University of Warsaw
Faculty of Mathematics, Informatics and Mechanics

Tomasz Galazka

Martingale methods
in selected topics of harmonic analysis

Supervisor

dr hab. Adam Osekowski
Institute of Mathematics
University of Warsaw

March 2022



Author’s declaration:
I hereby declare that this dissertation is my own work.

Date Signature

Supervisor’s declaration:
The dissertation is ready to be reviewed

Date Signature



Summary

This thesis can be regarded as an illustration of the fruitful interplay between martin-
gale theory and harmonic analysis. Specifically, we will be concerned with a number of
martingale inequalities which are motivated by certain questions coming from the theory
of Fourier multipliers and Fourier analysis on the unit disc. We will be particularly inter-
ested in obtaining the optimal values of the constants involved. Such extremal problems
arise in various contexts in analysis, for example, when one tries to compute explicitly
norms of some given operators, which, in turn, is often useful in the theory of PDEs and
approximation.

It should be emphasized that the main contribution of the thesis is of probabilistic
nature. In our considerations below, the main difficulty will lie in the proofs of sharp
inequalities for martingales. The analytic component will serve as an interesting and
intriguing motivation and application.

The dissertation consists of five chapters, which are devoted to the following topics.

Chapter 1 has a preliminary character and it contains some background on the objects
which will appear later in the text. In particular, the reader can find there some basic
information on the martingale theory and some foundations of the theory of Fourier
multipliers (both in the Euclidean and non-Euclidean setting), as well as some simple
material from harmonic analysis on the unit circle.

Chapter 2 is devoted to the alternative proof of the celebrated LP-estimates for differ-
entially subordinate martingales. This result was originally established by Burkholder in
the eighties, our approach exploits a novel duality argument. In addition, we also present
a number of basic applications: Littlewood-Paley-type estimates and LP-inequalities for
Riesz transforms on Lie groups and spheres. The material in this chapter was taken from
the paper written jointly with R. Bafiuelos and A. Osekowski.

Chapter 3 contains the significant extension of sharp strong- and weak-type estimates
for martingale transforms and stochastic integrals. The novelty comes from the fact that
we drop the assumption of the boundedness of the transforming sequence (integrand),
which is typically imposed in the literature. Instead, we allow it to belong to an L”
space; consequently, the martingale transform (stochastic integral) acts boundedly as an
operator from L9 to LP, where 1/p = 1/q + 1/r. The main result of Chapter 3 identifies
explicitly the norm of this operator, along with its weak-type version. The contents is
taken from the joint work with A. Osekowski.

Chapter 4 is concerned with the sharp weak-type estimate for the periodic Hilbert
transform, a fundamental singular integral operator. To accomplish this, we construct a
certain special superharmonic function on the plane, which yields an interesting estimate
for martingales satisfying the orthogonality condition. This inequality leads directly to
the estimate for the Hilbert transform, it is also shown to produce the corresponding
result for Riesz transforms on compact Lie groups. The material from this chapter comes
from the joint work with A. Osekowski.

Chapter 5 is the final part of the paper and concerns a slightly different type of problem
which, however, will also be solved with the use of martingale methods. We leave the con-
text of Fourier multipliers and move towards complex harmonic analysis on the unit circle.
We will be interested in the quantitative version of H'-BMO duality; more precisely, we
will compute the best constant in Fefferman’s inequality in the conformal setting. The
proof will exploit several deep facts coming from the complex analysis of several variables.



This will allow us to construct a certain special plurisuperharmonic function, which, in
turn, will furnish an appropriate sharp estimate for analytic martingales. The contents
of the chapter is taken from the joint work with A. Osekowski.
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Streszczenie

Celem niniejszej rozprawy jest zilustrowanie wybranych zwigzkow i zaleznosci pomiedzy
teorig martyngalow a analiza harmoniczna. Sciglej, bedziemy badaé¢ pewne nieréwnosci
martyngatowe, motywacja dla ktoérych sa naturalne pytania pojawiajace si¢ w teorii
mnoznikow Fouriera i analizie Fourierowskiej na okregu jednostkowym. Polozymy szcze-
gblny nacisk na optymalnosé¢ statych wystepujacych w badanych nieréwnosciach, co ma
istotne zastosowania w réznych dziedzinach analizy; przyktadowo, wspomniana optymal-
no$¢ czesto prowadzi do wyznaczenia norm pewnych specjalnych operatoréow, co z kolei
ma znaczenie w teorii rownan rozniczkowych i aproksymacji.

