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Chapter 1

Introduction

1.1 Motivation

In September 2018 the International Agency for Research on Cancer (IARC)
estimated that there would be 18.1 million new cancer cases and 9.6 million can-
cer deaths in 2018 [20]. Cancer is expected to be the leading or second leading
cause of death and factor reducing live expectancy worldwide [11]. While the
exact cancer incidence profiles vary between countries, depend on geography,
socioeconomic development and other factors, cancer remains to be one of the
greatest challenges faced by modern society.

Given the global scale of the issue it is only natural that the problem of cancer
has raised interest not only in experimentalists, biologists and clinicians, but also
in scientists representing other fields, such as mathematics. Despite the amount
of data produced by experimental oncologists, which strongly suggests the use
of quantitative methods, virtually no comprehensive mathematical framework
has been proposed to analyse this data [24]. Given low clinical trials success
rates [13] and the unsettling trends in cancer incidence and deaths [20], a need
for cooperation between scientists representing a broad cross-section of fields is
being recognised [2, 13, 24]. In particular, mathematics can offer tools to test
biological hypotheses, as well expand the reasoning and description of cancer-
driving mechanisms behind the usual “linear” intuition [24, 49].

The complexity of the biology and biochemistry of tumour growth makes
it virtually impossible to fully understand the entire process without the use of
qualitative methods. This is the main motivation for development of mathe-
matical models of tumour growth and their response to therapy. Mathematical
modelling aims to utilise the biological data and knowledge to isolate the most
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2 CHAPTER 1. INTRODUCTION

important processes so that the final outcome can be better understood [2, 49].
Mathematical models of solid tumour growth have a long history and offer inter-
esting perspectives [2, 47]. One of the earliest instances in which mathematical
models yielded actionable insights is a model by Lasota et al. [41] of erythroid
production. This model resulted in recommendations for concrete therapeutic
strategies which where then successfully implemented.

One area in which there exists potential for model-driven insights is the prob-
lem of acquired drug resistance [22, 47], i.e. a process in which the tumour cells
become resistant to the drug (e.g. chemotherapy) throughout the course of the
treatment [15, 28]. As acquired drug resistance is usually attributed to muta-
tions, the problem, mathematically speaking, becomes an extension of mathe-
matical ecology framework [49]. In this dissertation a mathematical model of
acquired drug resistance is constructed and analysed from the point of view of
optimal chemotherapy planning.

1.2 Aims and hypothesis

The aim of this dissertation is to offer insights into the interactions between tu-
mour drug-resistant and drug-sensitive cells and how they are affected by drug
administering. This objective is achieved by a construction and analysis of
a mathematical model of drug-resistant tumour growth. We hypothesise that
by altering the drug delivery schedule we may delay, or even altogether prevent,
the onset of drug resistance and extend patient survival.

We will be therefore interested in achieving the following aims:

• Construct a mathematical model of drug-resistant tumour growth.
When building the model we will focus on interactions between resistant
and sensitive cells, i.e. competition and mutations. We will also include the
effects of angiogenesis (sprouting of new blood vessels), as it is a crucial
process in tumour development [21, 37, 56].

• Define an optimal control problem specifically aimed at targeting drug
resistance. Traditionally the search of optimal drug scheduling focuses on
minimising tumour size [29, 44, 48, 62, 68]. In this dissertation we discuss
an extension to that approach by proposing a bespoke objective with an
explicit “resistance penalty”.

• Analyse the mathematical model and solve the associated optimal con-
trol problem. By analysing the steady states of the mathematical model
we will investigate how the long-term behaviour of the system depends
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on the chemotherapy dose. By performing numerical optimisation we will
obtain a reasonable candidate for the optimal protocol which can be po-
tentially used to provide feedback for experimental oncologists.

We note that the above aims are all motivated by the following research hy-
pothesis:

By choosing an appropriate chemotherapy scheduling and dosing it is
possible to delay the onset of drug resistance and, as a result, maintain the
tumour at non-life-threatening size.

Note that this shifts focus from total tumour eradication to tumour mainte-
nance. This hypothesis is a result of an emerging trend in chemotherapy plan-
ning, i.e. metronomic therapy [1, 31]. Metronomic drug scheduling is charac-
terised by low-dose drug administering with very short drug-free intervals. It
stands in opposition to the maximum-tolerated dose therapy (MTD) in which the
drug is given in large doses with prolonged drug-free intervals. The results in
this dissertation are analysed in relation to metronomic therapy and the research
hypothesis above. In particular it should be noted that a successful therapy may
not be the one which completely eradicates the tumour (which is often simply not
possible due to drug resistance), but the one which delays (or, ideally, prevents)
the onset of drug resistance.

1.3 Outline

This dissertation is organised as follows.
In Chapter 2 we provide background on the relevant biological processes. In

particular, we will give a high-level overview of the process of tumour growth.
We will discuss genetic instability of tumour cells and its implications on therapy
and drug resistance. We will then describe the process of angiogenesis. Next,
we will move into therapeutic strategies and chemotherapy. Then in Section 2.2
we provide background on relevant topics in mathematical ecology and its appli-
cations to tumour modelling. Finally, we will discuss the role of optimal control
theory in therapy optimisation.

In Chapters 3 to 5 we construct a relevant mathematical model in a step-by-
step manner.

In Chapter 3 we consider a preliminary baseline model of two competing
subpopulations representing sensitive and resistant cells. That model, although
relaying on a set of potentially oversimplifying assumptions, can be investigated
analytically to a large extent. Interestingly we have found that a lot of properties
of this model carry over to more complicated models considered in subsequent
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Chapters. In Chapter 3 we also define the bespoke objective functional to be used
in the optimal control problem and analyse theoretical properties of the optimal
control.

In Chapter 4 we extend the baseline model by introducing mutations and
generalising the objective functional. We then conduct analysis analogous to
that in Chapter 3 to see that the final answer to the optimal control problem does
not change to a material degree.

Finally, in Chapter 5 we analyse the full model, i.e. one with generalised
competition coefficients (thus allowing for modelling cell fitness) and including
the process of angiogenesis. We show that the system may exhibit hysteresis with
a switch to a resistant phenotype once a critical chemotherapy dose is exceeded.
We then extend the analysis from previous chapters by performing sensitivity
analysis of the numerical solution to the optimal control problem with respect to
the competition coefficients and mutation rates. We conclude that the solution is
very robust and its qualitative shape is preserved for the majority of parameter
values.

Chapter 6 consists of concluding remarks and summarises the results in light
of the research aims and hypothesis stated in the previous section.

1.4 Publications

In this section we list the relevant publications (and articles which are prepared
or submitted to journals) co-authored by the author of this dissertation. The
majority of the results described in this dissertation have either been published
or are prepared for publication. Chapters 3 to 5 are based on the following works:

• P. Bajger, M. Bodzioch, U. Foryś, Singularity of controls in a simple
model of acquired chemotherapy resistance. Discrete and Continuous Dy-
namical Systems Series B, 24(5):2039-2052, 2019.

• P. Bajger, M. Bodzioch, U. Foryś, Role of Cell Competition in Acquired
Chemotherapy Resistance. Proceedings of the 16th Conference on Com-
putational and Mathematical Methods in Science and Engineering, 1:132-
141, 2016.

• P. Bajger, M. Bodzioch, Hahnfeldt’s et al. model adapted for heteroge-
neous tumours, Proceedings of the XXII National Conference of Applica-
tions of Mathematics in Biology and Medicine, 13-18, 2016.
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• P. Bajger, M. Bodzioch, U. Foryś, Theoretically optimal chemotherapy
protocols: sensitivity to competition coefficients and mutation rates be-
tween cancer cells. Submitted to Mathematical Methods in Applied Sci-
ences.

• P. Bajger, M. Bodzioch, U. Foryś, Competition between subpopulations:
preventing overall growth and domination of resistant subpopulation using
optimal control. Submitted to SIAM Journal of Control and Optimization.

Other relevant works co-authored by the author of this thesis on a general
topic of tumour growth modelling include:

• P. Bajger, M. Bodzioch, Mathematical model of endothelial cell prolifer-
ation and maturation, Mathematica Applicanda 46(1):3-12, 2018.

• P. Bajger, K. Fujarewicz, A. Świerniak, Effects of Pharmacokinetics and
DNA Repair on the Structure of Optimal Controls in a Simple Model of
Radio-Chemotherapy, 2018 23rd International Conference on Methods &
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Chapter 2

Background

2.1 What is cancer?

Cancer is a group of diseases characterised by uncontrolled cell growth and their
invasion from a primary site into other (secondary) sites in the body [52]. Al-
though a whole variety of diseases fall into the category of cancer (skin cancer is
much different from lung cancer), in the year 2000 Hanahan and Weinberg [32]
defined a set of “hallmarks of cancer” which are shared by the majority of can-
cers. The hallmarks were then revisited by the same authors in 2011 [33] to
include two new “emerging hallmarks”, as well as two enabling characteristics.
These characteristics are summarised in Figure 2.1.

Out of the ten characteristics listed in Figure 2.1 three remain in the centre of
focus of this dissertation:

• Enabling replicative immortality. Cancer growth is limited only by
physical carrying capacity of the environment, i.e. the availability of space
and nutrients. In practice this means that cancer cells lack self-regulatory
mechanisms to stop them from proliferating. The mathematical models
discussed in Chapters 3 to 5 relay on the assumption of unconstrained
growth all the way up to the carrying capacity.

• Genome instability & mutation. Cancer cells are usually characterised
by faulty DNA repair pathways [52] which makes them particularly hard
to kill. What is more, high proliferation rate coupled with high mutation
rates render tumour cells highly adaptive to the environment. This is par-
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8 CHAPTER 2. BACKGROUND

Figure 2.1: Hallmarks of cancer, including two enabling characteristics (genome
instability and tumour-promoting inflammation) and two emerging hallmarks
(deregulated cellular energetics and avoiding immune destruction). Reprinted
and modified from [33].

ticularly important in the presence of a strong selective force imposed by
the chemotherapeutic agent as it may (and often does) give rise to drug
resistance [22, 28] which is the main focus of this dissertation.

• Inducing angiogenesis, i.e. the recruitment of new blood vessels by hy-
poxic (oxygen-deprived) cancer cells [21]. In Chapter 5 we will investigate
the potential of limiting cancer growth by targeting its delivery system:
blood vessels [37].

With so many different diseases falling under the “cancer” category, there ex-
ist a variety of different treatments. In this dissertation we focus on one particular
form of treatment: chemotherapy.
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2.1.1 Chemotherapy

First uses of pharmacological agents to treat cancer, which can be viewed as
a birth of modern chemotherapy, date back to 1943 when Goodman et al. [27]
discovered that mustard nitrogen could be used in treatment of human lym-
phomas [22]. Although the achieved remissions were brief, the work by Good-
man ignited a discussion within the community on the possibility of curing can-
cer using drugs [17]. A research on other agents soon followed [19], but even
in the 1960s whether cancer drugs did more harm than good was a subject of
debate [17].

The fact that a single cancer cell is enough to kill a mouse had been already
known since 1937 [23]. This realisation motivated a “total eradication” prin-
ciple which says that in order to prevent remission, all cancer cells need to be
killed. This not only prompted a change in chemotherapy dosing strategies, but
also resulted in a “cell kill” (or “log-kill”) hypothesis which states that the given
dose of drug kills a constant fraction of tumour cells, rather than a constant num-
ber [61]. This hypothesis remains fundamental in mathematical modelling of
tumour growth to this date, although certain alternatives have since been pro-
posed [59].

The principle of total tumour eradication is closely related to the Maximum
Tolerated Dose (MTD) paradigm in which the chemotherapy is administered in
highest possible doses of tolerable toxicity to host’s healthy cells with prolonged
drug-free periods with an aim to maximise cell kill [38]. Establishing the MTD
for newly discovered agents remains a primary goal of first phase clinical tri-
als [70].

Chemotherapy remains one of the major treatment strategies with a high suc-
cess rates for particular types of cancer, e.g. testicular, Hodgkin disease and high-
grade lymphomas, but for the majority of patients with metastatic solid tumours,
the cure remains impossible [57]. In this dissertation we focus on those cancers
whose intrinsic properties (e.g. resistance) render them ineradicable regardless
of the actual drug being used [48, 57]. The ultimate goal is therefore not to com-
pletely eradicate the tumour (which may not be possible), but to extend survival
time by finding means to manage the tumour by using appropriate chemotherapy
dosing.

Acquired drug resistance

Acquired drug resistance is a well-known phenomenon in which cancer develops
resistance to the drug (e.g. cytotoxic chemotherapy) throughout the course of the
treatment. There are many different mechanisms by which tumours can acquire
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Figure 2.2: Treatment-induced drug resistance. Sensitive (blue) cells are killed
by the treatment which leaves an abundance of resources for the resistant (red)
cells to repopulate tumour site. Reproduced and modified from [72].

resistance. One of the most studied mechanisms is increased drug efflux [10].
Most importantly, unlike other possible mechanisms such as drug inactivation or
drug target alteration, increased drug efflux is not drug-specific and gives rise to
multidrug resistance [28, 36].

Resistance to chemotherapy remains a major obstacle in chemotherapy plan-
ning [22]. The main mechanisms in which cancer cells achieve resistance is
through genetic or epigenetic mutations [28]. For example increased drug efflux
is a result of amplification or overexpression of membrane transporters from the
p-glycoprotein family (e.g. MDR1, MRP or LRP) [10, 16, 22].

Acquired drug resistance is closely related to the MTD paradigm. The cyto-
toxic agent imposes a strong selective force on the tumour cell population which
results in killing off the sensitive population, while leaving the cells which gained
resistance through random mutations intact. Those resistant cells then have an
abundance of space and resources to grow, resulting in a relapse [72], a process
illustrated in Figure 2.2. This observation resulted in an alternative approach to
chemotherapy dosing: the metronomic therapy.

Metronomic therapy

The concept of metronomic therapy stands in contrast to the previously discussed
standard Maximum Tolerated Dose approach. While the latter aims to maximise
cell kill in hope to fully eradicate the tumour, the goal of metronomic therapy
is quite different. Metronomic therapy is characterised by an application of low,
less toxic doses, but at much more frequent intervals. This shifts the therapeutic
paradigm from maximising cell kill to recognition that cancer is a chronic disease
and should be treated as such [38, 58].

Metronomic therapy offers a number of benefits, among which perhaps the
most significant is its potential in preventing drug resistance. It is hypothesised
that by maintaining a certain level of drug sensitive population of tumour cells
will prevent the resistant cell population from overcoming the tumour site [38].
This would require careful dosing and a deep understanding of the interplay be-
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tween the resistant and sensitive subpopulations to which mathematical mod-
elling can contribute.

Other benefits of metronomic chemotherapy include anti-angiogenic effects
(which we will address partially in Chapter 5) and enhancing immune system
response (which is outside the scope of this dissertation) [38].

2.2 Mathematical models

Mathematical models considered in this dissertation are strongly rooted in math-
ematical ecology. We will consider two populations of cancer cells – sensitive
and resistant – occupying the same site in the body, both requiring oxygen and
nutrients. The ecological framework is therefore a natural starting point for tu-
mour growth modelling.

2.2.1 Single population

Before we proceed to mathematical models of interacting populations, let us first
discuss briefly the possible approaches to modelling of a single population. The
most basic continuous model of population growth is due to Malthus and dates
back to 1798 [46]:

dN
dt

= λN,

where N is the population size and λ is the net factor of births, deaths and mi-
gration. This model results in exponential growth and, for obvious reasons, its
predictive potential is limited, as no population can possibly grow in a com-
pletely unbounded manner. Although the above model has been successfully
used as a building block in many models of tumour growth [43, 69] and it may in
fact very well approximate tumour growth in its initial stage, in this dissertation
we focus on models in which the population does not grow boundlessly.

To address the issue of unbounded growth, Verhulst [73] proposed a non-
linear model which includes a self-limiting quadratic term. The model, often
referred to as “logistic model” reads as follows:

dN
dt

= λN
(
1 −

N
K

)
,

where λ is again the growth rate and K is the so-called carrying capacity. Car-
rying capacity measures the population size which can be supported by a given
environment in terms of resources (e.g. space and food). This model can be eas-
ily seen to have a globally (in R+) stable steady state N = K. This model has



12 CHAPTER 2. BACKGROUND

Figure 2.3: Comparison of logistic and Gompertz population growth models.
The growth rate is set to λ = 1 for all curves in the left-hand side panel and for
the Gompertz curve in the right-hand side panel

a whole class of generalisations [71], but we will limit our attention to its original
form above.

Another possibility, with similar properties to the logistic equation, is the
Gompertz model [26]:

dN
dt

= −λN log
N
K
.

Gompertz model has been historically used to model the growth of tumours as
good fits to experimental and clinical data were obtained, initially by Laird [39,
40], and subsequently by other authors [60, 64].

The logistic and Gompertz equations share a lot of properties. In partic-
ular, they both have (for positive λ) a single, globally (in R+) asymptotically
stable positive steady state at N = K. Figure 2.3 illustrates the behaviour of
the solutions to those models for different values of the parameter λ and initial
conditions. Note that the dependent variable was rescaled so that K = 1. The
Gompertz curve is characterised by a faster initial growth which is often a better
fit to experimental data. This effect, however, becomes less significant as the tu-
mour becomes larger (left panel) and can be partially compensated by increasing
λ in the logistic equation (right panel).

