Corollary 1. All covers of an undirected tree can be computed in O(n2 log n)
time and O(n) space.
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for a fixed m and all k ∈ {0, . . . ,m} or a fixed k and all m ∈ {k, . . . ,n}. Finally, we
show that, for k,m = Θ(logn), the (k,m)-mappability problem cannot be solved in20

strongly subquadratic time unless the Strong Exponential Time Hypothesis fails.
This is an improved and extended version of a paper presented at SPIRE 2018.

Keywords sequence mappability · k-errata tree · Hamming distance

1 Introduction

The k-mappability problem. Analyzing data derived from massively parallel sequenc-25

ing experiments often depends on the process of genome assembly via resequencing;
namely, assembly with the help of a reference sequence. In this process, a large number
of reads (or short sequences) derived from a DNA donor during these experiments
must be mapped back to a reference sequence, comprising a few gigabases, to estab-
lish the section of the genome from which each read has been derived. An extensive30

number of short-read alignment techniques and tools have been introduced to address
this challenge emphasizing on different aspects of the process [16].

In turn, the process of resequencing depends heavily on how mappable a genome
is with respect to reads of some fixed length m. Thus, given a reference sequence, for
every substring of length m in the sequence, we want to count how many additional35

times this substring appears in the sequence when allowing for a small number k
of errors. This computational problem and a heuristic approach to approximate the
solution were first proposed in [12] (see also [5]), where a great variance in genome
mappability between species and gene classes was revealed.

More formally, for a string T , let T m
i denote the length-m substring of T that starts40

at position i. In the (k,m)-mappability problem, for a given string T of length n, we
are asked to compute a table Am

≤k whose ith entry Am
≤k[i] is the number of indices j 6= i

such that the substrings T m
i and T m

j are at Hamming distance at most k. In the previous
study [12], the assumed values of parameters were k ≤ 4, m≤ 100, and the alphabet
of T was {A,C,G,T}.45

Example 1.1 Consider a string T = aababba and m = 3. The following table shows
the (k,m)-mappability counts for k = 1 and k = 2.

position i 1 2 3 4 5
substring T 3

i aab aba bab abb bba
(1,3)-mappability A3

≤1[i] 2 2 1 2 1
(2,3)-mappability A3

≤2[i] 3 3 3 4 3
difference A3

=2[i] 1 1 2 2 2

For instance, consider the position 1. The (1,3)-mappability is 2 due to the occur-
rences of bab and abb at positions 3 and 4, respectively. The (2,3)-mappability is 3
since only the substring bba, occurring at position 5, has three mismatches with aab.50
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For convenience, our algorithms compute an array Am
=k whose ith entry Am

=k[i] is
the number of positions j 6= i such that substrings T m

i and T m
j are at Hamming distance

exactly k. Note that Am
≤k[i] = ∑k

κ=0 Am
=κ [i]; see the “difference” row in the example

above. Henceforth, we call this problem the (k,m)-mappability problem.

Solution Time complexity
Manzini [31] O(mn logn/ log logn)

Alzamel et al. [3] O(nm)
Alzamel et al. [3] O(n logn log logn)
Alzamel et al. [3] O(n) on average for m = Ω(logn)

Hooshmand et al. [21], Amir et al. [4] O(n logn)
Amir et al. [4] O(n) for m = Ω(

√
n)

Table 1.1 Known algorithms for computing (1,m)-mappability for strings over constant-sized alphabets.
All algorithms use O(n) space.

Using the suffix array and the LCP table [30,26,24], the (0,m)-mappability prob-55

lem can be solved in O(n) time and space. Known solutions for computing (1,m)-
mappability are shown in Table 1.1; the O(nm)-time and the O(n)-average-time solu-
tions of Alzamel et al. [3] work also on strings over integer alphabets {1, . . . ,σ} for
σ = nO(1). Moreover, the latter algorithm was shown to be generalizable to arbitrary k,
requiring O(n) space and, on average, O(kn) time if m = Ω(k logσ n). A practically60

fast algorithm for arbitrary k was presented in [32]. In [1], the authors introduced an
efficient construction of a genome mappability array Bk in which Bk[µ] is the smallest
length m such that at least µ of the length-m substrings of T do not occur elsewhere in
T with at most k mismatches. This construction was further improved in [6].

The all-pairs Hamming distance problem. The evolutionary relationships between65

different species or taxa are usually inferred through phylogenetic analysis techniques.
Some of these techniques rely on the inference of phylogenetic trees. A first step
of these techniques is to compute the distances between all pairs of sequences rep-
resenting the set of species or taxa under study [35]. This particular step, however,
often dominates the running time of these methods. Depending on the application,70

the underlying model of evolution, and the optimality criterion, it may not be strictly
necessary to be aware of the complete distance matrix (see [17,11], for instance).
Thus, in this preprocessing step, we are only interested in pairs with distances not
exceeding a given threshold.

The computational problem can be formally defined as follows. Given a set R of r75

length-m strings and an integer k ∈ {0, . . . ,m}, return all pairs (X1,X2) ∈ R×R, with
X1 6= X2, such that X1 and X2 are at Hamming distance at most k. This problem has
been studied in the average-case model and efficient linear-time algorithms are known
under some constraints on the value of k and some assumptions on the elements
of R [11,29,20]. In particular, these algorithms work in O(rm) average-case time80

if k < (m−k−1) logσ
logrm and the elements of R are over an integer alphabet Σ of size

σ > 1 with the letters of the strings being independent and identically distributed
random variables uniformly distributed over Σ . The indexing variant of the all-pairs
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Hamming distance problem has further applications in bioinformatics for querying
typing databases [8] and in information retrieval for searching similar documents in a85

collection [19].
Intuitively, there is a connection between the (k,m)-mappability problem and the

all-pairs Hamming distance problem that allows to transfer the technique used in the
solution to the former to a solution to the latter (it is not a formal reduction between
problems). The connection is as follows: by first concatenating the r elements of R to90

construct a new string T of length n = rm, solving the former considering only the r
substrings of T starting at positions i with i mod m = 1, and summing up the resulting
values, we would obtain the total size of the output of the latter.

Henceforth, we assume, as in the mappability problem, that we are to compute all
pairs at Hamming distance exactly k. In the end, we run the algorithm for all values of95

k up to a given threshold of interest.

Our contributions. We present several algorithms for the general case of the (k,m)-
mappability problem. More specifically, our contributions are as follows:

1. In Section 3, we show a randomized Las-Vegas algorithm for the (k,m)-mappa-
bility problem that works in O(n

(logn+k
k

)
4kk) time with high probability1 and100

O(n2kk) space for a string over any ordered alphabet. It requires a careful adapta-
tion of the technique of recursive heavy-path decompositions in a tree [10].

2. In Section 4, we show an algorithm to solve the all-pairs Hamming distance prob-
lem for strings over any ordered alphabet that works in O(rm+r

(logr+k
k

)
4kk logr+

output ·2kk logr) time and O(rm+ r2kk logr) space.105

3. In Section 5, we show an algorithm for the (k,m)-mappability problem that works
in O(nk · (m+ 1)k) time and O(n) space for a string over an integer alphabet.
Together with the first result, this yields an O(n ·min{mk, logk n})-time and O(n)-
space algorithm for k = O(1).

4. In Section 6, we show O(n2)-time algorithms for a string over any ordered alphabet110

to compute all (k,m)-mappability tables for a fixed m and all k ∈ {0, . . . ,m}, or
for a fixed k and all m ∈ {k, . . . ,n}.

5. Finally, in Section 7, we prove that the (k,m)-mappability problem for k,m =
Θ(logn) cannot be solved in strongly subquadratic time unless the Strong Expo-
nential Time Hypothesis [22,23] fails.115

In contributions 1 and 5, we apply recent advances in the Longest Common Substring
with k Mismatches problem that were presented in [9] and [27], respectively (see
also [34]). In particular, compared to [9], our contribution 1 requires a careful counting
of substring pairs to avoid multiple counting and a thorough analysis of the space
usage. Technically this is the most involved contribution. Contributions 1, 2, and 4120

apply to strings over an arbitrary ordered alphabet; the running times of the respective
algorithms are Ω(n logn), which is sufficient to renumber the letters of the input text
so that its alphabet becomes an integer alphabet.

This work is an extended version of [2]. In comparison to the conference version,
in particular, we improve the complexity of the main algorithm by a Θ(logn)-factor,125

1 With probability at least 1−n−c for an arbitrarily large predefined constant parameter c > 0.
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remove the dependency on the alphabet size in contribution 3, and apply our techniques
to solve the all-pairs Hamming distance problem (contribution 2).

2 Preliminaries

Let T = T [1]T [2] · · ·T [n] be a string of length |T |= n over a finite ordered alphabet Σ
of size |Σ |= σ . The empty string is denoted by ε . In some algorithms we assume that130

the string is over an integer alphabet, i.e., Σ = {1, . . . ,nO(1)}. For two positions i and
j on T , the substring (sometimes called factor) of T that starts at position i and ends
at position j is T [i] · · ·T [ j] (it is of length 0 if j < i). A prefix of T is a substring that
starts at position 1 and a suffix of T is a substring that ends at position n. We denote
the suffix that starts at position i by Ti and its prefix of length m by T m

i .135

The Hamming distance between two strings S and T of the same length |S| =
|T | is defined as dH(S,T ) = |{i ∈ {1,2, . . . , |S|} : S[i] 6= T [i]}|. If |S| 6= |T |, we set
dH(S,T ) = ∞.

By lcp(U,V ) we denote the length of the longest common prefix of strings U and
V . For a fixed string T , we also set lcp(r,s) = lcp(Tr,Ts).140

Compact trie. A trie of a collection of strings C is a labeled tree that contains a
node for every distinct prefix of a string in C; the root node is ε; the set of terminal
nodes is C; and edges are of the form u c→ uc, where u and uc are nodes and c ∈ Σ . A
compact trie T of a collection of strings C is obtained from the trie of C by dissolving
all non-branching nodes, excluding the root and the terminals. The nodes of the trie145

which become nodes of T are called explicit nodes, whereas the other nodes are
called implicit. Each edge of T can be viewed as an upward maximal path of implicit
nodes starting with an explicit node. The string label of an edge is a substring of one
of the strings in C; the label of an edge is the first letter of the edge’s string label.
Each node of the trie can be represented in T by the edge it belongs to and an index150

within the corresponding path. We let L(v) denote the path-label of a node v, i.e.,
the concatenation of the string labels of the edges along the path from the root to v.
Additionally, D(v) = |L(v)| is the string-depth of node v.

Suffix tree. The suffix tree of a string T is the compact trie representing all suffixes of T .
The suffix tree of a string T of length n over an integer alphabet can be constructed155

in O(n) time [14] and, after an O(n)-time preprocessing [7], it can be used to answer
lcp(r,s) queries in O(1) time.

Hashing. We use perfect hashing to implement dynamic dictionaries supporting
insertions and deletions of entries (key-value pairs), as well as look-ups of entries with
a given key. Technically, we maintain a single global dictionary (which may simulate160

multiple local dictionaries) implemented using the following result originating from
the work of Dietzfelbinger and Meyer auf der Heide [13].

Theorem 2.1 (see [13, Theorem 5.5]) For any constant c > 1 and positive integer n,
there is a data structure that maintains a dynamic dictionary D of size |D| ≤ n with
the following guarantees:165
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1. The data structure occupies O(n) space.
2. Handling any m≤ nc operations (look-ups, insertions, and deletions) in an on-line

fashion costs O(n+m) time in total2 with probability at least 1−n−c.

The constants in the time and space bounds depend on c.