Nalezy podkresli¢, ze gtowny wktad pracy ma probabilistyczny charakter. W rozwaza-
niach ponizej, zasadnicza trudnosé¢ bedzie spoczywaé¢ na dowodach odpowiednich nieréw-
nosci dla martyngaléw, natomiast sktadnik analityczny bedzie raczej pelnil role ciekawej
motywacji (zastosowania).

Rozprawa sktada sie z pieciu rozdzialdéw, poSwieconych nastepujacym zagadnieniom.

Rozdzial 1 ma charakter wprowadzenia i zawiera niezbedne definicje, ktore beda przy-
datne w dalszej czesci pracy. W szczegolnosci, znajduja sie tam podstawowe informacje
na temat teorii martyngalow oraz teorii mnoznikow Fourierowskich (zaréwno w kontekscie
euklidesowym, jak i nieeuklidesowym), jak réwniez proste fakty z analizy harmonicznej
na okregu jednostkowym.

Rozdzial 2 poswiecony jest alternatywnemu dowodowi oszacowania w LP dla martyn-
galow speliajacych warunek silnej dominacji. Pierwotnie wynik ten zostal uzyskany przez
Burkholdera w latach osiemdziesiatych, w pracy prezentujemy pewne nowe, dualne pode-
jécie do tego problemu. Przedstawiamy réwniez podstawowe zastosowania uzyskanego
wyniku: oszacowanie typu Littlewooda-Paleya oraz nier6wnosci w LP dla transformat
Riesza na grupach Liego i sferach. Rozdzial jest oparty na wynikach ze wspolnego artykutu
z R. Banuelosem i A. Ose¢kowskim.

Rozdzial 3 zawiera znaczace uogdlnienie optymalnego oszacowania silnego i stabego
typu dla transformat martyngatowych i catek stochastycznych. Wzmocnienie polega
na tym, ze porzucamy zalozenie o ograniczonosci ciagu transformujacego (funkcji pod-
catkowej), ktore zazwyczaj widnieje w pokrewnych rezultatach w literaturze. Zamiast
tego dopuszcezamy, aby powyzszy ciag (funkcja) nalezal do przestrzeni L"; w konsekwencji,
transformata (catka stochastyczna) okazuje sie by¢ ograniczona jako operator dziatajacy
z przestrzeni L9 do przestrzeni LP) gdzie 1/p = 1/q + 1/r. Glownym rezultatem tego
rozdziatu jest zidentyfikowanie dokladnej normy tego operatora, wraz z jego wersja dla
stabych przestrzeni LP. Wynik pochodzi ze wspoélnej pracy z A. Osekowskim.

Rozdzial 4 dotyczy optymalnej nieréwnosci stabego typu dla okresowej transformaty
Hilberta, fundamentalnego operatora singularnego. Konstruujemy pewng nadharmo-
niczna funkcje na plaszczyznie, ktora pozwala uzyskac interesujace oszacowania dla mar-
tyngalow spelniajacych warunek prostopadtosci. Oszacowania te prowadza do nieréwnosci
dla transformaty Hilberta, a wynik rozszerzamy na transformaty Riesza na zwartych gru-
pach Liego. Rozdzial jest oparty na wynikach ze wspolnego artykutu z A. Osekowskim.