A drawback of the Gompertz model is that it is purely phenomenological
with no biological justification and is more complicated mathematically than
the logistic equation. In this work we will use the logistic equation due to its
more desirable mathematical properties (e.g. being well-defined at 0 with no
additional justification) and simplicity. This choice is made bearing in mind all
the qualitative similarities between the two approaches, although we note that
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(a) (b)

(c) (d)

Figure 2.4: Phase space for System (2.1) with K1 = K2 = 1, λ1 = 0.192, λ2 =

0.096 and four different pairs of competition coefficients (α12, α21): (a) (0.5, 0.5),
(b) (0.5, 1.5), (c) (1.5, 0.5), (d) (1.5, 1.5).

each tumour is different and an actual choice should be ideally done on a case-
by-case basis.

2.2.2 Interacting populations

So far we have only considered a single population. In this dissertation we are
particularly interested in a system of two populations competing for the same re-
sources. For two arbitrary populations mathematical ecology has been describing
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such a situation in the following way [49]:

dN1

dt
= λ1N1

(
1 −

N1 + α12N2

K1

)
,

dN2

dt
= λ2N2

(
1 −

N2 + α21N1

K2

)
,

(2.1)

where N1 and N2 denote the sizes of the two populations. Of course the lo-
gistic growth function may be replaced by other growth functions with similar
properties (e.g. Gompertzian). To interpret the system above we can make the
following observation: in the absence of one population (say N j ≡ 0), the other
population follows a logistic growth model with a growth rate λi and carrying
capacity Ki (where i, j ∈ {1, 2}, i , j). The coefficients α12 and α21 are the com-
petition coefficients which quantify the competitive effect of one population on
the other. Intuitively, one population occupies a portion of the carrying capacity
of the other species to a degree measured by the competition coefficient.

The dynamics of the model above depends on the competition coefficients
α12 and α21, as shown in Figure 2.4. Note that a coexistence of both populations
is only possible if both coefficients are smaller than 1.

The model defined above will be an entry point for more complicated models
of tumour growth described later. In particular, we will modify this system to
include the effects of chemotherapy, mutations and varying carrying capacity
which are not present in this basic ecological model.

2.2.3 Optimal control

Another aspect of mathematical framework prominently featured in models of
tumour growth is optimal control theory [42, 65, 67]. As the problem at hand
often becomes that of choosing an appropriate drug dosing schedule, it fits very
well within the optimal control framework.

In general, optimal control theory deals with finding a (possibly multidimen-
sional) control, i.e. a measurable function u : [0,T ] → U such that given ob-
jective function J = J(u(·)) is minimised (or maximised) subject to dynamics
generally given by:

dN
dt

= f (N, u),

where f : Rn × U → Rn is a continuously differentiable function.
In case of tumour modelling, u typically represents a therapeutic strategy

(e.g. dose of drug or irradiation), N contains, among others, tumour cell popula-
tion size, and f is the dynamics of tumour growth (and possibly its interactions
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with microenvironment). The objective function J may then take various forms,
but the general idea is, in line with the “log-kill” hypothesis, to maximise cell
kill. The objective J may therefore become the tumour size at the end of the
treatment [7, 69], or possibly include a term representing the mean tumour size
over the course of the treatment or/and a drug dose penalty to minimise the cy-
totoxic effects of the drug on non-malignant cells [42, 43].

In this dissertation one of the main objects of study is the objective function.
In line with the metronomic therapy approach, we propose a new objective which
includes an explicit penalty for resistance [5].

2.2.4 Numerical Procedures

To find a candidate for the optimal control in problems considered throughout
this dissertation we often refer to numerical methods. For problems in Chap-
ters 3 and 4 a gradient-based method was developed by us based on the work by
Śmieja et al. [63] and described in more details in Appendix A. For Chapter 5
we used a Python-based open-source optimisation modelling language Pyomo
(www.pyomo.org) [34, 35] with its differential algebraic equation extension Py-
omo.DAE [50].

The numerical procedures used in this dissertation are available on the au-
thor’s public GitHub page: www.github.com/piotrbajger.





Chapter 3

Base Model

The optimal control problems are rarely analytically traceable and attempts to
solve them fully analytically quickly become complicated, especially as the num-
ber of equations grows. We have therefore adopted a bottom up approach of
constructing a mathematical model where we start with the simplest possible
one and attempt to push the theoretical analysis to its limits. This is done in
the hope that the results will carry over to more complicated models. In more
complex models we seek confirmation of those results by resorting to numerical
methods.

As a consequence, in this chapter we discuss the simplest possible mathe-
matical model describing the underlying biological phenomenon. This model by
no means attempts to capture all biological features of the problem and should
be thought of as a “baseline” model or a foundation upon which we will build in
the Chapters to follow.

3.1 Formulation

The main building blocks for our mathematical model are the population models
discussed in Section 2.2. We assume that the malignant cell population is subdi-
vided into two compartments which differ in their resistance to therapy. Such an
approach has been used by multiple authors in the past [44, 48] and, despite be-
ing a simplification, it still may offer valuable insights into the actual biological
phenomena.

Recall that a growth of a single population may be described by the logistic
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equation [49, 73]:

Ṅ = λN
(
1 −

N
K

)
,

where N(t) is the population size at time t, λ is the proliferation rate and K is
the carrying capacity. The carrying capacity is a quantity which effectively rep-
resents the maximum size of a population (in this case the population of tumour
cells) may achieve due to limitations of space and nutrients (oxygen, glucose,
etc.). We will in general restrict our attention to a biologically realistic set [0,K]
(which is invariant under the system above), noting however that in general math-
ematical ecology the model remains valid also for N > K [49]. In our case N
denotes the volume of the tumour. Note that we could use raw cell count as the
measure of the size of the tumour. We adapt an assumption of constant density
of malignant cells per unit volume [48] so that those two quantities are propor-
tional. In the remaining of this thesis we will also use the term “tumour size” to
mean tumour volume.

We will consider two classes of tumour cells, sensitive and resistant, which
compete for the same resources and occupy the same location. To model this co-
existence in the baseline model we adapted the well-known competition model
from mathematical ecology [49]:

Ṅ1 = λ1N1

(
1 −

N1 + N2

K

)
, N1(0) = N0

1 ,

Ṅ2 = λ2N2

(
1 −

N1 + N2

K

)
, N2(0) = N0

2 ,

(3.1)

where N1 and N2 denote the sizes of sensitive and resistant cancer cell subpop-
ulations respectively with N0

1 , N0
2 both non-negative. Note that the proliferation

rates λ1, λ2 may be different. It is typically assumed that the tumour consists of
rapidly-proliferating sensitive cells and slowly-proliferating resistant cells [44].
In terms of the mathematical model above, this translates to the following con-
dition: λ1 > λ2.

System (3.1) does not include the effects of chemotherapy. As the tumour
cells are assumed to differ only in their level of resistance and are otherwise
identical, we assume that the carrying capacities for both cell types are equal.
To model the effects of chemotherapy, we will use the commonly adapted log-
kill [65] hypothesis which states that the number of tumour cells killed by chemo-
therapy is proportional to both the number of tumour cells and to the drug con-
centration. The final model we will consider in this section takes the following
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form:
Ṅ1 = λ1N1

(
1 −

N1 + N2

K

)
− β1N1u(t), N1(0) = N0

1 ,

Ṅ2 = λ2N2

(
1 −

N1 + N2

K

)
, N2(0) = N0

2 ,
(3.2)

where u(t) ∈ [0, 1] is the concentration of the chemotherapeutic drug in blood at
time t expressed as the fraction of Maximum Tolerated Dose (MTD) and β1 is
the parameter which controls how sensitive the cells are to the drug. The drug is
assumed to have no effect on the resistant subpopulation.

Before we proceed to the analysis of the above model, we will perform a non-
dimensionalisation, i.e. a rescaling of model parameters in order to reduce their
number. The non-dimensionalised model becomes:

dn1

dt∗
= λ∗1n1 (1 − n1 − n2) − n1u∗(t∗), n1(0) = n0

1,

dn2

dt∗
= λ∗2n2 (1 − n1 − n2) , n2(0) = n0

2,
(3.3)

where:

t∗ = β1t, ni(t∗) =
Ni(t)

K
, n0

i =
N0

i

K
, λ∗i =

λi

β1
, u∗(t∗) = u(t),

for i = 1, 2. We will henceforth drop the asterisks for notational convenience.

3.2 Theoretical Properties

In the following section we will recall the theoretical properties of System (3.3)
for a constant chemotherapy dose, i.e. with u(t) ≡ u ∈ [0, 1].

Given that the dependent variables describe population sizes, our biologically
relevant domain of interest consists of the first quadrant, i.e.:

R2
+ = {(n1, n2) : n1 ≥ 0 and n2 ≥ 0}.

We note first that the right hand side of System (3.3) is of class C∞ in R2
+,

hence the Picard-Lindelöf theorem [45] yields local uniqueness and existence of
solutions with any given non-negative initial condition.

We can also show that:

Proposition 1. The domain R2
+ is invariant under System (3.3).
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Proof. It is enough to note that the lines n1 = 0 and n2 = 0 are invariant under
System (3.3). As a trajectory starting inside R2

+ can only leave R2
+ through one

of those lines, we conclude that R2
+ is indeed invariant under System (3.3). �

Proposition 2. A solution to System (3.3) with an initial condition
(n0

1, n
0
2) ∈ R2

+ exists and satisfies n1(t) + n2(t) ≤ max(n0
1 + n0

2, 1) for all t ≥ 0.

Proof. We already noted that there is a unique solution passing through (n0
1, n

0
2).

If now the initial condition is such that n0
1 + n0

2 > 1, then we have ṅ1 + ṅ2 < 0
when n1 + n2 = n0

1 + n0
2, so n1 + n2 can never exceed the n0

1 + n0
2 bound.

For solutions with initial condition n0
1 + n0

2 < 1 it is enough to note that if
n1 + n2 = 1, then ṅ1 + ṅ2 = −un1 < 0 for n1 > 0. Therefore no trajectory can
leave the triangle

n1 ≥ 0 and n2 ≥ 0 and n1 + n2 ≤ 1.

Therefore at all times we must have:

n1(t) + n2(t) ≤ max(n0
1 + n0

2, 1)

which, together with non-negativity of n1 and n2 yields global existence and
boundedness of solutions. �

A simple application of Bendixson-Dulac [8] theorem shows that:

Proposition 3. System (3.3) has no periodic orbits in the interior R2
+.

Proof. Let f = ( f1, f2)T : R2
+ → R

2 denote the vector field on the right hand side
of System (3.2) and let φ(n1, n2) = 1

n1n2
in the interior of R2

+. Then

∂

∂n1
(φ f1) +

∂

∂n2
(φ f2) = −

λ1

n2
−
λ2

n1
< 0

as n1, n2 > 0 in the interior of R2
+. The Bendixson-Dulac theorem therefore

applies. �

We note so far we have considered the domain to be R2
+. From a biological

perspective, however, any situation where the tumour is above its carrying ca-
pacity is irrelevant. For the remaining part of this chapter we will restrict our
attention to a biologically relevant region defined by:

Ω = {(n1, n2) : n1, n2 ≥ 0 and n1 + n2 ≤ 1},

as shown in Figure 3.1.
We immediately note that Ω is invariant under System 3.3, as seen in the

proof of Proposition 2.
Equipped with the above results we may now proceed to the analysis of

steady states.
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Figure 3.1: Biologically relevant domain, invariant under System (3.3).

(a) (b)

Figure 3.2: Phase space with sample trajectories with (a) u = 0.1, and (b) u =

0.5.

3.2.1 Steady States

In order to gain understanding about the long-term behaviour of the solutions to
System (3.3) for a constant chemotherapy dose u(t) ≡ u ∈ (0, 1] we analyse the
steady state of that system. We are in particular interested in the bifurcations
with respect to the chemotherapy dose u as this is the parameter which we are in
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theory able to control.
To find the steady states we equate the right hand side of System (3.3) to 0.

From the first equation we obtain that either n1 = 0 or λ1
(
1 − n1 − n2

)
− u = 0 at

a steady state. Similarly, from the second equation, either n2 = 0 or 1−n1−n2 = 0
at a steady state. Therefore, the system has at most three steady states:

S ∗1 = (0, 0), S ∗2 = (0, 1), S ∗3 =

(
1 −

u
λ1
, 0

)
,

where S ∗3 exists provided u < λ1.
The Jacobian of the system is:

J(n1, n2) =

λ1(1 − 2n1 − n2) − u −λ1n1

−λ2n2 λ2(1 − n1 − 2n2)

 .
At S ∗1 we have:

J(S ∗1) =

(
λ1 − u 0

0 λ2

)
.

It can be easily seen that S ∗1 is a saddle point if u < λ1 and an unstable node if
u > λ1.

Similarly, at the steady state S ∗2 we have:

J(S ∗2) =

(
−u 0
−λ2 −λ2

)
which has two negative eigenvalues. The steady state S ∗2 is therefore a stable
node.

At S ∗3 we have

J(S ∗3) =

−λ1 + u −λ1 + u

0 λ2
λ1

u


which is an unstable node if u < λ1 and a saddle point if u > λ1.

Given that only S ∗2 is stable we can, using Propositions 2 and Proposition 3,
deduce that:

Proposition 4. The steady state S ∗2 = (0, 1) of System (3.3) is globally asymptot-
ically stable in the interior of Ω.

Proof. By Proposition 2 the trajectories are bounded and by Proposition 3 there
can be no periodic solutions. The Poincaré-Bendixson Theorem [8] therefore
states that each trajectory has to converge to a fixed point. Note that the stable
manifolds corresponding to cases in which S ∗1 or S ∗3 are saddles are the n1 = 0
and n2 = 0 rays which do not lie in the interior of Ω. As S ∗2 is the only stable
steady state, it has to be globally asymptotically stable. �
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Parameter Value Unit Role
T 30 day therapy duration
λ1 0.192 1/day proliferation rate of sensitive cells
λ2 0.096 1/day proliferation rate of resistant cells
K 17000 mm3 carrying capacity
β1 0.45 1/day chemotherapy sensitivity parameter
N1(0) 280 mm3 initial volume of tumour sensitive cells
N2(0) 20 mm3 initial volume of tumour resistant cells
η 3 – weight for overall tumour burden in the objec-

tive functional
ω 60 – weight for the terminal tumour volume in the

objective functional
ξ 1 – weight for the resistance penalty in the objective

functional
ε 0.01 – smoothing factor for the resistance penalty G

Table 3.1: Nominal values of the parameters used in the simulations. Note that
the parameters for the objective functional are given for the nondimensionalised
version.

Phase space of System (3.3) with sample trajectories is shown in Figure 3.2.
Dimensional parameter values used in simulations are shown in Table 3.1.

3.3 Optimal control

3.3.1 Existence of Optimal Control – General Case

In this and the following two chapters of this thesis we consider problems of
optimal control. Before we define the details of these problems, let us first verify
that they all have an optimal solution. In order to do that we will apply a suitable
version of Filippov Existence Theorem ([12, 14]). In the next few paragraphs we
define our general set-up.

Let T > 0 be fixed and let Γ ⊂ Rn be an open set. Let U = [0, 1]. Let
L : Γ × U → R, M : Γ → R, and F : Γ × U → Rn be continuous functions. For
x ∈ Γ let

Q(x) = {(ȳ, y) : ȳ ≥ L(x, v), y = F(x, v) for some v ∈ U} .

We consider the problem of minimising the objective functional

J(u(·)) = M(x(T )) +

∫ T

0
L (x(t), u(t)) dt, (3.4)
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among all measurable functions u : [0,T ]→ U such that x and u satisfy:

ẋ(t) = F(x(t), u(t)),

x(0) = x0 ∈ Γ
(3.5)

for almost all t ∈ [0,T ].
Any measurable function u : [0,T ] → U will be called an “admissible con-

trol”. By an “admissible trajectory” we will understand a function x : [0,T ]→ Γ

which is a solution of (3.5) for some admissible control u. Such a pair (x, u) will
be called an “admissible pair”. In order to prove that an optimal solution to the
above problem exists, we will need the following Lemma (Corollary 3.3.2 in
[12]):

Lemma 1. Suppose the function F : Γ × U → Rn is continuous in all variables
and continuously differentiable with respect to x. Let xk be a sequence of tra-
jectories converging to a function y uniformly on [0,T ]. If y(t) ∈ Γ for each
t ∈ [0,T ] and for each x ∈ Γ the set V(x) = {F(x, v) : for some v ∈ [0, 1]} is
convex, then y is also a trajectory of System (3.5).

The version of the Filippov Existence Theorem [12, 14] adapted for this prob-
lem is stated below. We will follow the proof method used in [12].

Theorem 1. Let A ⊆ Γ be compact and suppose that all trajectories of (3.5)
are confined to lie in A. Suppose that M is continuous on A and that L, F are
continuously differentiable on A×U. Assume that for all x ∈ Γ the sets Q(x) are
convex. Then the problem (3.4)-(3.5) has an optimal solution.

Proof. 1. Because A is assumed compact all trajectories x are uniformly
bounded on [0,T ]. Since L is continuous and U is compact, there exists a
constant L̄ such that

|L(x(t), v)| < L̄

for all t ∈ [0,T ], v ∈ U and trajectory x.

2. Consider an auxiliary optimisation problem on Rn+1: minimise

Ĵ(u0(·), u(·)) = x0(T ) + M(x(T ))

among all measurable functions u0, u : [0,T ]→ [0, 1] subject to dynamics

ẋ0 = F0(x, u0, u) := L̄u0(t) + (1 − u0(t))L(x(t), u(t)),

ẋ = F(x, u)

with (x0(0), x(0)) = (0, x0). Let u = (u0, u) and z = (x0, x).
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3. Notice that the trajectories of the above system are uniformly bounded.
Each x is confined to lie in a compact set A and we have

ẋ0 ≤ L̄

which implies ẋ0(t) ≤ L̄T for all t ∈ [0,T ]. Hence there exists a constant
C such that

|z(t)| ≤ C for all t ∈ [0,T ].