The original data structure of [13, Theorem 5.5] supports n operations in O(n)170

time with probability at least 1−n−c. To allow m≤ nc operations, we use instances
supporting 2n operations in O(n) time with probability at least 1− n1−2c, and we
build such an instance from scratch after completing every n operations (using |D| ≤ n
insertions out of the allowance of 2n operations). By the union bound, all m ≤ nc

operations are thus handled in O(n+m) total time with probability at least 1−n−c.175

When using strings as dictionary keys, we rely on Karp–Rabin fingerprints (poly-
nomial hashing) [25] with collision probability bounded by n−C for strings of length
at most n (and a sufficiently large constant C). In order to obtain Las-Vegas algorithms,
we provide mechanisms for detecting collisions and resort to naive polynomial-time
solutions upon detecting any.180

3 Computing Mappability in O(n logk n) Time and O(n) Space

Our algorithm operates on so-called modified strings. A modified string α is a pair
(U(α),M(α)), where U(α) is a string and M(α) a set of modifications. Each element
of the set M(α) is a pair of the form (i,c) which denotes a substitution “U(α)[i] := c”.
We assume that no two pairs in M(α) share the same index i. By val(α), we denote185

the string U(α) after all the substitutions. The sets M(α) for modified strings are
implemented as (functional) lists. Whenever a modified string β is obtained by intro-
ducing an extra modification to a modified string α , the head of M(β ) represents the
new modification whereas the tail points to M(α). We always introduce modifications
in the left-to-right order so that the lists M(α) are sorted according to the decreasing190

order of indices i.
The algorithm processes modified substrings of T that are modified strings origi-

nating from the substrings T m
i . In this case, the strings U(α) are not stored explicitly.

Instead, for a modified substring α originating from T m
i , an index idx(α) = i is stored.

Overview of the algorithm. Intuitively, the algorithm proceeds by efficiently simulat-195

ing transformations of a compact trie of modified substrings, initially containing all
substrings T m

i .3 The elementary transformations are guided by the smaller-to-larger
principle, and each of them consists in copying one subtree unto its sibling, with an
appropriate modification introduced to each copied substring in order to match the
label of the edge leading to the sibling. This process effectively results in registering200

one mismatch for a large batch of substrings at once, and therefore lays a foundation
to solve the main problem in the aforementioned time.

2 Through standard deamortization, we could achieve, with high probability, O(1)-time operations after
O(n)-time initialization. However, this would not benefit the main results of this paper.

3 The true course of the algorithm will not actually perform much of its operations on a compact trie, but
the intuition is best conveyed by visualizing them this way.

96



Efficient Computation of Sequence Mappability 7

The trie is constructed top-down recursively, and the final set of modified substrings
that are present in the trie is known only when all the leaves of the trie have been
reached.205

A node v of the trie stores a set of modified substrings MS(v). Initially, the root r
stores all substrings T m

i in its set MS(r). The path-label L(v) is the longest common
prefix of (the values of) all the modified substrings in MS(v) and the string-depth D(v)
is the length of this prefix. None of the strings in MS(v) contains a modification at a
position greater than D(v). The children of v are determined by subsets of MS(v) that210

correspond to different letters at position D(v)+1. Furthermore, additional modified
substrings with modifications at position D(v)+1 are created and inserted into the
children’s MS-sets. This corresponds to the intuition of copying subtrees unto their
siblings; see Fig. 3.1.

1 aab 2 abb 4 bab 3 bba         b
1 aab 4 aab

b
3 aba

2 abb 4 bab 3 bba

bb b a b a b b a

a b a b a b a b

a b a b

Fig. 3.1 To the left: a trie of all length-3 substrings of aabbab. To the right: an effect of copying the right
subtree unto the left subtree, which corresponds to changing the first letter of all its substrings from b
to a. In the original trie, there was exactly one pair of substrings from different subtrees of the root at
Hamming distance 1; after the operation, there is a leaf containing modified substrings corresponding to
these substrings. Such copy operations are performed in our algorithm top-down in the trie, making sure
that each resulting modified substring has at most k modifications.

The goal is to propagate the modified substrings to the leaves and, by process-215

ing each leaf independently, register exactly once every pair of substrings (T m
i ,T m

j )
differing on exactly k positions.

Now, we will describe the recursive routine for visiting a node.

Processing an internal node. Assume that our node v has children u1, . . . ,ua. First, we
distinguish a child of v with maximum-size set MS, with ties being broken arbitrarily;220

let it be u1. We will refer to this child as heavy and to every other as light. We will
recursively branch into each child to take care of all pairs of modified substrings
contained in any single subtree.

For this, we create an extra child ua+1 so that MS(ua+1) contains all modified
substrings from MS(u2)∪·· ·∪MS(ua) with the letters at position D(v)+1 replaced by225
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a common wildcard character $. By processing the subtree of ua+1, we will consider
pairs of modified substrings that originate from different light children.

Additionally, we insert all modified substrings from MS(u2)∪ ·· ·∪MS(ua) into
MS(u1), substituting the letter at position D(v)+ 1 with the common letter at this
position of modified substrings in MS(u1). This transformation will take care of pairs230

between the heavy child and the light ones.
As modified substrings with more than k substitutions are irrelevant for our algo-

rithm, we refrain from creating them in the interest of time and space complexity.
Finally, the algorithm branches into the subtrees of u1, . . . ,ua+1. A pseudocode of

this process is presented as Algorithm 1.235

Let us note that, in the special case of a binary alphabet, the child ua+1 need not
be created. Indeed, in this case, each node has at most two children, hence at most one
light one, whereas when processing the subtree of ua+1, we consider pairs of modified
substrings that originate from different light children.

Algorithm 1: A recursive procedure of processing a trie node
Procedure processNode(v)

lcp(v): computes the longest common prefix of all the strings in {val(α) : α ∈MS(v)}
insert(v, α): inserts α into MS(v)
splitByLetter(v, index): splits MS(v) into groups having the same index-th letter,

returning a list of sets of modified substrings

depth← lcp(v)
if depth = m then

processLeaf(v)
return

children← splitByLetter(v, depth+1)
heavyChild← findHeaviest(children)
heavyLetter← val(α)[depth+1] for some α ∈ heavyChild
wildcardTree← /0
foreach lightChild ∈ children\{heavyChild} do

foreach α ∈ lightChild do
if |M(α)|< k then

α ′← α
α ′[depth+1]← $
insert(wildcardTree, α ′)
α ′′← α
α ′′[depth+1]← heavyLetter
insert(heavyChild, α ′′)

foreach child ∈ children∪{wildcardTree} do
processNode(child)

Processing a leaf. Each modified substring α stores its index of origin idx(α) and240

the set of modifications M(α). As we have seen, the substitutions introduced in the
recursion are of two types: of wildcard origin and of heavy origin. For a modified
substring α , we introduce a partition M(α) = W (α)∪H(α) into modifications of
these kinds. For every leaf v, the modified substrings α ∈ MS(v) share the same
value val(α), and hence W (α) is also the same. Finally, by W−1(α) we denote the set245
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{( j,T m
idx(α)[ j]) : ( j,$)∈W (α)}. We call modified substrings α,β ∈MS(v) compatible

if they satisfy the following condition:

H(α)∩H(β ) = /0, W−1(α)∩W−1(β ) = /0, |H(α)|+ |H(β )|+ |W (α)|= k. (3.1)

Lemma 3.3 below shows that if two modified substrings are compatible, then the
original substrings were at Hamming distance at most k. Intuitively, α and β are
compatible only if the positions of modifications in M(α)∪M(β ) do not contain any250

position j such that T m
idx(α)[ j] = T m

idx(β )[ j].

Example 3.1 Let us consider modified strings α1, . . . ,α6 with the following original
strings and sets of modifications such that val(αi) = aba$c for all i = 1, . . . ,6.

i U(αi) H(αi) W (αi) W−1(αi) dH(U(α1),U(αi))
1 aaabc {(2,b)} {(4,$)} {(4,b)} 0
2 bbacc {(1,a)} {(4,$)} {(4,c)} 3
3 abbcb {(3,a),(5,c)} {(4,$)} {(4,c)} 4
4 abacc /0 {(4,$)} {(4,c)} 2
5 acacc {(2,b)} {(4,$)} {(4,c)} 2
6 ababa {(5,c)} {(4,$)} {(4,b)} 2

Let us notice that W (αi) is the same for all i. Let k = 3. The only modified string that is255

compatible with α1 is α2. Each of the remaining modified strings violates exactly one
of the conditions from Equation (3.1): |H(α1)|+ |H(α3)|+ |W (α1)|= 4, |H(α1)|+
|H(α4)|+ |W (α1)|= 2, H(α1)∩H(α5) = {(2,b)}, W−1(α1)∩W−1(α6) = {(4,b)}.
Indeed, we have dH(U(α1),U(α2)) = 3 and dH(U(α1),U(αi)) 6= 3 for i ∈ {3, . . . ,6}.

As proved in Lemma 3.8 below, for every α ∈ MS(v), we should increment260

Am
=k[idx(α)] for each compatible β ∈MS(v). We next show how to efficiently count

these modified substrings using the inclusion-exclusion principle and several precom-
puted values, as we cannot afford to count them naively.

For convenience, let R(α) denote the union of disjoint sets H(α) and W−1(α). For
a leaf v, let Count(s,B) denote the number of modified substrings β ∈MS(v) such that265

|H(β )|= s and B⊆ R(β ). All the non-zero values Count(·, ·) are stored in a hash table.
They can be generated by iterating through all the subsets of R(β ) for all modified
substrings β ∈MS(v); this costs O(2kk|MS(v)|) time and space. Finally, the result for
a modified substring α can be computed using the following direct consequence of
the inclusion-exclusion principle.270

Lemma 3.2 The number of modified substrings β ∈MS(v) that are compatible with
a modified substring α ∈MS(v) is ∑B⊆R(α)(−1)|B|Count(k−|M(α)|,B).

Proof First, let h = k−|M(α)|. We want to count the modified substrings β ∈MS(v)
that satisfy |H(β )| = h and R(α)∩R(β ) = /0. For (i,x) ∈ R(α), let A(i,x) = {β ∈
MS(v) : |H(β )| = h and (i,x) ∈ R(β )}. Then, we want to compute Count(h, /0)−

99



10 P. Charalampopoulos et al.

aab1 aba2 abb4 bab3 bba5

aab1 aab3
b

aba2 aba5
b

abb4

aab1 aab3
b

aba2 aba5
b

abb1
a

abb3
ba

abb4

aba2 aba5
b

abb1
a

abb2
a

abb3
ba

abb4 abb5
b a

1↔ 2, 3↔ 4, 4↔ 5

bab3 bba5

baa5
b

bab3

baa3
b

baa5
b

3↔ 5

bab3 bba5

a

ab

b

a b

b

a

a b
ba

Fig. 3.2 Computation of (2,3)-mappability for the string T = aababba from Example 1.1. Edges leading
to heavy children are drawn in bold. Note that the alphabet is binary in this case, so wildcard subtrees do
not need to be introduced; the only substitutions are from the (at most one) light child to the heavy child.
The letters shown above are the original letters before the substitutions. The pairs of compatible modified
substrings are indicated with arrows; in the binary case, Equation (3.1) implies that these are substrings with
modifications at different positions and exactly k = 2 modifications in total. In the end, A3

=2[1] = A3
=2[2] = 1

and A3
=2[3] = A3

=2[4] = A3
=2[5] = 2 as expected.

|⋃(i,x)∈R(α) A(i,x)|. By the inclusion-exclusion principle, we have
∣∣∣∣∣∣

⋃

(i,x)∈R(α)

A(i,x)

∣∣∣∣∣∣
= ∑

B6= /0,B⊆R(α)

(−1)|B|+1

∣∣∣∣∣∣
⋂

(i,x)∈B

A(i,x)

∣∣∣∣∣∣

= ∑
B6= /0,B⊆R(α)

(−1)|B|+1Count(h,B),

which concludes the proof. ut

Examples. Examples of the execution of the algorithm for a binary and a ternary
string can be found in Figures 3.2 and 3.3, respectively.

Correctness. We will show that it is enough to count pairs of modified substrings275

obtained in the leaves. First we show that a pair of compatible modified substrings
implies a pair of length-m substrings at Hamming distance at most k.

Lemma 3.3 If α,β ∈MS(v) are compatible with i = idx(α), and j = idx(β ), then
dH(T m

i ,T m
j ) = k.