W ostatniej czesci pracy, Rozdziale 5, badamy nieco inny rodzaj problemu, wciaz uzy-
wajac metod martyngatowych. Opuszczamy kontekst mnoznikoéw Fouriera i skupiamy sie
na zespolonej analizie harmonicznej na okregu jednostkowym. Zajmujemy sie dualnoscia
pomiedzy przestrzeniami H' oraz BMO, a doktadniej, identyfikujemy najlepsza stala
w nierownosci Feffermana w przypadku konforemnym. Dowdd opiera sie na gltebokich



faktach z analizy zespolonej wielu zmiennych, ktore pozwalaja skonstruowaé¢ pewna spec-
jalna funkcje plurinadharmoniczna - obiekt ten prowadzi do odpowiedniej nieréwnosci dla
martyngaléw analitycznych. Wynik pochodzi ze wspoélnej pracy z A. Osekowskim.
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Chapter 1

Preliminaries

1.1. Martingales

Let us introduce the necessary probabilistic background for our further study. For the
more detailed and systematic presentation of the theory of stochastic processes, we refer
the reader to the monographs [15] and [17]. The discussion on martingale transforms
arising in the context of manifolds is taken from the paper [1].

Discrete-time martingales. Suppose that (Q, F,P) is a probability space, filtered by
a nondecreasing family (F,),>o of sub-o-algebras of . Let f = (f.)n>0 be an adapted
martingale; in our considerations below, we will study different contexts, in which f will
take values in R, C, a separable Hilbert space H or some separable Banach space B.
Usually, we will assume with no loss of generality that the Hilbert space H is equal to ¢>
and we will denote the corresponding norm and scalar product by |-| and (-, -}, respectively
(the symbol (-, -) will also be used below to denote the standard scalar product in R?; the
meaning should be clear from the context and should not lead to any confusion). The
difference sequence df = (df,,)n>0 of a martingale f is defined by the identities dfy = fy
and df,, = f, — fn_1 forn =1, 2, .... Equivalently, this sequence is uniquely determined
by the equations

fo=Y dfi,  n=0,1,2,....
k=0

The maximal function f* of the martingale f is defined by f* = sup,,~, |f.|- We will also
work with truncated versions of this object, given by the formula fi = maxo<n<y | f,| for
N=0,12 ...

Suppose that v = (v,)n>0 is a predictable sequence of random variables; here by
predictability we mean that vy is Fyo-measurable and, for any n = 1, 2, ..., the random
variable v, is measurable with respect to F,_1. An adapted sequence g = (gn)n>0 of
random variables is said to be the (martingale) transform of f by v, if for any n > 0 we
have the identity dg, = v,df,. We will write ¢ = v - f in such a case, for the sake of
consistency with the context of stochastic integrals (see below). Observe that if f is a
martingale and v is predictable, then the transform v - f is also a martingale.

In what follows, we will measure the size of martingales in strong and weak LP spaces.
Given a martingale f and a parameter p € (0, o0], we define the LP-norm of f by

1f1lzr = sup || ful| Lo-
n>0

If p > 1, then the sequence || f,||zr is nondecreasing and hence ||f||zr = limy, o0 || fn] -
As for the weak LP-norms, the definition is analogous: given p € (0, 00), we set

[fl| oo = sup || full Lo,
n>0
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where || f,,||Lr. is the weak LP-norm of the random variable f,,. One usually considers the

quasinorm [|€||zre = supysq (AWPP(|¢] > A))l/p, however, in the range 1 < p < oo it will
be more convenient for us to use a slightly different norming, given by

€l e = sup {P(A)l/p—l [1€ap < 4 e 7 2> o} |

It can be easily shown that this is indeed a norm. Furthermore, both norming are equiva-
lent: there is a constant x, depending only on p such that ||« || pree < ||| .00 < Bpll - || Lrooe
(here the assumption 1 < p < oo plays the key role). See e.g. [23] for details.

One of the main themes of this dissertation is the study of certain sharp estimates
involving a martingale and its transform by a predictable sequence bounded in absolute

value by 1. This problem will be studied in depth in Chapters 3 and 4.