4. Consider a sequence of controls uk such that

lim
k→∞

Ĵ(uk(·)) = inf
u

Ĵ(u(·)).

Such a sequence exists as the set {J(u) : u an admissible control} ⊂ R ex-
ists and is bounded from below (e.g. by 0). Let zk be a sequence of cor-
responding trajectories. The sequence zk is uniformly bounded as noted
above. Furthermore the function (F0,F) is bounded on the compact set A
by continuity. Therefore the sequence zk is uniformly Lipschitz continu-
ous. Using Ascoli’s Compactness Theorem there exists a subsequence zkm

and a function z∗ = (x∗0, x
∗) such that zkm → z∗ uniformly on [0,T ].

5. Because A is compact and Γ open, there exist sets Γ′ and A′ such that Γ′ is
open, A′ is compact and A ⊂ Γ′ ⊂ A′ ⊂ Γ. Notice that since A is closed,
z∗(t) ∈ [0, L̄T ] × A ⊂ R × Γ′ for each t ∈ [0,T ]. Furthermore, analogously
as in 1., L is absolutely bounded on A′ × U and hence on Γ′ × U by some
constant L̄′.

Furthermore for any (x0, x) ∈ R × Γ′ the set:

V(x0, x) = {(F0(x, v0, v),F(x, v)) : for some (v0, v) ∈ [0, 1] × U}

=
{
(y0, y) : L(x, v) ≤ y0 ≤ L̄, y = F(x, v) for some v ∈ [0, 1]

}
= Q(x) ∩

(
(−∞, L̄′] × Rn)

)
is convex, being an intersection of two convex sets (Q(x) is convex by
assumption). By Lemma 1 (applied to (F0,F) on set R × Γ′) the function
z∗ is a trajectory of the auxiliary system and there exists a corresponding
control (u∗0, u

∗).

6. We then have:
inf

u
Ĵ(u(·)) = x∗0(T ) + M(x∗(T )).

Notice however that since for each time t ∈ [0,T ] we have L(x∗(t), u∗(t)) <
L̄ it has to be that u0 ≡ 0 almost everywhere as otherwise a control (0, u∗)
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would achieve a lower value of Ĵ (since x0(T ) would decrease). Therefore
the control u∗ is an optimal solution to the original problem (3.4)-(3.5).

�

We will refer to Theorem 1 in this and subsequent chapters of this thesis to
verify that an optimal control exists in each of the considered problems.

3.3.2 Objective

The long term behaviour of the solutions shows that, under the dynamics given
by System (3.3), the tumour is incurable using chemotherapy due to drug resis-
tance. Indeed, no matter what chemotherapy dosage we choose, we cannot stop
the tumour from eventually becoming resistant and growing up to its carrying
capacity.

As this situation is not uncommon in clinical practice [57], the main aim of
this study is to explore ways to prevent or delay the onset of drug resistance. We
reiterate here some of the points made in Section 2.1.1 – our therapeutic goal is
not to completely eradicate tumour (which may not be possible), but to delay or
altogether contain its growth. As it is hypothesised that low dose/metronomic
(as opposed to Maximum Tolerated Dose) therapy would actually be prove to be
more efficient in case of tumours which develop drug resistance [31, 51, 58], we
aim to construct a suitable objective functional for the optimal control problem
which focuses on tumour maintenance, rather than eradication (which, as we
have seen, may not be possible).

A typical objective functional for a homogeneous tumour may look as fol-
lows:

J(u(·)) = ωn(T ) +

∫ T

0

(
ηn(t) + θu(t)

)
dt,

where n denotes the tumour size [42]. The motivation for such a functional is
as follows: ultimately, the goal is to minimise the tumour size at the end of
the treatment, hence the n(T ) term. On the other hand one needs to control the
tumour size during the course of the treatment as the tumour cannot be allowed to
grow uncontrollably, hence the n(t) term in the integrand in the above expression.
Finally, the θu(t) term under the integral is responsible for penalising the toxicity
of the drug.

The functional above can be adapted to nonhomogeneous tumours. The typ-
ical objective functional used in models of drug resistance typically consists of
a penalty (both terminal and Lagrangian) for a weighted sum across the subpopu-
lations with the more resistant subpopulations receiving higher weightings [44].
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In case of two resistance levels it can be represented as follows:

J(u(·)) = ω1n1(T ) + ω2n2(T ) +

∫ T

0

(
η1n1(t) + η2n2(t) + θu(t)

)
dt,

with ω1 ≤ ω2 and η1 ≤ η2. Even though an objective formulated as above
may penalise drug resistance by a suitable choice of weights, it still is mostly
concerned with maximising cell kill. In order to address this issue, we propose to
include an explicit penalty for resistance in the Lagrangian part of the functional.
This is achieved by a general non-linear penalty G : R→ [0, 1] by re-defining J
in the following way:

J(u(·)) = M (n1(T ) + n2(T )) +

∫ T

0
L (n1(t), n2(t), u(t)) dt

= ω (n1(T ) + n2(T )) +

∫ T

0

(
η (n1(t) + n2(t)) + ξG

(
n2(t) − n1(t)

ε

))
dt,

(3.6)

where ξ, ε are positive and G is chosen so that G(x) ≈ 1 when x is large and pos-
itive, while G(x) ≈ 0 when x is large and negative. Note that we assumed equal
weightings for both cell types. This is done partially for simplicity and partially
because resistance is penalised through the function G. This assumption will be
relaxed in subsequent chapters. We also assumed no penalty for chemotherapy
toxicity (i.e. θ = 0). This is because we have found that the resistance penalty G
limits the amount of drug used in a very natural way.

Now, more formally, we require the function G of class C2 to have the fol-
lowing properties:

1. G(x)→ 0 as x→ −∞,

2. G(x)→ 1 as x→ +∞,

3. G′(x) > 0 for all x,

4. xG′′(x) < 0 for x , 0,

5. G(0) = 1/2 and G′(0) = 1/2.

The last property is the normalisation of the penalty function G.
Function G may be thought of as a “smoothed out” Heaviside function. The

positive parameter ε controls the steepness of the slope of G. In practice, ε allows
us to control how close the resistant subpopulation has to become to the sensitive
subpopulation for the penalty become relevant. The lower the ε, the narrower gap
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Figure 3.3: Typical choice for a resistance penalty: G(z) = 1
2 (1 + tanh(z)).

between the subpopulations is allowed, with the limiting case being ε→ 0 when
no penalty is applied until n2 > n1. A typical function G is shown in Figure 3.3.

In this section we furthermore assume that the weights attached to both sub-
populations are the same, e.g. we define η := η1 = η2 and ω := ω1 = ω2. This
is so that the weights control solely the overall size of the tumour, while the
resistance is penalised only by the nonlinear term.

The problem we will consider in the remaining of this section is therefore
to find, for a fixed therapy time T , a measurable function u : [0,T ] → [0, 1]
such that J given by (3.6) is minimised subject to dynamics given by (3.3). We
first re-formulate the problem so that it fits into the framework described in Sec-
tion 3.3.1.

3.3.3 Existence of Optimal Control – Base Model

As mentioned earlier in this chapter, we will refer to Theorem 1 to show that the
optimal control problem does have an optimal solution.

Using the notation from Section 3.3.1, we take Γ = R2 and A to be the set Ω.
As we have shown it to be invariant under System (3.3), this choice satisfies the
assumption of Theorem 1. Furthermore, the right-hand side of (3.3), i.e. function

F(n1, n2, u) =

(
F1(n1, n2, u)
F2(n1, n2)

)
=

(
λ1n1(1 − n1 − n2) − n1u(t)

λ2n2(1 − n2 − n1)

)
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is continuously differentiable with respect to all variables in A × U, while the
functions L and M appearing in the objective functional J (3.6) are continuously
differentiable on A and A×U respectively. Finally, noting that L does not depend
on the control u and F is linear in u, the sets

Q(n1, n2) = {(ȳ, y) : ȳ ≥ L(n1, n2, v), y = F(n1, n2, v) for some v ∈ [0, 1]} ,

=
[
L(n1, n2, 0),∞

)
×

[
F1(n1, n2, 1), F1(n1, n2, 0)

]
×

{
F2(n1, n2)

}
are convex for all (n1, n2) ∈ Γ. The assumptions of Theorem 1 are therefore
satisfied and an optimal control exists.

3.3.4 Pontryagin Minimum Principle

Let us introduce the following notation:

n =

(
n1

n2

)
, f(n) =

(
λ1n1(1 − n1 − n2)
λ2n2(1 − n2 − n1)

)
, g(n) =

(
−n1

0

)
and p =

(
p1

p2

)
,

where p1 and p2 are the adjoint variables.
In order to examine theoretical properties of the optimal control, we will use

Pontryagin Minimum Principle [55].
The version of Pontryagin Minimum Principle which is suitable for our prob-

lem is the following Theorem:

Theorem 2. Let u∗ be an optimal control and n∗ denote the corresponding tra-
jectory, then there exists a co-state vector p : [0,T ] → (R∗)2 which satisfies the
adjoint equation

ṗ = −
∂H
∂n

, (3.7)

with terminal condition p(T ) = (ω,ω) such that the Hamiltonian H defined by

H (p,n, u) = pT (f(n) + g(n)u
)

+ L(n, u) (3.8)

is minimised a.e. on [0,T ] by u∗ along the optimal trajectory with a constant
minimum value c, i.e.

H(p(t),n∗(t), u∗(t)) = min
0≤v≤1

H(p(t),n∗(t), v) ≡ c.

Following standard terminology used in optimal control theory, a pair (n, u)
consisting of a trajectory and a corresponding control for which there exist a co-
state vector p satisfying the above conditions will be called extremal pair. A
triple (n, u,p) will be called an extremal lift.
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We note immediately that in our case

H(p,n, u) = p1
(
λ1n1(1 − n1 − n2) − n1u

)
+ p2λ2n2(1 − n2 − n1)

+ η(n1 + n2) + ξG(n2−n1
ε

),

so the Hamiltonian is linear in the control which motivates the definition of
a switching function [42]:

ϕ(t) =
∂H
∂u

= −p1n1. (3.9)

We see that if u∗(t) is an optimal control, then

u∗(t) =

0 if ϕ(t) > 0,

1 if ϕ(t) < 0.

If ϕ(t) = 0 for some t, but ϕ is non-zero in some neighbourhood of t, then typ-
ically the control switches from 0 to 1 or vice-versa. If, however, ϕ vanishes
identically over an interval, then the control is singular and may admit interme-
diate values between 0 and 1. We note that singular controls are of particular
interest in our context as they may give rise to intermediate dosage and, conse-
quently, lead to a conclusion that metronomic therapy may in fact be optimal.
Much of this section is therefore devoted towards examining the possibility of
existence of singular controls.

3.3.5 Singular control

In this section we will explore the possibility of existence of locally optimal sin-
gular controls, i.e. those satisfying the Pontryagin Minimum Principle. Singular
controls are characterised by the switching function ϕ vanishing over an interval.
In order to find them we therefore equate ϕ and all its derivatives to 0:

ϕ = ϕ̇ = ϕ̈ = · · · ≡ 0.

As the System (3.2) is control-affine we will adapt a method summarised by
Ledzewicz and Schättler in [42] which simplifies the computations using Lie
brackets.

For differentiable functions F, G : Rn → Rn the Lie bracket is defined as

[F,G] :=
∂G
∂x

F −
∂F
∂x

G.
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Using Lie brackets we can express the formulae for the derivatives of ϕ as fol-
lows [42, 44]:

ϕ̇ = pT[f, g] −
∂L
∂n

T
g,

ϕ̈ = pT[f, [f, g]] −
∂L
∂n

T (
[f, g] +

∂g
∂n

f
)
− fT∂

2L
∂n2 g

+

(
pT[g, [f, g]] −

∂L
∂n

T ∂g
∂n

g − gT∂
2L
∂n2 g

)
u.

(3.10)

Note that in our case the above expressions can be simplified using the propo-
sition below:

Proposition 5. The following relationships hold:

(A) [f, g] =

(
−λ1n2

1

−λ2n1n2

)
,

(B) [g, [f, g]] = −[f, g],

(C) [f, [f, g]] = (λ1 − λ1n2 + λ2n2)[f, g].

(3.11)

Proof. By direct calculation we obtain

∂g
∂n

=

(
−1 0
0 0

)
=⇒

∂g
∂n

f =

(
−λ1n1

(
1 − n1 − n2

)
0

)
,

and

∂f
∂n

=

(
λ1

(
1 − 2n1 − n2

)
−λ1n1

−λ2n2 λ2
(
1 − n1 − 2n2

)) =⇒
∂g
∂n

f =

(
−λ1n1

(
1 − 2n1 − n2

)
λ2n1n2

)
,

yielding (A).
Next, we have

∂[f, g]
∂n

=

(
−2λ1n1 0
−λ2n2 −λ2n1

)
=⇒

∂[f, g]
∂n

g =

(
2λ1n2

1

λ2n1n2

)
,

and
∂g
∂n

[f, g] =

(
−1 0
0 0

) (
−λ1n2

1

−λ2n1n2

)
=

(
λ1n2

1

0

)
,

yielding (B).
Finally,

∂[f, g]
∂n

f =

(
−2λ1n1 0
−λ2n2 −λ2n1

) (
λ1n1(1 − n1 − n2)
λ2n2(1 − n2 − n1)

)
=

(
−2λ2

1n2
1(1 − n1 − n2)

−λ2(λ1 + λ2)n1n2(1 − n2 − n1)

)
,
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and

∂f
∂n

[f, g] =

(
λ1

(
1 − 2n1 − n2

)
−λ1n1

−λ2n2 λ2
(
1 − n1 − 2n2

)) ( −λ1n2
1

−λ2n1n2

)
=

(
λ1n2

1
(
λ2n2 − λ1(1 − 2n1 − n2)

)
λ2n1n2

(
λ1n1 − λ2(1 − n1 − 2n2)

)) ,
yielding (C). �

We also note that Theorem 2 give only first order conditions for optimality.
If the switching function vanishes over an interval, we do not know a priori if
the resulting singular control is minimising, or maximising. In order to verify
that it is indeed minimising, we refer to the strengthened Legendre-Clebsch con-
dition [42]:

Theorem 3. Let there be a singular lift consisting of a controlled trajectory
(n∗, u∗) and the corresponding adjoint vector p : [0,T ] →

(
R2

)∗
. If the con-

trolled trajectory is optimal and the singular control u∗ is of order 1 over an
open interval I ⊂ [0,T ], then

−
∂

∂u
d2

dt2ϕ (p(t),n∗(t), u∗(t)) ≥ 0 for all t ∈ I.

With the above observations we may now proceed to the computation of
singular arc and the corresponding control:

Proposition 6. If a control u is singular on some interval I, it is of order 1. The
strengthened Legendre-Clebsch condition is satisfied if and only if n1 > n2. If
this is the case, then the singular control, as a feedback function of the state
variables, is given by

using(n1, n2) =
λ1n1 − λ2n2

n1
(1 − n1 − n2) + 2ελ2

n2

n1

G′(
n2−n1
ε

)

G′′(
n2−n1
ε

)
. (3.12)

The corresponding locally minimising singular trajectory lies in the curve de-
fined by Farc(n1, n2; c) = 0, where:

Farc(n1, n2; c) = εη + εξG
(n2 − n1

ε

)
− ξ(1 − n2 − n1)G′

(n2 − n1

ε

)
− εc, (3.13)

where c is the value of the Hamiltonian along the extremal trajectory.

Proof. If a control is singular on an interval I ⊂ [0,T ], then 0 = ϕ = ϕ̇ = ϕ̈ = ...

identically on I. Furthermore, by the Pontryagin Minimum Principle, it must be
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that H ≡ c = const. In particular, the following three relations must hold for all
t in I:

c = H = pTf + pTgu + L, (3.14)

0 = ϕ =
∂L
∂u

+ pTg, (3.15)

0 = ϕ̇ = pT[f, g] −
∂L
∂n

T
g. (3.16)

As L does not depend on u in the case we consider, from (3.15) we obtain

pTg = 0,

and substituting it into (3.14) yields

pTf = c − η(n1 + n2) − ξG( n2−n1
ε

),

while from (3.16) we calculate

pT[f, g] = −n1

(
η −

ξ

ε
G′( n2−n1

ε
)
)
. (3.17)

Substituting for f, g and the Lie bracket [f, g] yields

p1λ1n1(1 − n1 − n2) + p2λ2n2(1 − n1 − n2) = c − η(n1 + n2) − ξG( n2−n1
ε

),

−p1n1 = 0,

−p1λ1n2
1 − p2λ2n1n2 = −n1

(
η −

ξ

ε
G′( n2−n1

ε
)
)
.

The last two equations allow for computing the co-state variables as functions of
the state variables:

p1 = 0, p2 =
η − ξ

ε
G′( n2−n1

ε
)

λ2n2
.

Substituting these relations into the first equation gives the required equation for
the singular arc:

εc = εη + εξG
(n2 − n1

ε

)
− ξ(1 − n2 − n1)G′

(n2 − n1

ε

)
.

