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Abstract

The thesis is focused on various stochastic volatility (SV) models in finance.
Such models were introduced in order to overcome some of the drawbacks of
the classical Black-Scholes model of the financial market. In the SV models we
drop the assumption of constant volatility of the asset price, allowing it to be
a stochastic process.

The first part of the thesis is devoted to the Stein and Stein model, i.e. the model
where the volatility is an Ornstein-Uhlenbeck process. It was first introduced
in 1991, however the original results were derived under the assumption of
uncorrelated noises driving the asset price and its volatility. In the thesis we
relax this assumption. We establish closed-form formulas for the moments and
the Mellin transform of the asset price. These quantities are then applied to
numerical option pricing.

In the second part we study inhomogeneous time change equations (TCEs) in-
duced by Markov chains and their applications to stochastic volatility models,
namely to regime-switching diffusions. We show the existence and uniqueness
of solutions of the TCE and then we investigate the influence of the TCE on
the Markov consistency property and Markov structures of processes. First we
focus on the time-changed Markov chains, and then we apply the change of
time to a diffusion process, obtaining a regime-switching process. We conclude
this part by showing the application of the time change to Monte Carlo option
pricing.

Keywords: stochastic volatility, Stein and Stein model, change of time,
Markov consistency, regime-switching diffusion, option pricing
AMS Subject Classification: 60J27, 60J60, 91G20, 91G30, 91G60, 60H30
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Streszczenie

Niniejsza praca dotyczy modeli rynkéw finansowych ze stochastycza zmien-
noscia (stochastic volatility models), czyli modeli, w ktérych zmiennos¢ ceny
akcji opisywana jest przez pewien proces stochastyczny. Powstaly one jako
odpowiedz na pewne sprzecznosci modelu Blacka-Scholsa wynikajace z zatoze-
nia o stalej zmiennosci (jak np. obserwowany na rynku usmiech zmiennosci).

Pierwsza czes$c¢ pracy poswiecona jest modelowi Steina i Steina, w ktorym zmien-
nos¢ ceny akcji jest opisywana procesem Ornsteina-Uhlenbecka. Zostal on
wprowadzony w 1991 roku, jednak wyniki Steina i Steina uzyskane zostaty
przy zalozeniu o nieskorelowaniu szumoéow rzadzacych ceng akcji i jej zmien-
noscig. W pracy wyprowadzamy wzory na momenty oraz transformate Mellina
ceny akcji bez zalozenia o nieskorelowaniu szuméw. Wzory te sg nastepnie za-
stosowane do numerycznej wyceny réoznych typow opcji.

W drugiej czesci pracy rozwazane sg niejednorodne rownania zmiany czasu dla

tancuchow Markowa, oraz ich zastosowanie w modelach zmiennosci stochasty-

cznej, a $cislej mowiac — w modelach przetacznikowych (regime-switching dif-

fusions). Pokazujemy istnienie i jednoznaczno$¢ rozwigzania réwnania zmiany

czasu oraz badamy wpltyw zmian czasu na markowska zgodnos¢ i struktury

markowskie procesow. Najpierw opisujemy 6w wplyw dla samych tancuchow

Markowa, a nastepnie badamy proces dyfuzji [t6 ze zmienionym czasem (taki

proces okazuje sie by¢ procesem przelacznikowym)ijego struktury markowskie.
Rozdziat ten jest zakonczony prezentacjg zastosowan zmiany czasu do wyceny

opcji metoda Monte Carlo.
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Chapter 1

Introduction

1.1 Volatility in financial markets

The main object of study in this dissertation are models of financial markets
with stochastic volatility, that is models, where the volatility of an asset price
is itself a stochastic process. Before introducing particular models, let us start
with a more general question — why should we assume that the volatility is not
deterministic?

In 1973 Black and Scholes derived their famous formula for option pricing. The
model (based on the hypotheses formulated by Samuelson in 1965 [55]) assumes
that the stock price follows a geometric Brownian motion. Let us start with
introducing some basic assumptions of the model.

Let (€2, F,IF,P) be a filtered probability space. Throughout this chapter we
will assume that PP is a risk-neutral (or a martingale) measure, i.e. a probability
measure equivalent to the real (observed) probability, such that the discounted
prices of assets are martingales. Such a measure, when exists, is used for pricing
financial instruments in a way that does not lead to arbitrage. In the Black-
Scholes model we assume that the market consists of two assets: a risk-free



asset with price B - bank account with constant interest rate > 0, and a risky
asset with price S following a geometric Brownian motion. More precisely, the
dynamics of B are described by

BO = 1, dBt = TBtdt, (111)
whereas the dynamics of .S are
dSt = TStdt + O'Stth, (112)

where W is a standard Brownian Motion and o > 0 is constant. The solutions
of (1.1.1) and (1.1.2) take the form

B; = exp(rt), Sy = Sy exp ((7’ — %02)75 + UWt).

The term o reflects how much the log returns of the price (i.e. log (S;/5)) vary
from their mean, and thus is called the volatility of the asset price.

Thanks to the fact that in the Black-Scholes model the price of an asset has
a log-normal distribution, one can easily derive closed-form formulas for the
price of a European call option, that is an option with payoff (S;p — K)* at
maturity time 7.

The paper of Black and Scholes was a breakthrough in financial mathematics
and since then the model has been widely used by practitioners. Among its
main advantages we must point out its simplicity and tractability — thanks to
this, many financial derivatives can be priced either analytically or numerically.
However, the model has certain drawbacks that push people to come up with
more sophisticated ideas.

The problem appears when we try to calibrate the model to the real data. One of
the most popular methods of estimating the parameter o is to take the volatility
implied by the market, i.e. to choose its value in such a way that the observed
prices of European call options coincide with those from the theoretical model.
It follows from the pricing formula that there exists exactly one such positive
value of o for each option in the market. Since in the model the volatility is
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a parameter describing the behaviour of a particular asset, it should not depend
on the characteristics of an option itself (strike price or time to maturity).

And here the main shortcoming of the model comes to light — it appears that
the implied volatility o;,,,(K, T) varies for options with different values of strike
price K and time to maturity 7 = 7" — ¢. This phenomenon, due to the shape
of curves 0, (K) and 0y, (7) is called the "volatility smile".

Oimp v

K

Throughout the years people have been trying to overcome this drawback by
introducing more complex models. One of the branches developed over years
is a wide class of stochastic volatility models, i.e. models where volatility itself
is a stochastic process. In greatest generality, the models studied in the disser-
tation assume the following dynamics of the asset price

dSy = 14 f1(S)dt + o1 fo(Se)dW4,

where f1, fy are appropriate deterministic functions, o is a stochastic process
(possibly correlated with the asset price) and r is either a stochastic process or
a constant.

There are more stochastic volatility models than one could hope to discuss in
a short introduction. In the rest of the section, we will only introduce a few of
them, based on their historical importance and later use in the dissertation.



Hull and White model (1987)

One of the first analytically tractable models was proposed by Hull and White
[36] in 1987. The variance v; := o7 of the asset price is modelled by a geometric
Brownian motion. In other words, the pair (.S, v) satisfies

dS; = rSidt + /v Sy dW},
dv; = pvdt + /ﬂ)tthZ,

where 11 € R, k > 0 are constants and W1, W2 are Brownian motions. Under
the assumption that 1/ and W? are independent, Hull and White determined
the price of a European call option in a form of a series. For correlated Brownian
motions, i.e., if d(W!, W?2), = pdt, for p € [—1, 1], they produced numerical
solutions for option prices.

Stein and Stein model (1991)

In [62] Stein and Stein introduced a model where the volatility follows the
Ornstein-Uhlenbeck process, i.e. (S, o) satisfies

dS; = rSydt + oS, dW},
doy = A0 — o)dt + kdW2,

where A, 0, k are fixed positive constants. The authors assume that the Brow-
nian motions W1, W?2 are independent, however, as it is shown in Chapter 3,
this restrictive assumption may be relaxed.

In this model oy, for each ¢, has a normal distribution with mean
Eo; = ope™™ +0(1 — e™)
and variance

_ R
Var(o;) = o (1—e?Y).

4



This property of the model might seem controversial, since it allows for neg-
ative values of 0. However, with properly chosen parameters the probability
that o < 0 is very low. For a more detailed discussion of the properties of the
model, see Chapter 3.

Heston model (1993)

In [35] Heston proposed to model the variance v = o

Ross) process, that is

as a CIR (Cox-Ingersoll-

dS; = rSdt + \/TTtStthla
dvy = k(0 — v)dt + /o, dW2,

where W, 1?2 are (possibly correlated) Brownian motions, and «, § and ¢ are

constants that satisfy
2

0> =>—
2k’

so that the process v is positive with probability 1.

The models introduced by Heston [35] and Stein-Stein [62] are amongst the
most popular stochastic volatility models. Both are still in use, and both have
become the basis of further models, such as models using fractional Brownian
motions or Lévy processes instead of the Brownian motion in the dynamics of
the volatility (see, e.g, Barndorftf-Nielsen and Shephard [6] for stochastic volatil-
ity modelled by a Lévy-driven Ornstein-Uhlenbeck process, or [26] and [25] for
models with fractional Brownian motion).

Regime-switching models

A slightly different approach to stochastic volatility is demonstrated in regime-
switching models. Here, instead of considering o as a process driven by another
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Brownian motion, we assume that it is driven by an independent Markov chain,
representing current state of economy, so that

dSt = ,u(ozt)Stdt + O'(CYt)Stth,

where « is a continuous-time Markov chain on a finite state space F, indepen-
dent of the Brownian motion W. The space E may be seen as the set of possible
states of economy (for example bull market vs. bear market), with which the
level of volatility in the market is associated. The function pi: £ — R reflects
the sensitivity of an interest rate to the changes of a. Note that, unless the
function p is constant, the model admits a stochastic interest rate. Such models
were studied in many monographs and papers, for example [47, 66, 45]. For
more details about the model, see Chapter 4.

1.2 Change of time

There are many approaches to tackle the problem of modelling stochastic volatil-
ity. One of them is based on the technique of random change of time. The idea
is to start with a simpler model where the volatility is deterministic and then
use a change of time to introduce randomness to the volatility. By a change of
time we mean an increasing, right-continuous family of [0, oc]-valued random
variables (7):>0, such that for all ¢ > 0, 7; is a stopping time with respect to
a given filtration F = (F})>.

Change of time is a useful tool both from the point of view of the theory of
stochastic processes, and from the point of view of applications. It is well known
that some processes with complicated structures can be represented as time-
changed "simpler" processes (e.g. the famous Dambis-Dubins-Schwarz theorem
states that every continuous local martingale M with My = 0, (M), = oo is
a time changed Brownian motion) — the same philosophy stands behind ap-
plying change of time to financial models. Let us first consider the following
example.



Example 1.2.1. Let S be a geometric Brownian motion
dSt = TStdt + O'Stth,

where W is an [F - Brownian motion. Consider a change of time 7 given by

t
7',5:/ veds,
0

where the process v is positive, right-continuous and independent of W. Define
the process B, = fo . —=dW(7,). Then B is an (F(7)),>, - Brownian motion

independent of T, and the process S = S o 7 satisfies
dgt = Tvtgtdt + UmgtdBt-

Thus the term o /v; is a stochastic volatility, and rv; is a stochastic interest rate.
Moreover, if we assume that = 0 and v is a CIR process, then (S, v) follows
the Heston model. In order to justify the facts that B is a Brownian motion and
that S indeed satisfies the equation above, one needs more than these formal
calculations. In fact, it requires a deeper theory which is not suitable for an
introduction — however, a similar idea is used in the proof of Theorem 4.4.4,
and a detailed discussion can be found there.

As shown in the example above, it is possible to obtain a (particular) stochastic
volatility model by applying a proper change of time to the geometric Brownian
motion. In [18] Carr and Wu generalise this idea — they model the asset price
by time-changed exponential Lévy processes. More precisely, in their approach

S; = Spe' exp(X;q)),

where X is a Lévy process and 7 is a subordinator (i.e. a nondecreasing Lévy
process). Their model was further developed by Linetsky and Mendoza-Arriaga
in [48], who assume that X is a d-dimensional process and apply a d-dimensional
subordinator 7 to X. In this case the change of time is different for each coor-
dinate of the process X. The latter is a particularly interesting technique, since
— apart from introducing stochastic volatility to the model — such a change of
time may influence the dependence structure of the process X. We will discuss
the issues with modelling dependence of multivariate processes in Section 1.3.

7



The idea of introducing stochastic volatility via change of time may seem un-
natural, but it has certain advantages that allow us to calculate (at least nu-
merically) the prices of financial derivatives. The key to obtaining it is the cal-
culation of the characteristic function of a log-price, which may be simplified
by introducing change of time. To give the reader a flavour of this idea, let us
consider the continuation of Example 1.2.1.

Example 1.2.2. Let S and 7 be as in Example 1.2.1. Then the process S, may
be written as S; = Sj exp(X;), where

1 ~
X = <T—§02>t—|—aWt and X =XorT.

Then, since 7 is independent of W, the characteristic function of X can be
written as

Eexp (iuX;) = E (Eexp (iuX,,)|r) = B, (1.2.1)

where 1) denotes the characteristic exponent of X. More precisely, the charac-
teristic function of X takes the form

2
Eexp (iuX;) = Eexp (Tt : ((7’ — 16%)u — %uz)) :
Thus, in order to calculate it one only needs to know the Laplace transform
of 7. Note that the equality (1.2.1) holds for any time change 7 independent of

X. The use of characteristic functions in pricing financial derivatives will be
presented in Chapter 2.

1.3 Markov consistency and dependence between stochas-
tic processes

When modelling various phenomena in finance or physics it is convenient (and
usually reasonable) to assume that the stochastic processes driving them have
the Markov property. A Markov process is a process whose future evolution
depends only on its current state, not on the path it followed before. In fact,
most of the processes mentioned in Section 1.1 are Markov.