Proof By Equation (3.1) we have W−1(α)∩W−1(β ) = /0, so T m
i and T m

j differ at
positions of modifications in W (α) =W (β ). They also differ at positions of modifi-
cations in H(β ) since at the nodes corresponding to these positions, an ancestor of
α (that is, the modified substring from which α originates) was in the heavy child
and an ancestor of β originated from a light child (recall that Equation (3.1) includes
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aa1 ab2 ac4 ba3 ca5

aa1 aa3
b

aa5
c

ab2 ac4

aa1 aa2
b

aa3
b

aa4
c

aa5
c

1↔ 2,1↔ 3,1↔ 4,1↔ 5

ab2 ac4 a$2
b

a$4
c

2↔ 4

ba3 ca5 $a3
b

$a5
c

3↔ 5

a

a b c $
ba ca $a

Fig. 3.3 Computation of (1,2)-mappability for the string T = aabaca. This example illustrates the need to
use of wildcard symbols for a non-binary alphabet, as otherwise pairs from different light children of the
same node would not be registered. In this case k = 1, so modified substrings are compatible if and only if
at most one of them has a modification or both have a modification of the wildcard-type which originate
from different letters. We have A2

=1[1] = 4 and A2
=1[2] = A2

=1[3] = A2
=1[4] = A2

=1[5] = 2.

H(α)∩H(β ) = /0). Symmetrically, T m
i and T m

j differ at positions of modifications in
H(α). In conclusion, they differ at positions of modifications in H(α)∪H(β )∪W (α).
The three sets are disjoint, so |H(α)∪H(β )∪W (α)|= |H(α)|+ |H(β )|+ |W (α)|= k
by Equation (3.1). This shows that dH(T m

i ,T m
j )≥ k. With val(α) = val(β ), we con-

clude that dH(T m
i ,T m

j ) = k. ut

We proceed with a proof that if two length-m substrings are at distance at most k,280

then some leaf contains a pair of corresponding modified substrings that are compatible.
Let us start with an observation that lists some basic properties of our algorithm. Both
parts can be shown by straightforward induction.

Observation 3.4 (a) If a node v stores modified substrings α,β ∈MS(v), then it has
a descendant v′ with D(v′) = lcp(val(α),val(β )) and α,β ∈MS(v′).285

(b) Every node stores at most one modified substring originating from the same
substring T m

` .

We use the following auxiliary lemma.

Lemma 3.5 Assume that dH(T m
i ,T m

j ) = k and let 1 ≤ x1 < x2 < · · · < xk ≤ m be
the indices where the two substrings differ. Further let xk+1 = m + 1. For every290

p ∈ {1, . . . ,k+ 1}, there exist a node vp and modified substrings αp,βp ∈ MS(vp)
such that:

– idx(αp) = i and idx(βp) = j;
– lcp(val(αp),val(βp)) = xp−1 = D(vp);
– for each position x1, . . . ,xp−1, both M(αp) and M(βp) contain modifications of295

wildcard origin, or exactly one of these sets contains a modification of heavy
origin;

– there are no other modifications in M(αp) or M(βp).

Proof The proof goes by induction on p. As α1 and β1, we take (un)modified sub-
strings such that idx(α1) = i, idx(β1) = j, and M(α1) = M(β1) = /0. They are stored300
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in the set MS(r) for the root r, so Observation 3.4(a) guarantees the existence of a
node v1 with D(v1) = lcp(α1,β1) and α1,β1 ∈MS(v1).

Let p > 1. By the inductive hypothesis, the set MS(vp−1) contains modified sub-
strings αp−1 and βp−1. The node vp−1 has children w1, w2 corresponding to letters
T m

i [xp−1] and T m
j [xp−1], respectively. If w1 is the heavy child, then w2 is a light305

child and a modified substring β ′ such that idx(β ′) = j and M(β ′) = M(βp−1)∪
{(xp−1,T m

i [xp−1])} is inserted to MS(w1). Then, we take α ′ = αp−1. The case that w2
is the heavy child is symmetric. Finally, if both w1 and w2 are light children, a child
u of vp−1 is created along the wildcard symbol $. There exist modified substrings
α ′,β ′ ∈MS(u) such that: idx(α ′) = i, idx(β ′) = j, M(α ′) = M(αp−1)∪{(xp−1,$)},310

and M(β ′) = M(βp−1)∪{(xp−1,$)}.
In either case, we have lcp(val(α ′),val(β ′)) = xp−1. The set (M(α ′)∪M(β ′))\

(M(αp−1)∪M(βp−1)) contains either a modification of heavy origin in one of the
modified substrings or modifications of wildcard origin in both. Hence, by the in-
ductive hypothesis, we can set αp = α ′ and βp = β ′. The node vp with D(vp) =
lcp(val(αp),val(βp)) and αp,βp ∈MS(vp) must exist due to Observation 3.4(a). ut

Example 3.6 Let us consider strings α = aab and β = aba from Figure 3.2 that differ
at positions x1 = 2 and x2 = 3. The trie in the figure has a path that contains nodes
storing the modified substrings from the following table.

p α M(αp) val(αp) β M(βp) val(βp) D(vp)
1 aab /0 aab aba /0 aba 1
2 aab {(2,b)} abb aba /0 aba 2
3 aab {(2,b)} abb abb {(3,b)} abb 3

315

The following corollary is a direct consequence of Lemma 3.5.

Corollary 3.7 If dH(T m
i ,T m

j ) = k, then there is a leaf v and a pair of compatible
modified substrings α,β ∈MS(v) with i = idx(α) and j = idx(β ).

Proof Lemma 3.5, applied for p = k+1, yields a leaf vk+1 that contains compatible
modified substrings α = αk+1 and β = βk+1 with idx(α) = i and idx(β ) = j. ut

The following lemma, a stronger version of the corollary, together with Lemma 3.3
shows that Algorithm 1 correctly computes the mappability table Am

=k.320

Lemma 3.8 If dH(T m
i ,T m

j ) = k, then there is exactly one leaf v and exactly one pair
of compatible modified substrings α,β ∈MS(v) with i = idx(α) and j = idx(β ).

Proof Corollary 3.7 implies that there is at least one leaf that contains compatible
modified substrings α and β with idx(α) = i and idx(β ) = j. Now, it suffices to check
that there is no other pair of compatible modified substrings (α ′,β ′) 6= (α,β ) that325

would be present in some leaf u and satisfy idx(α ′) = i and idx(β ′) = j.
We apply Lemma 3.5. Let us first note that M(α ′)∪M(β ′) must contain mod-

ifications at positions x1, . . . ,xk (since val(α ′) = val(β ′)) and no modifications at
other positions (otherwise, |H(α ′)|+ |H(β ′)|+ |W (α ′)| would exceed k). Let p be
the greatest index in {1, . . . ,k+1} such that xp−1≤ lcp(val(α),val(α ′)). By Obser-330

vation 3.4(b), u 6= vk+1, so p≤ k.
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Thus, the node vp is an ancestor of the leaf u, but the node vp+1 is not. Let us
consider the children w1, w2 of vp obtained by following edges with labels T m

i [xp]
and T m

j [xp], respectively. If w1 is the heavy child, β ′ must contain a modification of
heavy origin at position xp, so vp+1 is an ancestor of u; a contradiction. The same
contradiction is obtained in the symmetric case that w2 is the heavy child. Finally,
if both w1 and w2 are light, then either both α ′ and β ′ contain a modification of
wildcard origin at position xp, which again gives a contradiction, or they both contain
a modification of heavy origin, which contradicts the first part of Equation (3.1). ut

Remark 3.9 The recursive approach presented above is somewhat similar to the
scheme used by Thankachan et al. [34] for computing the longest common sub-
string with up to k mismatches of two strings. We attempted to adapt the approach
of [34] to computing k-mappability, but failed. Another virtue of our approach is that335

we obtain time complexity better by a factor of k! for super-constant k.

Implementation and complexity. Our Algorithm 1, excluding the counting phase in
the leaves, has exactly the same structure as Algorithm 1 in [9]. This is verified in
detail in Appendix A. Proposition 13 from [9] provides a bound on the total number of
the generated modified strings and an efficient implementation based on finger-search340

trees. We apply that proposition for a family F composed of substrings T m
i to obtain

the following bounds.

Fact 3.10 (see [9, Proposition 13]) Algorithm 1 applied up to the leaves takes
O(n

(logn+k+1
k+1

)
2k) time and generates O(n

(logn+k
k

)
2k) modified substrings.

Let us further analyze the space complexity of the algorithm.345

Observation 3.11 If a node v is a child of w, then every element of MS(v) is either
an element of MS(w) or a modified substring originating from an element of MS(w).

Lemma 3.12 Algorithm 1 applied up to the leaves uses O(nk) working space.

Proof We assume that, upon termination, the procedure processNode discards the
set MS(v) and all the modified strings created during its execution. This way, the whole350

memory allocated within a given call to processNode is freed. Since processNode
returns no output and its only side effects are updates of the array Ak

=, no information
is lost through such garbage collection.

A call to processNode(v) for node v partitions the list MS(v) into sublists corre-
sponding to u1, . . . ,ua, creates 2(|MS(u2)|+ · · ·+ |MS(ua)|) new modified substrings355

(each requiring constant space to be stored), appends them to sublists corresponding
to u1 and ua+1, and then recurses on the sublists. In particular, the elements of the
original list MS(v) are not copied but reused in the recursive call.

Let us consider a root-to-leaf path ρ in the recursion. Each recursive call uses O(1)
local variables, which take O(n) space overall. We also need to bound the total number360

of modified substrings created by calls to processNode for nodes on the path ρ .
By Observations 3.11 and 3.4(b), |MS(v)| is non-increasing on ρ . Moreover, if v

is a light child of its parent w, then |MS(v)| ≤ |MS(w)|/2. Let us consider all nodes w
on ρ such that the unique child of w that is on ρ is a light child. The total number of
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modified strings created by the calls to processNode(w) for all such nodes w is O(n)365

since we can bound it from above by a geometric series that sums to O(n).
As for the calls to processNode(w) for the remaining nodes on ρ , for every two

modified strings they create, they put one of them in the child of w that also belongs
to ρ . Hence, it suffices to bound the total number of modified substrings originating
from T m

i for each position i that are in MS(v) for some node v on ρ . For a given
position i, let α1, . . . ,αb be all such modified substrings originating from T m

i . By
Observation 3.11, we have M(α1)( M(α2)( · · ·( M(αb) and thus b≤ k. In total,
we create O(nk) modified substrings in calls to processNode on nodes of ρ . ut

Next, we show how to improve the time complexity of Algorithm 1 by a relatively
small change in its execution. Intuitively, we will take advantage of the fact that the
modified substrings in a leaf of the recursion do not need to be sorted lexicographically.

Namely, whenever a modified substring β with exactly k modifications is created370

at a node v (i.e., |M(α)| = k− 1 in the if-statement), we do not include β in the
recursive call of wildcardTree or heavyChild. Instead, an entry (val(β ),β ) is inserted
into a global hash table. When processing a leaf v containing modified substrings
with a common value val(α), we need to move all modified substrings with value
val(α) from the global hash table to the set MS(v). Finally, if any modified string β375

created while processing a given node v remains in the hash table upon completion
of processNode(v), then β is removed from the hash table together with all other
modified substrings with the value val(β ). At this moment, an artificial leaf of the
recursion containing all these modified substrings is created, and the standard routine
is applied to process this leaf.380

Recall that the hash table uses Karp–Rabin fingerprints to index strings and
collisions could incur incorrect results in the algorithm. To tackle this issue, whenever
a modified substring β is inserted to the hash table and there is another modified
substring with the same hash in the table, we pick any such modified substring α
and check if val(α) = val(β ) in O(k) time using lcp queries on T with a method385

that resembles kangaroo jumping [18,28] (it requires O(n)-time preprocessing). By
Lemma 3.12, the hash table contains up to O(nk) entries at any given time, so the
collision probability is O(nk · n−C) = O(n−C+2). Setting C > c+ 2, we can make
sure that this is dominated by the probability that the hash table fails to process the
underlying insertion in O(1) amortized time.390

Let us call the resulting algorithm Algorithm 1’.

Lemma 3.13 The outputs of Algorithms 1 and 1’ are the same. Moreover, Algorithm 1’
works in O(n

(logn+k
k

)
2kk) time with high probability (up to the leaves) and uses the

same amount of space as Algorithm 1.

Proof Let v be a leaf in the recursion of Algorithm 1. If MS(v) contains at least one395

modified substring with up to k−1 modifications, v will be identified by the recursive
procedure of Algorithm 1’. Then, all modified substrings with exactly k modifications
that belong to v are populated from the global hash table. If MS(v) does not contain
any modified substring with less than k modifications, v will be identified upon a
deletion from the global hash map at the lowest internal node u of the recursion in400

which a modified substring belonging to MS(v) was created. Here, we use the fact
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that the path-labels L(u) of all nodes u of the recursion are different. This shows that
indeed the leaves of the recursion of Algorithms 1 and 1’ are the same.