Continuous-time martingales. Suppose that (2, F,P) is a complete probability space,
which is equipped with continuous-time filtration (F;):>o satisfying the usual conditions:
that is, we assume that the filtration is right-continuous and Fy contains all the events
of probability 0. Let X = (X;);>0 be an adapted local martingale; as previously, we
may consider scalar- or vector-valued processes. In addition, we will impose standard
assumptions on the regularity of the trajectories: we will restrict ourselves to cadlag
local martingales, i.e., those processes, whose paths are right-continuous and have limits
from the left. For any ¢ > 0, the symbol AX, = X; — X, will denote the jump of X
at time ¢ (with the standard convention Xo_ = 0). The maximal function of X will
be given by X* = sup,.,|X;|, we will also use the notation X5 = supy<,<p|X;| for
the truncated version of this object. Let [X,X] = ([X, X];)=0 be the square bracket
(quadratic variation) of the local martingale X. In the real-valued setting, this object is
given by the following limit in probability: for any ¢ > 0,

k'fl
(X, X]p = lim Z<Xt§."> - Xt§g>1)2
=1

where (t§”))k is an arbitrary sequence of partitions 0 = £ < ¢{"

P )<tg”)<...<t,(:1):t
of [0,¢] with a diameter tending to 0. We also set [X, X]. = limyoo[X, X];. If X
is an H-valued process (recall that we have assumed H = ¢?), then we set [X,X] =
Yoo ol X™, X™], where X™ is the m-th coordinate of X and [X™, X™] is the square
bracket of the real-valued process X™. By a standard polarization, the quadratic variation
gives rise to the bilinear form defined on pairs of local martingales, given by [X,Y] =

([(X+Y,X+Y]—[X—-Y, X —Y])/4 or alternatively, by the limiting procedure as above:

kn
[X,Y],=P— lim sup Z(th_n) = Xy )Yy = Yy ). (1.1.1)
Two local martingales are said to be orthogonal if their bracket is constant as a function
of t: that is, d[X,Y] = 0. We will also need the associated total variation of the pair X,
Y, which is given by

kn

t
/0 |d[X,Y],| =P —limsup » | [Xyon = Xy | [V = Y |
j=1

n—oo
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The following well-known fact from stochastic analysis will often be used. Namely, for any
martingale X there is a unique continuous local martingale part X of X, which satisfies

X, X] = [ X + [X° XY+ > |AX,  t>0. (1.1.2)

0<s<t

Furthermore, we have the identity [X¢, X¢] = [X, X]¢, where the expression on the right
is the pathwise continuous part of [X, X].

Next, suppose that H = (H;);>o is a real-valued predictable process (that is, H is
measurable with respect to the predictable o-algebra, when treated as a function on
2% [0,00)). Then the symbol H - X will denote the stochastic integral of H with respect
to X, i.e.,

t
(H-X)t:HOXOJr/ H,-dX,  t>0.
0+

Obviously, it is a continuous-time extension of martingale transform considered in the
discrete case.

Finally, we define the LP- and weak LP-norms of X in a similar manner as previously.
However, since the process is assumed to be a local martingale, the definitions need to
refer to stopping times. Namely, given 0 < p < 0o, we set

[X1[zr = sup [ Xe e, [[X][zroe = sup | Xol[zoe, X[ Lroe = sup [ X[ 1ooc
T T T

where the suprema are taken over all finite stopping times 7 relative to (F;):>o.

Martingale transforms on manifolds. The results obtained in the thesis can be applied
beyond the Euclidean setting. In our discussion below, we will use some elementary facts
from differential geometry and the theory of Riemannian manifolds, which can be found,
for example, in [29]. Suppose that (2, F,P) is a complete probability space equipped
with the filtration (F;);>o satisfying the usual conditions. Assume further that M is a
Riemannian manifold of dimension n with Ricci curvature bounded from below. Let (-, -)
be an inner product on the associated tangent space TM. A Brownian motion in M is
an (F;)>o-adapted process W = (W;);>o taking values in M such that for all smooth
functions f: M — R,

Iy = (f(Wt) — f(Wo) — %/ﬂi AMf(Ws)ds> (1.1.3)

>0

is a real-valued continuous martingale. Here A, stands for the Laplace-Beltrami operator
on M. Now, let K = ()0 be a continuous, adapted process with values in 7*M, the

cotangent space of M. We say that K is above W, if for all £ > 0 and w € ) we have
Ki(w) € Ty, ,yM. Then the Ito integral of K, denoted by Ix = (fg(le,dI/VS)) , 18

, £>0
determined by the following properties:

(i) if K¢ = df(W;) for some smooth function f : M — R, then Ix equals Iy defined
in (1.1.3).