8



In most examples in Section 1.1 we were modelling one-dimensional price pro-
cesses. Usually it is not difficult to generalize it to the multidimensional case.
However, in general it is not always clear how to model the dependence struc-
ture of multivariate processes.

When X = (Xi,...,X,) is a random vector in R?, the problem of studying
dependence between its components reduces to finding an appropriate func-
tion, called a copula function. More precisely, the Sklar theorem [61] states
that there exists such a function C' that the cumulative distribution function of
the vector X = (Xy,...,Xy) is equal to C'(Fi(-), ..., Fy(-)), where Fy, ..., Fy
are the cumulative distribution functions of the coordinates. For example, if

X1, ...,Xyare independent, then the resulting C'is a product copula, meaning
that C'(uq,...,uq) = uy - ... ug. On the other hand, having d one-dimensional
random variables Y7, ..., Yy, by applying appropriate copula functions C we

can construct all d-dimensional vectors X whose components X; have the same
law as Y.

Using this method we can separate the dependence structure of the vector from
its marginal distributions. One may ask whether we can use the same reason-
ing when instead of a random vector, we consider a d-dimensional stochastic
process. It appears that in this case we cannot describe dependence structure
through a function of marginal distributions - see discussions in Scarsini [56]
or in Bielecki et al. [15]. In order to describe the dependence structure of a mul-
tivariate process we need to find some relations between the characteristics of
its components. The problem of describing structured dependence of stochastic
processes was studied in the monograph [14].

If Z is a d-dimensional Markov process, an interesting question is whether its
components are Markov themselves. Obviously it is true when the coordinates
are independent; however, it may not hold in general.

A Markov process whose components also have Markov property is called Markov
consistent. More precisely, for a Markov process Z = (Z*, ..., Z%) on the state
space [ X - - - X g, where F, ..., E; are Polish spaces, we have the following



definitions (see [13]).

Definition 1.3.1. We say that Z satisfies the weak Markovian consistency prop-
erty with respect to the i-th coordinate if Z* is a Markov process with respect
to its own filtration, i.e. if for any Borel set B € B(FE;) and all ¢, s > 0

IP)(ZZJrS < Bl"rtzz) = P(ZZH < B‘ZZ)7
where FZ' s the filtration generated by Z'.

Definition 1.3.2. We say that 7 satisfies the strong Markovian consistency
property with respect to the i-th coordinate if Z’ is a Markov process with
respect to the filtration of the process Z, i.e. if for any Borel set B € B(F;) and
allt,s >0

P(Zi,, € BIF) =P(Zi,, € B|Z)),

where FZ is the filtration generated by the whole process Z.

We say that Z satisfies the weak (strong) Markovian consistency property if it
satisfies the weak (strong) Markovian consistency property with respect to all
its coordinates.

It is clear that the strong Markovian consistency implies weak Markovian con-
sistency. However, the converse is not always true. One may find examples of
weak-only Markov consistent processes in Bielecki et al. [13, Example 3.2].

Consider now d univariate Markov processes Y'!,..., Y9 We would like to
construct all d-dimensional Markov processes Z satisfying (weak or strong)
Markov consistency property, whose components Z* have the same finite-dimen-
sional distributions as Y. Every such construction will be called a Markov struc-
ture.

The main advantage of Markov consistency property is that it allows modelling
the dependence between Markov processes using rich analytical machinery.
The construction of a Markov structure reduces to constructing an infinitesimal
generator (or another characteristics of a process) satisfying certain conditions.

10



Markov structures and Markov consistency find many applications in finan-
cial mathematics, whenever we deal with multidimensional Markov processes.
For example, in [8] Bielecki, Cousin et al. use it in pricing and hedging Credit
Default Swaps (CDS). In [9] Bielecki, A. Vidozzi and L. Vidozzi employ this con-
cept to valuate ratings-triggered corporate bonds, whose cash flows depend on
ratings assigned to the issuer by at least two rating agencies. Another appli-
cations may be found in Bielecki, Crépey, Jeanblanc [10] or Crépey, Jeanblanc,
Zargari [21].

In the world of stochastic volatility models, one may consider a multivariate
price process S and a multivariate volatility process o, and ask whether (S°, o)
is a Markov process itself. Such problems will be considered in Chapter 4.

1.4 Implied volatility and stochastic volatility — practition-
ers’ point of view

"Implied volatility is the wrong number to put in the wrong formula to get the
right price." — Riccardo Rebonato [52]

In the real financial markets, the Black Scholes model is often used as a bench-
mark for pricing financial instruments — the pricing formula is still applied,
however, instead of using constant volatility for the whole model, different lev-
els of volatility are plugged in for options with different strikes. Those levels —
at least for some of the derivatives — are implied by daily price quotes of specific
contracts. However, in order to be able to price various types of derivatives, we
would need to construct a volatility model consistent with the market.

Let us take a closer look into how the contracts are priced. Recall that in the
Black Scholes model described in 1.1 with constant volatility, the price of a call
option w(St) = (St — K)* at time ¢ is given as

11



C(K,S;,r,0,T —t) = S N(dy) — Ke "T=IN(dy),

where N denotes the cumulative distribution function for the normal distribu-
tion and

n($)+ (r+%) (-1 n (%) + (r—%) (T 1)

dy = . dy =
! oVvT —t ? ovT —t

In practice, implied volatility is usually calculated not as a function of K, but as
a function of delta A. Recall that the delta of an option — which is the sensitivity
of an option price with respect to the change of the underlying price - in the
B-S model is equal to

A(K,St,T—t,O')' aC

When traders communicate with brokers, instead of quoting the price of an
option in cash, they use the level of its implied volatility, which is then plugged
into the Black-Scholes formula. In order to do so, they construct a matrix, which
may be seen as a discrete version of an implied volatility surface, i.e. the surface
o(T —t, A). The columns of the matrix represent the A of an option, and the
rows — time to maturity 7" — ¢.

For some deltas (usually A € {0.25,0.5,0.75}) the prices of options are quoted
daily - this is strictly connected to the positions mostly used for hedging, like
At The Money, Butterfly and Risk Reversal (see, e.g. Wystup [65] for options in
FX markets). This allows us to fill some of the entries of the volatility matrix.
The problem arises when there is a need of pricing an unusual contract, for
which we can only extrapolate from the data in the matrix. The problem of such
extrapolation was studied in many papers (e.g. [19]). However, note that the
delta itself is dependent on o. Hence, in fact, the problem of modelling implied
volatility matrix does not reduce to the good choice of interpolation method - it
requires a consistent model which does not allow for arbitrage opportunities. In

12



particular, one needs to be careful about the dependence structure of (S, o) (see
Section 1.3). Stochastic volatility models can be a way to address this problem.

1.5 Discussion of the main results

Before we discuss the main results, let us briefly describe the structure of the
thesis.

Chapters 1 and 2 have an introductory character. Chapter 3 is based on a joint
work with Jacek Jakubowski and Maciej Wisniewolski in [37] but it includes ad-
ditional numerical examples illustrating the techniques developed in the paper.
Chapter 4 consists of the author’s results from [49] extended by applications of
the results to numerical pricing of derivatives.

Let us now discuss the contents of the dissertation in detail.

In Chapter 2 we introduce some numerical techniques of derivative pricing in
stochastic volatility models. Those methods are then used further in the disser-
tation. The need for developing sophisticated numerical methods for pricing
is motivated by the fact that for most of stochastic volatility models there are
no closed-form formulas neither for the asset price distribution nor for the op-
tion price. Section 2.1 is devoted to pricing via Fast Fourier Transform. One
of the first papers on applying FFT to pricing options was written by Carr and
Madan, see [17]. Their results were then extended by Raible in his PhD disserta-
tion [51]. The main idea, presented in Theorem 2.1.3, is to represent the price of
the derivative as a convolution of the so called modified payoff function and the
density of the logarithmic asset price. Then, knowing the Laplace transforms of
the logarithmic price and the modified payoff function, we can easily calculate
the Laplace transform of the option price. As a last step, we invert the trans-
form and compute it using the FFT algorithm, which was proposed by Cooley
and Tukey in [20] and is one of the most computationally efficient algorithms

13



to obtain the discrete Fourier transform. Section 2.2 is devoted to numerical
option pricing based on calculating a finite sequence of moments of the asset
price and then estimating the density given the obtained moments. Knowing
the density, we can price any European-style option. This section is based on
the results from [22] and [44].

Chapter 3 is devoted to the Stein and Stein model (see Section 1.1) and its main
part is based on the joint work with Jacek Jakubowski and Maciej Wisniewolski
[37]. The main results of this part are formulas for moments and the Mellin
transform of the asset price; they are then applied in numerical option pricing.
Recall that in their original paper [62] Stein and Stein assume that the noises
driving the asset’s price and its volatility are uncorrelated - in our work we
relax this restrictive assumption.

In the first part of the chapter we present three results giving closed formulas of
moments of order « of the asset price, under different assumptions on o and on
the parameters of the model. These results require different techniques of proof.
In Theorem 3.2.1 we consider the process .S in the neighbourhood of zero and
we find a probability measure under which o is a Brownian Motion. This allows
us to calculate the moments using known formulas for the Laplace transform of
some Brownian functionals (see e.g. [46]). The next two results (Theorem 3.2.3
and 3.2.6) are based on the fact that the square of the volatility is a squared radial
Ornstein-Uhlenbeck process. The difference between those results comes from
different assumptions on the parameters of the model. Hence, different proof
strategies are needed for each case. In the first one we can simply apply the
results from [39] on the Laplace transform of some functionals of a squared
radial Ornstein-Uhlenbeck process. In the second one we cannot directly apply
those results, but we use a similar methodology of calculating the moments.

In Theorem 3.2.8 we derive a formula for the Mellin transform of the asset price,
which is a generalisation of the result in [59, Appendix A]. Recall that for a pos-
itive random variable £ we define the Mellin transform of ¢ as

f(z)=E¢, zeD,
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where D is a vertical strip in C such that £* is integrable for z € D. In fact,
the Mellin transform of an asset price is equal to the Laplace transform of its
logarithmic price, which is an important quantity, very fruitful in numerical
option pricing (see Chapter 2.1).

The rest of the chapter is devoted to the application of the obtained results to op-
tion pricing. Apart from applying the numerical methods discussed in Chapter
2, in Proposition 3.3.1 we introduce a method based on the Gil-Pelaez inversion
formula [31], which is valid for asymmetric power options (i.e. options with
a payoff w(S;) = (8% — K)™). This is yet another application of the Mellin
transform in derivatives pricing. In Section 3.3 we compare prices of various
European-type options computed using the methods discussed in the chapter.
This last part contains examples which were not included in the paper [37].

Another specific example of a stochastic volatility model, namely regime-swi-
tching diffusion, is discussed in Chapter 4. The main results come from the au-
thor’s work [49], however the chapter contains also parts that were not included
in the paper. The regime-switching diffusions that appear in the chapter are ob-
tained by applying a change of time to diffusion processes. In fact, the study of
such models leads to interesting questions about the time changes themselves,
hence the chapter focuses on time changes and some of the more fundamental
problems that are not directly related to the regime-switching model.

Throughout the chapter we consider a particular type of change of time, namely
a solution of an inhomogeneous time change equation induced by a Markov
chain. Such a change of time is defined as a family of random variables satisfy-
ing the equation

t
n= [ gl X, (15.)
0

for a Borel measurable function g: [0,00)x E — [0, c0) and a finite, continuous-
time Markov chain X. The inhomogeneity refers to the fact that the integrated
function g depends on time, which makes the time-changed process (X, ):>0
time inhomogeneous.
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In the first part of the chapter (Theorem 4.2.3) we prove the existence and
uniqueness of solutions of equation (1.5.1) under some mild and very natural
assumptions on g. Moreover, we give an explicit construction for the solution,
which allows us to simulate the paths of 7. In Theorem 4.2.6 we prove that the
time-changed Markov chain (X, ) is a (time-inhomogeneous) Markov chain.

The next part of the chapter is devoted to Markov consistency of the time-
changed process (see Definition 1.3.2). Consider a two-dimensional Markov
chain X = (X!, X?) and the change of time induced by it (together with g). In
Theorem 4.3.1 and Corollary 4.3.4 we give the conditions that should be satisfied
by the function g so that the change of time preserved the Markov consistency
property. Moreover, we study whether it is possible to impose Markov consis-
tency by an appropriate change of time. These considerations lead us to de-
fine a new class of Markov processes (see Definition 4.3.6), which we call quasi
Markov consistent. A process X is called quasi Markov consistent if there ex-
ists a non-zero change of time 7 such that X is (strongly) Markov consistent.
Naturally, such a class contains the class of Markov consistent processes (we
can always take the identical change of time), however, in Example 4.3.10 we
show that there exists a quasi consistent Markov chain which is not Markov
consistent.

In the next part of the chapter we apply the change of time induced by a Markov
chain to an n-dimensional diffusion process, which leads to a regime-switching
model (see Theorem 4.4.4). In this part we also attempt to answer a reverse
question: given an n-dimensional regime-switching diffusion S, when is it pos-
sible to represent its coordinates by time-changed diffusions? Such a represen-
tation is desirable in many financial applications — not only does it allow us to
describe a complicated process as a composition of two simpler processes, but
also to consider the coordinates of S without any reference to the dependence
structure of the whole process.

The last part of the chapter presents certain examples of applications of the
time change to Monte Carlo option pricing. We consider the asset whose price
is modelled by the time-changed geometric Brownian Motion. Thanks to the
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explicit solution of 1.5.1, we can easily simulate the paths of the time change,
and we can use it to Monte Carlo simulations of the asset price process. We
analyse time changes for various functions g and then we compare the Monte
Carlo prices for those time changes and for several types of options. The Monte
Carlo results are new and were not included in the paper [49].
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Chapter 2

Option pricing in stochastic volatility
models

Unlike in the Black-Scholes model, in most of the stochastic volatility models
there are no closed-form formulas for option pricing. Therefore some numer-
ical methods must be applied. In this chapter we give a brief overview of the
most popular methods of numerical option pricing, with a special attention to
those used in the dissertation. They are all based on computing either the char-
acteristic function of the log price or on the moments of the asset price. The
results presented in this chapter are mainly based on the works by Raible [51]
(for Section 2.1) and Lin [44] (in Section 2.2).