It remains to be shown that the equation above, or, equivalently Farc(n1, n2; c) = 0
does indeed define a family of curves in the (n1, n2)-space parametrised by c. If c
is such that a pair (n1, n2) satisfying Farc(n1, n2; c) = 0 exists, then by the implicit
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function theorem it is enough to show that the gradient of Farc does not vanish at
any point in Ω. We have:

∇Farc(n1, n2; c) =

 ξ

ε
(1 − n1 − n2)G′′

(
n̄2−n̄1
ε

)
2ξG′

(
n2−n1
ε

)
− ξ(1 − n2 − n1)G′′

(
n2−n1
ε

) .
For the first coordinate to vanish it has to be either that n1 + n2 = 1, or n1 = n2.
In either case the second coordinate is equal to 2ξG′

(
n2−n1
ε

)
> 0. Hence both

coordinates cannot vanish simultaneously and the implicit function theorem ap-
plies.

To verify whether the Legendre-Clebsch condition is satisfied along the above
arc, we need to determine the coefficient next to the control u in the expression
for ϕ̈. Using Equation (3.10) we have:

∂

∂u
∂2

∂t2ϕ = pT[g, [f, g]] −
∂L
∂n

T ∂g
∂n

g − gT∂
2L
∂n2 g

= −
∂L
∂n

T
g −

∂L
∂n

T ∂g
∂n

g − gT∂
2L
∂n2 g

= −
n2

1

ε2 ξG
′′( n2−n1

ε
),

where the second equality follows from Equations (3.11) (Prop. 5) and (3.16),
while the second one follows from the relation ∂g

∂ng = −g.
Using our assumptions about G, we see that the Legendre-Clebsch condition

(−1)1 ∂
∂u

∂2

∂t2ϕ > 0 is satisfied if and only if n1 > n2.
The singular control using may be computed as a feedback function of the state

variables by equating ϕ̈ to 0. Firstly, we note that using Equations (3.11) and (3.16)
we have

pT[f, [f, g]] = (λ1 − λ1n2 + λ2n2)pT[f, g],

= −n1(λ1 − λ1n2 + λ2n2)
(
η −

ξ

ε
G′( n2−n1

ε
)
)
, (3.18)

so that from Equation (3.10) we get:

0 = ϕ̈ = −n1(λ1 − λ1n2 + λ2n2)
(
η −

ξ

ε
G′(n2−n1

ε
)
)

+ n1(λ1 − λ1n2)
(
η −

ξ

ε
G′( n2−n1

ε
)
)

+ λ2n1n2

(
η +

ξ

ε
G′( n2−n1

ε
)
)

+ n1
ξ

ε2 G′′( n2−n1
ε

)(λ1n1 − λ2n2)(1 − n1 − n2) − n2
1
ξ

ε2 G′′(n2−n1
ε

)using

= 2
ξ

ε
λ2n1n2G′( n2−n1

ε
) + n1

ξ

ε2 G′′( n2−n1
ε

)(λ1n1 − λ2n2)(1 − n1 − n2)

− n2
1
ξ

ε2 G′′( n2−n1
ε

)using.
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Hence we obtain the singular control:

using =
λ1n1 − λ2n2

n1
(1 − n1 − n2) + 2ελ2

n2

n1

G′( n2−n1
ε

)

G′′( n2−n1
ε

)
.

�

We have established there where is a region in Ω in which the Legendre-
Clebsch condition is satisfied. However, it remains to be investigated if the sin-
gular arc may have a non-empty intersection with Ω. The following proposition
gives the necessary conditions for that to happen:

Proposition 7. The curve defined by Farc(n1, n2; c) = 0 in Equation (3.13) may
have a non-empty intersection with the interior of Ω only if c ∈

(
η − ξ

2ε , η + ξ
)
.

Proof. Note that in Ω we have 1 − n1 − n2 > 0. If c < η − ξ

2ε , then

Farc(n1, n2; c) > ξ

2 − ξ(1 − n1 − n2)G′(n2−n1
ε

) > ξ
(

1
2 −G′( n2−n1

ε
)
)
> 0.

If c > η + ξ, then

Farc(n1, n2; c) < εξ
(
G(n2−n1

ε
) − 1

)
− ξ(1 − n1 − n2)G′( n2−n1

ε
) < 0.

�

Equation Farc(n1, n2; c) = 0 defines a whole family of singular arcs. We will
now investigate geometric properties of this family of curves to see how singu-
lar arcs may intersect the domain Ω. We will be in particular interested in the
portion of the singular arc which lies in the region where n1 > n2, i.e. where the
Legendre-Clebsch condition is satisfied. Let us therefore consider the following
propositions:

Proposition 8. 1. A tangent to the singular arc Farc(n1, n2; c) = 0 at a point
(n̄1, n̄2) is parallel to the n1-axis if and only if n̄1 = n̄2 or 1 − n̄1 − n̄2 = 0.

2. No admissible trajectory may reach the n1 = n2 line of Ω along the singu-
lar arc.

Proof. 1. Let (n̄1, n̄2) be a point at which the tangent is parallel to the n1-axis.
At such point the n1 coordinate of the normal to singular arc is 0, that is

0 =
∂

∂n1

(
εη + εξG

(n2 − n1

ε

)
− ξ(1 − n2 − n1)G′

(n2 − n1

ε

))∣∣∣∣n1=n̄1
n2=n̄2

=
ξ

ε
(1 − n̄1 − n̄2)G′′

( n̄2 − n̄1

ε

)
.

Hence the point (n̄1, n̄2) must lie on either of the lines: n1 = n2 or n1+n2 = 1
(and any point lying on those lines satisfies the above condition).
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2. It is enough to notice that using → ∞ as |n1 − n2| → 0. Clearly, we have
G′(0) = 1/2 and G′′(0) = 0, as G′′ changes its sign at 0. Hence there exists
δ > 0 such that if |n1 − n2| < δ, then using > 1 and the trajectory along the
singular arc becomes inadmissible before it reaches the n1 = n2 line.

�

Proposition 9. Let c ∈ R be fixed. Let A = (0, 0), B = (1, 0), C = (1/2, 1/2),
D = (0, 1).

1. Singular arc defined by Farc(n1, n2; c) = 0 may intersect each of the line
segments AC and BD at most once.

2. Singular arc defined by Farc(n1, n2; c) = 0 may intersect line segment AB
at most once.

3. Singular arc defined by Farc(n1, n2; c) = 0 may intersect line segment AD
at most once.

Proof. 1. Consider line segment AC first. At the point of intersection it must
be that n1 = n2 = n ∈ R and

0 = Farc(n, n; c) = ε(η − c) + εξG(0) − ξ(1 − 2n)G′(0).

Recall that G(0) = G′(0) = 1/2, so that the only solution is

n =
1
2
− ε

(
1
2

+
η − c
ξ

)
and there may only be one intersection point.

For the line segment BD it must be that n1 + n2 = 1 and

0 = Farc(n1, n2; c),

= ε(η − c) + εξG
(n2 − n1

ε

)
,

so that
G

(n2 − n1

ε

)
=

c − η
ξ

.

There are now two possible cases: either c is such that the right hand side
of the above equation is outside the range of G and there is no intersection
point, or c is such that G may be inverted and n1 and n2 may be determined
uniquely. Hence there may be at most one intersection point.
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2. Suppose for a contradiction that the singular arc intersects the line seg-
ment AB at least twice. Let n(1)

1 and n(2)
1 be the n1 coordinates of these

intersection points with n(1)
1 < n(2)

1 . Then there exists a point
(
n(0)

1 , n(0)
2

)
with n(0)

1 ∈
(
n(1)

1 , n(2)
1

)
such that the normal to the singular arc at this point

is parallel to the n2 axis. By Proposition 8 this point must lie on either the
n1 = n2 or n1 + n2 = 1 line. But in either case it would mean that the sin-
gular arc crosses a line segment AE or BD more than once, which would
contradict 1. shown above.

3. At the point of intersection it must be that n1 = 0 and n2 ∈ (0, 1) with

0 = Farc(0, n2; c)

so that
ξ(1 − n2)G′( n2

ε
) = ε

(
η − c + ξG(n2

ε
)
)
.

The right hand side of the above equation is an increasing function of n2.
The left hand side is a decreasing function of n2 as differentiation yields

d
dn2

(
ξ(1 − n2)G′(n2

ε
)
)

= −ξG′( n2
ε

) +
ξ

ε
(1 − n2)G′′( n2

ε
) < 0,

using the properties of G. Hence there may be at most one intersection
point.

�

The consequence of the above two Propositions is that if the singular arc in-
tersects the domain Ω, then that intersection is a simple curve joining any two
sides of the triangle Ω. Which (if any) sides are joined by this curve depends
on the constant c which is not known a priori. Sample singular arcs are shown
in Figure 3.4. As a result, for a given value of c, the singular arc will gener-
ally divide the domain Ω into three connected (but not necessarily non-empty)
regions:

Ωc
0 = {(n1, n2) : Farc(n1, n2, c) = 0} ∩Ω,

Ωc
− = {(n1, n2) : Farc(n1, n2, c) < 0} ∩Ω,

Ωc
+ = {(n1, n2) : Farc(n1, n2, c) > 0} ∩Ω

We now have the following result:

Proposition 10. Let u∗ be an optimal control and let (n∗1, n
∗
2) denote the corre-

sponding trajectory. Let c be the value of the Hamiltonian along the trajectory.
Then:
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0 1

n
1

0

1

n
2

A
B

C

D c = 2.0

c = 3 + 1e-7

c = 4 - 1e-7

Figure 3.4: Sample singular arcs. The Legendre-Clebsch condition for optimal-
ity is only satisfied inside the triangle ABC.

1. if (n∗1, n
∗
2) lies in region Ωc

−, then u∗ at time t may only switch from u∗ = 0
to u∗ = 1.

2. if (n∗1, n
∗
2) lies in region Ωc

+, then u∗ at time t may only switch from u∗ = 1
to u∗ = 0.

Proof. Let t be a switching time for the optimal control u∗ with optimal trajectory
(n∗1(t), n∗2(t)). Since u∗ is optimal, then H(n∗1(t), n∗2(t), u∗(t)) = c and ϕ(t) = 0,
i.e. Equations (3.14) and (3.15) are satisfied.

Away from the diagonal 1−n1−n2 = 0 we may compute the co-state variables
as the functions of the state variables using Equations (3.14) and (3.15). We then
substitute it into the equation for ϕ̇ to find that

ϕ̇ =
n∗1

ε(1 − n∗1 − n∗2)

(
ε (η − c) + εξG

( n∗2−n∗1
ε

)
− ξ(1 − n∗1 − n∗2)G′

( n∗2−n∗1
ε

))
=

> 0 for (n∗1, n
∗
2) ∈ Ωc

−,

< 0 for (n∗1, n
∗
2) ∈ Ωc

+.

Therefore in regions Ωc
− the value of the switching function changes from neg-

ative to positive and hence the value of the control u∗ switches from u∗ = 1 to
u∗ = 0. Analogously, in regions Ωc

+, the control switches from 0 to 1. �

As a consequence we can formulate the following result:
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Proposition 11. Let (n, u) be an extremal pair and τ ∈ [0,T ] be such that u(τ) =

0 and n(τ) lies in a set Ψ = 4ABC ∩ Ωc
+. Then u(t) = 0 for almost all times

t ∈ [τ,T ].

Proof. Consider an extremal trajectory which at some point τ is in region Ψ with
u(τ) = 0. By Proposition 10, the trajectory has to leave region Ψ before it may
switch to being 1 or singular. Note that for u = 0 we have ṅ1 > ṅ2 in region
4ABC so the trajectory is confined to lie in triangle ABC (as it cannot cross the
AC line segment).

The trajectory may not cross the singular arc either. Indeed, let κ be a tangent
to the trajectory. Normal to the singular arc (pointing into the set Ωc

+) is then
∇Farc and:

κT∇Farc =

[
ṅ1

ṅ2

] [
∂Farc
∂n1

, ∂Farc
∂n2

]
=
ξ

ε
(1 − n1 − n2)

(
2ελ2n2G′( n2−n1

ε
)

+ (1 − n1 − n2)(λ1n1 − λ2n2)G′′(n2−n1
ε

)
)

> 0,

as 1− n1 − n2 > 0, G′(n2−n1
ε

) > 0, G′′( n2−n1
ε

) > 0 and λ1n1 − λ2n2 > 0 in ABC. �

The fact that [
ṅ1

ṅ2

] [
∂Farc
∂n1

, ∂Farc
∂n2

]
> 0

in the above proposition has yet another consequence. Suppose that the control is
singular and switches to 0. Then the inequality above tells us that the trajectory
departs from the singular arc and enters set Ψ = 4ABC ∩ Ωc

+. As a corollary to
Proposition 11 we obtain the following:

Corollary 1. If a control u is extremal and switches from singular to 0 at time τ,
then no further switches are possible and u(t) = 0 for almost all t ∈ (τ,T ].

But from Equation (3.15) we also have that:

Proposition 12. Any extremal control ends with a full-dose interval.

Proof. Let u∗ be an extremal control and let (n∗1, n
∗
2) and (p∗1, p∗2) be respectively

corresponding trajectory and co-trajectory. Given the terminal conditions in the
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equations for (p∗1, p∗2) (see Theorem 2), we see that the value of the switching
function at the terminal time T satisfies (see Equation (3.9))

ϕ(T ) = −p∗1(T )n∗1(T ) = −ωn∗1(T ) < 0,

as n∗1(t) > 0 for all times t. By continuity of ϕ, it means that there exists τ ∈ (0,T ]
such that ϕ(t) < 0 for t ∈ (T−τ,T ]. But according to the Hamiltonian-minimising
property of the extremal control, it must be that u∗(t) = 1 for t ∈ (T − τ,T ]. �

Putting together Corollary 1 and Proposition 12 we finally obtain:

Corollary 2. Switch from a singular control to 0 is not optimal.

3.3.6 Numerical results

In the previous section we established some theoretical properties of the optimal
control, namely:

(i) the equations for singular control using and singular arc Farc, i.e. Equa-
tions (3.12) and (3.13) respectively,

(ii) Proposition 12 and Corollary 2 which put some constraints on the structure
of the optimal control.

In this section we find a candidate for the optimal solution to this problem
using direct numerical methods. We then verify that the obtained solution re-
ally does satisfy the properties of Theorem 2, and, as a consequence, points (i)
and (ii) above. Given that the problem at hand is complex enough that verifying
sufficient conditions for optimality is not possible in practice, we can only relay
on numerical evidence.

Methods

The differential equations were solved using the MATLAB ode45 function. To
fully utilise the theoretical analysis conducted in previous section we formu-
lated a gradient-based numerical method for computing the optimal control. This
method can be thought of as an extension of a gradient method proposed in [63]
to account for singular controls. For a given optimal constrol structure (e.g. 1-
0-singular-1) the method finds a local minimum of the objective functional with
respect to the switching times. The method is described in details in Appendix A.

The method was run for each of the allowed (i.e. satisfying Proposition 12
and Corollary 2) optimal control structures with up to four switches. The method
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Control structure Min. J Relative J
(S=singular)
1-S-1 3.12 -
1-0-S-1 3.12 -
1-0-1-S-1 3.12 -
0-1-S-1 3.12 -
0-1-0-S-1 3.12 -
1-S-1-0-1 3.12 -
1-0-1-0-1 3.28 5.15%
S-1-0-1 3.40 8.87%
0-S-1-0-1 3.40 8.87%
S-1 3.46 10.84%
0-1-0-1 3.55 13.80%
1-0-1 3.67 17.79%
S 4.38 40.47%
0-1 6.10 95.64%
1 11.70 274.93%
0 63.40 1931.90%

Table 3.2: Minimal values of the objective functional for each control structure
as computed by the proposed gradient method. Grayed-out rows contain the best
structure (1-S-1) as a degenerate case and hence yield identical performance.

was run ten times with randomised initial switching times so as to mitigate the
risk of the gradient method finding a sub-optimal local minimum. More than
four switches were not considered for two reasons. Firstly, even with more than
two switching times, the method converged to the 1-singular-1 solution which
indicates that more complicated optimal control structures do not add additional
benefit. Secondly, bearing in mind the applied aspect of this study, solutions
which incorporate more than four switching times were deemed to be too im-
practical to use in a clinical setting.

Table 3.2 shows the minimum value of the objective functional obtained for
each control structure. Note that the grayed-out rows are those which include
the optimal 1-singular-1 solution candidate as a degenerate special case (e.g. 1-
singular-1 is 0-1-singular-1 with the first interval having length 0), hence they
yield the same value of the objective functional J.

The (dimensional) parameter values used in all simulations are listed in Ta-
ble 3.1. As the results in the previous section were all obtained for a general
penalty function G, a particular choice has to be made to perform numerical
simulations. We set

G(z) = 1
2

(
1 + tanh(z)

)
,
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noting that all properties listed in Section 3.3.2 are satisfied by this choice.

(a) (b)

(c) (d)

Figure 3.5: A candidate for optimal control (a), together with the corresponding
solution (b), trajectory (c) and the switching function (d).

Results

The results of the algorithm are shown in Figure 3.5. In Figure 3.5b we see
the candidate for optimal solution which is of a form 1-singular-1. Note that
this structure is in line with the results from the previous section. Figures 3.5a
and 3.5c show the solution and trajectory corresponding to the optimal con-
trol. In particular note that the singular piece of the control is responsible for
maintaining the tumour in a drug-sensitive state. Finally, Figure 3.5d shows the
switching function. In order to compute the switching function and the Hamilto-
nian we adapted the following procedure:

(i) numerically minimise the objective functional to obtain a control u∗ and the
corresponding trajectory n∗,
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(ii) use the computed control and trajectory to solve Equation (3.7) backwards
in time to obtain the adjoint trajectory p∗,

(iii) substitute u∗, n∗ and p∗ into the switching function ϕ or the Hamiltonian H.