As for the time complexity, the total number of modified substrings created by
Algorithm 1’ is the same as in Algorithm 1, i.e., O(n

(logn+k
k

)
2k) by Fact 3.10. However,405

the time necessary to conduct the whole recursive procedure corresponds to the
time complexity of Algorithm 1 if it had been executed with k−1 instead of k, i.e.,
also O(n

(logn+k
k

)
2k) by Fact 3.10. After O(n)-time preprocessing, for each modified

substring, we can compute its Karp–Rabin fingerprint and check collisions in O(k)
time; this accounts for the additional factor k in the time complexity.410

Finally, the space complexity stays the same because modified substrings with
exactly k modifications are removed from the hash table at latest when the recursion
rolls back. ut

Lemmas 3.12 and 3.13 yield the complexity of Algorithm 1’. Note that, due to the
application of the inclusion-exclusion principle in the leaves, we need to multiply the
time complexity of the algorithm by 2k and increase the space complexity by O(n2kk).

Theorem 3.14 There exists a Las-Vegas randomized algorithm that computes the
(k,m)-mappability of a given length-n string in O(n2kk) space and, with high proba-415

bility, in O(n
(logn+k

k

)
4kk) time. For k = O(1), the space is O(n) and the time becomes

O(n logk n).

4 All-Pairs Hamming Distance Problem

Let us recall that in the all-pairs Hamming distance problem, given a set R of r length-
m strings and an integer k ∈ {0, . . . ,m}, we are to return all pairs (X1,X2) ∈ R×R,420

with X1 6= X2, such that X1 and X2 are at Hamming distance at most k. We will show
how the algorithm from the previous section can be modified to solve this problem at
the cost of an additional logr-factor in the complexity.

We run the algorithm from the previous section for T being a concatenation of
all the strings in R and only with substrings {T m

i : i mod m = 1} in the root. The425

algorithm needs to be updated only at the leaves of the compact trie. Henceforth, let
us consider a trie leaf v with a set MS(v) = {β1, . . . ,βp} of modified substrings. We
will further denote this set as MS (|MS|= p). Our goal is to list, for every β ∈MS, all
β ′ ∈MS that are compatible with β .

Let us construct a static balanced binary search tree (BST) in which the leaves430

correspond to the modified substrings βi. This way, each node of the BST corresponds
to a set of subsequent candidates from the leaves of its subtree. If βi, . . . ,β j are the
modified substrings in the leaves of the subtree of a BST node u, then we denote
set(u) = {βi, . . . ,β j}. A leaf will be responsible for storing information only for itself
and an internal node stores merged information of its children.435

Our goal is to store information in each node u of the BST in such a way that,
for any modified substring α ∈MS, we will be able to decide whether there is any
other candidate in set(u) that is compatible with α . Therefore, in each node u, we
will compute all the required machinery for using the inclusion-exclusion principle
on the modified substrings in set(u), that is, a dictionary that stores all non-zero440
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values of Count(s,B) for modified substrings β ∈ set(u). Since every β ∈ MS is
present in O(log p) sets set(u), precomputing all mentioned information can be done
in O(2kkp log p) time and space.

Our query algorithm for a given modified substring β is a recursive procedure
starting at the root of the BST. Assume that the algorithm is at some BST node u. We445

use Lemma 3.2 and the dictionary for set(u) to count the elements β ′ ∈ set(u) that are
compatible with β . If this number is positive, the algorithm recursively descends to
the children of node u. In the end, modified substrings β ′ that are compatible with β
will be listed at the leaves of the BST. The correctness of this algorithm follows from
Lemma 3.8.450

Every application of Lemma 3.2 takes O(2kk) time. For each modified substring β ′
that is compatible with a modified substring β , the algorithm will visit O(log p) BST
nodes, which gives O(2kk log p) time for finding each compatible modified substring
β ′ ∈MS. Note that p≤ r (see Observation 3.4(b)). Summing up over all trie nodes v
and applying Lemmas 3.13 and 3.12, we obtain the following result. (Observe that [9,455

Proposition 13] is applied for a family F of size r rather than n.)

Theorem 4.1 There exists a Las-Vegas randomized algorithm that, given a set of r
length-m strings and an integer k, solves the all-pairs Hamming distance problem
in O(rm+2kkr logr) space and, with high probability, in O(rm+ r

(logr+k
k

)
4kk logr+

output · 2kk logr) time. For k = O(1), the space is O(rm+ r logr) and the time be-460

comes O(rm+ r logk+1 r+output · logr).

Notably, the algorithm underlying Theorem 4.1 works in O(rm) time (with high
probability) if k = O(1), m = Ω(logk+1 r), and output= O(rm/ logr).

5 Computing Mappability in O(nmk) Time and O(n) Space

In this section, we generalize the O(nm)-time algorithm for k = 1 and integer alphabets465

from [3]. To this end, we make use of an approach from [6]. The high-level idea
from [6] is to define a lexicographic order on the suffixes of T that ignores the same k
fixed positions of every suffix. (In fact, the algorithm does the same for many such
combinations of k positions.) The algorithm then uses the suffix tree of T to sort the
modified suffixes according to this new lexicographic order. The focus of the original470

algorithm is not on counting substrings that are at Hamming distance at most k, and
so we adapt it with some extra care to avoid multiple counting.

We first generate all
( m
≤k

)
subsets of {1, . . . ,m} of size at most k. For each such

subset F , we consider the length-m substrings of T with their f -th letter substituted
with $ 6∈ Σ for all f ∈ F . We sort all these sets of strings in O(nk

( m
≤k

)
) total time using475

the approach of [6], also obtaining the maximal blocks of equal strings in the sorted
lists.

We now briefly describe the algorithm for sorting one such set of strings in time
O(nk) for the sake of completeness. Let us assume for simplicity that F = { f} as
the algorithm can be generalized trivially for larger sets. We first retrieve the sorted480

list of T f−1
i for all i from the suffix tree. We then give ranks to these strings after we

check equality of adjacent strings in the sorted list using lcp queries. We similarly
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rank strings T m− f
j for all j. Finally, we sort the ranks of the pairs (T f−1

i ,T m− f
i+ f+1) using

bucket sort.
Prior to running the above algorithm, we initialize arrays DK for K ∈ {1, . . . ,k}.485

For each maximal block, of size b, of equal strings obtained for some set F , we
increment the b relevant entries of D|F | by b−1.

Note that if dH(T m
i ,T m

j ) = κ , then this will contribute
(m−κ

K−κ
)

to each of DK [i]
and DK [ j] for K ≥ κ , since there are this many size-K supersets of the set of mis-
matching positions in the power set of {1, . . . ,m}. We thus compute Am

=K [i] = DK [i]−490

∑K−1
κ=0

(m−κ
K−κ
)

A=κ [i] in increasing order with respect to K, and we are done. (We pre-
compute all relevant binomial coefficients in O(k2) time.)

Theorem 5.1 Given a string of length n, the (k,m)-mappability problem can be solved
in O(nk

( m
≤k

)
) time and O(n) space. For k = O(1), the time becomes O(nmk).

Combining Theorems 3.14 and 5.1 gives the following result.495

Corollary 5.2 For every k = O(1), there exists a randomized algorithm that com-
putes the (k,m)-mappability of a given length-n string in O(n) space and in O(n ·
min{mk, logk n}) time with high probability.

6 Computing (k,m)-Mappability for All k or for All m

Theorem 6.1 The (k,m)-mappability for a given m and all k ∈ {0, . . . ,m} can be500

computed in O(n2) time using O(n) space.

Proof We first present an algorithm which solves the problem in O(n2) time using
O(n2) space and then show how to reduce the space usage to O(n).

We initialize an n×n matrix M in which M[i, j] will store the Hamming distance
between substrings T m

i and T m
j . Let us consider two letters T [i] 6= T [ j] of the input505

string, where i < j. Such a pair contributes to a mismatch between the following pairs
of strings:

(T m
i−m+1,T

m
j−m+1),(T

m
i−m+2,T

m
j−m+2), . . . ,(T

m
i ,T m

j ).

This list of strings is represented by a diagonal interval in M, the entries of which
we need to increment by 1. We process all O(n2) pairs of letters and update the
information on the respective intervals. Then Am

=k[i] = |{ j : M[i, j] = k}|.510

To achieve O(1) time for each single addition on a diagonal interval, we use
a well-known trick from an analogous problem in one dimension. Suppose that we
would like to add 1 on the diagonal interval from M[x1,y1] to M[x2,y2]. Instead, we can
simply add 1 to M[x1,y1] and −1 to M[x2 +1,y2 +1]. Every cell will then represent
the difference of its actual value to the actual value of its predecessor on the diagonal.515

After all such operations are performed, we can retrieve the actual values by computing
prefix sums on each diagonal in a top-down manner.

To reduce the space usage to O(n), it suffices to observe that the value of M[i, j]
depends only on the value of M[i− 1, j− 1] and at most two letter comparisons
which can add +1 and/or −1 to the cell. Recall that M[i, j] = dH(T m

i ,T m
j ). We need to

subtract 1 from the previous result if the first characters of the previous substrings were
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equal and add 1 if the last characters of the new substrings were different. Therefore,
we can process the matrix row by row, from top to bottom, and compute the values
Am
=0[i], . . . ,A

m
=m[i] while processing the ith row. ut

By lcpk(i, j) we denote the length of the longest common prefix of Ti and Tj when
up to k mismatches are allowed, that is, the maximum ` such that dH(T `

i ,T
`
j ) ≤ k.

Flouri et al. [15] proposed an O(n2)-time algorithm to compute the longest common520

substring of two strings S, T with at most k mismatches. Their algorithm actually
computes the lengths of the longest common prefixes with at most k mismatches of
every suffix of S and T and returns the maximum among them. Applied for S = T , it
gives the following result.

Lemma 6.2 ([15]) For a string T of length n, the values lcpk(i, j) for all i, j ∈525

{1, . . . ,n} can be computed in O(n2) time.

Theorem 6.3 The (k,m)-mappability for a given k and all m ∈ {k, . . . ,n} can be
computed in O(n2) time and space.

Proof First we compute all the values lcpk(i, j) using Lemma 6.2. We initialize an
n×n matrix Q setting all entries to 0. Then, for a pair (i, j) such that lcpk(i, j) = `,
we increment the entries Q[`, i] and Q[`, j]. Note that if lcpk(i, j) = `, then i (resp. j)
will contribute 1 to the (k,m)-mappability values Am

≤k[ j] (resp. Am
≤k[i]) for all m ∈

{k, . . . , `}. Thus, starting from the last row of Q, we iteratively add row ` to row `−1.
By the above observation, row m ends up storing the (k,m)-mappability array Am

≤k. ut

7 Conditional Hardness for k,m =Θ(logn)

We will show that (k,m)-mappability cannot be computed in strongly subquadratic530

time in case that the parameters are Θ(logn), unless the Strong Exponential Time
Hypothesis (SETH) of Impagliazzo, Paturi and Zane [23,22] fails. Our proof is based
on the conditional hardness of the following decision version of the Longest Common
Substring with k Mismatches problem.

Common Substring of Length d with k Mismatches
Input: Strings S,T of length n over binary alphabet and integers k, d.
Output: Is there a factor of S of length d that occurs in T with k mismatches?

535

Lemma 7.1 ([27]) Suppose there is ε > 0 such that Common Substring of Length d
with k Mismatches can be solved in O(n2−ε) time on strings over binary alphabet for
k =Θ(logn) and d = 21k. Then SETH is false.