Let (2, F, F, P) be a probability space endowed with a filtration satisfying usual
conditions. Assume that P is a martingale measure. Consider a market with a
constant interest rate » > 0 and a risky asset with price (S;)¢>o. Throughout
this chapter we will assume that S satisfies

dSt = T’Stdt + O'tStth,

where IV is an [F - Brownian motion and o is a stochastic volatility. We denote
by X the log-price of the asset, that is

X = log (%) :
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Recall that by a European (or European-style) option we mean any payoff w(S7)
depending only on the value of S at the maturity time 7.

2.1 Pricing options with Fast Fourier Transform

The first pricing method that we would like to describe relies on calculating
the characteristic function of the logarithmic price of an asset. The price of an
option itself is then computed numerically using the Fast Fourier Transform
algorithm. We shall start with recalling the definition of the bilateral Laplace
transform.

Definition 2.1.1. Let f: R — R be a Borel measurable function. The bilateral
Laplace transform of f is given by the formula

B{f}(z) = /OO e 'f(t)dt, ze€ D,

(0.¢]

where D is a vertical strip in C such that the above integral converges for z € D,

ie. D={z€eC: [7 |e "D f(t)|dt < oo}

Note that if f: R — R, is a probability density function, then its bilateral
Laplace transform is connected with its (generalized) characteristic function
(denoted by ¢ ) by the formula

B{f} = ¢ (i2).

The method relies on the following theorem on inverting the Laplace transform.
The proof may be found in the book of Widder [64].

Theorem 2.1.2 ([64, Theorem VL5b]). Let f: R — R be a locally integrable
function. Assume there exists R € R such that

/00 le i F()|dt < oo.
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Assume additionally that f is of bounded variation in the neighbourhood of t, €
R. Then

L <l1m f(t) + lim f(¢ )) = — lim / B{f} (R + yi)eFtvitoqy,
2 \uoty

t—ty 271 T—o0

Consider a European option with payoff w(St) at fixed time 7" and let v(z) :=
w(e™") be the modified payoff function. Let ( = — In(.Sy). The following theo-
rem obtained by Raible gives a formula for the price of the option as a function

of (.

Theorem 2.1.3 ([51, Theorem 3.2]). Assume that a mapping x — e~ 1|v(x)| is
bounded and integrable for some R € R, and R is such that Ee #%7 < co. Then
the price of the option w at time 0, that is I1,,(C), is equal to

eCR—rT s

M(Q) = —— lim [ e"“B{v} (R + ui)px,(—u+ Ri)du,  (2.1.1)

where ¢x,.(2) = Ee*X1, 2 € C.

Proof. We will present the sketch of proof for the conveniece of the reader. In
[51] the theorem was proved for exponential Lévy models, that is models where
(Xt)e>0 is a Lévy process. However, this property is not necessary for the proof.
Let us denote by fx, the density function of the log-price X7. Then the price
of the option w at time 0 as a function of { can be formulated as the convolution
of fx, and v. Indeed

eI, (¢) = Ew(St) = Fw(Spe™T) = Ev(¢ — X7) = /R v(¢ — ) fx, (x)dx
= U * fXT(C)

By the assumptions there exist the bilateral Laplace transforms of v and fx,. at
points R + yi, y € R, and since the function x — e @ |v(z)]| is bounded, the
Laplace transform of 11, is equal to

B{IL,} (R+yi)=e " B{v} (R+yi)B{fx,} (R+ yi)
= e " B{v} (R + yi)ox,(—y + Ri)

The assertion follows from theorem 2.1.2. []
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Using this approach one can price any European option as long as it is possi-
ble to derive a closed formula for the Laplace transform of its modified payoft
function. In Table 2.1 we present the examples of European-style call options
together with the Laplace transforms of their modified payoff functions. By
I1,(¢; K) we denote the price of an option with strike K. In the last column we
present the relation between the price for general K and the price for K = 1.
The derivation of the formulas for standard European, symmetric power and
self-quanto options can be found in [51, Section 3.4]. The Laplace transform for
the asymmetric power options may be obtained following the same method.

Table 2.1: Laplace transforms of the modified payoff functions for European options.

Option Payoff Laplace transform Price I1,(¢; K)
w(St; K) B{v(z)}, K =1 for general K
Standard (St — K)* ﬁ R(z) < -1 KII,((+In K;1)
European
Symmetric | ((Sy—K)*)" F(fé(ffz)i(f)‘ﬂ), R(z) < —a KTl (¢ +
power In K;1)
Asymmetric| (5S¢ — K)*T m, R(z) < —a K11, (¢ + 2K: 1)
power
Self-quanto | Sp(Sr — K)* m, R(z) < -2 K211,,(¢ +
In K;1)

The inverse Laplace transform in the formula (2.1.1) may be approximated by a
sum and then calculated using the Fast Fourier Transform algorithm. Given a
vector (g )n=o,.. n—1 of complex numbers, the FFT computes the vector

(Gk)k=o0...,N—1, Where
N-1
-nk
Gri=) Vg, (2.1.2)
n=0

where typically, for the purpose of efficiency, NV is an integer power of 2. The
algorithm reduces the number of multiplications in the required N summations
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from an order of N? to that of N log, N and was first introduced by Cooley and
Turkey in [20].

In order to apply this method we need to approximate the integral in (2.1.1) by
a sum. The integral is of the form

/ e g(t)dt,

(0. 9]

where

= B{v(x) } (R + ti)¢x,(—t + Ri).

Note that g is a hermitian function in the sense that g(—t) = ¢(t). We approxi-
mate the integral using Simpson quadrature. First, we truncate it at points —A
and A, Where A € R, and divide the interval [— A, A] into 2V small intervals of
length h = + 4 each. Using Simpson quadrature and the property g(—t) = g(t)
we obtain

=

-1

/ e g(t)dt = %?R[ e""g(nh)(3 + (—1)"! — 571)},

I
o

n

where

5 - 1, n=0,
" 10 otherwise.
21k

Now taking uy = <4~ we see that the sum is of the form (2.1.2). By (2.1.1) and
Table 2.1 each uy, corresponds to the strike price K} = exp ( (QT —( )) in case
of asymmetric power options and to Kj = exp(%k () in other cases (see the
last column in Table 2.1). Thus one computation of FFT returns option prices for
the whole sequence of strike prices. Note that £ > 0 implies that in this case we
only price out-of- the-money options. However, one can as well compute vector
(Gy) for k = =&, ... & _ 1, which allows to price also in-the-money options.
In fact, the most mteresting for the investors are at-the-money options, which
correspond to k close to zero. For more details about the application of FFT

methods to option pricing see [17] and [51].
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2.2 Pricing options based on moments

The pricing method described in the previous section is valid only for the op-
tions for which we can derive analytically the Laplace transforms of the modi-
fied payoff function. In this section we will present the method which relies on
computing moments of the asset price and then estimating the density of the
asset price based on the moments. Given the density, we can price numerically
any derivative whose payoff is w(St).

The problem of recovering the unknown density from the sequence of moments
was discussed for example in D’Amico et. al [22] and Lin [44]. In particular, Lin
proved the following theorem.

Theorem 2.2.1 ([44, Theorem 1]). Let X be a positive random variable such that
EX*® < oo for some s > 0. Let (@j)jzojm’”_ be a sequence of positive and distinct
numbers converging to o € (0, s). Then the sequence of moments (EX®),_012...
characterizes uniquely the distribution of X.

In practice we usually deal with finite sequence of moments, and we need to
choose a good approximation of the true density. We will use the Maximum
Entropy density as the estimator.

Suppose we are given first M elements o, ..., o, of the infinite sequence
(ej)j=1,.. satisfying the conditions from Theorem 2.2.1. Let oy = 0 and p; :=
EX% for j = 0,..., M. Then we define f¥ as the solution to the problem of
maximization of the entropy

H(p) == [ 1)og flas (221)

under the constraints

/000 2% f¥ (z)dx = p;. (2.2.2)
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In fact (see [22]), the ME density is of the form

M
fi(z) =exp (- Z Ajz%), z € (0,00),a9 =0, (2.2.3)
=0

where the coefficients Ay, ..., A\j; are derived by maximizing 2.2.1 under con-
straints 2.2.2. For further information on Maximum Entropy density see [22].
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Chapter 3

Moments and Mellin Transform in the
Stein and Stein model

3.1 Introduction

In this chapter we derive closed-form formulas for the moments and the Mellin
transform of the asset price in the Stein and Stein stochastic volatility model. We
then apply the results to price power and self-quanto options using numerical
methods.

The Stein and Stein model is an example of stochastic volatility model, where
the volatility of a financial asset’s price is another stochastic process, possibly
correlated with the asset price. The subject of stochastic volatility models, very
important for financial markets, has been studied in many articles and mono-
graphes (see for instance [36, 32, 40, 53]). For most of the stochastic volatility
models the closed formulas describing their distribution are not known. There-
fore, some numerical techniques have to be applied to obtain derivatives prices,
moments and other quantities of the distribution of the asset price (see [60] and
[33]). Under some constraints, we deliver closed formulas for moments and the
Mellin transform in the Stein and Stein model, one of the important models
for applications (see [62] or [29]). In the original paper of Stein and Stein [62],

25



the closed formulas for asset price distribution were obtained assuming that the
noises driving the asset’s price and its volatility are uncorrelated. In this chapter
we omit this restrictive assumption. The formula for the price of the European
call option in the case of correlated noises was obtained by Schébel and Zhu in
[59]. However, our result is more general and may be used for pricing a wide
class of financial derivatives.

The motivation for our work comes from the variety of applications of both
Mellin transform and moments of the asset price. There are many valuation
and calibration methods for stochastic volatility models based on computation
of moments, for example the generalized method of moments (see [34, 4]), ef-
ficient method of moments (see [3, 30]) or pricing methods of financial deriva-
tives (see [50, 43, 22]). The application described in [22] is also discussed in
Chapter 2.2. On the other hand, Mellin transform, which is a Laplace transform
of the logarithm of the asset price, finds many applications in option pricing,
see Chapter 2.1 for some of them and [17, 51, 28, 57] for many more. Other
applications of moments in financial models can be found in [2] or [38]. In this
chapter we illustrate how the formulas for moments and Mellin transform can
be used in derivatives pricing. Some of the numerical methods employed here
were already described in Chapter 2.

The chapter is organized as follows. In Section 2 we derive the formulas for
moments and Mellin transform of the asset price. In Section 3 we illustrate
our results with some numerical examples of pricing financial derivatives. We
present different approaches based on computing either Mellin transform or
moments of the underlying’s price. The first is a generalization of the result
obtained by Schobel and Zhu to the case of asymmetric power options. The
second method consists of computing Laplace transform of the modified payoft
function and the Mellin transform of the asset price. The pricing formula de-
mands inverting Fourier transform, which can be done using the Fast Fourier
Transform algorithm. This technique is widely used for exponential Lévy mod-
els (see [17, 51]), and allows to valuate a wide class of European options. In
the third approach we use a finite sequence of fractional moments to find the
approximate density of the asset price. Given a density we are able to price nu-
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merically any derivative whose payoft depends only on the asset price at time
T'. We end this section with a comparison between the described methods.

3.2 Moments and Mellin transform of the asset price in the
Stein and Stein model

We consider a market defined on a complete probability space (€2, F,P) with
filtration F = (}})te[O’T], T < o0, satisfying the usual conditions and with
F = JFr. Without loss of generality we assume that » = 0, so the savings
account B is constant and equal to one. Moreover, we assume that the price S;
of the underlying asset at time ¢ has a stochastic volatility o; being an Ornstein-
Uhlenbeck process, so the dynamics of the proces .S is given by

dSt = O'tStth, SO =1 (321)
and the vector (S, o) is given by system of SDE consisting with (3.2.1) and
dO't = —AO'tdt + dZt, oy — 1, (322)

where A\ > 0 is a fixed parameter. The processes W, Z are correlated Brownian
motions, d(W, Z), = pdt with p € (—1,1). Observe that the process S has the

form t t
S, = eJooudWu—3 o oudu, (3.2.3)

and this is the unique strong solution of SDE (3.2.1) on [0, 7]. The existence
and uniqueness follow directly from the assumptions on ¢ and the well known
properties of stochastic exponent (see, e.g., Revuz and Yor [54]). There is no
arbitrage on the market so defined, since the process S is a local martingale.
For further information on the Stein and Stein model see Chapter 1.1 and [62].

Notice that we can represent I as

Wi = pZ; + /1 = p*V, (3.2.4)
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where (V) Z) is a standard two-dimensional Wiener process. Using (3.2.3) and
(3.2.4) we can express the moment of order v of .S as

t t t
ES] = Eexp (cy,o/ 0,d7, + ar/1 — p2/ o,dVy, — %/ JZdU)
0 0 0

t 2 1 — 2\ t
= Eexp <ap/ o,dZ, + o 2'0 ) a/ azdu)
0 0

3.2.1 Moments of the asset price

(3.2.5)

In this subsection we present three results giving closed formulas of moments
of order « of the asset price, under different assumptions on « and on the pa-
rameters of the model. These results require different techniques of proof. In
the first one (Theorem 3.2.1) we consider process S in the neighbourhood of
zero and we find a probability measure under which ¢ is a Brownian Motion.
This allows us to apply the known formula for the Laplace transform of a vec-
tor (o7, fot 02ds). The next two results are based on the fact that R = o is
a squared radial Ornstein-Uhlenbeck process and are valid for all ¢t € [0,7].
Theorem 3.2.3 covers the case when ap < 0, where we can directly apply the
formula for the Laplace transform of some functionals of R, which were calcu-
lated in [39]. In Theorem 3.2.6 we consider the case when ap < 0, where we
use solve a Cauchy problem in order to obtain Ee 71—z Jy Budu,

The first method relies on a direct calculation of Brownian functionals which
appear in (3.2.5). For ¢ in a neighborhood of zero we find an exact value of ES}'

for some .
Theorem 3.2.1. Let, for fixed p € (—1,1), A > 0,
1—2pX — /1 +4X(\ — p) 1—2pA+ /1 +4X(\ — p)
ay = e

2(1 - p?) - 2(1 - p?)
and b be the unique positive solution of equation (1 — e™2%) = 2. If
i) p=0,ac (a,a)
or
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ii) p#£ 0, a € (a1, min(az, A/p)),

then fort € [0,b/)),

(07

(110~ po)

ESY = (cosh(’yt) + A sinh(’yt)>_é exp ( 5

X exp <72 + (A —ap)y coth(*yt))
2y coth(yt) +2(X — ap)/’
where
._(A_Q_Mﬂ_(l_ 2)a_2>1/2 (3.2.6)
7= 5 ) 5 )% . 2.