We note that the switching function ϕ is aligned with the numerically computed
control u∗ as expected – its values are negative when u∗ = 1 and 0 when u∗

follows the singular arc. We have also verified that the Hamiltonian is indeed
constant up to a numerical error (result not shown).

3.4 Summary

In this Chapter we presented the insights obtained from theoretical analysis of
a simplified model. Although the model was purposefully designed to be simple
enough to allow for analytic traceability, we will show that a lot of its properties
are shared with more complicated models which are to be defined in chapters to
follow.

The main theoretical results of this section are the insights into the structure
of optimal control summarised in Propositions 6 and 12 and Corollary 2. To-
gether they show that: (1) switches from no-dose/full-dose to singular, or from
singular to full-dose do not violate the Pontryagin Minimum Principle, while a
switch from singular to no-dose can never be optimal, and (2) that the optimal
control must end with a full-dose interval.

Numerical methods were used to find a suitable candidate for the optimal
control. Control structures up to and including four switching times (i.e. concate-
nations or up to five 0/1/singular intervals) were tested. As shown in Table 3.2 the
1-singular-1 optimal control yielded the lowest value of the objective functional.
It can be seen that the singular control does not only form part of the solution,
but also is crucial in preserving the tumour in a drug-sensitive state. As the sin-
gular arc appears due to the introduction of the non-linear resistance penalty in
the objective function, this conclusion from the simplified model supports our
hypothesis that intermediate chemotherapy dosage mitigates drug resistance. It
also shows that the objective function as defined in this chapter is fit for purpose,
i.e. forces the control to maintain the tumour in the drug-resistant state.

In the Chapters to follow we will build upon model (3.2) to construct more
complicated and biologically adequate models.





Chapter 4

Base model with mutations

In the previous Chapter we considered a baseline model which was simple
enough to conduct an extensive theoretical analysis. One limitation of that model
was that it did not include the biological process to which the acquired drug
resistance is most often attributed: mutations [22, 28, 36]. In this Chapter we
will extend the results from the previous one by introducing mutations into the
model.

We note that the structure of this Chapter is very similar to that of Chapter 3.
Certain proofs follow the same strategy as in Chapter 3, but are more involved
algebraically, hence they were moved to Appendix B as to not obstruct the flow
of the narrative.

4.1 Formulation

Recall that the model considered in Chapter 3 is a competition model with com-
mon carrying capacity. It includes an additional death term associated with drug
action in the equation describing the dynamics of the sensitive cell subpopula-
tion, while the drug is assumed to have no influence on the dynamics of the
resistant cells. As discussed in Section 2.1.1, there exists a consensus in the
experimental – as well as modelling – literature stating that the acquired drug re-
sistance is a result of mutation of cancer cells [15, 22, 28, 36]. When cancer cells
are subjected to the strong selective force imposed by the cytotoxic agent, only
those which had gained resistance may survive to reproduce. From the point of
view of mathematical modelling we would therefore expect cells flowing from
one subpopulation to the other.

45
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Many mathematical approaches have been used to achieve that goal. Ledze-
wicz and Schättler [44] construct a model based on a “one-copy forward gene
amplification hypothesis”. This hypothesis states that upon cell division, one
daughter cell will be an exact copy of the parent cell while the other may undergo
a mutation (here gene amplification) and switch from sensitive to resistant (or
vice-versa) with some positive probability. In their two-compartment model this
resulted in a flow between the compartments proportional to the division rate of
the cells. Note that in their work Ledzewicz and Schättler assumed tumour cells
proliferated according to Malthus low, so the division rate is proportional to the
number (or volume) of cells. Similar approach, although extended to a larger
(possibly infinite) number of resistance levels was adapted by Śmieja et al. [62,
63].

As for non-linear models, Monro and Gaffney [48] assume that the two sub-
populations follow Gompertzian growth model and that the mutations are Dar-
winian at a “rate proportional to the growth rate of the tumour”. Similar approach
(this time using a logistic growth model) is adapted in a work by Świerniak [66].
The latter model, apart from two compartments for tumour cells, includes a vari-
able carrying capacity resulting from evolving vasculature. We explore this area
of modelling further in the next chapter.

Tumour cell subpopulations in our model follow logistic growth for which
we assume that the tumour cells proliferate at a rate proportional to the volume
of cells, while the death rate scales with the square of the volume of cells. The
mutation rates are then proportional to the proliferation rates (and thus the cell
volumes) so that we arrive at the following system of equations:

Ṅ1 = λ1N1

(
1 −

N1 + N2

K

)
− τ1N1 + τ2N2 − β1N1u(t), N1(0) = N0

1 ,

Ṅ2 = λ2N2

(
1 −

N1 + N2

K

)
+ τ1N1 − τ2N2, N2(0) = N0

2 ,
(4.1)

where τ1 and τ2 are the (non-negative) mutation rates respectively from the sen-
sitive to resistant phenotype and vice-versa. Note that the flows in and out of
each compartment are balanced: as expected, no cells appear or disappear as a
result of mutations. The mutation rates τ1 and τ2 can be interpreted as follows:
τi/λi for i = 1, 2 is the fraction of proliferating cells which undergo a mutation
per day. As a result, we must have τi < λi for i = 1, 2. In practice we expect
the mutation rates to be much smaller than the proliferation rates, so we assume
min(λ1, λ2) > max(τ1, τ2) [48].

In the remaining part of this chapter we conduct an analogous analysis of
System (4.1) as we did in the previous chapter for model (3.1): we find and
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classify the steady states and search for optimal controls paying special attention
to the existence of singular arcs.

4.1.1 Theoretical properties

Before we proceed to model analysis, we first perform a nondimensionalisation.
The non-dimensional model reads:

dn1

dt∗
= λ∗1n1 (1 − n1 − n2) − τ∗1n1 + τ∗2n2 − n1u∗(t∗), n1(0) = n0

1,

dn2

dt∗
= λ∗2n2 (1 − n1 − n2) + τ∗1n1 − τ

∗
2n2, n2(0) = n0

2,
(4.2)

where:

t∗ = β1t, ni(t∗) =
Ni(t)

K
, n0

i =
N0

i

K
,

λ∗i =
λi

β1
, τ∗i =

τi

β1
, u∗(t∗) = u(t),

for i = 1, 2. We will again drop the asterisks for notational convenience.
We will first analyse System (4.1) for u(t) ≡ u ∈ (0, 1] constant. We can

immediately notice that the vector field on the right hand side of (4.1) is of class
C∞ in R2 which guarantees local uniqueness and existence of solutions.

We are only interested in the behaviour of the system for a realistic tumour
size. As in the previous chapter we restrict our domain of interest to the region
Ω defined as

Ω = {(n1, n2) ⊂ R2 : n1, n2 ≥ 0 and n1 + n2 ≤ 1}.

Our first observation is that

Theorem 4. Set Ω is invariant under System (4.2).

Proof. We will first show that the solutions with non-negative initial conditions
remain non-negative. Notice that for n1 = 0 we have ṅ1 = τ2n2. For n1 to
become negative it would therefore require n2 to be negative so that ṅ1 < 0.
Similarly, for n2 to become negative it would have to be that n1 is negative in the
first place. Therefore, provided that we start with non-negative initial conditions,
both variables will remain positive. Note also that if n1 + n2 = 1 the trajectories
indeed point into the triangle Ω:

(ṅ1, ṅ2) (1, 1)T = −n1u ≤ 0,

thus completing the proof. �
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This, together with the remark above, shows global existence of non-negative
solutions to System (4.2).

4.1.2 Steady states

We now proceed to the analysis of steady states of System (4.2). Any steady
state satisfies the system of algebraic equations

0 = λ1n1 (1 − n1 − n2) − τ1n1 + τ2n2 − n1u,

0 = λ2n2 (1 − n1 − n2) + τ1n1 − τ2n2,

which is obviously satisfied by (0, 0). Assuming ni , 0 we can divide the ith
equation by ni, i = 1, 2. Next, we multiply the first equation by λ2 and the
second equation by λ1, and subtract obtained equations getting

−λ2τ1 + λ2τ2
n2

n1
− λ2u − λ1τ1

n1

n2
+ λ1τ2 = 0

at a positive steady state.
Therefore the system has two steady states: S 1∗ = (0, 0) and S 2∗ =

(
n∗1, σn∗1

)
,

where:

n∗1 =
(λ2 − τ2)σ + τ1

λ2σ(1 + σ)

and σ is the positive solution of

λ2τ2z2 + (λ1τ2 − λ1τ1 − λ2u) z − λ1τ1 = 0,

that is:

σ = σ(u) =
− (λ1τ2 − λ2τ1 − λ2u) +

√
(λ1τ2 − λ2τ1 − λ2u)2 + 4λ1λ2τ1τ2

2λ2τ2
> 0.

It is obvious that the positive steady state always exists as the free term of the
quadratic relation is negative while the coefficient next to z2 is positive. Further-
more,

n∗1 + σn∗1 = 1 −
τ2σ − τ1

λ2σ
.

To check that this steady state lies in Ω we need to verify that τ2σ− τ1 ≥ 0. This
is equivalent to

λ1τ2 + λ2τ1 − λ2u ≤
√

(λ1τ2 − λ2τ1 − λ2u)2 + 4λ1λ2τ1τ2.
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If u is large enough so that the left hand side is negative, then the steady state lies
in Ω. If not, after squaring both sides and rearranging we are left with

0 ≤ 2λ1λ2τ1u,

which is true. Hence this steady state always lies in Ω.
Notice that σ has a biological interpretation: it is the ratio of the number of

resistant cells to the number of sensitive cells at the steady state. We may be
interested for a maximum dose of chemotherapy ū which can be administered
before the tumour turns resistant. To do that, we calculate:

ū = max
u∈[0,1]

{u : σ(u) ≤ 1} .

The σ(u) ≤ 1 inequality is equivalent to:√
(λ1τ2 − λ2τ1 − λ2u)2 + 4λ1λ2τ1τ2 ≤ 2λ2τ2 + λ1τ2 − λ2τ1 − λ2u.

Now u cannot be large enough for the right hand side to be negative, i.e.

u ≤
2λ2τ2 + λ1τ2 − λ2τ1

λ2
:= ū1.

If that is the case, then squaring both sides yields

4λ1λ2τ1τ2 ≤ 4λ2
2τ

2
2 + 4λ2τ2 (λ1τ2 − λ2τ1 − λ2u) ,

so that

u ≤
λ1τ2 − λ2τ1 − λ1τ1 + λ2τ2

λ2
=

(λ1 + λ2)(τ2 − τ1)
λ2

:= ū2.

Finally:
ū = max (0,min (ū1, ū2)) .

We note that if τ1 > τ2, i.e. mutation rate towards resistance is larger than
mutation rate towards sensitivity, we will always have n2 > n1 at the equilibrium.

We now proceed to the analysis of the stability of the steady states. The
Jacobian matrix of System (4.2) is:

J(n1, n2) =

(
λ1 (1 − 2n1 − n2) − τ1 − u −λ1n1 + τ2

−λ2n2 + τ1 λ2 (1 − n1 − 2n2) − τ2

)
.

Recall that the conditions for local asymptotic stability are tr J < 0 and
det J > 0. At S 1∗ these are equivalent to:

u > λ1 + λ2 − (τ1 + τ2) ,

u < λ1 −
λ2τ1

λ2 − τ2
.
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(a) (b)

Figure 4.1: Phase portraits for System (4.2) with (a) u = 0 and (b) u = 0.3.

In particular it needs to be that

λ1 + λ2 − (τ1 + τ2) < λ1 −
λ2τ1

λ2 − τ2
,

or (using λ2 > τ2) equivalently:

(λ2 − τ2)2 + τ1τ2 < 0,

which is a contradiction. Therefore S 1∗ is always unstable.
At S 2∗ the Jacobian becomes:

J(S 2∗) =

(
−λ1n∗1 − τ2σ −λ1n∗1 + τ2

−λ2σn∗1 + τ1 −λ2σn∗1 − τ1/σ

)
,

Clearly tr J < 0. Furthermore,

det J =
λ1τ1n∗1
σ

+ λ2τ2σ
2n∗1 + λ1τ1n∗1 + λ2τ2σn∗1 > 0,

so the steady state S 2∗ is always asymptotically stable.
Similarly as in previous chapter we may apply Bendixson-Dulac [8] theorem

as follows:

∂

∂n1

(
ṅ1

n1n2

)
+

∂

∂n2

(
ṅ2

n1n2

)
= −

λ1

n2
−
λ2

n1
−
τ1

n2
2

−
τ2

n2
1

< 0

to exclude periodic solutions in Ω. By the Poincaré-Bendixson theorem we con-
clude that S 2∗ is in fact globally asymptotically stable.
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Parameter Value Unit Role
T 30 day therapy duration
λ1 0.192 1/day proliferation rate of sensitive cells
λ2 0.096 1/day proliferation rate of resistant cells
K 17000 mm3 carrying capacity
β1 0.45 1/day chemotherapy sensitivity parameter
τ1 0.001 1/day mutation rate towards resistance
τ2 0.002 1/day mutation rate towards sensitivity
N1(0) 280 mm3 initial volume of tumour sensitive cells
N2(0) 20 mm3 initial volume of tumour resistant cells
η1 3 – weight for sensitive tumour cells in the objective

functional
η2 6 – weight for resistant tumour cells in the objective

functional
ω1 60 – weight for the terminal volume of sensitive cells

in the objective functional
ω2 120 – weight for the terminal volume of resistant cells

in the objective functional
ξ 1 – weight for the resistance penalty in the objective

functional
ε 0.001 – smoothing factor for the resistance penalty G

Table 4.1: Nominal values of the parameters used in the simulations. Note that
the parameters for the objective functional are given for the nondimensionalised
version.

Sample trajectories of System (4.2) are shown in Figure 4.1. Most of the
parameter values were carried over from the previous Chapter, with an exception
of τ1 and τ2 which are taken to be 0.01 1

day and 0.02 1
day respectively to highlight

the differences in possible behaviours. The full list of parameters is shown in
Table 4.1. In Figure 4.1 we show two phase spaces of System (4.2) for u = 0 and
u = 0.3. In both cases a single, positive attracting steady state exists. Notice that
in case u = 0 the line segment n1 + n2 = 1 is invariant under System (4.2).

4.2 Optimal control

We now conduct an analysis of the optimal control problem analogous to that
performed in the previous chapter. Before proceeding, however, we will gener-
alise the objective functional defined previously. Recall that one of the simplify-
ing assumptions we have adapted hitherto was that the penalty weights associated
with both cell types were equal. Typically in this kind of problems authors assign
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higher weights to the resistant cells [44, 68]. We now relax the assumption of
equal weightings and re-define the objective functional as

J(u(·)) = M (n1(T ) + n2(T )) +

∫ T

0
L (n1(t), n2(t), u(t)) dt

= ω1n1(T ) + ω2n2(T ) +

∫ T

0

(
η1n1(t) + η2n2(t) + ξG

(
n2(t) − n1(t)

ε

))
dt,

(4.3)

with ω1 ≤ ω2 and η1 ≤ η2.
The optimal control problem becomes: for a fixed terminal time T find a mea-

surable function u such that the objective J defined by (4.3) is minimised subject
to dynamics given by (4.2).

4.2.1 Existence of Optimal Control

Similarly as in Section 3.3.3 we will use the version of the Filippov Existence
Theorem to verify that the optimal solution to the optimal control problem de-
fined above exists.

Using the notation from Section 3.3.1, we take Γ = R2 and A = Ω. The right
hand-side of Equation (4.2), i.e. the function

F(n1, n2, u) =

(
F1(n1, n2, u)
F2(n1, n2)

)
=

(
λ1n1(1 − n1 − n2) − τ1n1 + τ2n2 − n1u(t)

λ2n2(1 − n2 − n1) + τ1n1 − τ2n2

)
is continuously differentiable in A × U, while the functions M and L appearing
in the objective functional are continuously differentiable in A×U and A respec-
tively. Furthermore, noting that F is linear in the control and L does not depend
on the control u explicitly, the sets

Q(n1, n2) = {(ȳ, y) : ȳ ≥ L(n1, n2, v), y = F(n1, n2, v) for some v ∈ [0, 1]} ,

=
[
L(n1, n2, 0),∞

)
×

[
F1(n1, n2, 1), F1(n1, n2, 0)

]
×

{
F2(n1, n2)

}
are convex for all (n1, n2) ∈ Γ. The assumptions of Theorem 1 are therefore
satisfied and an optimal control exists.

4.2.2 Singular control

To analyse the optimal control we follow the same procedure as in the previous
chapter. Here we summarise the main results, noting that ultimately the best
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numerically computed control has the same structure as before. Let us first define
the Hamiltonian:

H (p,n, u) = p1

(
λ1n1 (1 − n1 − n2) − τ1n1 + τ2n2 − n1u

)
+ p2

(
λ2n2 (1 − n1 − n2) + τ1n1 − τ2n2

)
+ η1n1 + η2n2 + ξG( n2−n1

ε
),

(4.4)

where p is the vector of co-state variables, and the switching function ϕ:

ϕ(t) =
∂H
∂u

= −p1(t)n1(t). (4.5)

Notably, we can formulate the following Proposition, analogous to Proposi-
tion 6:

Proposition 13. Singular controls using are of order 1 and, as functions of the
state variables, are given by

using =

ε2 1
ξn1

(
η1

(
λ2(1 − n1 − 2n2) − τ2 −

λ2 f2

λ2n2 − τ1

)
+ η2 (λ2n2 − τ1)

)
1

G′′( n2−n1
ε

)

− ε
1
ξn1

(
λ2(1 − n1 − 3n2) + τ1 − τ2 −

λ2 f2

λ2n2 − τ1

)
G′(n2−n1

ε
)

G′′(n2−n1
ε

)

−
1
n1

(
(λ1n1 − λ2n2)(1 − n1 − n2) − 2τ1n1 + 2τ2n2

)
.