(ii) if A = (As)i>0 is a real-valued, continuous process, then I ¢ = (fot Asd(I,C)s>

is the classical It6 integral of A with respect to the continuous martingale Ix.

t>0
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It can be verified that if IC is above W, then the process I is a continuous, real-valued
martingale, and the corresponding square bracket is given by

t
[Iic, I = / Trace(ICs @ L;)ds, (1.1.4)
0

where @ is the tensor product and (K;® L;)(w) = Ky(w) ® Ls(w) € Ty, (@ Ty (- Next,
we will define a certain transformation of the class of stochastic integrals. Assume z € M
and let End(T; M) be the family of all linear maps from T M to itself. Let End(T*M)
be the collection of all End(T:M), x € M. A bounded and continuous process A with
values in End(T*M) is called a martingale transformer with respect to W, if for all t > 0
and w €  we have Ay(w) € End(Ty, M) (in other words, A is above W). At last,
suppose that K is a continuous, bounded process with values in 7% M which is above W,
and let A be a martingale transformer with respect to W. Then A x I, the martingale
transform of I by A, is the real-valued martingale given by

t
A*IIC:]AIC: </ <A5’C5,dWS>> .
0 t>0

We introduce the norm of martingale transformer A by
|A]l = sup [A(w)e],

where the supremum is taken over all w € €, all £ > 0 and all vectors e € Ty, M of
length 1.

1.2. Fourier multipliers. Hilbert and Riesz transforms

Fourier multipliers. Most of the probabilistic statements established in this thesis will
have some profound implications in the theory of Fourier multipliers. We start with some
preliminary and very general information on this subject. For an arbitrary (appropriately
integrable) function f: R?Y — C, its Fourier transform f is defined by the formula

f&) = [ f@)essde,  €eRL
Rd

For any bounded measurable function m : R? — C, there is a bounded linear operator 7T},
on L*(RY), called the Fourier multiplier associated with the symbol m, which is defined
by the identity fm\f = m]?. A straightforward use of Plancherel’s theorem shows that the
norm of T,, on L*(R?) is equal to ||m|| e (ra)- A classical problem, which has been studied
very intensively in the literature, is to analyze those symbols m, for which the associated
multiplier extends to a bounded linear operator on LP(R?) (for all p € (1, 00); for a fixed
p from this interval; for all p belonging to some subinterval (a,b); etc.). One can also
study the boundedness properties of T, on other function spaces. A related important
question is to compute explicitly the norm of a given Fourier multiplier, as an operator
between two given spaces. The problems of this type are very challenging in general, and
the range of techniques used in their investigation is very wide.

Periodic and non-periodic Hilbert transform. From the historical point of view, the first
result in the above direction concerned the L? boundedness of the Hilbert transform H® on
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the real line (sometimes referred to as the non-periodic Hilbert transform). This operator
is defined as a Fourier multiplier with the symbol m(§) = isgn¢&, £ € R. Alternatively,
the transform can be expressed in terms of singular integrals

AR5 /fa:—

where “p.v.” means that we consider the Cauchy principal integral:

There is a periodic companion to the above operator, the so-called Hilbert transform H"
on the unit circle T = {¢ € C: || = 1} ~ (—m, 7|, which is defined by

E=Squ(s)  for f € L'(T).