Proof. Define the measure Q by

dQ

_ 6)\ fot O’udZufé fOt oidu.
dP

Fi

At

Clearly, for each ¢, 0; is a Gaussian random variable with mean Eo; = e~ and

variance

1
Var(o;) = 5(1 e

—2)\t)

o —2)\15)'

By assumption on ¢ we have %(1 —e < 1, so using the Jensen inequality

2
and the exact value of Ee' % for u < t we obtain

) t t
Eeé Jo oudu <E <%/ eﬂ‘;“idu> = %/ Eeggidu
0 0

1/t 1 . ( tAZe 2 )d
= - Xp W u
t 0 \/1—%(1—6_2)“) 2—t>\(1—€ 2 )

2
o1N2/2

1 t
<¥/ du < 0.
0 \/1 — %(1 — e~

Thus, by the Novikov criterion, QQ is a probability measure. Observe, by the
Girsanov theorem, that the process o, under Q, is a Brownian motion starting
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from 1. Formula (3.2.2) implies

t 1 t
/ 0udZ, = 3 (o7 = (t+1)) + A / odu, (3.2.7)
0 0

so, from (3.2.5), we obtain

2,2 2
ESta _ 6_(t+1)ap;AEQeap;)\a_tg_’_Q/\ap—)\ +(; (1—p°)—a f(; Uidu.

N2 201 2
The assumption on « implies that — 22222 - U=p)=2 > () and B :=

pa) > 0, so 7y given by (3.2.6) is well defined and

(A —

1
2

ES® — B —BBE % [ Bidu

Since v > 0 and 8 > 0, we can use the form of the Laplace transform of
(B?, fot B2du), where B is a Brownian motion starting from 1 (see Mansuy and
Yor [46] p.18). In result we obtain

1
2

v:+ 28y COth(’Wf))
27y coth(vt) + 45/’

which finishes the proof. []

2
ES® = 1+0)5 ( cosh(vt) + 25 Sinh(yt)) exp (
g

Remark 3.2.2. The condition ap > 0 is satisfied provided that
i) pe (—1,0)and —p < A\(1 + p)
or
ii) p € [0, 1).

The second method of computing moments of S relies on the closed form of
the Laplace transform of vector (R, fot R,du), where R is a squared radial
Ornstein-Uhlenbeck process. This Laplace transform was computed in Propo-
sition 3.17 in [39].

Recall that a radial Ornstein-Uhlenbeck process with parameters §/2—1,§ € R
and x > 0 is given by

G =x+ 2/0 \/@dZS - /O (0 — 2kr(s)ds.
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Then by Proposition 3.17 in [39] we have

e 5= o Cudu — ,=2é(tm) =i (tn)

forn > 0, > 0, where

(n—a)(2a+ k) a_\//i2+27—/f
w20) (g4 Kk 4n)+a—n 2 ’
(77 _ a)(l _ €2t(/<a+2a)) ‘

e 20 (a +n+ k) +a—1n

¢(t7 77) = a + th(

Y(t,n) =5at—gln’1+

Observe that if o satisfies (3.2.2), then R = o2 satisfies SDE
th - 2\/ thZt —|— (1 - 2)\Rt)dt, RO - 1, t Z 0, (328)

which is squared radial Ornstein-Uhlenbeck process with parameters —% and \

(see [16] p.141). Since o given by (3.2.2) satisfies (3.2.7), equality (3.2.5) can be
expressed in terms of R as follows

ES® = ¢~ FUHOEe—nFim2 Jj Rudu (3.2.9)
where
2
a ! e
N = —7p> Yo = —apA + 5~ (1- PQ)E- (3.2.10)

In the following theorem we use the formula from [39], hence in the assump-
tions we have to guarantee that ; > 0 and «» > 0. In particular, the theorem
covers only the case when ap < 0.

Theorem 3.2.3. Let, for fixed p € (—1,1), A > 0,

PA 1 —3pA
g = ————
1_p27 2 1_p27

and y; = —%F. Assume that o € (b1, by) and ap < 0. Then, for anyt > 0,

a; = by = min(ay, as), by = max(ag, az),

Esta —= 6_%(1+t)_¢(t771)_¢(ta71) ,
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where
(z—a)(2a+ \)
e2Ot20) (g + N+ 2) +a— 2’
1 (Z _ a)(l _ e2t(/\—|-2a))
t2)=at — =1 ‘1
w(az) a 2 1 +€2t()\—|—2a)(a_|_z_|_)\)+a_z7

B VA2 299 — A
= 5 )

o(t,z) =a+

a

Proof. We use formula (3.2.9). First, by assumptions on «, we conclude that v;
and 9 given by (3.2.10) satisfy ;3 > 0 and 75 > 0. Therefore, we can use the
closed form of Laplace transform of vector (R, fot R,du) given in Proposition
3.17 in [39]. The result follows. ]

The last case we consider is ap > 0. We cannot use directly Proposition 3.17
in [39], but we can follow the methodology of obtaining it. We start from the
lemma giving uniqueness of solution of some Cauchy problem.

/\2 _ /\2
Lemma 3.2.4. Fix p, A\, and vy > —%2. Let A < w and C' = A 2)\ =,

There exists at most one solution on [0, 00) X [—A, C| of the following problem

Op(t,z) _ N\ Op(t, 2) o

z

Proof. We follow the idea from Lemma 2.6 in [39]. Assume that p, q are solutions
of (3.2.4) and define g = (p — ¢). We have ¢(0, z) = 0 for every z € [—A, C],
and

8g(t,2) _ 2 8g(t7z)
e (7 —2\z — 2z ) 5, 229(t, 2).

Let u(t, z) = fzcg(t, v)dv. Observe that for f(z) = v — 2\z — 222 we have
f(C)=0and f(z) > 0for z € [-A, C]. In result, integrating by parts yields

WD) _ pagte.z)

C C
2 / O\ + 0)g(t, v)dv < 20\ + Cult, 2)

for z € [— A, (], and the assertion follows from Gronwall’s lemma. []
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Given the lemma, we can compute the moments of .S; in the case when ap >
0, by solving a Cauchy problem connected to the functionals of the squared
Ornstein-Uhlenbeck process. We will first formulate the technical assumptions
of the theorem.

Let, for fixed p € (—1,1),A > 0,

1—2p\ — /1 +4X(\ — p) 1—2pA + /1 +4\(\ — p)
20— ¢7) - 20 - ¢?)

ap =
(3.2.11)

Assumption 3.2.5. Let vy, and 7, be given by (3.2.10) and let ay, as be given by
(3.2.11). Denote by b the unique positive solution of the equation x(1 — e ") = 1.
Assume that

i) p€l0,55), o € [O, %) and o, t are such that

, A
ap < min (1_—6_2)\t,>\—|— \/>\2_|_2’}/2>

or

ii) a € (a1,a2),t € (0,%) and

A
0 < ap < min —— A+ VA2 + 2% .
2(1 — e 2M)

Theorem 3.2.6. Fixp € (—1,1),A > 0. Let 1 and -, be given by (3.2.10) and
assume that the Assumpion 3.2.5 is satisfied. Then

ap — 1 — 2t(2a+)\)
ES;)[ — 6—7(1+t)—$0(t,%)—at 1_|_ e S?)/\l) a/)( e ) :
FEN+at ) (1 a)

where

\/)\2 + 2’)/2 —
a = 5 ,
(71 — @)/ A% + 27,

VIR (L4 /N 20) = (1 —a)
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Proof. Recall from (3.2.9) that
]ES? = 6_%(1+t)Ee_71Rt_72 fot Rudu’

where R is a radial squared Ornstein-Uhlenbeck process and ; and v, are de-
fined by (3.2.10). Note that the assumptions on «, p and ¢ imply that

t 3
E/ Rye 22212 Jo Rudugg o o (3.2.12)
0

for all z € [y1, C], where C = AV A ”2/\2% Define the function

p(s,2) = Be R i Rudu o c [0 O s € [0,4].
Using (3.2.8), Ito’s lemma for e #fs2 Jy Rudu

that p satisfies the Cauchy problem

0 0
8—§ = (’}/2 —2)z — 222)8_229 —zp, p(0,2)=¢€%, (3.2.13)

for z € [y1,C] and s € [0, t]. Lemma 3.2.4 implies that this Cauchy problem has
at most one solution on [y, C|] since we have

/\2
21 =ap < A+ /AN +2y% and o> 5

We find the unique solution of (3.2.12) using the characteristic method. We start
in the first step with the special Riccati equation

Y =2y + 20y — 79, y(0) = 0.

The solution has the form

and (3.2.12), we easily conclude

XV (10 — a)\ /A2 + 2,

y(s,xg) = a+ : (3.2.14)
A2 4 295 + (29 — a)(1 — 2V 212)
where a = —W (see Eqworld [1, Section 1 point 8] - the special Riccati

equation Case 2). It follows from the last equality that = expressed in terms of
y is equal to

6_28‘/)‘2+272(y o a) /)\2 + 2,)/2
22 + 272 4 (y . a)(l . 6—25\/)\2—%272)

x0(87 y) =a-+
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Let v(s, zg) = p(s,y(t, xy)). Using (3.2.13), we obtain for fixed x

U/(S, ZEO) = %p(sa y(87 $0)) + %p(sa y(S, l’o))y/(S, $0)

= y(s,z0)p(s, y(s, xo)) = y(s,w0)v(s, x0),
which has the solution

(s, 20) = v(0, zg)e Jo vlwrodu — =0~y y(usro)du

It is not difficult to observe that

/Sy(““du as— > n A2+2w+<aco—a>(1_ezs¢m>
s L0 = - — |
O ’ NoTsm

The final step of characteristic method yields that

—xo(s,2)—as A2 + 2’72 + (fo(s, Z) — a)(l _ 628\/m)
A2+ 27

_ xo(s,z)as\/l I (Z — a)(l — @28(2(1-1-)\))

et (N +a+2)— (2 —a)

The assertion follows after inserting p(t, ;) in the formula (3.2.9). ]

3.2.2 Mellin transform

In this subsection we obtain the Mellin transform of the asset price under more
restrictive assumptions. We start with recalling the definition.

Definition 3.2.7. For a positive random variable £ we define the Mellin trans-
form of ¢ as

f(z) =E¢, zeD,

where D is a vertical strip in C such that £7 is integrable for z € D.
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For fixed A, p we put

1—2A\
o = 2 (3.2.15)
I—p
and A={z€C:Rze[0Aa*0Va*]}. Next, for z € C we define
s1 = s1(2) = gz, Sy = 89(2) = _§<Z(1 —p°)+2xp —1). (3.2.16)

Denote X; = In S;. The next theorem generalizes the result obtained by Schébel
and Zhu in [59, Appendix A].

Theorem 3.2.8. Fix A > 0. Assume p € (—1,0] U [55,1). Fixz € A and

t €[0,T]. Let
R
Then
E(e2X7|F,) = #3520 @fH(T-0)+3G(T-)of+H(T 1), (3.2.17)
where

sinh(/31¢) + B2 cosh(Sit)
"cosh(fBit) + B sinh(fit)’

H(t) = %()\t — ((cosh(Bit) + B sinh(ﬁlt))), (3.2.19)

and { denotes the branch of a complex logarithm of the function cosh(fit) +
P sinh(5t).

Git)=\—8 (3.2.18)

Proof. The idea of the proof is similar to the one in [59], where the formula was
derived for z = 1 + ¢i and z = ¢i. Here we give a proof for the whole strip A,
taking special care of the assumptions on 2z and p, which are chosen in such a
way that the assumptions of the Feynman-Kac theorem are satisfied.

First, note that the assumptions on z and p imply Rs; < 0 and sy > 0. Indeed,
denoting z = = + yi we get %(s;) = & < 0 and

1 1 1
Rsy = —52?(1 = p7) + (1 = 22) + 5y°(1 = )
1
> —593((1 —p*)x — (1 —2Xp)) > 0.
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Hence .
E|6810%752 -[0 Jtzdt| < 1

From (3.2.1), (3.2.2) and (3.2.4) we obtain
T 1 (7 )
E(GZXT‘E> = eZXtE{eXp <z/ o, dWy — 52/ Jgds) ’]—}] = e*Ximz2plonH(T-1)
t t
1, 1T, T
X ]E[exp <§pZJT +2((Ap — 5)/ o;dt + /1 — p2/ atd‘/})) ‘]—}]
0 0

F).

Consider a function p : R x [0, 7] — C satisfying the following PDE

10%p Oop Op
P L =0 R, tel0,T
2002 Yoy +8t sy p=0 yeR 1el0.T) (3.2.20)

p(y,T) =¢€° 1y’

We will seek the solution of the form

ply.0) = exp (A2 + B(1))

T
_ ert—;zp(af—k(T—t))E(6510%—52 Jo ofdt

By (3.2.20), A and B must satisfy system of equations

A = —AZ 4 2XNA+ 28y, A(T) = 2s;
B = —1A, B(T) = 0.