(4.6)

Legendre-Clebsch optimality condition is satisfied if and only if n1 < n2, while
the singular arc satisfies the equation

0 = Farc(n1, n2, c) = (λ2n2 − τ1)
(
η1n1 + η2n2 − c + ξG(n2−n1

ε
)
)

−
(
λ2n2(1 − n1 − n2) + τ1n1 − τ2n2

) (
ξ

ε
G′(n2−n1

ε
) − η1

)
(4.7)

for some constant c ∈ R.

Proof. Analogous to proof of Proposition 6, see Appendix B. �

We omit the proof of the above Proposition as it follows exactly the same
procedure as the proof of Proposition 6 with only the arithmetic computations
being slightly more involved.

The equations for the singular arc and singular control are more complicated
than in previous chapter. As a result, the geometry of the singular arc is also
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(a) (b)

(c) (d)

Figure 4.2: Singular arcs for different values c of the constant Hamiltonian: (a)
c = 3, (b) c = 4, (c) c = 5 and (d) c = 10.

more complicated, hence we appeal to numerical methods. Sample singular arcs
are shown in Figure 4.2.

Consider the following subsets of Ω:

Ωc
1 = {(n1, n2) ∈ Ω : Farc(n1, n2; c) > 0 and λ2n2 (1 − n1 − n2) + τ1n1 − τ2n2 > 0} ,

Ωc
2 = {(n1, n2) ∈ Ω : Farc(n1, n2; c) < 0 and λ2n2 (1 − n1 − n2) + τ1n1 − τ2n2 > 0} ,

Ωc
3 = {(n1, n2) ∈ Ω : Farc(n1, n2; c) > 0 and λ2n2 (1 − n1 − n2) + τ1n1 − τ2n2 < 0} ,

Ωc
4 = {(n1, n2) ∈ Ω : Farc(n1, n2; c) < 0 and λ2n2 (1 − n1 − n2) + τ1n1 − τ2n2 < 0} .

We can then formulate the following proposition:

Proposition 14. Let u∗ be optimal, (n∗1, n
∗
2) a corresponding trajectory and let

τ ∈ (0,T ) be a bang-bang switch. The optimal control may switch from 1 to 0
only if (n∗1(τ), n∗2(τ)) ∈ Ωc

1 ∪Ωc
4 and from 0 to 1 only if (n∗1(τ), n∗2(τ)) ∈ Ωc

2 ∪Ωc
3.
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Proof. For u∗ being optimal, we have H(n∗1(t), n∗2(t), u∗(t)) = c and ϕ(t) = 0.
Computing the co-state variables as the functions of the state variables and sub-
stituting it into the equation for ϕ̇, we find

ϕ̇(τ) =
n∗1Farc(n∗1, n

∗
2; c)

λ2n∗2(1 − n∗1 − n∗2) + τ1n∗1 − τ2n∗2
=

{
> 0 for (n∗1, n

∗
2) ∈ Ωc

1 ∪Ωc
4,

< 0 for (n∗1, n
∗
2) ∈ Ωc

2 ∪Ωc
3,

for (n∗1, n
∗
2) away from the curve λ2n∗2(1−n∗1−n∗2) +τ1n∗1−τ2n∗2 = 0, where n∗1 and

n∗2 are evaluated at t = τ. If now ϕ̇(τ) > 0, the switching function changes sign
from negative to positive, so the control switches from 1 to 0 and vice-versa. �

Note however, that if n1 + n2 < 1 − τ2
λ2

, then

λ2n2(1 − n1 − n2) + τ1n1 − τ2n2 > 0.

If the ratio τ2
λ2

is small, then the sets Ωc
3,4 are very close to the n1 + n2 = 1 line. As

this is often the case in practice (mutation rate is much smaller than proliferation
rate), we may restrict our attention to sets Ωc

1,2. This is because any control which
would result in a trajectory in sets Ωc

3,4 is unlikely to be optimal as it allows the
tumour to grow very near to its carrying capacity. We cannot easily exclude such
controls a priori, but we expect the optimally controlled solutions to be confined
to sets Ωc

1,2.
Furthermore we can again show that the optimal control ends with a full dose

interval:

Proposition 15. Any extremal control u∗ ends with a full-dose interval.

Proof. Analogous to the proof of Proposition 12 and hence omitted. �

4.2.3 Numerical results

In the previous section we have shown that the optimal control for the problem
defined in this chapter shows very similar properties to the optimal control for
the problem defined in Chapter 3. It is therefore reasonable to expect that the
actual optimal control will be similar. A candidate for such control was again
computed numerically with methods set out in Section 3.3.6.

Table 4.2 shows the minimum values of the objective functional in each con-
trol class. It can again be seen that the 1-singular-1 yields the lowest value of the
objective functional. Note that in this case the controls starting with a singular
interval were not admissible, as using lied outside the allowed range at the initial
point.
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Control structure Min. J Relative J
(S=singular)
1-S-1 5.03 -
1-0-S-1 5.03 -
1-0-1-S-1 5.03 -
0-1-S-1 5.03 -
0-1-0-S-1 5.03 -
1-S-1-0-1 5.03 -
1-0-1-0-1 5.33 6.09%
1-0-1 5.86 16.60%
0-1-0-1 5.86 16.60%
0-1 10.64 111.70%
1 13.44 167.20%
0 65.43 1180.94%

Table 4.2: Minimal values of the objective functional for each control structure
as computed by the proposed gradient method. Grayed-out rows contain the best
structure (1-S-1) as a degenerate case and hence yield identical performance.

The solution which employs the best numerically computed strategy is shown
in Figure 4.3. This similarity gives us confidence in the numerical results as,
given the theoretical analysis conducted in the previous section, we did not ex-
pect the mutations to alter the solutions to a significant degree.

In particular, we again see in Figure 4.3 that the singular part of the control
is crucial in maintaining the tumour in a sensitive state.

4.3 Conclusions

In this chapter we extended the model proposed in Chapter 3 by introducing
a flow between subpopulations to represent mutations. The mutations altered
the long-term behaviour of the system to some degree: we have now only two
steady states (rather than three). For biologically realistic parameter values only
one (positive) is stable. This is in contrast to the previous model in which there
were no strictly positive steady states. Nevertheless, as seen in Figure 4.1a, the
steady state is very close to (n1, n2) = (0, 1) which was the stable steady state in
the previous model.

As for the optimal control problem, the best solution obtained numerically is
very similar to that from the previous chapter. As seen in Table 4.2 the lowest
value of the objective functional J is again obtained for the 1-singular-1 control.
In fact a lot of properties of the singular arc obtained in Chapter 3 transfer to
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(a) (b)

(c) (d)

Figure 4.3: Optimal solution (a), together with the corresponding control (b),
trajectory (c) and the switching function (d).

the problem discussed in this chapter. In conclusion, the structure of the best
numerically computed control remains the same, with only the switching times
differing to some extent. The singular portion of the optimal control is a result of
the resistance penalty implemented through the function G in the objective. Its
role is to preserve the tumour in the chemotherapy sensitive state.





Chapter 5

Extended Model

In the previous chapters we described a simplified model of drug-resistant
tumour growth and its response to chemotherapy. The simplified model ignored
some of the biological processes which are associated with tumours, in particu-
lar it did not take into account explicit competition between tumour cells, as well
as angiogenesis. In this chapter we propose a model which extends the model
described by System (4.1) and includes these two processes. As the theoretical
analysis of the model becomes more difficult, the optimal control part of this
section relies mostly on numerical simulations. The theoretical results obtained
in the previous chapter nevertheless offer some additional confidence in the nu-
merical results, as the numerically optimised control appears to have the same
structure as the one which solved the problem for the simplified model using a
different numerical method which relied on analytical results.

5.1 Model formulation

Recall that in the previous section we considered the model of competing sub-
populations of tumour cells with the flow between these subpopulations and ad-
ditional death term associated with the treatment. One limitation of this model is
the absence of competition coefficients. Widely accepted hypothesis states that
drug resistance is owed to the process of Darwinian natural selection. Rapid mu-
tation rates coupled with a strong selective force imposed by the cytotoxic agent
result in an overgrowth of the resistant subpopulation. In the absence of the drug,
however, typically it is the sensitive cells which dominate, thus suggesting that
they are better fit for existence in a drug-free environment [22, 28]. This is in line

59
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with clinical results in which tumours initially respond well to the administered
drug but then become resistant as the therapy progresses [38].

Recall from Section 2.2 that the process of competition between two popula-
tions is quite well studied [49] and involves the so-called competition coefficients
(here denoted α12 and α21) which we introduce as follows:

Ṅ1 = λ1N1

(
1 −

N1 + α12N2

K

)
− τ1N1 + τ2N2 − β1N1u(t), N1(0) = N0

1 ,

Ṅ2 = λ2N2

(
1 −

N1 + α21N2

K

)
+ τ1N1 − τ2N2, N2(0) = N0

2 .

(5.1)
The positive competition coefficients measure the competitive effect of one pop-
ulation on the other and are, in general, not equal. It is a well-known result
from mathematical ecology that in the above model, in the absence of therapy
(u(t) ≡ 0) and mutations (τ1 = τ2 = 0), that two populations may coexist only if
both of the completion coefficients are sufficiently small, less than some thresh-
old depending on the model parameters. For the model in the form proposed
above this threshold is equal to 1. If either of the competition coefficients is
greater than the threshold, then the only non-negative stable stationary states
have either N1 = 0 or N2 = 0. Note that introduction of therapy and mu-
tations into the model will alter this result – this will be discussed further in
Section 5.2.1.

The other aspect of tumour growth which has so far been ignored is angio-
genesis. As discussed in Section 2.1, angiogenesis is the process of recruitment
of new blood vessels from existing ones. The new blood vessels allow tumour
cells access to oxygen and nutrients, thus allowing it to grow beyond the diffu-
sion limit of 1 − 2mm3 [56]. From the point of view of mathematical modelling,
this process corresponds to an increase in carrying capacity. A mathematical
model of this phenomenon was originally proposed by Hahnfeldt et al. [30] and
studied further in many other works [9, 18, 53, 54]. We adapt their approach and
modify the model above to take into account time evolution of carrying capacity
as follows:

Ṅ1 = λ1N1

(
1 −

N1 + α12N2

K

)
− τ1N1 + τ2N2 − β1N1u(t),

Ṅ2 = λ2N2

(
1 −

N2 + α21N1

K

)
+ τ1N1 − τ2N2,

K̇ = −µK + b
(
N1 + N2

)
− d

(
N1 + N2

)2/3K − βKu(t),

(5.2)

with initial condition (N0
1 ,N

0
2 ,K

0). Equation for K is related to the size of the
vasculature at the tumour site. Parameter µ denotes the natural death rate of
endothelial cells, while parameters b and d control the rate at which the tumour
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cells secrete pro- and anti-angiogenic signals. It is assumed that both the resistant
and sensitive cells secrete those signals at the same rates. The exponent 2/3 is the
area/volume ratio which appears ultimately as a consequence of the half-life of
angiogenic inhibitors greatly exceeding that of angiogenic stimulators. See [30]
for the detailed derivation of the third equation above.

Throughout this chapter we analyse some of the theoretical properties of Sys-
tem (5.2). We will then move on into the analysis of a more general (with respect
to the previous chapters) optimal control problem. The objective is to find, for
a fixed therapeutic horizon T , a measurable function u : [0,T ] → [0, 1] which
minimises the objective functional J given by:

J(u(·)) = M(N1(T ), n2(T )) +

∫ T

0
L(N1(t),N2(t), u(t))dt

= ω1N1(T ) + ω2N2(T )

+

∫ T

0

(
η1N1(t) + η2N2(t) +

ξ

2

(
1 + tanh

(
N2(t)−N1(t)

ε

)))
dt.

(5.3)

Note that we now allow the sensitive and resistant cells to have different weight-
ings.

Finally, towards the end of this chapter, we perform numerical simulations to
assess the sensitivity of the optimal control to the mutation rates and competition
coefficients.

5.2 Theoretical properties

In this section we analyse basic theoretical properties of System (5.2). To gain
some preliminary insights into the behaviour of the system we first analyse
its behaviour for a constant, indefinite therapy, i.e. u(t) ≡ u = const. Let
Ω = (R+)2

× R++ (where R++ = (0,∞)) and note that the right-hand side vector
field associated with System (5.2) is of class C∞ in Ω. Therefore, the Picard-
Lindelöf Theorem gives local uniqueness and existence of solutions with given
initial conditions.

Proposition. The set Ω is positively invariant under System (5.2).

Proof. Firstly note that the straight line N1 = N2 = 0 is invariant under Sys-
tem (5.2). Next, if N1 = 0 then Ṅ1 = τ2N2. Hence for N1 to become negative
we require that τ2N2 ≤ 0, i.e. N2 ≤ 0. Analogously, N2 may become negative
if and only if N1 becomes negative first. Therefore, provided that we start with
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initial conditions such that N1 ≥ 0 and N2 ≥ 0, both N1 and N2 will remain
non-negative.

Due to the form of the first and second equations of System (5.2) it is nec-
essary to assume K(0) > 0. Assume that K(t) = 0 at some time moment. Then
K̇(t) = b(N1(t) + N2(t)) > 0, so K cannot become negative and Ω is invariant
under System (5.2). �

Proposition. For initial contition (N1(0),N2(0),K(0)) the solution to System (5.2)
exists for all t ≥ 0.

Proof. By the non-negativity of the solution and parameters, we can estimate

Ṅ1 ≤ λ1N1 + τ2N2,

Ṅ2 ≤ λ2N2 + τ1N1,

K̇ ≤ b(N1 + N2).

It follows that
d
dt

(N1 + N2 + K) ≤ c(N1 + N2 + K),

where c = max{λ1 + τ1 + b, λ2 + τ2 + b}. Hence

N1 + N2 + K ≤ O
(
ect) for t ≥ 0

and the solution exists for all t ≥ 0. �

5.2.1 Steady states

We now move into the analysis of steady states in order to understand possible
long-term model behaviours. To find the steady states we equate the right-hand
side of System (5.2) to 0:

0 = λ1N1

(
1 −

N1 + α12N2

K

)
− τ1N1 + τ2N2 − β1N1u,

0 = λ2N2

(
1 −

N2 + α21N1

K

)
+ τ1N1 − τ2N2,

0 = −µK + b
(
N1 + N2

)
− d

(
N1 + N2

)2/3K − βKu.

Existence

We may first note that at a steady state it must be that both N1 and N2 are greater
than 0 which is in line with our choice of the domain Ω. We proceed by elimi-
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nating K from the first two equations by computing:

K =
λ1 (N1 + α12N2)

λ1 − τ1 + τ2
N2
N1
− β1u

,

K =
λ2 (N2 + α21N1)
λ2 − τ2 + τ1

N1
N2

to get:

λ1 (N1 + α12N2)
(
λ2 − τ2 + τ1

N1
N2

)
= λ2 (N2 + α21N1)

(
λ1 − τ1 + τ2

N2
N1
− β1u

)
.

(5.4)
Denoting N2

N1
= δ, the above equation is equivalent to

F (δ) ≡ a3δ
3 + a2δ

2 + a1δ + a0 = 0, (5.5)

where

a3 = λ2τ2 > 0,

a2 = λ2(λ1 − τ1 − β1u) + λ2α21τ2 − λ1α12(λ2 − τ2),

a1 = λ2α21(λ1 − τ1 − β1u) − λ1α12τ1 − λ1(λ2 − τ2),

a0 = −λ1τ1 < 0.

(5.6)

We now use the Descartes’ rule of signs to determine the number of positive
solutions to Equation (5.5). Depending on the signs of a1 and a2 we may have
either one or three roots. If a1 and a2 are of the same sign or a1 < 0 < a2 there
is only one sign change and there is only one positive root. If a2 < 0 < a1 there
can be one or three positive roots. To relate back to the plain competition model,
we now consider two cases: (i) α12α21 ≤ 1 and (ii) α12α21 > 1.

Case (i): Suppose a1 > 0. Then

λ2(λ1 − τ1 − β1u) ≥
λ1α12(λ2 − τ2)

α12α21
+
λ1α12τ1

α21
> λ1α12(λ2 − τ2) − λ2α21τ2,

hence a2 > 0. In this case the polynomial F has only one positive root.
If a1 < 0, by the Descartes’ rule of signs, only one sign change occurs in F

and there is only one positive root.

Case (ii): The only way there can be three roots is when a2 < 0 < a1. This is
equivalent to the following constraint on the chemotherapy dose:

λ1 − τ1 −
λ1α12(λ2 − τ2)

λ2
+α21τ2 < β1u < λ1 − τ1 −

λ1(λ2 − τ2)
λ2α21

−
λ1α12τ1

λ2α21
. (5.7)
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In this case there may be one or three roots. In order for there to be three roots,
polynomial F needs to have to extrema, say at δ±, such that δ± > 0. Differenti-
ating F and equating it to 0 yields:

δ± =
−a2 ±

√
a2

2 − 3a1a3

3a3

For δ± to be both real and positive it has to be that

a2
2 − 3a1a3 > 0.

In the generic case, polynomial F has therefore three positive roots only if the
two inequalities above are satisfied and has one positive root if otherwise.

Let now δ = N2/N1 be a positive solution of Equation (5.5). Then from the
second equation of System (5.6) we get:

N1 =
δ(λ − τ2) + τ1

λδ(δ + α21)
K,

from where it follows that

N2 =
δ(λ − τ2) + τ1

λ(δ + α21)
K.