Theorem 7.2 If the (k,m)-mappability can be computed in O(n2−ε) time for binary
strings, k,m =Θ(logn), and some ε > 0, then SETH is false.540

Proof We make a Turing reduction from Common Substring of Length d with k Mis-
matches. Let S and T be the input to the problem. We compute the (k,d)-mappabilities
of strings S ·T and S ·T d−1

1 and store them in arrays A and B, respectively. Henceforth,
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we consider only indices i ∈ {1, . . . ,n− d + 1} in the arrays. For each such index,
A[i] holds the number of length-d factors of S, X := Sd−1

n−d+2T d−1
1 , and T that are at545

Hamming distance k from Sd
i , and B[i] holds the number of length-d factors of S and

X that are at Hamming distance k from Sd
i . For each i, we subtract B[i] from A[i]. Then,

A[i] holds the number of length-d factors of T that are at Hamming distance k from
Sd

i . Hence, Common Substring of Length d with k Mismatches has a positive answer
if and only if A[i]> 0 for any i ∈ {1, . . . ,n−d +1}.550

By Lemma 7.1, an O(n2−ε)-time algorithm for Common Substring of Length d
with k Mismatches with k =Θ(logn) and d = 21k would refute SETH. By the shown
reduction, an O(n2−ε)-time algorithm for (k,m)-mappability with k,m = Θ(logn)
would also refute SETH. ut

8 Final Remarks

Our main contribution is an O(n ·min{mk, logk n})-time O(n)-space algorithm for
solving the (k,m)-mappability problem for a length-n string over an integer alphabet.
Let us recall that genome mappability, as introduced in [12], counts the number of
substrings that are at Hamming distance at most k from every length-m substring of555

the text. One may also be interested to consider mappability under the edit distance
model. This question relates also to recent contributions to computing approximate
longest common prefixes and substrings under edit distance [33,6]. In the case of the
edit distance, in particular, a decision needs to be made whether sufficiently similar
substrings only of length exactly m or of all lengths between m−k and m+k should be560

counted. We leave the mappability problem under edit distance for future investigation.
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A Application of the Construction from [9]

In [9], a recursive procedure shown in Algorithm 2 was developed. This procedure takes as input a string P
and a family FP that consists of tuples (S,F,b) such that F ∈ F for some string family F, S is a suffix of F
of length |S|= |F |− |P|, and b = k−dH(F,PS)≥ 0. Intuitively, the parameter b can be seen as a “budget”
of remaining letter substitutions that can be performed in the string (PS obtained from F) that prevents690

exceeding the threshold k of mismatches. In the first call, we have P = ε and FP = {(F,F,k) : F ∈ F}. For
a non-empty string S = aS′, where a ∈ Σ , we denote suf(S) = S′.

Algorithm 2: A recursive procedure inserting strings with prefix P to sets N(F).
Procedure Generate(P,FP) is

h := a most frequent element of {S[1] : (S,F,b) ∈ FP and S 6= ε};
foreach (S,F,b) ∈ FP do // b = k−dH(F,PS)≥ 0

if S = ε then N(F) := N(F)∪{P};
else

c := S[1];
FPc := FPc ∪{(suf(S),F,b)};
if c 6= h and b > 0 then

FPh := FPh ∪{(suf(S),F,b−1)};
FP$ := FP$ ∪{(suf(S),F,b−1)};

foreach c ∈ Σ ∪{$} such that FPc 6= /0 do
Generate(Pc,FPc);

The following result from [9] shows that this abstract procedure can be implemented efficiently. In
the statement below, we ignore the meaning of the resulting family of strings (which is important for
computing the longest common substring of two strings with k mismatches) and focus only on its size and695

the complexity of its construction.

Theorem A.1 (see [9, Proposition 13]) Let F⊆ Σ∗ be a finite family of strings and k ≥ 0 be an integer.
Then the family F′ =

⋃
F∈F N(F) generated by Algorithm 2 has size at most 2k(log |F|+k

k

)
|F|. Moreover, the

compacted trie of F′ can be constructed in O(2k|F|
(log |F|+k+1

k+1

)
) time provided constant-time lcp queries

for suffixes of the strings F ∈ F.700

Let us now inspect how the recursive procedure processNode in Algorithm 1 translates one-to-one to
procedure Generate in Algorithm 2 applied for the family F = {T m

i : i ∈ {1, . . . ,n−m+1}} to showcase
that they are indeed equivalent. For this string family, if FP contains a triple (ε,F,b) for some F and b, then
all the remaining triples have the first component equal to ε as well as all strings in F are of the same length.

A node v corresponds to string P and the modified strings in MS(v) correspond to the triples in FP in705

such a way that the set MS(v) (composed of pairs (U(α),M(α))) is

{(F, {(i,P[i]) : i ∈ {1, . . . , |P|}, F [i] 6= P[i]}) : (S,F,b) ∈ FP }.

In both procedures, we construct light trees, a heavy tree (i.e., the call for Ph), and a wildcard tree
(i.e., the call for P$). These trees are constructed in the same manner. The modified strings α ∈MS(v)
that get copied to the heavy and wildcard trees in Algorithm 1 are those that satisfy |M(α)| < k and
U(α)[depth+1] 6= heavyLetter. In Algorithm 2, the triples (S,F,b) ∈ FP that get copied to families FPh710

and FP$ are those that satisfy b > 0 and F [|P|+1] 6= h. For α ∈MS(v) corresponding to (S,F,b) ∈ FP, we
have |M(α)|= k−b, |P|= depth, and heavyLetter = h.4 This yields a bijection between the family of
copied modified strings and the family of copied triples. This concludes that indeed both constructions are
equivalent.

4 Here, we assume that the two algorithms break ties for the heavy letter consistently, e.g., by choosing
the lexicographically smallest letter.
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Finally, the condition about constant-time lcp-queries on strings F ∈ F from Theorem A.1, in this case715

being substrings of the text T , is satisfied with the aid of LCA queries on a suffix tree of T , so the theorem
implies Fact 3.10.
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Abstract

We consider the circular pattern matching with k mismatches (k-CPM) problem in which one is to compute
the minimal Hamming distance of every length-m substring of T and any cyclic rotation of P , if this distance
is no more than k. It is a variation of the well-studied k-mismatch problem. A multitude of papers have been
devoted to solving the k-CPM problem, but only average-case upper bounds are known. In this paper, we
present the first non-trivial worst-case upper bounds for this problem. Specifically, we show an O(nk)-time
algorithm and an O(n + n

m k4)-time algorithm. The latter algorithm applies in an extended way a technique
that was very recently developed for the k-mismatch problem [Bringmann et al., SODA 2019].

A preliminary version of this work appeared at FCT 2019. In this version we improve the time complexity
of the second algorithm from O(n + n

m k5) to O(n + n
m k4).

Keywords: circular pattern matching, k-mismatch problem, approximate pattern matching

1. Introduction

Pattern matching is a fundamental problem in computer science [1]. It consists in finding all substrings
of a text T of length n that match a pattern P of length m. In many real-world applications, a measure of
similarity is usually introduced allowing for approximate matches between the given pattern and substrings
of the text. The most widely-used similarity measure is the Hamming distance between the pattern and all
length-m substrings of the text.

Computing the Hamming distance between P and all length-m substrings of T has been investigated for
the past 30 years. The first efficient solution requiring O(n

√
m log m) time was independently developed

by Abrahamson [2] and Kosaraju [3] in 1987. The k-mismatch version of the problem asks for finding
only the substrings of T that are close to P , specifically, at Hamming distance at most k. The first
efficient solution to this problem running in O(nk) time was developed in 1986 by Landau and Vishkin [4].
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It took almost 15 years for a breakthrough result by Amir et al. improving this to O(n
√

k log k) [5].
More recently, there has been a resurgence of interest in the k-mismatch problem. Clifford et al. gave an
O((n/m)(k2 log k)+npolylogn)-time algorithm [6], which was subsequently improved further by Gawrychowski
and Uznański to O((n/m)(m + k

√
m)polylogn) [7]. Very recently, Chan et al. [8] improved the polylogn

factors in the latter solution at the cost of (Monte-Carlo) randomization. Moreover, Gawrychowski and
Uznański [7], showed that a significantly faster “combinatorial” algorithm for this problem is rather unlikely.

The k-mismatch problem has also been considered on compressed representations of the text [9, 10, 11, 12,
13], in the parallel model [14], in the streaming model [15, 6, 16], and in the setting of dynamic strings [13].
Furthermore, it has been considered in non-standard stringology models, such as the parameterized model [17]
and the order-preserving model [18].

The matching relation (e.g., identity or Hamming distance at most k) in the standard pattern matching
setting assumes that the leftmost and rightmost positions of the pattern are conceptually important. In
many real-world applications, such as in bioinformatics [19, 20, 21, 22] or in image processing [23, 24, 25, 26],
any cyclic shift (rotation) of P is a relevant pattern. In bioinformatics, the position where a sequence starts
can be totally arbitrary due to, for instance, arbitrariness in the sequencing of a circular molecular structure
or inconsistencies introduced into sequence databases due to different linearisation standards [19]. In image
processing, the contours of a shape may be represented through a directional chain code; the latter can be
interpreted as a cyclic sequence if the orientation of the image is not important [23]. Thus one is interested
in computing the minimal distance of every length-m substring of T and any cyclic rotation of P , if this
distance is no more than k. This is the circular pattern matching with k mismatches (k-CPM) problem.

A multitude of papers [27, 28, 29, 30, 31, 32] have thus been devoted to solving the k-CPM problem
but, to the best of our knowledge, only average-case upper bounds are known; i.e., in these works the
assumption is that text T is uniformly random. The main result states that, after preprocessing pattern P ,
the average-case optimal search time of O(n k+log m

m ) [33] can be achieved for certain values of the error ratio
k/m (see [31, 27] for more details on the preprocessing costs). Note that the exact (no mismatches allowed)
version of the CPM problem can be solved as fast as exact pattern matching; namely, in O(n) time [34].

In this paper, we draw our motivation from (i) the importance of the k-CPM problem in real-world
applications and (ii) the fact that no (non-trivial) worst-case upper bounds are known. Trivial here refers to
running the fastest-known algorithm for the k-mismatch problem [7] separately for each of the m rotations
of P . This yields an O(n(m + k

√
m)polylogn)-time algorithm for the k-CPM problem. This is clearly

unsatisfactory: it is a simple exercise to design an O(nm)-time or an O(nk2)-time algorithm. In an effort
to tackle this unpleasant situation, we present two much more efficient algorithms: a simple O(nk)-time
algorithm and an O(n + n

m k4)-time algorithm. Our second algorithm applies in an extended way a technique
that was developed very recently for k-mismatch pattern matching in grammar compressed strings by
Bringmann et al. [10]. We also show that both of our algorithms can be implemented in O(m) space.

A preliminary version of this work was published as [35].

Our approach. We first consider a simple version of the problem (called Anchor-Match) in which we
are given a position in T (an anchor) which belongs to potential k-mismatch circular occurrences of P . A
simple O(k)-time algorithm is given (after linear-time preprocessing) to compute all relevant occurrences. By
considering separately each position in T as an anchor we obtain an O(nk)-time algorithm. The concept of an
anchor is extended to the so-called matching pairs: when we know a pair of positions, one in P and the other
in T , that are aligned. Then comes the idea of a sample S, which is a fragment of P of length Θ(m/k) which
supposedly exactly matches a corresponding fragment in T . We choose O(k) samples and work for each of
them and for windows of T of size 2m. As it is typical in many versions of pattern matching, our solution
is split into periodic and non-periodic cases. If S is non-periodic the sample occurs only O(k) times in a
window and each occurrence gives a matching pair (and consequently two possible anchors). Then we perform
Anchor-Match for each such anchor. The hard part is the case when S is periodic. Here we compute all
exact occurrences of S and obtain O(k) groups of occurrences, each one being an arithmetic progression.
Now each group is processed using the approach “few matches or almost periodicity” of Bringmann et al. [10].
In the latter case periodicity is approximate allowing up to k mismatches. Finally, we are able to decrease
the exponent of k by one in the complexity using a marking trick.
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2. Preliminaries

Let S = S[0]S[1] · · · S[n − 1] be a string of length |S| = n over an integer alphabet Σ. The elements of Σ
are called letters. For two positions i and j on S, we denote by S[i . . j] = S[i] · · · S[j] the fragment of S that
starts at position i and ends at position j (the fragment is empty, denoted ε, if j < i). A prefix of S is a
fragment that starts at position 0, i.e., of the form S[0 . . j], and a suffix is a fragment that ends at position
n − 1, i.e., of the form S[i . . n − 1]. For an integer p, we define the pth power of S, denoted by Sp, as the
string obtained from concatenating p copies of S. The string obtained by concatenating infinitely many
copies of S is denoted by S∞. If S and S′ are two strings of the same length, then by S =k S′ we denote the
fact that S and S′ have at most k mismatches, that is, that the Hamming distance between S and S′ does
not exceed k.