The solution to the first equation is of the form

(B2 4+ 1)eHT=D 4 (By — 1)e= AT
(B2 + 1)ehT=0 — (fy — 1)e= AT

(see Eqworld [1, Section 1 point 8] — the special Riccati equation Case 2). Next,

Alt) =A— B

integrating the above function we derive the formula for B. Denoting

_ 62 +1 —2B31(T—t)
’Yl(U) - 52 -1 €
—1
Y2 (u) —% — 20 e 0,7
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B(t):%)\(T—t)—i [/ﬁ%dunL/%%du]

= SA(T — 1) — S0 cosh(By(T — 1)) + fosinh(5y(T 1)),

Note that from the assumptions on z we have Rt 4(t) < 0, S 1 y
alltE[O,Z] = o for a € R and
|p(y, t)‘ = |€%A(t)y2+ B(t)‘ < eﬂ“ﬁB(t).

Hence by the Feynman-Kac formula (see [41, Theorem 5.7.6]) p admits a stochas-
tic representation

plyt) = E(eh o2l gy =)y >0, te [0,7].

Thus, since
1 2
]E(GZXT| Ft) 62Xt_§Zp(Ut+(T_t))p(O't, t),

we obtain (3.2.17), where G(t) = A(T —t), H(t) = B(T —t). O]

Remark 3.2.9. From Theorem 3.2.8, taking ¢ = 0 and 2 = «, we obtain the
formula for ES$. Moreover, if p is as in Theorem 3.2.8 and o € [0 A a*, 0 V o],

* = 1;_?;’ , then it is easy to check that the assumptions of Theorem 3.2.3 are
satisfied and we obtain the formula for ESS which coincides with the result of
Theorem 3.2.8.

Remark 3.2.10. To obtain a continuous branch of the complex logarithms de-
fined in the above theorem it is enough to determine the branches of arguments
of the integration paths v; and » which appeared in the proof. Towards this end
one has to calculate how many times the paths circuit 0. Note that this depends
on the values of 5; and 35, so while integrating the Mellin transform [ES7. with
respect to §z (which will be of our interest for the purpose of pricing financial
derivatives) one has to estimate this number on each step of integration.

38



3.3 Option pricing

In this section we present the applications of moments and the Mellin transform
computed before in pricing options in Stein and Stein model. We consider the
market defined in the previous section, but we allow Sj to be any number ¢ > 0.
Note that in this case the process S; := % satisfies the equation

dgt == Ugtth, g() = 1.

Hence we can apply the theorems from Section 2 to S. In particular,

S, = ce™t,
where X; = In(S,). Before we present the numerical results (Section 3.3.2), let
us discuss the methods used.

3.3.1 Methods of pricing

In the section we compare three different methods of pricing European options,
in which use either moments or the Mellin transform of the asset price.

We will start with presenting the application of Mellin transform in pricing
power options via Gil-Pelaez inversion formula. The following proposition gen-
eralizes the result obtained in [59] (for a = 1) to the case of asymmetric power
options, that is options with payoff (S¢ — K)*. Such generalization is possible
due to the Mellin transform derived for the whole strip A in C.

Proposition 3.3.1. Fix A\ > 0. Let p be as in Theorem 3.2.8, i.e. p € (—1,0] U
55+ 1). Let o be given by (3.2.15) and let o« € [0 A a*,0 V o*]. Then the price of
the asymmetric power option in Stein and Stein model is given by

1

E(S} — K)* = Fy(ZK¥)ES] - SRR (KD, (3.3.1)

C
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where

Fi(a) = ! + l/OO Re(fk(u)eXp(__wlna))du, k=1,2,
0

(4

and
fla+iu)

M=)

) f2(u) - f(Z’LL),
for f(2) = Ee*Xr,

Proof. We introduce an equivalent change of measure. Let P be given by
PS¢
dP ES¢

For a > 0 denote

Fi(a) =P(Xy >1na), Fya)=P(Xr>Ina).
Then

3 In K In K
E(S% — K)© = ESS P(XT > lnc> - cO‘KIP’(XT > 1nc)
« 07

= ESSF(K#) — K Fy(K#).

Let f; and f; be the characteristic functions of z7 respectively in measures P
and IP. Then

: | R fla+ iu)
fl w) = E~€ZUXT — _ ESaewXT _JA\= v
( ) P ]ES% T f(CV)
The assertion follows from the Gil-Pelaez inversion formula [31]. ]

Note that numerical computation of the integrals appearing in the proposition is
not trivial due to the oscillatory behaviour of the integrand and even for simple
quadratures computing one integral is time-consuming. If we are interested
in pricing options for a whole sequence of strike prices K, this method may
appear to be too slow. In the following section we will compare it with two
other methods.
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The second method relies also on calculating the Mellin transform of the asset
price and is a direct application of the Theorem 2.1.3. Recall that for an option
with payoff w(St) we define its modified payoff function as v(z) = w(e ™).
Then - under some technical assumptions (see Chapter 2.1) — the price of an

option, as a function of { := — In(.Sy), can be calculated as
eS it 5
I,(¢) = 5 lim e B{v(x) }(R + ui)¢x,(—u+ Ri)du
§—00
. ; o (3.3.2)
=5 sli_}rglo i e"“B{v(z) }(R + ui) f(—R — ui)du,

S

where f(z) = Ee*Xt = ES’% The result does not depend on R as long as it lies
in the right interval (see Theorem 2.1.3).

In order to compute the inverse Laplace transform from 3.3.2 we will use the
Fast Fourier Transform algorithm described in Section 2.1. Note that this allows
us to compute option’s prices for various strikes at once.

The third method is based on computing a finite sequence moments of the asset
price (ES7),_;  y = (t);—1_y and then estimating the density of St as the
Maximum Entropy density f*% subject to the constraints fooo z% fME (1) = p;
for j = 1,..., N. Given the density, we can calculate numerically any deriva-
tive whose payoft depends only on the price St at time 7. For more details
about the method see Section 2.2 and the references therein.

3.3.2 Numerical examples

In this section we compare prices of various European options computed us-
ing methods presented above. The results obtained by all the 3 methods are

very close and confirm the accuracy of implementation (see also the discussion
below).

We first consider an asymmetric power option in Stein and Stein model with
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parameters Sy = 100, p = —0.5, A = 1, where the powers are o = 1 (standard
European call option), o = % and o = % We price the options following Max-
imum Entropy method (ME), Fast Fourier Transform (FFT) and the Gil-Pelaez
inversion formula from Proposition 3.3.1 (GP). The results for different values
of «v are displayed on Figure 3.1.

The prices are computed for a sequence of strike prices (K} )z—=_50,—49... 50, Where
Ky, = exp (a(32E — () for ¢ = log(Sy), N = 2'3 and the discretization step
h = 0.05.

60
|

50
|

option price
30 40

| |

option price

20
|

10
|

50 100 150 200 3.5 4.0 4.5 5.0 55 6.0

Figure 3.1: Prices of standard European options (left) and asymmetric power options for a = 1

3
(right) for varying values of strike price K.

All three methods give similar results, however there are some differences,
mostly for at-the-money options. For small values of the strike price K" the ME
method and FFT method prove to be consistent, while the price in GP method
increases faster as the strike price tends to zero. In case of the options with high
strike prices all three methods give the same results.

In the next example we price self-quanto options for Sy = 50, p = —0.5 and
A = 1. Recall that a self-quanto option is an option with payoff w(Sy) =
St(St — K)* (see also Table 2.1). The results are shown in Figure 3.3. In this
case the the FFT and ME methods give similar results for K in the neighbor-
hood of 70, however when K decreases, the ME price increases faster than the
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/

Figure 3.2: Prices of asymmetric power options for a = % and varying values of strike price K.

FFT price. Detailed results are presented in Table 3.1, where we separate the
cases where the prices are the most consistent.

Note that for large number M of strike prices the FFT method seems to be
the fastest, since it returns all the prices in one computation. The ME method
appears to be of similar complexity as FFT, as the time used by the process was
(in average) only 30 — 50% longer than in case of FFT. However, the most time-
consuming in this approach is computing the density, which can be done once
for a given set of parameters. As it was noted before, the GP approach requires
calculating M integrals of high computational complexity, making it the most
time-consuming among the three methods. In fact, computation via GP formula
performed to be in average five times slower than FFT for all types of options.
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Figure 3.3: Prices of self-quanto options, Sy = 50, p = —0.5, A = 1.
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Figure 3.4: Prices of self-quanto options, Sy = 50, p = —0.2, A = 2.5
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Table 3.1: Prices of self-quanto options for selected strike prices K and various model parame-
ters

p=-05 A=1 p=-02 A=25
Strike & | FFT ME FFT ME
50 176596 1786.21 | 1046.70 1079.50
60.10 1443.03 1459.08 | 767.25 784.84
68.99 1204.09 1211.39 | 575.94 580.10
71.14 1152.52 1156.97 | 536.44 537.74
72.24 1127.02 1129.92 | 517.15 517.07
73.35 1101.74 1102.98 | 498.17 496.76
74.49 1076.67 1076.18 | 479.51 476.82
80.42 955.15 944.62 391.16 383.04
85.51 863.13 843.03 326.59 315.71
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Chapter 4

Time change equations for Markov
chains — Markov consistency and
regime-switching diffusions

4.1 Introduction

In this chapter we consider inhomogeneous time change equation induced by
Markov chains, that is a family of random variables satisfying the equation

t
Tt:/ g(‘SaXTs)dSa
0

for a Borel measurable function g: [0,00) x E — [0,00) and a finite Markov
chain X. The inhomogeneity refers to the fact that the integrated function g

depends on time, which makes the time-changed process (X, ):>o time inho-

t
mogeneous. In the first part of the paper we prove existence and uniqueness of

solution of the equation under mild assumptions on g.

The time change equations in the homogeneous case, i.e. when ¢(s, z) = g(z),
were studied for general Markov processes in the book of Ethier and Kurz [27,
Chapter 6], and more recently by Krithner and Schnurr in [42]. For the inhomo-
geneous case, there is a recent paper of Doring et al. [23], who prove the exis-
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tence and uniqueness of solution for general Markov processes. However, their
assumptions on g are rather strict and technical, whereas for Markov chains the
assumptions on g are quite natural and one can give an explicit construction of
solution. Such a construction is very useful for applications, since it allows to
simulate the paths of 7, and hence also the paths of (X, );>¢ (see Section 4.5).

Change of time is a useful tool both from the point of view of the theory of
stochastic processes, and from the point of view of applications. It is well known
that some processes with complicated structures can be represented as time-
changed "simpler" processes (e.g. the famous Dambis, Dubins, Schwarz theo-
rem states that every continuous local martingale M with My = 0, (M), = oo
is a time changed Brownian motion). The inhomogeneous time change equa-
tions were recently applied to solve the general Skorohod embedding problem
in the paper of Doring et al. [24]. Some of the other techniques in stochastic
analysis that are based on change of time may be found in the book of Barndorft-
Nielsen and Shiryaev [7]. On the other hand, there are various applications of
the change of time in mathematical finance - for example to introduce stochas-
tic volatility to the model (see e.g. Carr, Wu [18] in the context of Lévy processes
or Mendoza-Arriaga, Linetsky [48] for multivariate subordination). In particu-
lar, representing asset price process with stochastic volatility as time-changed
exponential Lévy process (as in [18]) simplifies the calculation of characteristic
function of the log-price, which may be used for numerical pricing of financial
derivatives. Other applications in mathematical finance are summarized in the
article by Swischchuk [63].

In Section 4.2 we prove existence and uniqueness of solution of equation (4.2.1)
and study some properties of the time-changed Markov chain. Section 4.3 is
devoted to the influence of the change of time on a Markov consistency property
of X. This part of our study is a continuation of works by Bielecki et al. in
e.g. [11, 12, 13, 15]. Recall that a d-dimensional Markov process Z is Markov
consistent if all of its components have Markov property. More precisely, for
i € {1,...,d} we have the following definition (see [13]).

Definition 4.1.1. We say that Markov process Z = (Z!, ..., Z%) on the state
space /] X - - - X I satisfies strong Markovian consistency property with respect
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to the i-th coordinate if Z’ is a Markov process with respect to the filtration of
the process Z, i.e. if for any B € B(E;) and all ¢, s > 0

P(Ztl—i—s S B‘ftZ) - ]P)(Zz—i—s S B|ZZ)7

where FZ is the filtration generated by the whole process Z. We say that Z
satisfies the strong Markovian consistency property if it satisfies the strong
Markovian consistency property with respect to the i-th coordinate for all 7 €

(,....d.

Since in the paper we focus mainly on the strong Markov consistency property,
we will refer to it as a Markov consistency property.

In this part we formulate the conditions on ¢ for a change of time to preserve
Markov consistency property. Moreover, we study whether it is possible to
impose Markov consistency property via an appropriate change of time. These
considerations lead us to define a new class of Markov processes, which we
call quasi Markov consistent. The class consists of Markov processes for which
there exists a nontrivial change of time, such that the time-changed process
satisfies strong Markov consistency property. Such a class is a generalisation
of Markov consistent processes. We formulate sufficient condition for X to be
quasi Markov consistent and provide an example of a quasi consistent process
which is not Markov consistent.

In Section 4.4 we give a financial application to the studied change of time. We
apply the change of time to an n-dimensional diffusion process S, represent-
ing the prices of n assets. In this approach 7; may be regarded as "business
time" at calendar time ¢. The random activity of business day comes from ran-
domness of economy states and causes the prices to have a stochastic volatility.
More precisely, the time-changed asset price process is a regime-switching dif-
fusion, where the regimes represent the states of economy. In the second part
of this section we consider a reverse problem - given an n-dimensional regime-
switching diffusion, we want to represent its coordinates by time-changed dif-
fusions. More precisely, we consider a two-dimensional regime-switching diffu-
sion S = (S1, 5?) and answer a question whether there exist one-dimensional
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diffusions R! and R? and changes of time 7! and 72 such that the law of S
is equal to the law of R(7%) for i = 1,2. Such a representation is desirable in
many financial applications — not only does it allow to describe a complicated
process as a composition of two simpler processes, but also to consider both
coordinates S* and S? without any reference to the dependence structure of S.