Substituting the above into the third equation of System (5.6) and setting

κ =
δ(λ − τ2) + τ1

λδ(δ + α21)
,

we get:

N∗1 = κK∗, N∗2 = δκK∗, K∗ =
(bκ(1 + δ) − µ − βu)

3
2

κ(1 + δ)d
3
2

,

which exists positively provided bκ(1 + δ) − µ − βu > 0. If this inequality is not
satisfied, the chemotherapy kills endothelial cells fast enough so that the tumour
cannot grow at all. As this is not biologically realistic, in what follows we will
assume that:

βu < bκ(1 + δ) − µ, (5.8)

i.e. at least one positive steady state exists.
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Stability

Now that we know that the system has one or three steady states we proceed to
analysing their stability.

The Jacobian matrix of System (5.2) at a general point S = (N1,N2,K) ∈ Ω

reads
J(S ) =


λ1

(
1 − 2N1+α12N2

K

)
− τ1 − β1u τ2 −

λ1α12N1
K

λ1N1(N1+α12N2)
K2

τ1 −
λ2α21N2

K λ2

(
1 − 2N2+α21N1

K

)
− τ2

λ2N̄2(N̄2+α21N̄1)
K̄2

b − 2
3dK(N1 + N2)−

1
3 b − 2

3dK(N1 + N2)−
1
3 −µ − d(N1 + N2)

2
3 − βu

 .
At the steady state, however, we may simplify the Jacobian. From the first

equation in (5.6) we get

λ1 (1 − κ(1 + α12δ)) − τ1 + τ2δ − β1u = 0,

or, equivalently,

λ1 (1 − κ(2 + α12δ)) − τ1 − β1u = −λ1κ − τ2δ.

Similarly from the second equation:

λ2

(
1 − κδ

(
2 + α21

δ

))
− τ2 = −λ2δκ −

τ1

δ
.

From the third equation we then get:

−µ − d(N∗1 + N∗2)
2
3 − βu = −bκ(1 + δ).

Using the relations above we obtain the Jacobian at a steady state:

J(S ∗) =


−λ1κ − τ2δ −λ1α12κ + τ2 λ1κ

2(1 + δα12)
−λ2α21δκ + τ1 −λ2δκ −

τ1
δ

λ2κ
2δ(δ + α21)

b − 2
3

bκ(1+δ)−µ−βu
κ(1+δ) b − 2

3
bκ(1+δ)−µ−βu

κ(1+δ) −bκ(1 + δ)

 .
The characteristic polynomial then reads:

P(λ) = λ3 + c2λ
2 + c1λ + c0,
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where

c2 = λ1κ + τ2δ + λ2δκ +
τ1

δ
+ bκ(1 + δ) > 0,

c1 = λ1λ2δκ
2(1 − α12α21) +

λ1κτ1

δ
(1 + α12δ) + λ2δκτ2(δ + α21)

+
2
3
κ
(
bκ(1 + δ) − µ − βu

)
(1 + δ)

(
λ1(1 + δα12) + λ2δ(δ + α21)

)
+ bκ2δ

(
λ1(1 − α12) + λ2(1 − α21)

)
+ bκ(1 + δ)

(
τ2δ +

τ1

δ

)
,

c0 =
2
3
κ
(
bκ(1 + δ) − µ − βu

)(
λ1λ2δκ(1 − α12α21) +

λ1τ1

δ
(1 + α12δ)

+ λ2δτ2(δ + α21)
)
.

Recall that the Routh-Hurwitz criterion gives the following conditions for local
stability: c2, c1, c0 > 0 and c1c2 > c0. We note that the resulting inequalities are
in general hard to interpret biologically. Out of the four inequalities required,
however, one is immediately satisfied as c2 > 0. The condition c0 > 0 is equiva-
lent to

λ1λ2δκ(1 − α12α21) +
λ1τ1

δ
(1 + α12δ) + λ2δτ2(δ + α21) > 0. (5.9)

Condition c1 > 0 does not have a clear biologic interpretation. However, we may
formulate a slightly simpler sufficient condition for c1 > 0, namely:

δκ (λ1(1 − α12) + λ2(1 − α21)) + (1 + δ)
(
τ2δ +

τ1

δ

)
> 0. (5.10)

If now (5.9) and (5.10) above are satisfied, we have:

c1c2 > bκ(1 + δ)
(
λ1λ2δκ

2(1 − α12α21) +
λ1κτ1

δ
(1 + α12δ) + λ2δκτ2(δ + α21)

)
> c0,

as bκ(1 + δ) > 2
3

(
bκ(1 + δ) − µ − βu

)
.

We note that, for example, if α12 and α21 are both smaller than 1, then the
inequalities above are satisfied and there exists a single, locally stable steady
state (bearing in mind condition (5.8)). If only a single steady state exists, we
generally expect it to be locally stable. In general, though, the conditions for
stability are hard to interpret and we refer to numerical simulations to gather
further insights into model behaviour.
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5.3 Numerical results

It appears that a full classification of the steady states does not immediately lead
to any actionable insights from the biological perspective. In this section we ex-
plore the model properties numerically and show that it allows us to draw some
conclusions about the behaviour of this biological system. In this section the ma-
jority of the parameters remain fixed (the values are summarised in Table 5.1).
We will treat the chemotherapy dose u as a bifurcation parameter. We also con-
sider different scenarios regarding the competition coefficients α12, α21 and mu-
tation rates τ1 and τ2. This is mainly to investigate which of these parameters
ultimately determine model behaviour.

5.3.1 Steady states

Sample trajectories and phase portraits projected onto the (N1,N2) plane of Sys-
tem (5.2) are shown in Figure 5.1. In this plot, the chemotherapy dose is taken to
be u = 0.35. Depending on the values of competition coefficients two cases are
possible. In the first case (subplots (a) and (b)) we have α12 = 0.9 and α21 = 1.3
and there is a single locally stable steady state. Numerical results suggest its
global stability. In the second case (subplots (c) and (d)) we take α = 0.9 and
α21 = 1.7. We see that the system exhibits bistability: there are two locally sta-
ble steady states. Numerical simulations clearly show two basins of attraction
separated by the black solid line as seen in subplot (d). This result is relevant
from a biological perspective as we can think of the two steady states as being
sensitive when N1 > N2 and resistant if otherwise. From therapeutic point of
view maintaining the tumour in a sensitive phenotype is desirable.

As noted above, as well as emphasised in the previous section, the values
of competition coefficients are a major factor determining system’s qualitative
behaviour. This observation prompted a bifurcation analysis with respect to these
coefficients, a problem we studied previously in [4]. The resulting analysis is
shown in Figure 5.2.

Another natural bifurcation parameter, which we can in fact control directly,
is the chemotherapy dose. Figure 5.3 shows a bifurcation diagram in which the
total tumour size at the steady state is plotted against the chemotherapy dose u.
In Figure 5.3a the competition coefficients are chosen so that only one steady
state may exist. The important conclusion to be made with regard to this Figure
is that the minimum tumour size at a steady state is achieved for an intermediate
dose. In Figure 5.3b, on the other hand, there exist an interval for u in which
there are three steady states and the system exhibits bistability. The minimum
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Figure 5.1: Numerical solutions and phase portraits for System (5.2), when
(a), (b) α12 = 0.9, α21 = 1.3 and (c), (d) α12 = 0.9, α21 = 1.7. In (a) the
initial condition is chosen as [280, 20, 650], in (c) as [280, 20, 650] (solid lines)
and [40, 260, 650] (dashed lines). Black solid line in (d) represents the separatrix.
The chemotherapy dose is u = 0.35.

tumour volume is again achieved for an intermediate dose. However increasing
the dose beyond the threshold at which the “sensitive” (blue) steady state dis-
appears results in the discontinuous switch to the “resistant” (red) steady state.
What is more, simply reverting the dose change is not enough to return to the
“sensitive” steady state as the system remains in the “resistant” steady state’s
basin of attraction.

This phenomenon, known in general as hysteresis, is of major importance
from the point of view ot chemotherapy planning. Once the critical dose is ex-
ceeded, the tumour locks in in the resistant phenotype which may be of disastrous
consequences to the patient. Note that the upper bound for the chemotherapy
dose ū can be determined analytically: it is the right-hand side of inequality (5.7)
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Figure 5.2: Bifurcations with respect to competition coefficients. Shadowed re-
gion shows the range of competition coefficients for which three positive steady
states exist simultaneously (for u = 0.35). The black solid line depicts the curve
α12α21 = 1. Note that for any pair (α12, α21) lying below and on this line the
coexistence of more than one positive steady state is not possible regardless of
other model parameters (including chemotherapy dose).
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Figure 5.3: Bifurcation diagrams for System (5.2). Total volume of the two cell
types are plotted against a chemotherapy dose u at the steady states. Solid lines
depict stability, while dashed ones instability. The parameter values are: (a)
α12 = 0.5 and α21 = 1.7, (b) α12 = 0.9 and α21 = 1.7.

divided by β1:

ū =
1
β

(
λ1 − τ1 −

λ1(λ2 − τ2)
λ2α21

−
λ1α12τ1

λ2α21

)
,

provided, of course, that ū ∈ (0, 1] and ū is greater than the left-hand side of
inequality (5.7).
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5.3.2 Therapy optimisation

In this section we investigate how we can use model (5.2) to optimise therapy
scheduling. We focus on optimising the schedule for long-term and for short-
term time horizon. We define the long-term problem as maximisation, using
constant, indefinite therapy, of patient survival defined as a time needed for the
tumour to reach an arbitrary critical (fatal) volume Ncrit. As a short-term prob-
lem we consider solving an optimal control problem analogous to that solved in
previous two chapters in a time window of T = 30 days.

Given the uncertainty around the values of competition parameters and mu-
tation rates, towards the end of this section we perform numerical simulations to
estimate robustness of the solution to the optimal control problem. Although it
is widely agreed that the emergence of ADR is due to mutations and cell com-
petition [22, 28], the exact numerical values of the relevant parameters (i.e. α12,
α21, τ1 and τ2) associated with these two processes are hard, if not impossible,
to estimate. We therefore consider the following parameter range (while keeping
all other parameters fixed):

Λ = {(α12, α21, τ1, τ2) : α12, α21 ∈ [0.5, 2] and τ1, τ2 ∈ [0.001, 0.05]}.

The competition parameters are assumed to be between 0.5 and 2 as any larger
imbalance would result in one cell type quickly overcoming the other. The mu-
tation rates need to be significantly lower than the proliferation rates λ1,2, hence
0.05 is chosen as an upper bound. At the same time they need to be large enough
to not become completely negligible (hence τ1,2 ≥ 0.001). All other parameters
are set as shown in Table 5.1.

Survival time maximisation

In this subsection we focus on finding an optimal (constant) therapy dose u ∈
[0, 1] which maximises the survival time, i.e. time needed for the tumour to
reach a critical volume Ncrit. The critical tumour volume is chosen to be Ncrit =

7500 mm3, about 40% of the equilibrium volume for uncontrolled growth. This
choice of 40% is to some degree arbitrary, but nevertheless allows us to illustrate
important qualitative properties of System (5.2). Note that authors of studies
adapting similar approach use various fractions of maximum volume. For ex-
ample Geng et al. [25] use a ratio of ca. 8%, while Monro and Gaffney [48] use
a ratio of 25%. We found that 7500 mm3 resulted in realistic survival times in
our model.

To further illustrate the benefits of intermediate dosage we extend the theo-
retical analysis done in the previous section and perform numerical simulations.
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Table 5.1: Nominal parameter values. Parameters marked with ∗ are varied be-
tween simulations (see text).

Name Value Unit Role
λ1 1.92 ×10−1 1/day Proliferation rate of sensitive cells
λ2 0.96 ×10−1 1/day Proliferation rate of resistant cells
∗τ1 2.00 ×10−3 1/day Mutation rate towards the resistant

phenotype
∗τ2 1.00 ×10−3 1/day Mutation rate towards the sensitive

phenotype
∗α12 1.00 - Competition coefficient
∗α21 1.00 - Competition coefficient
µ 0.00 1/day Natural death rate of endothelial cells
b 5.85 1/day Vascular growth rate stimulated by

cancer cells
d 8.73 ×10−3 day−1vol−2/3 Vascular inhibition rate by cancer cells
β1 0.15 day−1conc−2/3 Sensitivity rate of sensitive cells to the

chemotherapy agent
β 0.05 day−1conc−2/3 Sensitivity rate of the vasculature to

the chemotherapy agent
ω1 5.00 Weight for a final number of

sensitive cells in the objective functional
ω2 2.50 ×101 Weight for a final number of

resistant cells in the objective functional
η1 1.00 Weight for a running number of

sensitive cells in the objective functional
η1 5.00 Weight for a running number of

resistant cells in the objective functional
ξ 1.00 ×103 Weight for a resistance penalty in the

objective functional
ε 1.00 ×101 The “margin" parameter in the

resistance penalty function

We measure how much time is needed for the tumour to reach a critical volume
Ncrit for a given chemotherapy dose u. The results of this analysis are shown in
Figure 5.4.

The results above have been achieved only for selected values of competition
coefficients and mutation rates. In paragraphs to follow we will test their robust-
ness by performing similar analysis across the parameter space Λ. In Figure 5.4
we show the maximum survival time and the associated dose for a given set of
parameters α12, α21 (left plot), and τ1, τ2 (right plot).

What can be universally seen is that there is a substantial region in each plot
in which the intermediate dose is optimal. In Figure 5.4a the optimal dose is
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(a) (b)

Figure 5.4: Dependence of maximum survival time for System (5.2) on (a) the
competition coefficients α12, α21 ∈ [0.5, 2] (here: τ1 = 0.02, τ2 = 0.01) and (b)
on the mutation rates τ1, τ2 ∈ [0.001, 0.01] (here: α12 = 0.9, α21 = 1.7). Colour
represents the chemotherapy dose which yields the maximum survival time. The
initial condition is chosen as [280, 20, 650].

seen to decrease as the competition coefficients increase, with both the optimal
dose and survival time being more sensitive to the value of α21 (i.e. the degree
in which the sensitive cells suppress the resistant cells), than to α12. Similarly,
the survival time increases and the optimal dose decreases as τ1 (mutation rate
towards resistance) becomes smaller, while the result is less sensitive to the value
of τ2.

Optimal control problem

In this section we revisit the optimal control problem analogous to those consid-
ered in previous chapters. We look for a chemotherapy dose u : [0,T ] → [0, 1]
such that the objective functional J given by (5.3) is minimised subject to dy-
namics (5.2).

We first address the problem of existence of optimal control to this problem.
The right-hand side of System (5.2) is unbounded as K approaches 0 which re-
quires a slightly more care than the analogous proofs in previous chapters. In or-
der not to obstruct the flow of the narrative, the proof is provided in Appendix B.

We are interested not only in a solution for selected parameter values, but
rather in the robustness of the solution across all values of the competition coef-
ficients α12 and α21 and mutation rates τ1 and τ2 in Λ.

To model the optimal control problem we used a Python-based open-source
optimisation modelling language Pyomo (www.pyomo.org) [34, 35] with its dif-
ferential algebraic equation extension Pyomo.DAE [50]. The non-linear optimi-
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sation algorithm used was IPOPT (www.coin-or.org/ipopt) [74] which is an im-
plementation of primal-dual interior point method.

By solving the optimal control problem numerically for a given quadruple
ψ ∈ Λ of parameters, say ψ = (α12, α21, τ1, τ2), we may define a mapping

uopt : Λ × [0,T ]→ [0, 1],

where uopt(ψ, t) is the value of the optimal solution to the optimal control problem
for a set of parameters ψ at time t.

We now draw 400 quadruples of parameters from Λ and solved the optimal
control problem numerically using the parameters drawn, obtaining a candidate
for optimal control in each case. Note that, contrary to the previous chapters, no
assumption is made regarding the structure of the optimal control. All parameters
are assumed independent and are such that the values α12, α21, log10 τ1, log10 τ2

are uniformly distributed on the appropriate ranges. Note that we chose log-
uniform distribution for τ1 and τ2 due to the parameter range spanning three
orders of magnitude. For a given time t ∈ [0,T ] the value uopt(ψ, t) becomes a
random variable defined on Λ and we can analyse it as such.

Given that System (5.2) is also sensitive to the choice of chemotherapy sen-
sitivity parameters β1 and β we repeated the above procedure for three different
pairs of those parameters, namely:

(β1, β) ∈ {(0.45, 0.00), (0.45, 0.15), (0.15, 0.05)} .

Figure 5.5 shows a distribution of uopt for each of the three pairs of chemother-
apy sensitivity parameters above. The left column shows the median dose to-
gether with the 15th, 25th, 75th and 85th percentile. The right column is a his-
togram of mean doses. In case (a) β1 = 0.45, β = 0.00, and (b) β1 = 0.45,
β = 0.15 we see that the solution was of a form 1-singular-1 with the average
singular dose being between 15% and 40% of the maximum dose. The switch
to the singular dose consistently happens after around 5 days, which is perhaps
due to the initial conditions being the same for all patients. If β1 is decreased
(as it is in case (c) with β1 = 0.15 and β1 = 0.05), then the numerically optimal
dose favours a simple application of a full dose throughout the treatment window,
although solutions of the form 1-singular-1 still exist.