We say that an integer 1 ≤ q ≤ |S|, is a period of a string S if S[i] = S[i + q] for i = 0, . . . , |S| − q − 1.
We denote the smallest period of S by per(S) and say that a string S is periodic if 2per(S) ≤ |S|. Fine and
Wilf’s periodicity lemma [36] asserts that if a string of length n has periods p and q and n ≥ p + q − gcd(p, q),
then the string has a period gcd(p, q).

For a string S and integer 0 ≤ x < |S|, by rotx(S) we denote the string that is obtained from S by moving
the prefix of S of length x to the end. More formally,

rotx(S) = V U , where S = UV and |U | = x.

We call the string rotx(S) a rotation of S and often represent rotations of S using the underlying values x.

2.1. Anatomy of Circular Occurrences
In what follows, we denote by m the length of the pattern P and by n the length of the text T .

We say that P has a k-mismatch circular occurrence (in short, a k-occurrence) in T at position p if
T [p . . p + m − 1] =k rotx(P ) for some rotation x. In this case, the position x in the pattern is called the split
point and the position p + (m − x) mod m in the text1 is called the anchor. In other words, if P = UV and
its rotation V U occurs in T , then the first position of V in P is the split point of this occurrence, and the
first position of U in T is the anchor of this occurrence (see Fig. 1).

T

P
split point

anchor

Figure 1: The split point and the anchor for a k-occurrence of P in T .

The main problem in scope can now be stated as follows.

k-CPM Problem

Input: A text T of length n, a pattern P of length m, and a positive integer k.
Output: The positions of all k-occurrences of P in T .

For an integer z, let us denote Wz = [z . . z + m − 1] (a window of size m). Intuitively, this window
corresponds to a length-m fragment of the text T . For a k-occurrence at position p of T with rotation x, we
introduce a set of pairs of positions in the fragment of the text and the corresponding positions from the
original (unrotated) pattern P :

M(p, x) = {(i, (i − p + x) mod m) : i ∈ Wp}.

The pairs (i, j) ∈ M(p, x) are called matching pairs of an occurrence p with rotation x. In particular,
(p + ((m − x) mod m), 0) ∈ M(p, x). An example is provided in Fig. 2.

1The modulo operation is needed to handle the trivial rotation with x = 0.
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Figure 2: A 1-occurrence of a pattern P = aabbbb in a text T = aaccbbxbaaab at position p = 4 with rotation x = 2;
M(4, 2) = {(4, 2), (5, 3), (6, 4), (7, 5), (8, 0), (9, 1)}.

3. An O(nk)-time Algorithm

We first introduce an auxiliary problem in which one wants to compute all k-occurrences of P in T with
a given anchor a. This problem describes the core computational task in our first solution.

Anchor-Match Problem

Input: A text T of length n, a pattern P of length m, a positive integer k, and a position a.
Output: All k-occurrences of P in T with anchor a, represented as a collection of O(k) intervals.

For a binary string X, by ∥X∥ we denote the arithmetic sum of characters in X. We define the following
auxiliary problem.

Light-Fragments Problem

Input: Positive integers m, k and a string V of length n over alphabet {0, 1} containing O(k) non-zero
characters. The string V is specified by its positions with non-zero characters (sorted increasingly).
Output: The set A = { i : ∥V [i . . i + m − 1]∥ ≤ k } represented as a collection of O(k) intervals.

Lemma 1. The Light-Fragments problem can be solved in O(k) time.

Proof. Let I be the set of positions of V with non-zero characters; |I| = O(k) by definition. We define
a piecewise constant function f : [0 . . |V | − m + 1] → Z such that f(x) = |I ∩ [0 . . x]|. Let g(x) =
f(x + m − 1) − f(x − 1). Then g(x) = |I ∩ [x . . x + m − 1]|. The function f has O(k) pieces, so g has O(k)
pieces as well, and both can be computed in O(k) time since I is sorted. In the end, we report the pieces
where g has value at most k.

Let us recall a standard algorithmic tool for preprocessing text T . We denote the length of the longest
common prefix (resp. suffix) of two strings U and V by lcp(U, V ) (resp. lcs(U, V )). There is an O(n)-sized data
structure answering such queries over suffixes (resp. prefixes) of T in O(1) time after O(n)-time preprocessing.
It consists of the suffix array of T and a data structure for answering range minimum queries; see [1]. Using
the kangaroo method [4, 14], these queries can handle mismatches; after an O(n)-time preprocessing of T ,
longest common prefix (resp. suffix) queries with up to k mismatches can be answered in O(k) time.

Lemma 2. After O(n)-time preprocessing of T and P , the Anchor-Match problem can be solved in O(k)
time for any given k and a.

Proof. In the preprocessing, we prepare a data structure for lcp queries in P#T , where # is a special
character that occurs neither in P nor in T .

Consider now a query for an anchor a over T . Let L = T [a − m . . a − 1] and R = T [a . . a + m − 1], with
# at out-of-bounds positions of T . We define a binary string L′ such that L′[i] = 1 if and only if L[i] ̸= P [i].
We define R′ analogously. Let L′′ be the longest suffix of L′ such that ∥L′′∥ ≤ k and R′′ be the longest prefix
of R′ such that ∥R′′∥ ≤ k.

Using the kangaroo method [4, 14], the strings L′′, R′′ can be constructed in O(k) time. The Anchor-
Match problem now reduces to the Light-Fragments problem for the string V = L′′R′′.
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Figure 3: An illustration of the setting in Lemma 2 with P = (abaababa)2, the text as in the figure, anchor a = 16, and k = 3.
The string V , used in the proof of the lemma, shows the positions of the at most k mismatches to the left and to the right of the
anchor. The output consists of the three intervals [1 . . 3], [7 . . 8] and [13 . . 14] shown in orange. For example, 7 is a 3-occurrence
since the fragment of V of length |P | starting at this position (represented by a rectangle) contains at most 3 ones.

For an illustration of Lemma 2, inspect Fig. 3.

Proposition 3. The k-CPM problem can be solved in O(nk) time and O(n) space.

Proof. We invoke the algorithm of Lemma 2 for all a ∈ [0 . . n−1] and obtain O(nk) intervals of k-occurrences
of P in T . Instead of storing all the intervals, we count how many intervals start and end at each position of
T . We can then compute the union of the intervals by processing these counts from left to right.

4. Algorithmic Tools

In this section, we introduce further algorithmic tools to get to our second solution.

4.1. Internal Queries in a Text
Let T be a string of length n called text. An Internal Pattern Matching (IPM) query, for two given

fragments F and G of the text such that |G| ≤ 2|F |, computes the set of all occurrences of F in G. If there
are more than two occurrences, they form an arithmetic sequence with difference per(F ). A data structure
for IPM queries in T can be constructed in O(n) time and answers queries in O(1) time (see [37] and [38,
Theorem 1.1.4]). It can be used to compute all occurrences of a given fragment F of length p in T , expressed
as a union of O(n/p) pairwise disjoint arithmetic sequences with difference per(F ), in O(n/p) time.

4.2. Simple Geometry of Arithmetic Sequences of Intervals
We next present algorithms that will be used in subsequent proofs for handling regular sets of intervals.
For an interval I and an integer r, let I ⊕ r = { i + r : i ∈ I }. We define

Chainq(I, a) = I ∪ (I ⊕ q) ∪ (I ⊕ 2q) ∪ · · · ∪ (I ⊕ aq).

This set is further called an interval chain (with difference q). Note that a chain can be represented in O(1)
space using four integers: a, q, and the endpoints of I. An illustration of an interval chain representing the
output for a problem defined in the next subsection can be found in Fig. 4.

For a given value of q, let us fit the integers from [1 . . n] into the cells of a grid of width q so that the first
row consists of numbers 1 through q, the second of numbers q + 1 to 2q, etc. Let us call this grid Gq. A
chain Chainq can be conveniently represented in the grid Gq using the following lemma from [39].

Lemma 4 ([39]). The set Chainq(I, a) is a union of O(1) orthogonal rectangles in Gq. The coordinates of
the rectangles can be computed in O(1) time.

The following lemma can be used to compute a union of interval chains.

Lemma 5. Given c interval chains, all of which have difference q and are subsets of [0 . . n], the union of
these chains, expressed as a subset of [0 . . n], can be computed in O(n + c) time.
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Proof. By Lemma 4, the problem reduces to computing the union of O(c) rectangles on a grid of total
size n. Let t be a 2D array of the same shape as Gq, initially set to zeroes. For a rectangle with opposite
corners (x1, y1) and (x2, y2), with x1 ≤ x2 and y1 ≤ y2, we increment t[x1, y1], decrement t[x2 + 1, y1] and
t[x1, y2 + 1], and increment t[x2 + 1, y2 + 1] (provided that the respective cells are within the array). This
takes O(c) time. We then compute prefix sums of t, which are defined as

t′[x, y] =
x∑

i=1

y∑

j=1
t[i, j].

Such values can be computed in time proportional to the size of the grid, i.e., in O(n) time. Finally, we note
that (x, y) is contained in t′[x, y] rectangles, concluding the proof.

Remark 6. The proof of Lemma 5 is essentially based on an idea that was used, for example, for reducing
the decision version of range stabbing queries in 2D to weighted range counting queries in 2D (cf. [40]).

We will also use the following auxiliary lemma.

Lemma 7. Let X and Z be intervals and q be a positive integer. The set

Z ′ := {z ∈ Z : ∃x∈X z ≡ x (mod q)},

represented as a disjoint union of at most three interval chains, each with difference q, can be computed in
O(1) time.

Proof. If |X| ≥ q, then Z ′ = Z is an interval and thus an interval chain. If |X| < q, then Z ′ can be
divided into disjoint intervals of length smaller than or equal to |X|. The intervals from the second until the
penultimate one (if any such exist) have length |X|. Hence, they can be represented as a single chain, as the
first element of each such interval is equal mod q to the first element of X. The two remaining intervals can
be treated as chains as well.

4.3. The Aligned-Light-Sum Problem
We define the following abstract problem that resembles the Light-Fragments problem from Section 3.

Aligned-Light-Sum Problem

Input: Positive integers m, k, q and strings U, V over alphabet {0, 1}, each containing O(k) non-zero
characters. The strings are specified by their positions with non-zero characters.
Output: The set A = { i : ∃j ∥U [i . . i + m − 1]∥ + ∥V [j . . j + m − 1]∥ ≤ k ∧ j ≡ i (mod q)}.

V = 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
U = 0

0
1
1

0
2

0
3

0
4

0
5

0
6

0
7

0
8

0
9

0
10

0
11

0
12

0
13

1
14

0
15

0
16

0
17

0
18

0
19

0
20

0
21

0
22

0
23

0
24

0
25

0
26

0
27

0
28

Figure 4: An instance of the Aligned-Light-Sum problem with m = 15, k = 2, q = 4, U = 010121014, and V = 01014. The
output is the interval chain Chain4([4 . . 5], 2) shown in orange.

Lemma 8. The Aligned-Light-Sum problem can be solved in O(k2) time with the output represented as a
collection of O(k2) interval chains, each with difference q.

Proof. Let I and I ′ be the positions with non-zero characters in U and V , respectively. We partition
[0 . . |U | − m] into intervals such that, for all indices j in a single interval, the set Wj ∩ I is the same. For this,
we use a sliding window approach. We generate events corresponding to x and x − m + 1 for all x ∈ I and
sort them. When j crosses an event, the set Wj ∩ I changes. Thus, we obtain a partition of [0 . . |U | − m]
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into intervals Z1, . . . , Zn1 . We obtain a similar partition of [0 . . |V | − m] into intervals Z ′
1, . . . , Z ′

n2 . We have
n1, n2 = O(k).

Let us now fix Zj and Z ′
j′ . First, we check if the condition on the total number of non-zero characters is

satisfied for arbitrary z ∈ Zj and z′ ∈ Z ′
j′ . If so, we compute the set X = Z ′

j′ mod q = {z′ mod q : z′ ∈ Z ′
j′}.

It is a single circular interval and can be computed in constant time. The required result is

{z ∈ Zj : z mod q ∈ X}.

By Lemma 7, this set can be represented as a union of three chains, each with difference q, and, as such, it
can be computed in O(1) time. The conclusion follows.