In Section 4.5 the reader will find certain examples of applications of the time
change to Monte Carlo option pricing. We consider the asset whose price is
modelled by the time-changed geometric Brownian Motion. Thanks to the ex-
plicit construction of the time change obtained in Section 4.2, we can easily
simulate its paths. The paths then can be used in Monte Carlo simulation of the
asset price. The states of the Markov chain that induces the time change can be
seen as a reflection of the economic conditions, where some states correspond
to higher business activity, and some —lower business activity. The function g
in the definition of the TCE is responsible for the sensitivity of the time change
to the changes in the market. Therefore we analyse the time changes and the
asset price processes for various functions g. We also compare Monte Carlo
prices depending on a change of time, for several option types.

4.2 Time change equation and its properties

Let (€2, F,IF,P) be a filtered probability space. Throughout this paper we will
assume that [ satisfies usual conditions. Let X be a cadlag F-Markov chain
with values in a finite state space E. Therefore it admits an intensity matrix (a
generator) being a Q-matrix, which we denote by A = [\/], cp.

Recall that by a Q-matrix we mean a measurable function : Ex ExRT — R
satisfying conditions:

(i) ¢;;(t) > 0fori # j,i,j € Eforallt > 0,

(i) > jep@j=0foralli € Fandt > 0,
(iii) for all 4, j € E function ¢ — ¢;;(t) is locally integrable.
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Let (7¢)¢>0 be a family of random variables satisfying the equation

t
n= [ g5 X)ds Poas, 21)
0

where g: [0,00) x E — [0, c0) is a Borel measurable function such that for all
xr € E functions s — ¢(s, x) are right-continuous and locally integrable. It is
clear that the family (7;),>( satisfying (4.2.1) is nondecreasing and continuous
in ¢ with values in [0, 00).

We shall start with recalling the definition of a change of time.

Definition 4.2.1. A family of random variables (6;);>¢ is said to be a random
change of time if

(i) it is a nondecreasing, right-continuous family of [0, co]-valued random
variables

(ii) O, is an F-stopping time for all £ > 0.

Remark 4.2.2. If [F satisfies usual conditions and 6 is a change of time, then the
time-changed filtration (Fy, )+ also satisfies usual conditions. Indeed, the right
continuity is a consequence of right-continuity of I and the right-continuity
and monotonicity of 6. The fact that F contains all the P-null sets implies that
Fo, O Fp contains them as well.

In this section we will show that equation (4.2.1) admits a unique solution which
satisfies the definition of a random change of time.

Theorem 4.2.3. Let X be as above. Suppose g : [0,00) x E — [0, 00) is such
that the function s — ¢(s,x) is right-continuous and locally integrable for all
x € E. Then equation (4.2.1) admits a unique solution.

Proof. We shall start with proving uniqueness of solution. Suppose that 7 is a
solution to (4.2.1). Let 7y = 0 and 17,75, ... be the moments of jumps of X,
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ieT,=inf{t >T,1: Xy # Xp _,}forn > 1. Let us define
po =0, pp=f{t>0:7>T,}, n=1,2,...

t
oo = 0, an:inf{t>0:/ g(s,XTn_l)dSZTn—Tn_l}, n=12...

We will show that any solution of (4.2.1) is of the form

OO on N\t
T = Z/ g(s, Xt _,)ds. (4.2.2)

n=1 n—1/\t

Note that from the definition of p,, T,, < 74 < T,11 for s € [pn, Pus1), SO
X;, = Xr, . It suffices to show that p,, = 0, a.s. for all n € N, which we will
prove by induction. For n = 0 it is satisfied trivially.

Suppose now that p,, = o, for some n € N. If p, = 0, = o0, then p,.1 =
Opi1 = 00. Assume that p,, = 0,, < co. Then for any s € [p,, pni1)

/ g(u, X7, )du = / gu, X, )du =71, — T, < Tyi1 — T,
On Pn

so by the definition of 0,1 we have s < 0,,,1. Hence p,,+1 < 0,41.

We will prove now the converse inequality. Assume first that 0,11 < oo. Then
by the previous inequality p,, 11 < o0, so

Pn+1 Pn+1
/ g(u, XTn)du - / g(u; XTu)du = Tn+1 - Tna

Pn

n

hence pn+1 > opt.
Consider the case when 0,11 = 0o and suppose p,, 11 < 0o. Then

Pn+1 Prn+1
Tho— 1T, > / g(u, X7 )du = / g(u, X, )du =T, 11 — T,
On pn

which is a contradiction. Hence in both cases p,+1 = 0,,+1. By induction we
conclude that p, = o, a.s. for all n € N. It then follows that the solution of
(4.2.1) is of the form (4.2.2).
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To prove the existence we need to show that

OO o\t
Fi=y / o(s, X, )ds

TL:1 n—l/\t

satisfies (4.2.1). Towards this end it suffices to show that for s € [0, 0,11),
X(7s) = X(T,). It is easy to see that for all n € N on {0, < oo} we have
7(0y,) = T,,. Hence for s € [0, 0,+1) we have

T, <7.=1T, +/ g(u, Xr)du < T, + (Tpy1 — Tp) = Tia

and therefore X (75) = X(T,,).
O]

Theorem 4.2.4. For allt > 0, 7y given by (4.2.2), being a unique solution of
(4.2.1), is an IF - stopping time.

Proof. Take any t > 0 and u > 0. We will show that {7; < u} € F,. Note that

00
{TtSU}:U{Tn—1§u<Tn7 7 < u}
n=1
oo n—1

- U U {Tn—l S u < Tn7 Tk;_l S T < Tk}
n=1 k=1

00
U U {Tn—l <u<Ty, T, 1<7 < U} .
n=1

Therefore it suffices to investigate sets of the form
{1 <u<T, Th1 <17 <T}} fork<n-—1

and
{11 Su<Ty, T <7 <uj.

It is easy to observe that for any £ € N a random time oy, is F7, - measurable,
SO

t
{Tk—l <7 < Tk} = {Tk—l <TiL_q +/ g(S,XTk_l)dS < Tk} € .FTk, C .FTn_l.

Ok—1
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Hence {T,,.1 < u < T,, Tpy-1 < 7 < Ty} € F,. Similarly we show that
{Th-1 <u<T, T,1 <7 <u} € F, Since t and u were arbitrarily chosen
it follows that 7; is a stopping time for all ¢ > 0. ]

Having proved the above theorem and bearing in mind that the family (73):>¢
is a.s. nondecreasing and continuous in ¢, we can conclude with the following
corollary.

Corollary 4.2.5. The family (1;);> satisfying (4.2.1) is a random change of time.

Thanks to the explicit form of solution given in (4.2.2), one can easily simulate
7. Application to simulating time-changed asset price models will be presented
in Section 4.5.

Notation. By X = (X, )t>0 we denote a time-changed process and by G =
(F.,)i>0 — the time-changed filtration.

Theorem 4.2.6. The process X is a time inhomogeneous G-Markov chain with

the state space E and intensity matrix A(t) = [g(t, )Nz yeE-

Proof. We will use martingale characterization of finite Markov chains. Obvi-
ously X is right-continuous and G-adapted. Hence it suffices to show that for
all y € E the process

t .
NV = 6,(X,) — / g(u, X )AKedu
0

is a G-martingale, where
1 ifzx =y,
oy(z) = .
0 otherwise.

Fix y € E. Note that by assumptions on g and the fact that F is finite, 7; is
integrable for each ¢. Indeed,

t t
En = ]E/ g(s, Xs)ds < sup/ g(s,z)ds < o0. (4.2.3)
0 0

reFR
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Thus
E|M{| <1+ sup|X|Er < oo, (4.2.4)

zelk

so MY is integrable. It suffices then to show that E (Mty \Qs) = MY for any
s < t. Note that by the continuity and monotonicity of 7, for each locally
bounded Borel function F' we have (see e.g. Appendix 4 in [58])

/Oﬁ F(s)ds = /OtF(Tu)dTu _ /OtF(Tu)g(u,XTu)du' (4.2.5)

In particular

t . Tt
/ g(u, Xu)/\i(“du = / )\‘;(Sds,
0 0

which implies M} = MY for all ¢ > 0, where M} := §,(X;) — f(fg(u,Xu)du.
By Doob’s optional sampling theorem we have

Y _ Y
E (M’Tt/\’n ‘FTS/\TL) - MTS/\n _>n—>oo M,Tgi a.s.

Thus to finish the proof it suffices to show that E (MY | Fr.nn) — E (MY|F;,)
asn — o00. Note that

[ Mo = Mz| < 2+ msup Ag],
T

so by (4.2.3) and the Lebesgue theorem

lim E |M?,, — M!| = 0. (4.2.6)

n—00
Hence
[E (M| Fronn) — E (M2 F,)
< B (|Mzpn = M3 |1 Frn) + [E (M7 Fronn) = B (MEIF7) | —no0 0

in probability, where the first component tends to 0 in L' by (4.2.6) and the
second tends to 0 a.sand in L' since the process (;,),en := (E (M}!t “FTS/\n))nEN
is a right-closable martingale. By the uniqueness of the limit in probability we
obtain the thesis. []
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Example 4.2.7. Let X be a Markov chain with a generator A and a state space
FE =1{0,1,..., N}. Consider a function g: [0,00) X E — [0, 00).

g(s,x) = sx.

Since the function ¢ is obviously nonnegative and continuous in s for each
x € E, we can define a change of time 7; as a solution to the TCE

t
n= [ gl x.ds (427
0

Consider the time-changed Markov chain X. Then, by Theorem 4.2.6 the gen-
erator matrix of X is given as

~

A(t) = [atA]]

RTISI N

Moreover, the jump times of X ,1i.e. 09,01, ... defined in the proof of Theorem
4.2.2 are of the form:

t
o, = inf {t >0: / sXr,_,ds > T} — Tk_l}

Ok—1

2017, — Ti.—
= \/ ( Y +Jl%—1']l{XTk#O}+OO°]1{XTk=0}a k=1,2,...

By induction we can show that

o~

~1

2l — T,

O'k: ( '; )'ﬂAk—l_OO']lAi?
T:

7

Il
o

1

where A;, = ﬂf;ol { X1, # 0}. The solution of 4.2.7 is given by
=1
T = Z §XTn_1 ((an At): = (p_1 A t)2) .
n=1

NotE that 0 is an absorbing state for X , which can be seen both from the formula
for A(t) and from the jump times oy.
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4.3 Markov consistency of a time-changed Markov chain

Throughout this section X = (X! X?) will be a two-dimensional Markov
chain on a finite state space £ = E' x E? Let m = |E!|, n = |E?|. The
first theorem addresses the question of the conditions which should be satis-
fied by g associated to the change of time 7 so that the time change preserves
Markov consistency property with respect to the first coordinate.

Theorem 4.3.1. Assume that X' is an F-Markov chain. Then the following con-
ditions are equivalent:

(i) X is a G-Markov chain,
(ii) there exists a function g;: [0,00) x E' — [0,00) such that for all non-

absorbing states v' € B!

Lot X7) = L ma(te!) Podi-ae

Moreover, if (ii) is satisfied, the intensity matrix ole is of the form

~

ADE) = [gr(t, 2L Lo grep,

where [)‘ggll)yl]zl,yleEl is an intensity matrix of X .

Before we proceed to the proof of the theorem, we need to briefly recall a few
notions. Recall that for a cadlag process V' taking values in a finite space V we
can define a counting measure

N0, 8) = > Lve—vimup, 0w €V, v # w.

0<s<t

By v (dt) we will denote the compensator of the counting measure N, (dt)
associated with a process V. In Bielecki et al. [13], the authors use compen-
sators of counting measures N in order to give the necessary and sufficient
condition for a process V' to be a Markov chain. For the convenience of the
reader we cite their proposition below.
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Proposition 4.3.2 ([13], Proposition 1.3). An H-adapted, cadlag process V on a
finite state space V is a Markov chain with respect to H with infinitesimal genera-

tor Q(t) = [qii(t)]k.1ev if and only if the H-compensators of the counting measures
N,x, k,l €V, are of the form

v ((0,¢]) = /o Liv,—kyqui(s)ds.

In order to use the above result we need to calculate the compensators of the
counting measures for the time-changed process. Let ny be an [F-compensator
of Nl),; for x,y € E, x # y. Then the following lemma holds.

Lemma 4.3.3. Letx,y € E, x # y. The G-compensator of the counting measure
Né; is of the form

/X ((0, t]):/ vX(ds), 1> 0,
(0,7¢]

Proof. Since X isa G- Markov chain, by Proposition 4.3.2 the G-compensator
of N, X is of the form vy, (dt) = Lix,— })\Z( )dt. Hence, using (4.2.5), we obtain

Tt

Lix,—ajApds = /0 vy, (ds).

[]

. t
Vﬁ/((ovt]):/o ]l{X(TS):x}g(S,XTS))\;dSI/O

Now we can proceed to the proof of Theorem 4.3.1.

Proof of Theorem 4.3.1. We will denote x = (2!, 2?), y = (y',%?) for any x,y €
E. By Lemma 4.3.3

dpen= 3 o= [ = [T

22 y?€eE? x2y2eE?
i/HMHMM)@_/‘MkM&Qﬂ&&M&
0 0
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On the other hand, by Proposition 4.3.2, X!is a G-Markov chain if and only if
for all #! # y' there exists a locally integrable function A;ll)yl : [0, 00) = [0, 00)
such that ugi;l (dt) = 1{&1:%1}5\(1) (t)dt. Hence X' is a G-Markov chain if and

xlyl
only if

Vo1 500 such that ]I{Xg:xl})‘g;ll)ylg(t, X)) = 1{)@::51}5\531121 (1) P®dt-ae.

B (4.3.1)
We will show that (4.3.1) is equivalent to the condition (ii) from the statement
of Theorem 4.3.1.