Hf(e) =p.v. /7T f(s) cot

Here and below, p stands for the normalized Haar measure on T. In 1927, M. Riesz [42]
showed that H" is bounded as an operator on LP(T) if and only if 1 < p < oo. This
immediately gives the same statement about the non-periodic Hilbert transform H%: we
have |H" || o= ro(ry = ||H¥|| o) 1r() by a certain conformal mapping argument. The
explicit value of the norm was identified by Pichorides [40] and Cole (unpublished; see
the discussion in Gamelin [19]): we have

m
HH “Lp _>Lp'}1‘)—COt (2 ) 1<p<OO,
D*

where p* = max{p,p/(p — 1)}. For p = 1 the strong-type estimate fails, but, as a
substitute, there is a related weak-type (1, 1) inequality. Namely, as proved by Kolmogorov
in [27], we have ||H"||z1(r)- 100 < 00. The exact value of the norm was evaluated by
Davis [13]:

I+ 5+ +m+..
l— %+ — %+

||HT||L1(T)—>L1,O<>(T) =1.347..., (1.2.1)

under the standard norming of LP>: || f||Lr.co(r) = supysq (APu(|f] > A))l/p. As previ-
ously, the identity above remains valid in the non-periodic setting. A related result for
the norm of the Hilbert transform, as an operator from LP to LP*> for 1 < p < 2, was
obtained by Janakiraman in [26] (see also [36]): we have the equality

—-1/p
1 2og |t||”
!WﬂMﬂmammmf=WﬁhmmﬁmW®V:(_/WL___L& '
R

™

The precise norm for p > 2 is still an open problem. However, under the equivalent
norming

1
Wl = s { s [l Bem )=o) 22

(with an obvious modification for LP*(R)), Osekowski solved the problem in the full
range 1 < p < oo.
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Theorem 1.1. Under the above norming, |H" || 1e(ry—rroe(ry = ||H®|| Lo®)— oo ®) equals
([ ../ 1/p/
P +1) o (—1)F
URRDM S e ifl<p<2,
P+l — (2k + 1)pr'+1
P s /v
W2 () + 1) 1
f 2 <p<

where p' = p/(p — 1) is the harmonic conjugate to p.

Riesz transforms on RY. The Hilbert transform H® has a natural extension to higher
dimensions. Given a positive integer d, we introduce the collection of the so-called di-

rectional Riesz transforms Ry, Rs, ..., Ry on R? as Fourier multipliers with the symbols
i&/l€), 7 =1, 2, ..., d. Alternatively, these operators can be given by singular integrals
(%) 5~ y; .

One can also define R; by the formula
R; = 0; 0 (—Aga)™V2, (1.2.3)

which is very convenient when one tries to generalize Riesz transforms to the context of
Riemannian manifolds. It turns out (see Calderén and Zygmund [12], Iwaniec and Martin
[25]) that the norms of R; as operators on LP(R?), 1 < p < oo, are the same as for the
Hilbert transform on the circle:

s
=1,2,...,d.
2p*> J ) S )

| B[l o (ray— Lr(ma) = cot (
Osekowski [37] proved that Theorem 1.1 remains valid if we replace H by R;. Interestingly,
it is not known whether the aforementioned estimates of Davis and Janakiraman hold
true for Riesz transforms. Roughly speaking, the reason is that the Riesz transform is an
average of directional Hilbert transforms, and the averaging procedure is not a contraction
on L»* under the standard norming (on contrary, it is a contraction when the norming
| - ||| is used). It should also be emphasized that all the sharp results formulated above were
proved with the use of martingale methods. In some papers, this probabilistic component
is deeply hidden (e.g., martingales do not appear in Pichorides’ work [40]), however, a
closer look at the proof reveals the exploitation of appropriate stochastic structures.

The concept of Riesz transforms can be extended far beyond the Euclidean setting.
We will see in the next section how to define these operators in the context of Lie groups
and spheres.

1.3. Probabilistic representation of Riesz transforms

Now, following the classical paper by Gundy and Varopoulos 24| and Arcozzi [1], we
will connect the previous two sections and briefly describe the probabilistic representation
of (various versions of) Riesz transforms in the language of martingales. The rough,
general idea can be expressed as follows: given a function f (on R? Lie group, sphere,
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etc.) and the Riesz transform R, the pair (f, Rf) behaves in the same manner as the pair
(X,A-X), where X is a certain martingale and A - X is its appropriate transformation
(expressed in terms of stochastic integrals; it also involves a certain additional averaging
and a limiting procedure). The bottom line is that any martingale estimate between X
and A - X leads to the corresponding inequality for the Riesz transform.