5. An O(n + k5)-time Algorithm for Short Texts

In this section, we proceed by assuming that m ≤ n ≤ 2m and aim at an O(n + k5)-time algorithm. In
the next sections, we remove this assumption and reduce the exponent of k to 4.

A (deterministic) sample is a short fragment S of the pattern P . An occurrence in the text without
any mismatch is called exact. We introduce a problem of Sample-Match that consists in finding all
k-occurrences of P in T such that S matches exactly the corresponding length-|S| fragment of T .

We split the pattern P into 2k + 3 samples of length
⌊

m
2k+3

⌋
or

⌈
m

2k+3

⌉
each. In any k-occurrence of P

in T , at least k + 2 of the samples match exactly the corresponding fragments of T (up to k samples may
match with a mismatch and at most one sample may contain the split point).
Remark 9. We require at least k + 2 samples (instead of just one) to match exactly for two reasons: (1) in
order to have more than a half of them match exactly, which will guarantee that the interval chains that are
obtained from applications of the Aligned-Light-Sum problem have the same difference and thus can be
unioned using Lemma 5 (see the proof of Proposition 21); and (2) for the marking trick in the next section.

5.1. Matching Non-Periodic Samples
We solve the Sample-Match problem for a non-periodic sample S in O(k2) time in two steps. First, we

show an O(k)-time solution of following Pair-Match problem, asking to compute all k-occurrences of P in
T which align T [i] with P [j].

Pair-Match Problem

Input: A text T of length n, a pattern P of length m, a positive integer k, and two integers i ∈ [0 . . n−1]
and j ∈ [0 . . m − 1].
Output: The set A(i, j) of all positions in T where we have a k-mismatch occurrence of rotx(P ) for
some x such that (i, j) is a matching pair.

We then reduce the Sample-Match problem to O(k) instances of the Pair-Match problem, where j is
the starting position of S in P and i is an occurrence of S in T ; notice that there are O(k) such occurrences.

T
i

j

j
P 2 U U

U ′ U ′V ′ V ′

V

V

V

P 2

Figure 5: The two possible anchors for the matching pair of positions (i, j) are shown as bullet points. A possible k-occurrence
of P in T corresponding to the left (resp. right) anchor is shown below T (above T , resp.). Note that P 2 = P P .
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Lemma 10. After O(n)-time preprocessing of T and P , the Pair-Match problem can be solved in O(k)
time for any given k, i, j, with the output represented as a collection of O(k) intervals.

Proof. Recall that the Anchor-Match problem returns all k-occurrences of P in T with a given anchor.
The Pair-Match problem can be essentially reduced to the Anchor-Match problem, since for a given
matching pair of characters in P and T , there are at most two ways of choosing the anchor depending on the
relation between j and a split point: these are i − j and i + |P | − j (see Fig. 5). Clearly, we choose i − j as
an anchor only if i − j ≥ 0 and i + |P | − j only if i + |P | − j < |T |. We then have to take the intersection of
the answer with [i − m + 1 . . i] to ensure that the k-occurrence contains position i.

Lemma 11. After O(n)-time preprocessing, the Sample-Match problem for a non-periodic sample S can
be solved in O(k2) time, which the output represented as a union of O(k2) intervals of occurrences.

Proof. Since S is non-periodic, it has O(k) occurrences in T , which can be computed in O(k) time after an
O(n)-time preprocessing using IPM queries [37, 38] in P#T . Let j be the starting position of S in P and i
be a starting position of an occurrence of S in T . For each of the O(k) such pairs (i, j), the computation
reduces to the Pair-Match problem for i and j. The statement follows by Lemma 10.

5.2. Matching Periodic Samples
Let us assume that S is periodic with q := per(S) ≤ 1

2 |S|. A fragment of T containing an inclusion-
maximal arithmetic sequence of occurrences of S in T with difference q is called here an S-run. If S matches
a fragment in the text, then the match belongs to an S-run. For example, the underlined fragment of
T = bbabababaa is an S-run for S = abab.

Lemma 12. If S is periodic, the number of S-runs in the text is O(k) and they can all be computed in O(k)
time after O(n)-time preprocessing of T and P .

Proof. We construct the data structure for IPM queries on P#T . This allows us to compute the set of all
occurrences of S in T as a collection of O(k) arithmetic sequences with difference per(S). We then check for
every two consecutive sequences if they can be joined together. This takes O(k) time and results in O(k)
S-runs.

For two equal-length strings S and S′, we denote the set of their mismatches by

Mis(S, S′) = {i ∈ [0 . . |S| − 1] : S[i] ̸= S′[i]}.

We say that position a in S is a misperiod with respect to a fragment S[i . . j] if S[a] ̸= S[b] where b is the
unique position such that b ∈ [i . . j] and (j − i + 1) | (b − a). We define the set LeftMisperk(S, i, j) as the set
of k maximal misperiods that are smaller than i and RightMisperk(S, i, j) as the set of k minimal misperiods
that are greater than j. Each of the sets can have less than k elements if the corresponding misperiods do
not exist. We further define

Misperk(S, i, j) = LeftMisperk(S, i, j) ∪ RightMisperk(S, i, j)

and Misper(S, i, j) =
⋃∞

k=0 Misperk(S, i, j).
The following lemma captures a combinatorial property behind the new technique of Bringmann et al. [10].

The intuition is shown in Fig. 6.

Lemma 13. Assume that S =k S′ and that S[i . . j] = S′[i . . j]. Let

I = Misperk+1(S, i, j) and I ′ = Misperk+1(S′, i, j).

If I ∩ I ′ = ∅, then Mis(S, S′) = I ∪ I ′, I = Misper(S, i, j), and I ′ = Misper(S′, i, j).
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S Q∗ ∗ ∗

S′

i j

Q∗ ∗

X Q

Figure 6: Let S, S′, and X be equal-length strings such that X is a factor of Q∞ and S[i . . j] = S′[i . . j] = X[i . . j] = Q. The
asterisks in S denote the positions in Mis(S, X), or equivalently, the misperiods with respect to S[i . . j]. Similarly for S′. One
can observe that Mis(S, X) ∩ Mis(S′, X) = ∅ holds in this situation, and therefore Mis(S, X) ∪ Mis(S′, X) = Mis(S, S′).

Proof. Let J = Misper(S, i, j) and J ′ = Misper(S′, i, j). We first observe that I ∪ I ′ ⊆ Mis(S, S′) since
I ∩ I ′ = ∅. Then, S =k S′ implies that |Mis(S, S′)| ≤ k and hence |I| ≤ k and |I ′| ≤ k, which in turn implies
that I = J and I ′ = J ′. The observation that Mis(S, S′) ⊆ J ∪ J ′ concludes the proof.

A string S is k-periodic w.r.t. a fragment S[i . . i + q − 1] if |Misper(S, i, i + q − 1)| ≤ k. In this case, q is
called the k-period. In particular, in the conclusion of the above lemma, S is |I|-periodic w.r.t. S[i . . j] and
S′ is |I ′|-periodic w.r.t. S′[i . . j]. This notion forms the basis of the following auxiliary problem, where we
search for k-occurrences in which the rotation of the pattern and the fragment of the text are k-periodic for
the same period q.

Let U and V be two strings and J and J ′ be sets containing positions in U and V , respectively. We say
that length-m fragments U [p . . p + m − 1] and V [x . . x + m − 1] are (J, J ′)-disjoint if the sets (Wp ∩ J) ⊖ p
and (Wx ∩ J ′) ⊖ x are disjoint.
Example 14. If J = {2, 4, 11, 15, 16, 17}, J ′ = {5, 6, 15, 18, 19}, and m = 12, then U [3 . . 14] and V [6 . . 17] are
(J, J ′)-disjoint for the following strings, with characters at positions in J and J ′ replaced by bullets:

U = ab• a•b abc ab• abc •••
V = abc ab• •bc abc abc •bc ••c

Let us introduce an auxiliary problem that is obtained in the case that is shown in the conclusion of
the above lemma (i.e., when misperiods in the rotation of P and the corresponding fragment of T are not
aligned); see also Fig. 7.

Periodic-Periodic-Match Problem

Input: Positive integers k and m, strings U and V such that m ≤ |U |, |V | ≤ 2m, integers i, i′, q such
that U [i . . i + q − 1] matches V [i′ . . i′ + q − 1], and two sets of size O(k):

J = Misper(U, i, i + q − 1), J ′ = Misper(V, i′, i′ + q − 1).

(The strings U and V are not stored explicitly.)
Output: The set of positions p in U for which there exists a (J, J ′)-disjoint k-occurrence U [p . . p+m−1]
of V [x . . x + m − 1] for x such that

i − p ≡ i′ − x (mod q).

Intuitively, the modulo condition on the output of the Periodic-Periodic-Match problem corresponds to
the fact that the approximate periodicity is aligned.

In the Periodic-Periodic-Match problem, we search for k-occurrences in which none of the misperiods
in J and J ′ are aligned. In this case, each of the misperiods accounts for one mismatch in the k-occurrence.
In the lemma below, we reduce the Periodic-Periodic-Match problem to the Aligned-Light-Sum
problem, in which we only require that the total number of misperiods in an occurrence is at most k. This
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V
P 2

i′ x

m

U
T

i p

m

Figure 7: In the case of a periodic sample, we have two O(k)-periodic fragments U and V . We find all p in U such that for
some position x in V , the fragments of length m starting at positions p and x are at Hamming distance at most k. If q is a
period, then i − p ≡ i′ − x (mod q) due to synchronization of periodicities.

way, all the (J, J ′)-disjoint k-occurrences can be found. Also additional occurrences where two misperiods
are aligned can be reported, but they are still valid k-occurrences (actually, k′-occurrences for some k′ < k).

Lemma 15. We can compute in O(k2) time a set of k-occurrences of P in T represented as O(k2) interval
chains, each with difference q, that is a superset of the solution to the Periodic-Periodic-Match problem.

Proof. In the Periodic-Periodic-Match problem, the modulo condition forces the exact occurrences of
the approximate period to match. Hence, it guarantees that all the positions except the misperiod positions
match. Now, the Aligned-Light-Sum problem highlights these positions inside the string.
Claim 16. The Periodic-Periodic-Match problem can be reduced in O(k) time to the Aligned-Light-
Sum problem so that we obtain a superset of the desired result. The potential extra positions do not satisfy
only the (J, J ′)-disjointness condition.

Proof. Let the parameters m, k, and q remain unchanged. We create binary strings U ′ and V ′ of length |U |
and |V |, respectively, with positions with non-zero characters in the sets J and J ′, respectively. Then we
prepend U ′ with z = (i′ − i) mod q zeros. Let A be the solution to the Aligned-Light-Sum problem for U ′

and V ′. Then (A ⊖ z) ∩ Z≥0 is a superset of the solution to Periodic-Periodic-Match; the elements of
the set that correspond to matches where non-zero elements of the strings U ′, V ′ were aligned do not satisfy
the disjointness condition.

Now, the thesis follows from Lemma 8.

Let us further define

Pairs-Match(T, I, P, J) =
⋃

i∈I,j∈J

Pair-Match(T, i, P, j).

Let A be a set of positions in a string S and m be a positive integer. We then denote A mod m =
{a mod m : a ∈ A} and by fragA(S) we denote the fragment S[min(A) . . max(A)]. We provide pseudocode
for an algorithm that computes all k-occurrences of P such that S matches an exact occurrence in T contained
in a given S-run (see Algorithm 1); inspect also Fig. 8. Let pS denote the starting position of S in P , and let
mS = |S|.

Lemma 17. After O(n)-time preprocessing of T and P , algorithm Run-Sample-Matching works in O(k3)
time and returns a compact representation that consists of O(k3) intervals and O(k2) interval chains, each
with difference q. Moreover, if there is at least one interval chain, then some rotation of the pattern P is
k-periodic with a k-period per(S).

Proof. See Algorithm 1. The sets J and J ′ can be computed in O(k) time:
Claim 18. If S is a string of length n, then the sets RightMisperk(S, i, j) and LeftMisperk(S, i, j) can be
computed in O(k) time after O(n)-time preprocessing.