Assuming (ii), we get (4.3.1) by taking 5\;11)1}1 (t) = q1(t, xl))\gl)yl. Indeed, for an
(1)

absorbing state 2! this means Xxlyl (t) = 0, so the equality is satisfied trivially,
whereas for a non-absorbing state it follows directly from (ii).

Conversely, assume (4.3.1) and take a non-absorbing state z'. Then there ex-
ists g1 € E', ' # 2! such that )\(xll)gl > 0. By (4.3.1) there exists a function
5\(;121 [0,00) — [0, 00) such that

Ly M9 X0) = Ty A (0.

Dividing both sides by )\;11) we obtain

gl
. A ()
'y
L=y 96 Xe) = Ly =1
xlgl

Since the LHS of the above equality does not depend on g, neither does the ratio
)\ill)gl (t)/ )\53111]1, hence we may take

M@ .

t 1) :‘\(i’—) if z* is non-absorbing,
al,x) = 21l
0 otherwise.
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Naturally we can formulate the analogue of Theorem 4.3.1 for the second coor-
dinate.

Corollary 4.3.4. Assume that X? is an F-Markov chain. Then the following
conditions are equivalent:

(i) X2 is a G-Markov chain,

(ii) there exists a function go: [0,00) x E* — [0,00) such that for all non-
absorbing states x> € E*

Lxz—om9(t: Xia?) = L g2y 92(t,2?) P @di-ae.

Moreover, if (ii) is satisfied, the intensity matrix of)A(2 is of the form

~

AP () = [ga(t, )N oo yoere,

where [A;%LQ]xz’yzeEz is an intensity matrix ofXQ.

Corollary 4.3.5. Assume that X is Markov consistent. Then the process X is
Markov consistent if and only if condition (ii) from Theorem 4.3.1 and condition
(ii) from Corollary 4.3.4 are satisfied for g.

Our next problem is whether we can impose Markov consistency property by
introducing an appropriate change of time. Obviously taking ¢ = 0 induces the
trivial change of time 7 = 0, so the time-changed process X = Xy is constant,
and thus Markov consistent, regardless of the properties of the original Markov
chain X. Henceforth we are interested in changes of time which are not iden-
tically zero (or, in general — for other types of changes of time — not constant).
We introduce the following class of Markov chains.

Definition 4.3.6. A Markov chain X is called quasi Markov consistent if there
exists a change of time 7 # const such that X is Markov consistent.

We will study examples of quasi Markov consistent processes in the framework
of inhomogeneous time change equations.
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Towards this end we will use condition (M) from Bielecki et al. [15], which
is a sufficient (but not necessary) condition for a Markov chain to be strongly
Markov consistent. We recall the condition for the convenience of the reader.

Theorem 4.3.7 ([15], Proposition 5.1). Let Z = (Z', Z*) be a Markov chain on
2

El x E? with intensity matrix Q(t) = [qzjllff (t)]. If forallt > 0

2

1,.2 172
\V/xl;«éylva,ﬁEE? Z C]Z1§2 (t) — Z QZ1§2 (t)’

y2€E2 y2€E2 (M)
1,.2 51,.2
\V/xQ;«éy2vx1,§31€E1 Z CI;E1§2 (t) - Z q;El;Q (t)7
ylep! ylep?
then Z is strongly Markov consistent.
Recall that the intensity matrix of the process X is of the form
A(t) = { t,at, )\xle] :
()=l 0| o)y
so condition (M) for the process X reads
1,.2 ~ 142
\V/t>0 \V/xl#yl \V/xQ’i,QGEQ g(t,l’l,.’L'Q) Z 51;52 - g(t,xl, 5132) Z )\31;62 = O,
y2eF? y2eR? (M)
1,.2 ~ ~1,..2
\V/t>() va#yZ \V/xl’i,leEl g(t, I’l, ZL‘2) Z 5152 - g(t, l’l, $2) Z )\;1;:2 =0.
yleEl yleEl

In order to verify whether X is quasi consistent we need to solve the above
system of linear equations with respect to g. Note that the system consists of
(m + n)(m — 1)(n — 1) equations and only mn unknowns. Let A denote the
matrix of the system (M) (note that A does not depend on t). Then we have the
following easy observation.

Proposition 4.3.8. If rank(A) < mn, then the Markov chain X is quasi consis-
tent and any nontrivial solution g* of system (M) gives a desired change of time.

Remark 4.3.9. Since condition (M) is not necessary for Markov consistency,
the condition rank(A) < mn is not necessary for X to be quasi Markov con-
sistent, even if we reduce ourselves to the class of time change equations of the
form (4.2.1). However, this condition is easily verifiable by simple computation.
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The example below is a version of Proposition 4.3.8 for two-element state spaces
Eland E2

Example 4.3.10. Let B! = E? = {0,1} and denote g (t) := g(t,k,1) for
k,l € {0,1}. Then the number of equations and unknowns of (M) is equal and
the system takes the form

,900 £) (A 4+ X)) —gon(t) (A +AY) =0
g10(t) ()\(1)(1) + )\58) gu(t) (A(lﬁ + Aé(l)) =0
goo(t) ()\85J + )\(1)9) (1) ( ) 0

() (A6 + A00) — gui(t) (Mg +Ajg) =0

| Jor(t

N\

gio(t )\(1)(1) + )‘%(1)
g11(t

Then rank(A) < 4 if and only if
(AT0 4+ A%) (Ao1 + Ago) (A6 + A1Y) (Ao + Ao) = 432)
(AT0 + AT1) (Aot + Aan) (A61 + A%9) (Ao + Ado) - o

Using the result above we can provide an example of a Markov chain which is
quasi Markov consistent, but not Markov consistent.

Example 4.3.11. Let X be a Markov chain on {0, 1}* with intensity matrix
0,0) (0,1 (1,0) (1,1

(0,0) 5—|—Cl ﬁ—FCl 07
A= (0, D] a+c : B a+c

(1,0) 0 vy — 0

(1,1) J 0 0 —6

where o, 3,7,0 > 0,c; > —f, co > —a, ¢1 # ¢y and - means the negative of
the sum of other entries in the row. Then the intensity of transition of X! from
0 to 1 depends on the state of X2, namely

A10+)\11—Oé+6+01§é6+06+02 A10‘|—)\(1]%

Moreover, note thatfort > 0 we have P (X; = (0,0)) > Oand P (X; = (0,1)) >
0 regardless of the initial distribution of X. Hence for all ¢ > 0

Lix,—0.00 (A0 + AN # Lix,—01)) (Al + A7)
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with positive probability. Thus by Theorem 1.8 from [13] we conclude that X
is not strongly Markov consistent with respect to X!. By similar argument X
is not consistent w.r.t X? either. On the other hand, it is easy to see that the
condition (4.3.2) is satisfied for X, so X is quasi Markov consistent. We will
find such a change of time that X is consistent. The solution of (M) is of the
form

(t)——5
0 = o
)
t:—
Gor(t) Btatc

)
gi0(t) = ;f (t)
gu(t) = f(1)

for all ¢ > 0, where f is any locally integrable, cadlag nonnegative function.
The intensity matrix of X takes the form

§(B4c1)  0(B+cr) Sau
B+a+ci  ptatce;  Btate;

A 0(a+ca) . 03 0(atca)
t) = f(t) | Prate Btatcy  frate
W=10) | Fem e e

o 0 0 —0

One can easily verify that X indeed satisfies condition (M) and hence is strongly
Markov consistent.

4.4 Change of time in asset price model - regime switching
diffusion

In this section we study the time-changed asset price models, where the change
of time is a solution of a time change equation (4.2.1) induced by an independent
Markov chain. In the first part we will show that changing time in the diffusion
process leads to a regime-switching diffusion process.
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Consider an n-dimensional asset price process S = (S%,...,S") given as a

strong solution of an SDE
dS; = m(S;)dt + X(S;)dW;, (4.4.1)

where m: R" — R, 22: R” — R™*? and W is a d-dimensional standard Brow-
nian motion. Suppose X is a Markov chain on a finite state space F, indepen-
dent of IV, representing states of economy. Let 7 be a change of time given by
(4.2.1) for an appropriate function ¢. By S we denote the time-changed process
of the asset price.

Let us fix our attention for a moment on the financial interpretation of a time
change in asset price models. We may see 7; as business time (or business clock)
at calendar time ¢, which depends on the order flow up to time ¢. The process
g(t, Xt) is then interpreted as an instantaneous business activity rate. It may be
observed that business activity is influenced by the states of economy at time ¢
(represented by the Markov chain X)), but it may also vary in time due to some
non-random effects. The fact that g depends on X and is time-inhomogeneous
captures both of these phenomena. Intuitively, and what may be seen in the
result of Theorem 4.4.4, the more active the business day is, the higher is the
volatility of the asset price (see Carr et al. [18] for more detailed interpretation
of a general change of time in asset price models).

The next theorem shows that the process (S X ) forms a particular stochastic
volatility model, namely a regime-switching diffusion process. Let us start with
recalling the definition of such processes (see e.g. [66], Section 2.2).

Definition 4.4.1. Let (a4):>¢ be a continuous-time Markov chain on a finite
state space E with intensity matrix ) and let (1W});>( be a d-dimensional Brow-
nian motion independent of . Suppose a: [0,+00) x F x R — R" and
b: [0,4+00) x E x R" — R Then a two-component process (£, «) satis-
tying

dft = a(t, O, ft)dt + b(t, A, gt)th, t e (0, T], (442)

is called a regime-switching diffusion.
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Remark 4.4.2. Regime-switching diffusions may also be defined in a more gen-
eral way, where (oy);>¢ is a right-continuous process on a finite state space £
with an z-dependent generator Q)(z) (which allows the intensity of jumps of «
to depend on &). However, for our purposes we will only need the particular
case when « is a Markov chain.

In order to ensure the existence and uniqueness of solution of (4.4.2), we will
often refer to the assumption on the coefficient functions (weaker than linear
growth condition) which we present below. This assuption together with local
Lipschitz condition are sufficient to guarantee the existence of a unique solution
of (4.4.2) (see Theorem 3.17 in [47]).

Assumption 4.4.3. There exists a constant K > 0 such that for all (t,k,z) €
0,7] x ExR"

1
a(t,k,x) + §\b(t, k,z)|* < K(1+ |z). (4.4.3)

Theorem 4.4.4. Let S be an asset price process given by (4.4.1), where functions
m: R" — R" and ¥X: R" — R™* are locally Lipschitz and satisfy for all x € R"

z-m(z) + %\Z(:c)ﬁ < k(14 |z (4.4.4)

for some constant k > 0. Fix a finite time horizonT' < oc. Then the time-changed
asset price process S is a unique strong solution of

dS; = m(Sy)g(t, X;)dt + S(S)) V(¢ X)dBy, t€[0,7T], (4.4.5)

where B is a d-dimensional G-standard Brownian motion independent of X .

Proof. Let Z be a d-dimensional standard Brownian motion with respect to the
filtration G, independent of W and of X. Define process B as

B! = =1,...,d.

t
/ \/7 o550y AW () + /Oﬂ{gw,&):()}dzfv t
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Then B is a standard G - Brownian motion. Indeed, (W,) is a continuous G -

local martingale. Moreover, since T is continuous in ¢, (W'), = (W'), = 7, for
i=1,...,dand for i # j we have (W}, W), = (W' W7)_ = 0. Hence

' t 1 t
B’ :/ —1 5 dTu—I—/ 1 o mdu =
< >t 0 g(U,Xu) {g(u,X,)>0} 0 {g9(u,X,)=0}

t t
= /0 Ly x,)>0pdu + /0 Ligqux,)—oydu =1
and for ¢ # j -
(B, B, = 0

for all ¢ > 0. So B is a continuous G - local martingale and it then follows
from Lévy theorem that B is a standard G - Brownian motion. To see that B is
independent of X we need to consider the conditional law of B given X.

First, note that for a nondecreasing, measurable function h: R, — R, and a
function f € L?([0,T],dh), for any ¢ € [0,T] we have

/f dWhNN(/f2 dh)

The proof of it is essentially the same as the proof of the analogous property
for Paley-Wiener integral.

Fix | € {1,...d}. Form € Nand 0 < t; < --- < t,, < T consider a ran-
dom vector (Bj,, ..., B; ). Since X is independent of W and of Z, and since 7
depends only on X, by the remark above for u = (uy,...,u;) € R we have

FY) = e (—3a"D00W)

E ( (B:‘{l 77777 fm

where forany j,k=1,...,m

tiNt 1 tiNty
D-kX:/ —1, . % dTu+/ L ux y—md =t; Aty
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Thus for all I € {1,...,d} vector (B ,...,B; ) is independent of F3, and
since m € N and the sequence (t1, . .., t,,) were arbitrary, the whole process B
is independent of X.

To finish the proof we need to show that S is a unique strong solution of (4.4.5)
with B defined as above. Indeed, by (4.2.5) and Proposition V.1.5 in [54] we
have

S, SO—I—/ m( du—i—/ ¥(S,)dW,
0

t
—So+/m )du+/2(§u)dW
0
t
=Sy + / m(S X,)du + / 2(Su)\/ g(u, X,)dB,,.
0

Note that (4.4.5) admits a unique solution on a time interval [0, 7]. Indeed,
since m and X are locally Lipschitz, the coefficients a(t, k, x) := m(x)g(t, k)
and b(t, k, x) := X(x)+/g(t, k) are locally Lipschitz with respect to = uniformly
ink € EFandt € [0,T]. Moreover, by (4.4.4) functions a, b satisfy Assumption
4.4.3 with a constant

K= sup g(t k)k.
(t,k)el0,T|xX
The uniqueness of solution follows then from Theorem 3.17 in [47]. ]

Remark 4.4.5. One of the motivations for representing stochastic volatility
models as time-changed processes is its possible application for calculating
characteristic function of the log-price of an asset. This quantity is useful for
numerical pricing of financial derivatives (see e.g. Carr, Madan [17]). Consider
process (.S;)+>0 and (any) change of time (6;);>( independent of S. Assume that
the process x defined as x; := log ( t) is a Lévy process (which - in the diffu-
sion case - is satisfied when S is a Geometric Brownian Motion with drift) and
denote by v its characteristic exponent. Let the asset price process be modelled
by (S)i=0 = (S, )i=0. We would like to calculate the characteristic function of

the log-price z; := log (%) = x¢,. Note that
0
E exp (iud;) = E (Eexp (iuzg,)|6;) = Ee’¥®. (4.4.6)
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Thus, in order to calculate the characteristic function of Z one only needs to
know the characteristic function of  and Laplace transform of 6. For more on
time-changed exponential Lévy models see Carr, Wu [18].