A question which emerges from the above analysis is as follows: is there a
relatively easy criterion which would allow us to determine whether to apply a
“full dose” protocol (i.e. u(t) ≡ 1), or an “intermediate dose” 1-singular-1 pro-
tocol. To answer that question we took the numerically optimised controls and
labelled them as “full dose” (average dose > 0.99) or “intermediate dose” (av-
erage dose < 0.99). We note that although the threshold was chosen arbitrarily,
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Figure 5.5: Selected percentiles of uopt(ψ, t) (left), and distribution of mean dose
(right) among the virtual patients. The competition (α12, α21) and mutation (τ1,
τ2) parameters were randomised between patients, while the remaining parame-
ters were held constant. Results are shown for different pairs of chemotherapy
sensitivity parameters: (a) β1 = 0.45, β = 0, (b) β1 = 0.45, β = 0.15, (c)
β1 = 0.15, β = 0.05.

there seem to be a large gap between the “intermediate dose” and “full dose”
protocols as seen in the histograms in Figure 5.5. We then projected the labelled
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Figure 5.6: Classification of mean drug dose in numerically optimised treatments
depending on randomised competition coefficients and mutation rates. Full-dose
and intermediate dose protocols are labelled by empty and filled circles respec-
tively. Results are shown for different pairs of chemotherapy sensitivity parame-
ters: (a) β1 = 0.45, β = 0, (b) β1 = 0.45, β = 0.15, (c) β1 = 0.15, β = 0.05.
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results onto the (α12, α21) and (τ1, τ2) planes as shown in Figure 5.6. It can be ob-
served that the competition coefficients have little effect on the decision whether
to use full dose or intermediate dose protocol, while relatively clear clusters can
be seen in the (τ1, τ2) space. In particular, regardless of other parameter values,
large values of τ1 result in full dose protocols being optimal.

5.4 Summary

The analysis performed in this chapter shows that introduction of variable carry-
ing capacity resulted in conclusions similar to those obtained for the simplified
model with K(t) ≡ K (constant).

We note in particular that the introduction of competition coefficients resulted
in a more complex bifurcation picture with the system exhibiting hysteresis. We
showed that by exceeding a threshold dose (which can be computed analyti-
cally), under certain parameter assumptions the tumour shows a switching be-
haviour when it changes into a resistant phenotype in a discontinuous manner.
This had not been observed in previous chapters and is of major consequence
for therapy planning. It is particularly dangerous in cases when a full hystere-
sis loop is present and when reversing an increase in dose may not be followed
by a transition back to sensitive phenotype.

The most important features of the model remain in place: optimal survival
times are achieved for intermediate doses. In the range of the parameters consid-
ered the vast majority of the numerical solutions to the optimal control problem
remain of the form 1-singular-1. This suggests that the results from Chapter 3
concerning the structure of optimal control remain valid.

Introduction of a variable carrying capacity K(t) into the model serves yet
another purpose: it is now possible to model the effects of chemotherapy on the
vasculature. This is important from a biological perspective, as chemotherapy is
not selective and affects endothelial cells as well as cancer cells [38]. Even more
importantly, this also opens an entirely new avenue for investigation of com-
bined (e.g. chemotherapy and anti-angiogenic) therapies. This adds another
layer of complexity to the mathematical models, as the subtle interplay between
those two therapies is very counter-intuitive [37], as preliminarily investigated
by us in [3].

We pay particular attention to the values of competition coefficients and mu-
tation rates. Since we do not have access to any database of patients to perform
parameter fitting, we largely relay on values present in the literature. It is there-
fore crucial for us to test how the candidate for optimal solution behaves when



5.4. SUMMARY 77

the parameter values change. This is to avoid a pitfall of taking a very “special”
set of parameter values which just happens to yield a solution involving a sin-
gular interval. By testing the conclusions over a fairly exhaustive subset of the
parameter space we remain confident that the structure of the numerical solution
is a property not of the parameter values, but rather that of the structure of the
system itself.

We also observe certain patterns with respect to the dependence of the so-
lution on the mutation rates (but no similar patterns were found for competition
coefficients). In particular, as seen in Figure 5.6, when the mutation rate towards
resistance is large, then the optimal solution appears to be to apply a full dose
protocol. This is in line with our intuition: if the cells mutate quickly towards
resistance, we cannot possibly stop the tumour from growing using chemother-
apy anyway, so the least we can do is to kill as many cells as we possibly can. If
the mutation towards resistance is lower, maintaining a certain level of the sen-
sitive subpopulation is beneficial as it prevents the resistant subpopulation from
growing.

We were unable to formally show that the 1-singular-1 protocol is really theo-
retically optimal. Nevertheless the numerical results suggest that in a wide range
of scenarios it achieves better performance than the bang-bang protocols with
a comparable number of switches. In particular, it maintains the tumour in a
chemo-sensitive state, thus supporting the hypothesis

In conclusion, we show that even in the extended model with varying car-
rying capacity, the raise in chemoresistant subpopulation may be stopped (or at
least delayed) by using intermediate dosage. That conclusion remains largely
valid, regardless of the parameters which quantify the relationships (i.e. compe-
tition and mutations) between the two types of cells.





Chapter 6

Conclusions

In this dissertation we developed a mathematical model of drug-resistant tu-
mour growth under angiogenic signalling. This was done in order to test whether
by using appropriate drug dosage one can mitigate the risk of the tumour becom-
ing resistant. The primary tool for this task was a theory of dynamical systems
of mathematical ecology, in particular ordinary differential equations. In addi-
tion, we applied the optimal control theory framework to address the issue of
drug resistance.

We have found that by introducing an additional term in objective functional
we can shift the therapeutic focus from maximising cell kill to minimising drug
resistance. This was done to align the objectives set out in the mathematical
framework with the research hypothesis, as well as the new trends in therapeutic
paradigms, i.e. the metronomic therapy. The additional term, the “penalty for
resistance”, was verified to serve its intended purpose, i.e. maintained the tumour
in the drug sensitive state.

By analysing the optimal control problem we showed that the penalty for
resistance resulted in the intermediate drug doses yielding better value of the
performance index than full-dose (or bang-bang) dosage strategies. We were able
to compute an analytic formula for the intermediate (or singular) doses. Such
a formula can serve as a starting point for mathematically driven experiment
design. We also used the fact that such formula can be derived explicitly to
extend an existing numerical method of solving optimal control problems which
was previously applicable solely to problems with bang-bang solutions.

While we were unable to formally show that intermediate doses are truly
optimal, the numerical method has shown that dosage strategies incorporating
an intermediate (singular) dose interval outperform the bang-bang controls. This
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assertion was tested for controls with up to five control switches. We note that
although it is possible that even better strategy exists among the controls with a
greater number of switches, they were excluded from our analysis on the grounds
that they would be impractical to apply in clinical setting. Furthermore, the
numerically computed strategies achieve our goal of maintaining the tumour in
a drug-sensitive state.

Numerical optimality of intermediate drug doses is a property which has been
largely consistent among the three mathematical models considered, thus sug-
gesting robustness of the result. Furthermore, we analysed how sensitive the
numerically optimised control is to the parameters which quantify the relations
between the sensitive and resistant cells, i.e. the competition coefficients and mu-
tation rates. We found that the mutation rates play a decisive role in determining
which of the full-dose or intermediate dose protocols is better.

The optimal control numerical results are consistent with the simplified anal-
ysis performed under an assumption of constant, indefinite chemotherapy. Opti-
mal survival times for virtual patients were achieved for intermediate drug doses.
What is more, we found that systems describing drug-resistant tumour growth
exhibit hysteresis with respect to the chemotherapy dose which is major impor-
tance from the clinical perspective. What is more, the mathematical analysis sug-
gests that the hysteresis is a result of a difference in competitive effects exerted
by one cell type on the other, rather than other mechanisms (e.g. mutations).

Note that the models described in this thesis essentially have a “building
block” structure in the sense that it is relatively easy to add new elements, e.g. an-
other types of therapies. This would result in models of combined therapies –
an example of such model, combining chemiotherapy and radiation, has been
studied by us in the context of optimal control in [6, 7].

We close these remarks by concluding that mathematical modelling supports
the hypothesis that the risk of drug resistance can be mitigated by appropriate
chemotherapy dosing, as is evident both from qualitative analysis of the differ-
ential equations, as well as the results from optimal control theory. The next
steps would be to verify these theoretical results in an experimental setting and
to fine-tune the model using experimental data.
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Appendix A

Numerical Method

For the purpose of solving the optimal control problem formulated in Chapters 3
and 4 we extended (see [5]) the gradient method proposed by Śmieja et al. [63].
In their paper, Śmieja et al. introduced an iterative method for computing optimal
switching times for bang-bang control problems. By computing a gradient with
respect to the switching times they turned the problem into a finite dimensional
optimisation task (provided the number of switches is fixed).

Their method, however, relied on the fact that a local perturbation to a switch-
ing time in a bang-bang control alters the control only locally. In case of singular
controls, altering a switching time which occurs prior to a switch to a singular
control will make the trajectory follow a different singular arc and, as a result,
have a non-local effect on the control.

Our method relies on the fact that in two-dimensional problems in Chapters 3
and 4 we can compute the singular control and arcs as feedback functions of
the state variables. This may not be possible in general, but we note that for
two-dimensional problems this should be doable as the adjoint variables can be
eliminated from the resulting algebraic equations.

The method can be described as follows. Suppose that the structure of a
control is fixed. By structure of the control we understand a finite sequence with
elements from the set 0, 1, s which correspond respectively to an application of
no dose, full dose and a (pre-computed) singular dose. By fixing the structure of
the control, the optimisation problem now becomes a problem of finding optimal
switching times, as the values of the singular control have been computed as
a feedback function of state variables and are known. With a slight abuse of
notation we can redefine the objective functional as a function of the switching
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times:

J = J(t1, t2, ..., tn−1), with 0 = t0 < t1 < t2 < ... < tn = T,

where T is a fixed terminal time. The gradient with respect to the switching times
can then be approximated (e.g. by finite differences). The optimisation procedure
can then be defined as follows: starting with switching times t(0) = (t(0)

1 , ..., t(0)
n−1),

k = 0 and a suitable learning rate α, we update the switching times iteratively:

1. Compute the gradient ∇J(t(k)) (e.g. using finite differences).

2. Set t(k+1) := t(k) − α∇J(t(k)) and k := k + 1.

3. Repeat Steps 1 and 2 until a prescribed tolerance has been reached.

This method is suitable for finding local minima. To ensure robustness we
ran the method with different initial structures and switching times to ensure that
a true minimum is found. As part of the procedure we also verify numerically
that the resulting control and corresponding trajectory and co-trajectory satisfy
the requirements of the Pontryagin minimum principle.

Note that this method yields best-in-class controls, i.e. optimal switching
times for a given control structure, rather than converging to the theoretically
optimal solution of the optimal control problem.



Appendix B

Mathematical Proofs

B.1 Proof of Proposition 13

This Appendix contains the proof of Proposition 13 from Chapter 4. We first set
up the notational prerequisites. Let us define

n = (n1, n2)T , p = (p1, p2)T

and

f(n) =

(
f1(n1, n2)
f2(n1, n2)

)
=

(
λ1n1(1 − n1 − n2) − τ1n1 + τ2n2

λ2n2(1 − n2 − n1) + τ1n1 − τ2n2

)
, g(n) =

(
−n1

0

)
and

L(n, u) = η1n1 + η2n2 + ξG(n2−n1
ε

).

We furthermore repeat the definition of Hamiltonian (4.4) and switching function
for reference:

H (p,n, u) = pT (f(n) + g(n)u) + L(n, u)

= p1

(
λ1n1 (1 − n1 − n2) − τ1n1 + τ2n2 − n1u

)
+ p2

(
λ2n2 (1 − n1 − n2) + τ1n1 − τ2n2

)
+ η1n1 + η2n2 + ξG(n2−n1

ε
)

and
ϕ(t) =

∂H
∂u

= −p1(t)n1(t).

We also note that the following relationships hold:

[f, g] =

(
−λ1n2

1 − τ2n2

−λ2n1n2 + τ1n1

)
, [g, [f, g]] = −[f, g]. (B.1)

Equipped with this notation we can now give prove Proposition 13.
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Proof. If a control is singular on an interval I ⊂ [0,T ], then ϕ ≡ ϕ̇ ≡ ϕ̈ ≡ ... ≡ 0
identically on I. Furthermore, by the Pontryagin Minimum Principle, it must be
that H ≡ c = const. In particular, the following three relations must hold for
almost all t in I:

c = H, 0 = ϕ = ϕ̇ = ϕ̈ (B.2)

for some constant c ∈ R. Equations (4.6) and (4.7) may be obtained by directly
solving the above system for p1, p2 and u in terms of n1 and n2.

If the control is singular over an interval I ⊂ [0,T ] we immediately get, using
Equation (4.5), that

0 = ϕ = −p1n1 =⇒ p1 = 0.

Using this and (B.1) we get from ϕ̇ = 0 that

p2 (λ2n2 − τ1) = η1 −
ξ

ε
G′( n2−n1

ε
),

that is:

p2 =
η1 −

ξ

ε
G′( n2−n1

ε
)

λ2n2 − τ1
,

at least away from n2 = τ1/λ2.
Substituting the above into Equation (4.4) for H and equating the resulting

expression to 0 yields (4.7), the required equation for the singular arc.
Similarly a substitution of p1, p2 into ϕ̈ = 0 results in (4.6), the equation for

the singular control as a feedback function of the state variables.
The Legendre-Clebsch condition may be obtained quite elegantly: from Equa-

tions (3.10) and (B.1) it follows that

∂

∂u

(
∂2ϕ

∂t2

)
=

(
pT[g, [f, g]] −

∂L
∂n

T ∂g
∂n

g − gT∂
2L
∂n2 g

)
=

(
− pT[f, g] +

∂L
∂n

T
g − gT∂

2L
∂n2 g

)
, using ϕ̇ = 0,

= −gT∂
2L
∂n2 g = −

n2
1

ε2 ξG
′′( n2−n1

ε
).

Using the properties of G, we see that the Legendre-Clebsch condition (−1)1 ∂
∂u

∂2

∂t2ϕ

> 0 is satisfied if and only if n1 > n2. �

B.2 Proof of Existence of Optimal Control Solu-
tion to Problem in Chapter 5

In this chapter we address the problem of existence of solution of minimising the
objective functional (5.3) subject do dynamics (5.2). We will use the notation
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established in Section 3.3.1. The challenge in this proof is to find appropriate
sets Γ and A. We will make use of the following Lemma:

Lemma 2. For any initial data (N0
1 ,N

0
2 ,K

0) there exist positive constants NT and
KT , KT such that any admissible trajectory (N1,N2,K) of System (5.2) starting
at (N0

1 ,N
0
2 ,K

0) satisfies(
N1(t),N2(t),K(t)

)
∈

{
(N1,N2,K) : 0 ≤ N1 + N2 ≤ NT and KT ≤ K ≤ KT

}
for all t ∈ [0,T ].

Proof. Notice that we have already shown that all trajectories starting with N0
1 ,N

0
2 ≥

0 and K0 > 0 remain non-negative. We also have:

Ṅ1(t) + Ṅ2(t) ≤ λ1N1(t) + λ2N2(t)

for all t ∈ [0,T ], so clearly

N1(t) + N2(t) ≤
(
N0

1 + N0
2

)
eλ̄T := NT

for all t ∈ [0,T ], where λ̄ = max(λ1, λ2).
Furthermore we have:

K̇(t) = −µK(t) + b
(
N1(t) + N2(t)

)
− d

(
N1(t) + N2(t)

)2/3K(t) − βK(t)u(t)

≤ b
(
N1(t) + N2(t)

)
≤ bNT

for all t ∈ [0,T ], so

K(t) ≤ bT NT + K0 := KT

for t ∈ [0,T ].
Likewise,

K̇(t) ≥ −
(
µ + d

(
N1(t) + N2(t)

)2/3
+ βu(t)

)
K(t)

≥ −

(
µ + dN2/3

T + β
)
K(t),

so that

K(t) ≥ K0e−
(
µ+dN2/3

T +β
)
T := KT

for t ∈ [0,T ]. �



96 APPENDIX B. MATHEMATICAL PROOFS

This shows that all trajectories are confined to a compact set

A =
{
(N1,N2,K) : 0 ≤ N1 + N2 ≤ NT and KT ≤ K ≤ KT

}
with NT , KT , KT defined as above. Using the notation from Section 3.3.1, we
can take Γ = R2 × (0,+∞) and A as above, noting A ⊂ Γ. The right-hand side of
System (5.2), i.e. the function

F(N1,N2,K, u) =


F1(N1,N2,K, u)
F2(N1,N2,K),

F3(N1,N2,K, u)


=


λ1N1

(
1 − N1+α12N2

K

)
− τ1N1 + τ2N2 − β1N1u(t),

λ2N2

(
1 − N2+α21N1

K

)
+ τ1N1 − τ2N2,

−µK + b
(
N1 + N2

)
− d

(
N1 + N2

)2/3K − βKu(t),


is continuously differentiable in A × U (as K ≥ KT > 0 in A). Similarly, the
functions L is continuously differentiable in A × U and M is continuous in A.
Similarly as before, for each (N1,N2,K) ∈ Γ we have:

Q(N1,N2,K) = {(ȳ, y) : ȳ ≥ L(N1,N2, v), y = F(N1,N2,K, v) for some v ∈ [0, 1]} ,

=
[
L(N1,N2, 0),∞

)
×

[
F1(N1,N2,K, 1), F1(N1,N2,K, 0)

]
×

{
F2(N1,N2,K)

}
×

[
F3(N1,N2,K, 1), F3(N1,N2,K, 0)

]
due to F being linear in u and L being independent of u, so that Q is convex.

The assumptions of Theorem 1 are therefore satisfied and an optimal solution
exists.
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