Representation of Riesz transforms on RY. Suppose that Z = (X,Y) is a Brownian
motion in R? x R, starting from the origin. For any y > 0, we consider the stopping time
7(y) = inf{t > 0:Y;, = —y}. If f belongs to C3°(R?), the class of smooth functions of
compact support on R?, let P[f] : R x [0,00) — R denote the Poisson extension of f to
the upper half-space:

P[f](w,y) :=Ef (v + Xz) -
Next, for any (d + 1) x (d + 1) matrix A we define the martingale transform Ax f by
™(y)
Axf(a) = [ AVPUI(@9) + 2) - dZ.
0+

Note that A * f(x,y) is a random variable for each x, y. Now, for any f € C$°(R?), any
y > 0 and any matrix A as above, we define 77 f : R — R by the bilinear form

» Tif(z)g(x)dx = /Rd E[Axf(z,y)9(z + Xr()]dz, (1.3.1)

where g runs over C5°(R?). Less formally, 7} f is given as the following conditional

expectation with respect to the measure P = P ® dx (dz denotes Lebesgue’s measure on
R%): for any w € RY,

TAf(w) = E [Ax f(z,y)| + X = ] .

The interplay between the operators 7T and Riesz transforms is explained in the following
theorem, consult [22,24].

Theorem 1.2. Let AV = [a] |, A = [a}}], 5 =1, 2, ..., d, be the (d+ 1) x (d + 1)
matrices given by

1 ifl=d+1,m=j L .
a,={ -1 ifl=jm=d+1, a;jn:{ : %;ﬂ)ﬁ;lm—]’
0 otherwise, '

Then T2, f — Rjf and T, f — SR;f almost everywhere as y — oc.

Thus, we see that Riesz transforms can be regarded as an average of a certain mar-
tingale transformation.

Riesz transforms on Lie groups. Suppose that G is a d-dimensional compact, connected
Lie group, endowed with a Riemannian bi-invariant metric, and denote by dx the usual
Riemannian volume measure on G. Let g be its Lie algebra and fix an orthonormal basis
{X1, X5, ..., X4} of g. Consider the group G = G x R, with the product Riemannian
metric and the corresponding Lie algebra g & R. Note that if X, = 0/0y is the generator
of the Lie algebra of R, then {X;, Xy, ..., X4, Xo} is an orthonormal basis of g@® R. We
define the Riesz transform on G in the direction X; by R; = Rx, = Xj o (—Ag)™"?,
where A is the Laplace-Beltrami operator on G. This is a natural extension of the Riesz
transforms defined on R%: see (1.2.3).
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We proceed to the martingale representation. Let X, Y be two independent Brownian
motions in G and R, respectively; then Z = (X,Y) is a Brownian motion in the group
G. Fix A > 0 and suppose that Z,, the initial distribution of Z* = (Zi)1>0, is the
product measure dx X d,, where d, is the Dirac measure concentrated on {\}. Denote
Gt = G x [0,00) and define the stopping time

7o = inf{t > 0:Y; <0},

the exit time of Z from C;*f. Then (Z at)i>0 is a Brownian motion in C;““,Mstopped at
G. Let A: GT — End(T*G™) be a continuous section of the bundle End(T*G™) and set

A= (A(Zyn)) o Lhen from the very definition, A is a martingale transformer.

Now, for f € C§5°(G), let F' be its Poisson extension to G, ie., the unique C™ function
on (G satisfying

PPF
O:AGF(.T,Z/):AGF($,y>+a—y2(l',y>, x€G7y>Ou

such that F(x,0) = f(z) and F is bounded on G*, see [20] and [45] for more on this
topic. For A, f, F' and \ as above, define

T3 f(x) = E[Ax* Iup|Z,, = ],

the A-transform of f; the conditional expectation is taken with respect to the o-algebra
generated by Z,,. Since Z,, takes values in the boundary G x {0}, T} f can be treated as
a function on the group G.

Now, consider the linear map A7 : g @ R — g ® R given by

X; if m=0,
AX, = -X, ifm=j,
0 otherwise.