In the second part of this section we will consider a reverse problem - given an
n-dimensional regime-switching diffusion, can we represent its coordinates by
time-changed diffusions? For simplicity of notation, without loss of generality
take n = 2. Consider a regime-switching diffusion (S,Y"), where S = (S, 5?)
and Y = (Y!,Y?) is a two-dimensional Markov chain. More precisely, in
Theorem 4.4.7 we will answer the following question. Do there exist one-
dimensional diffusions R! and R?, i.e. processes satisfying

dR. = p;(R)dt + o;(R)dB}, i=1,2

and changes of time 7! and 72 (induced by one-dimensional Markov chains X!,
X?), such that for i = 1,2 the law of S” is equal to the law of R'(7")?

Such a representation is useful for many reasons. First, note that processes
R' are one-dimensional diffusions independent of the time changes 7. Hence
instead of considering (5!, 5%), we may consider separately processes R' and
R? without any reference to the dependence structure of the whole process.
This phenomenon is fundamental for models based on Markov copulae (Markov
structures), which find many applications in financial mathematics — for exam-
ple in credit risk analysis. The examples of Markov copula models in finance
may be found e.g. in the papers by Bielecki, Cousin et al. [8] or by Bielecki,
Crépey et al. [10]. Secondly, if process R’ is a Geometric Brownian Motion with
drift, then by (4.4.6) one can calculate the characteristic function of the log-price
log (S;/S}) using the characteristic exponent of R’ and Laplace transform of 7
(see Remark 4.4.5). Moreover, the time changes 7! and 72 depend only on one
dimensional Markov chains, not on the whole chain Y, which simplifies com-
putations by decreasing effectively the number of regimes to consider. The idea
of changing time differently for R' and R? corresponds to the fact that the busi-
ness time for various assets may differ, also by depending on different factors.
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Let Y = (Y'!,Y?) be a weakly consistent Markov chain (i.e. such that each
coordinate of Y is a Markov chain with respect to its own filtration) on a state
space £/ = I 1 % EZ?, such that the intensities of Y are of the form

At = git, k)gl), k1€ E, teR, i=1,2

where g;: R, x E' — [0,00) are Borel measurable functions such that for
all z € E' functions s — g;(s, z) are right-continuous and locally integrable.
Assume also that [%E;?]k,le g 1s a Q-matrix for i = 1, 2.

Consider a two-dimensional regime-switching diffusion process (S, Y7):cp0,7),
T < o0, of the form

dS; = m(t, Vs, Sp)dt + (¢, Y, Sp)dW7, (4.4.7)
where m: R, x E x R? - R?and ¥: R, x £ x R? = M;,»(R) satisfy
mi(t, k?, $) = gi(t, k?z)[tz(ilj’z), 1= 1, 2 (4.4.8)

and
02-21(15, k,x)+ U?Q(t, k,x) = g;(t, ki)af(xi), i=1,2. (4.4.9)

where we denote k = (ki,ks) € E. Suppose additionally that 0: R — R?,
p: R — R? are locally Lipschitz and that o;, ; satisfy (4.4.4) for i = 1,2.
Note that this implies that m, > are locally Lipschitz in x and satisfy Assump-
tion 4.4.3, which in turn implies the existence and uniqueness of solution of (4.4.7).

First, we will prove that the components of Y are equal in law to the time-
changed Markov chains.

Lemma 4.4.6. Under the above assumptions there exist Markov chains X 1 X2
respectively on E' and E?, such that (Y’) =L (X;) fori =1,2 and T for
v = 1,2, is the solution of the time change equation

t
T;':/ gi (s, X' (7)) ds. (4.4.10)
0
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Proof. We will prove the lemma for i = 1. Since QY := [q](ﬂ})]k,leEl is a Q-
matrix, there exists a Markov chain X! on the state space £ with intensity
matrix QW) such that £(X}) = L(Y7). Let 7! be the solution of (4.4.10). From
Theorem 4.2.6 we know that the process X! := X!(7!) is a Markov chain
with intensity matrix A)(¢), where A,S)(t) = qi(t, k)ql(;). Hence £ (Y') =
L(Xh). O

It appears that the above conditions are enough to guarantee that the compo-
nents of S are equal in law to the time-changed diffusion processes.

Theorem 4.4.7. Let S be a two-dimensional regime-switching diffusion process
satisfying (4.4.7), where m and 3 satisfy the assumptions (4.4.8) and (4.4.9). Then

L(S) =L (R.),
where 7' is as in Lemma 4.4.6 and R’ is a unique strong solution of the SDE
dR! = p;(R)dt + o;(R))d B, (4.4.11)

where B = (B!, B?) is a standard two-dimensional Brownian motion.

Proof. We will prove the theorem for # = 1. By Lemma 4.4.6 there exists a
Markov chain X' and a change of time 7' such that £ (Y') = £ (X},) and 7'
is the solution of the time change equation

t
Ttl = / g1 (S,Xl(Tsl)) ds.
0

Note that since o1, pt1 are locally Lipschitz and satisfy (4.4.4), the equation (4.4.11)
admits a unique solution. Let B! be a standard Brownian motion independent
of X! and let R' be the unique solution of (4.4.11). Denote k! = (R'(7})) .,

and X! = (X)) +~o- Then by Theorem 4.4.4 (]i;l, Xl) is a regime-switching
diffusion given by the SDE
dR'; = pu(R})gi(t, X})dt + o1 (R})\/ ar (1, X})d By,
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with B! independent of X'. On the other hand, by (4.4.7) and assumption
(4.4.8), S! is a strong solution to

dStl — :ul(Sfl)gl(t? Y;‘l)dt + Oll(tv Y;fu St)thl + 0-12(t7 Y;fa St)thz'

Let Z be a one-dimensional standard Brownian motion independent of W and
of Y. Define

~ t 011\U, }/ua Su O12\U, }/ua Su
Wy = / Lo (52)o1 (¥ 0} 111( ) =dW, + 121( ) =AW,
0 Jl(su) gl(uvyu) Jl(Su) gl(uayu)

t
+ / Lo (82)g1 (u,v2)=0yd 20
0

Then the process W! is a continuous local martingale. Moreover, by assumption
(4.4.9) we see that
<W1>t =1,

so W' is a standard Brownian motion. Note that, since Y is independent of
(WL, W? Z), the latter is a Wiener process with respect to the filtration

= (A" F)

>0

Thus W' is an H - standard Brownian motion. In particular, W' is independent
of Hy = F.. Thus the processes W*! and Y are independent. Moreover

S} = pu(S)g1(t, Y1)t + 01(S) )/ gn (8, V1AW,

Thus, since £ (Yl) = E()fl), we see that £ (Sl) = E(}%l). O

4.5 Monte Carlo simulations of the time-changed process

In this section we will present the application of change of time to Monte Carlo
pricing of European options. Let S be a geometric Brownian motion

dSt = TStdt + O'Stth, (451)
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and let 7 be a change of time given as a solution to the TCE (4.4.10) for an
appropriate function g and a Markov chain X. Then by Theorem 4.4.4 the time-
changed asset price process S is a regime-switching diffusion

d:g\t = T’g(t, Xt)gtdt + g1/ g(t, Xt)gtdBt.

The quantity rg(¢, )A(t) plays arole of a stochastic interest rate, while o4/ g(¢, )?t)
— a stochastic volatility.

Consider a European-style option w(gT) with maturity 7". Then its price at time
0 is calculated as

II, = Ee™ Jo rg(t’Xt)dtw(gT) =Ee " w(S5;,).

Hence, to be able to price it using Monte Carlo simulations, instead of simulat-
ing regime-switching diffusion and the stochastic interest rate, we only need to
simulate geometric Brownian motion S and the change of time 7. In order to
simulate the time change 7, we first draw simulation of X according to its gen-
erator matrix A, and then use the explicit solution of the TCE given in (4.2.2).
The Markov chain X and the GBM S are simulated using standard techniques,
see e.g. [5]. Note that this procedure, i.e. simulating GBM and change of time,
would be very useful also for pricing Asian or American options, whose prices
depend on the whole path of S.

We will start with presenting some results of simulations of time-changed Markov
chains and time-changed geometric Brownian motions for particular changes
of time. We consider Markov chain X on a state space £ = {1, 2, 3}, starting
from 1 and following the intensity matrix

-3 2 1
A= 4 —6 2
0.5 1.5 —2
In addition, we consider changes of time 71, . . ., 74 given by equations

t
7;(t) = / i (S,Xﬁ(s)) ds, 1=1,...,4
0
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Various changes of time

20-

Ty
15- Tz
—_— ‘[3

Ty

10-

P

0- —
0.0 25 5.0 75 10.0
Time
Figure 4.1: Sample paths of changes of time 74, ..., 74.

for functions g1, . . ., g4, which are presented in Table 4.1. Note that only the first
function g, is time-independent, which makes 77 time-homogeneous, whereas
To, T3 and 74 are inhomogeneous changes of time.

Table 4.1: Functions corresponding to changes of time 7, ..., 7.
k=1 k=2 k=3
g1(t, k) 1 % 2
getk) | 1 Y2 2t
g3(t, k) 1 o el
ga(t, k) 1 2t 3t*

Let S be given by 4.5.1, with Sy = 100, r = 0.01 and o = 0.1. The process .S will
be time-changed according to 7, . .., 74. We draw simulations of X and S and
then we simulate 7;, 2 = 1, ..., 4 using (4.2.2). The graphs of these changes of
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Figure 4.2: Sample paths of Markov chain (X;) +>0 and time-changed Markov chains X, ),
XTQ(t) and XT4(,5).

time and sample paths of time-changed Markov chains are presented in Figures
4.1 and 4.2 respectively. The graphs of sample paths of asset price processes
S-,(.) are depicted in Figure 4.3.

Let us denote by 71, T3, . .. the jump times of X and by p!, pb, ... — the jump
times of X ) fori = 1,...,4. Note that in state k¥ = 1 the clock "runs nor-

mally", i.e. if X, =1 for some j € N, then

TjH—Tj:p;H—pj- as. foralli =1,...,4.

From the formula for g, we see that the time change 74 speeds up in both states
k = 2 and k = 3, however the acceleration is smaller in £ = 2. For the other
time changes state £ = 2 is decelerating and k = 3 - accelerating. Naturally,
time-changed Markov chains tend to stay longer in the decelerating states and
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jump out quickly of accelerating states (which is also noticeable in Figure 4.2),
which results in 7 and 73 being on average much slower.

This categorization of states may reflect possible economic condition, where
k = 1 represents a "neutral state", k = 2 — lower business activity and k = 3 -
higher business activity. Functions g, . . ., g4 are responsible for the sensitivity
of the transaction flow to the changes of the market.

110-
100-
100-

S
S(ta(t))

90-
90-

80- , | : : : : 80- .,
0 1 2 3 4 5 0 1 2 3 4 5
Time Time
105- 140-
100-
= 95- S
% <
ad) 90- Nad)
o 9 100-
85-
80- , ) : : : ) 80- ; ; ; i
0 1 2 3 4 5 0 1 2 3 4 5
Time Time

Figure 4.3: Sample paths of asset price process S (top left) and of time-changed asset prices
St (¢ (top right), S7, ;) (bottom left) and S7, ;) (bottom right).

Similarly to Chapter 3.3, we price three kinds of options:
« Standard European call option, w(S7) = (S — K)*
« Power options w(Sy) = (5S¢ — K)" fora = 1.3

« Self-quanto options w(St) = S7(Sr — K)*.

For each kind we set the maturity 7' = 3 years.
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We run N = 50000 simulations and then price the options for various strike
prices K, for each time change 71, . . ., 74 separately. In order to compare the re-
sults with the classical Black-Scholes model, we also introduce the time change
To(t) = t. The prices of options for those time changes are presented in Figures
4.4, 4.5 and 4.6. One can also find the exact prices for selected strikes in Table
4.2.

Table 4.2: Option prices for various changes of time.

Option European call | Self-quanto | Power, a = 1.3
Strike K 100 100 400
S (Black-Scholes) 8.380 1064.047 44.367
S(m) 7.485 930.552 38.857
S(72) 7.171 874.893 37.581
S(13) 7.193 881.072 37.549
S(74) 11.730 1652.923 62.718

For all kinds of options, the prices for change of time 74 are dominating other
prices. This result is intuitive, since this is the only accelerating change of time,
which makes the volatility of the time-changed process on average the highest.
For 71, 79 and 73, the prices are lower than in the Black-Scholes model, which is
consistent with the fact that those changes of time are decelerating. Note also
that the difference between the prices for 7, and 73 is negligible for most cases.
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Prices of European call options depending on a change of time

15- To
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0

Figure 4.4: Prices of standard European call options on S for various time changes 7, ..., T4.
To (red line) corresponds to the Black-Scholes model.

Prices of self-quanto options depending on a change of time

2000- To
—

— 1,

1500- &

1000-

500-

90 95 100 105 110
Strike
Figure 4.5: Prices of self-quanto options on .S for various time changes 7y, . .., 74. 7y (red line)

corresponds to the Black-Scholes model.
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Prices of asymmetric power options depending on a change of time
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Figure 4.6: Prices of asymmetric power options on S, for o = 1.3 for various time changes
To, - - -, T4- To (red line) corresponds to the Black-Scholes model.
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