10
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Data: A periodic fragment S of pattern P , an S-run R in the text T , integers q = per(S) and k.
Result: A compact representation of k-occurrences of P in T including all k-occurrences
where S matches exactly a fragment of R in T .
Let R = T [s . . s + |R| − 1];
J := Misperk+1(T, s, s + q − 1); { O(k) time }
J ′ := Misperk+1(P 2, m + pS , m + pS + q − 1); { O(k) time }
U := fragJ(T ); V := fragJ′(P 2);
Y := Periodic-Periodic-Match(U, V ); { O(k2) time }
Y := Y ⊕ min(J);
J ′ := J ′ mod m;
X := Pairs-Match(T, J, P, J ′); { O(k3) time }
return X ∪ Y ;

Algorithm 1: Run-Sample-Matching

Proof. For RightMisperk(S, i, j), we use the kangaroo method [4, 14] to compute the longest common prefix
with at most k mismatches of S[j + 1 . . n − 1] and U∞ for U = S[i . . j]. The value lcp(X∞, Y ) for a fragment
X and a suffix Y of a string S, occurring at positions a and b, respectively, can be computed in constant
time as follows. If lcp(S[a . . n − 1], S[b . . n − 1]) < |X| then we are done. Otherwise the answer is given by
|X| + lcp(S[b . . n − 1], S[b + |X| . . n − 1]). The computations for LeftMisperk(S, i, j) are symmetric.

The O(k3) and O(k2) time complexities of computing X and Y follow from Lemmas 10 and 15, respectively
(after O(n)-time preprocessing). The sets X and Y consist of O(k3) intervals and O(k2) interval chains, each
with difference q.

As for the “moreover” statement, by Lemma 13, if any occurrence q is reported in the Periodic-Periodic-
Match problem, then it implies the existence of x such that V [x . . x + m − 1] is k-periodic with a k-period
q. However, V [x . . x + m − 1] is a rotation of the pattern P . This concludes the proof.

The correctness of the algorithm follows from Lemma 13, as shown in the lemma below.

Lemma 19. Assume n ≤ 2m. Let S be a periodic sample in P with smallest period q and R be an S-run
in T . Let X and Y be defined as in the pseudocode of Run-Sample-Matching. Then X ∪ Y is a set of
k-occurrences of P in T which is a superset of the solution to Sample-Match for S in R.

Proof. Both Pair-Match and Periodic-Periodic-Match problems return positions of k-occurrences of P
in T . It suffices to show that p ∈ X ∪ Y if rotx(P ) has a k-mismatch occurrence in T at position p such that
the designated fragment S matches a fragment of R exactly. We assume that the split point x in P is to the
right of S, i.e., that x ≥ pS + mS . The opposite case—that x < pS—can be handled analogously.

Let J = Misperk+1(T, s, s + q − 1) and J ′ = Misperk+1(P 2, m + pS , m + pS + q − 1). We define L1 and
L2 as the subsets of J and J ′, respectively, that are relevant for this k-occurrence, i.e.,

L1 = J ∩ Wp, L2 = J ′ ∩ Wx.

Further let L′
2 = L2 mod m. If any i ∈ L1 and j ∈ L′

2 are a matching pair for this k-occurrence, then it will
be found in the Pairs-Match problem, i.e., p ∈ X. Let us henceforth consider the opposite case.

Let S = T [p . . p + m − 1], S′ = rotx(P ), and i = m − x + pS be the starting position of Q = S[0 . . q − 1]
in both strings. Further let I = L1 ⊖ p and I ′ = L2 ⊖ x. We have that I ∩ I ′ = ∅ by our assumption that
misperiods do not align. We make the following claim.
Claim 20. Mis(S, S′) = I ∪ I ′.
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Proof. Note that I = Misperk+1(S, i, i + q − 1) and I ′ = Misperk+1(S′, i, i + q − 1). The former equality
follows from the fact that Misperk+1(T, s, s + q − 1) = Misperk+1(T, t, t + q − 1) for any t ∈ [s . . s + |R| − q].
We can thus directly apply Lemma 13 to strings S and S′.

In particular, |I| + |I ′| ≤ k. Moreover, min(J) < p and p + m − 1 < max(J) as well as min(J ′) < x
and x + m − 1 < max(J ′), since otherwise we would have |I| ≥ k + 1 or |I ′| ≥ k + 1. In conclusion, this
k-occurrence will be found in the Periodic-Periodic-Match problem, i.e., p ∈ Y .

P P

J ′
1 J ′

2

Q

S
V

T

Q

J1 J2

R

U

Figure 8: More detailed setting in Algorithm 1; J = J1 ∪ J2, J ′ = J ′
1 ∪ J ′

2.

5.3. Algorithm Summary
Proposition 21. If m ≤ n ≤ 2m, the k-CPM problem can be solved in O(n + k5) time and O(n) space.

Proof. We split the pattern into 2k + 3 fragments and choose a sample S among them in every possible way.
If the sample S is not periodic, we use the algorithm of Lemma 11 for Sample-Match in O(k2) time

(after O(n)-time preprocessing). It returns a representation of k-occurrences as a union of O(k2) intervals.
If the sample S is periodic, we need to find all S-runs in T . By Lemma 12, there are O(k) of them and

they can all be computed in O(k) time (after O(n)-time preprocessing). For every such S-run R, we apply
the Run-Sample-Matching algorithm. Its correctness follows from Lemma 19. By Lemma 17, it takes O(k3)
time and returns O(k3) intervals and O(k2) interval chains, each with difference per(S), of k-occurrences of
P in T (after O(n)-time preprocessing). Over all S-runs, this takes O(k4) time after the preprocessing and
returns O(k4) intervals and O(k3) interval chains.

By Lemma 17, if any interval chains are reported in Run-Sample-Matching, then some rotation of the
pattern is k-periodic with a k-period per(S). Then, at least k + 2 of the 2k + 3 pattern fragments do not
contain misperiods and hence they must have a period q = per(S). This is actually their smallest period,
for if one of these fragments S ′ had a period q′ < q, then |S ′| ≥ |S| − 1 and, by Fine and Wilf’s periodicity
lemma [36], S ′ would have a period q′′ = gcd(q, q′) < q, which would imply that Q would also have a period
q′′, and hence S as well. Thus, throughout the course of the algorithm, Run-Sample-Matching can only
return interval chains of period per(S) by the pigeonhole principle.

In total, Sample-Match takes O(k4) time for a given sample (after preprocessing), O(n + k5) time in
total, and returns O(k5) intervals and O(k4) interval chains of k-occurrences, each with the same difference q.
Let us note that an interval is a special case of an interval chain with an arbitrary difference, say, 1. We then
apply Lemma 5 to compute the union of all chains of occurrences and the union of all intervals in O(n + k5)
total time. In the end, we return the union of the two unions.

In order to bound the space required by our algorithm by O(n), we do not store each interval chain
explicitly throughout the execution of the algorithm. Instead, for each interval chain, we increment/decrement
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a constant number of cells in a (Gq-shaped for interval chains or G1-shaped for intervals) 2D array of size
O(n) as in the proof of Lemma 5, and compute the union of all such interval chains in the end.

6. An O(n + k4)-time Algorithm for Short Texts

Let us observe that for each non-periodic fragment S, we have to solve O(k) instances of Pair-Match,
while for each periodic fragment S and each S-run, we obtain two sets J and J ′, each of cardinality O(k),
where each pair of elements in J × J ′ requires us to solve an instance of Pair-Match. Further, recall that
each instance of Pair-Match reduces to two calls to our O(k)-time algorithm for Anchor-Match. We
thus solve O(k4) Anchor-Match instances in total, yielding a total time complexity of O(k5). As can be
seen in the proof of Proposition 21 and the pseudocode, this is the only bottleneck of our algorithm, with
everything else requiring O(n + k4) time. We will decrease the number of calls to Anchor-Match by using
a marking trick.

We first present a simple application of the marking trick. Suppose that we are in the standard (non-
circular) k-mismatch problem, where we are to find all k-mismatch occurrences of a pattern P of length m
in a text T of length n, and n ≤ 2m. Further, suppose that P is square-free, or, in other words, that it is
nowhere periodic. Let us consider the following algorithm: We split the pattern into k + 1 fragments of
length roughly m/k each. Then, at each k-occurrence of P in T , at least one of the k + 1 fragments must
match exactly. We then find the O(k) such exact matches of each fragment in T and each of them nominates
a position for a possible k-occurrence of P . We thus have O(k2) candidate positions in total to verify.

Now consider the following refinement of this algorithm: We split the pattern into 2k fragments (instead
of k + 1), each of length roughly m/(2k). Then, at each k-occurrence of P in T , at least k of the fragments
must match exactly; we exploit this fact as follows: Each exact occurrence of a fragment in T gives a mark
to the corresponding position for a k-occurrence of P . There are thus O(k2) marks given in total. However,
we only need to verify positions with at least k marks and these are now O(k) in total. An illustration is
provided in Fig. 9.

P

T

P

T

Figure 9: We consider k = 4. To the left: a candidate starting position for P given by an exact match of one of the 5 fragments.
To the right: a candidate starting position for P given by exact matches of 4 of the 8 fragments.

Let us get back to the k-CPM problem. We have the following fact.
Fact 22. The algorithm underlying Proposition 21 returns each k-occurrence either through a call to
Periodic-Periodic-Match or through at least k + 2 calls to Anchor-Match.
Proof. Let us fix a k-occurrence p of P in T . Since at least k +2 out of the 2k +3 samples must match exactly
in this k-occurrence, the algorithm must return p through at least k + 2 calls to Sample-Match. For each of
these calls, the k-occurrence p is returned through a call to Periodic-Periodic-Match or through (at least
one) call to Anchor-Match. Thus, if p is not returned by any of the calls to Periodic-Periodic-Match,
it must be returned by at least k + 2 calls to Anchor-Match.

We run the algorithm yielding Proposition 21 with a single difference: Instead of processing each instance
of Pair-Match separately, we apply the marking trick in order to decrease the exponent of k by one. This
is achieved by a reduction in the number of calls to the algorithm that solves Anchor-Match. For each of
the O(k4) instances of Pair-Match, we mark the two possible anchors for a k-occurrence and note that
only anchors with at least k + 2 marks need to be verified; these are O(k3) in total. Finally, for each such
anchor, we apply our solution to the Anchor-Match problem, which requires O(k) time, hence obtaining
an O(n + k4)-time algorithm. The correctness of this approach follows from Fact 22. We arrive at the
following result.
Proposition 23. If m ≤ n ≤ 2m, the k-CPM problem can be solved in O(n + k4) time and O(n) space.
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7. Final Result

Both Propositions 3 and 23 use O(n) space. Moreover, Proposition 23 assumes that n ≤ 2m. In order
to solve the general version of the k-CPM problem, where n is arbitrarily large, efficiently and using O(m)
space, we use the so-called standard trick: we split the text into O(n/m) fragments, each of length 2m
(perhaps apart from the last one), starting at positions equal to 0 mod m.

We need, however, to ensure that the data structures for answering lcp, lcs, and other internal queries
over each such fragment of the text can be constructed in O(m) time when the input alphabet Σ is large.
As a preprocessing step, we hash the letters of the pattern using perfect hashing. For each key, we assign
a unique identifier from {1, . . . , m}. This takes O(m) time (with high probability) and space [41]. When
reading a fragment F of length (at most) 2m of the text, we look up its letters using the hash table. If a
letter is in the hash table, we replace it in F by its rank value; otherwise, we replace it by rank m + 1. We
can now construct the data structures in O(m) time, and thus our algorithms can be implemented in O(m)
space.

If Σ = {1, . . . , nO(1)}, the same bounds can be achieved deterministically. Specifically, we consider two
cases. If m >

√
n, we sort the letters of every text fragment and of the pattern in O(m) time per fragment

because n is polynomial in m and |Σ| is polynomial in n. Then, we can merge the two sorted lists and replace
the letters in the pattern and the text fragments by their ranks. Otherwise (if m ≤ √

n), we construct a
deterministic dictionary for the letters of the pattern in O(m log2 log m) time [42]. The dictionary uses O(m)
space and answers queries in constant time; we use it instead of perfect hashing in the previous solution.

We combine Propositions 3 and 23 with the above discussion to get our final result.

Theorem 24. Circular Pattern Matching with k Mismatches can be solved in O(min(nk, n + n
m k4)) time

and O(m) space.

Our algorithms output all positions in the text where some rotation of the pattern occurs with k
mismatches. It is not difficult to extend the algorithms to output, for each of these positions, a corresponding
witness rotation of the pattern.
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