Since A7 is a smooth section of the bundle End(TG), the natural identification between
g @ R and its dual, lets us treat A’ as a martingale transform. Finally, the following fact
by Arcozzi 1], provides a connection between aforementioned objects and allows to use
probabilistic methods in studying Riesz transforms on Lie groups.

Theorem 1.3. If f € C3°(G), then limy_o. T f = R;f in LP(G) for 1 < p < oo. If we
replace the entry — X, by 0, then we have the convergence to —%ij.

Riesz transforms on spheres. We proceed to the concept of Riesz transforms on the
Euclidean unit sphere S¥~1 = {z € R? : |z| = 1}, equipped with the standard Riemannian
metric and normalized SO(d) invariant measure. It turns out that there are several
non-equivalent, yet meaningful definitions of Riesz transforms; roughly speaking, this
is related to the fact that there are a few ways to treat S?! as the boundary of the
d-dimensional manifold (see [2| for an overview of different types of Riesz transforms on
Sdfl).

Following [1] and [2|, we will study two types of Riesz transforms. For 1 <[ <m < d,
consider the differential operator Tj,, = 2;0,, — mO;. If 2; + iz, = re®, then T}, = %
is the derivative with respect to the angular coordinate 6 in the (x;,x,,) plane, so the



Chapter 1. Preliminaries 11

operators (Tjm)1<i<m<a form a well-defined vector field on S%1. The directional Riesz
transform of cylinder type is defined by the identity

im = Lim © (_ASdfl)_l/Q‘

To define the second type of Riesz transforms on S9!, let H;, be the space of spherical
harmonics of degree k and let

N
50:{fﬁSd_l—)Rif:ka,fk;G,Hk,N:LQ,‘..}

k=1

be the space of harmonic polynomials with null average on S~!. For a fixed f € &, let J
be the solution in B? (the unit ball in R?) to the Neumann problem with boundary data
f, normalized so that J(0) = 0. This is described by the equation

8 —1
(%) f = J|Sd—1,

where v is the outward pointing normal vector to S“"'. One can easily check that the
operator (%)_1 : L2(S%Y) — L3(S%71) acts on spherical harmonics fj, of degree k > 1 by

(%)71 fr = fr/k. The directional Riesz transforms of ball type are given by

—1
B =Tino ()

The probabilistic representation of both R and R’ is very similar to what we have seen
above in the context of Lie groups, but this time it will rest upon classical martingales
(i.e., with values in R?). To this end, consider the standard Brownian motion W =
(W w2 ..., W9 in R? starting from 0 and let 7 = inf{t > 0 : W, ¢ B¢} be the first
moment the process W exits the unit ball. Then W, is uniformly distributed on the unit
sphere S9!, Let A be a continuous function defined on B? and taking values in the space
of d x d matrices. Moreover, let f : S — [0, 1] be a smooth function and let F be the
Poisson extension of f to BY. We define the martingale transform A x F by

TAL
AsF = (/ A(W,)Va F(W,) ~dWs)
0 >0
For z € S%! we introduce the following operator
Taf(x) =E[Ax F|W, =x].

The connection between the operator Ty and both cylindrical and ball directional Riesz
transforms is described in the following theorem, see Arcozzi [1].

Theorem 1.4. For given 1 <1 < m < d, a function ¢ : [0,1] — R and x € Ed, let
A () be the matriz with entries

) o(a?)  ifi=lj=m,
A (@) =S —o(|z]*) ifi=m,j =1,
0 otherwise.
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i) if o =1, then Ta,, = RS,
ii) Suppose that d > 3 and let ¢ be defined by the formula
t
Iy(s)ds
—2t/(d—2)\ _ fo 0 £>0
(p (6 ) et _ 1 Y — )
where Io(z) = 372(2/2)7/(j1)% 2 € C, is the modified Bessel function of order 0.
Then Ty, = Ry,,.
If we replace the entry —o(|z|?) by 0, then we have the convergence to 1lef or 1R -
respectively.

1.4. H' and BMO spaces

Let f(C) = > ez f(n)¢™ be a complex-valued integrable function on the unit circle
T, equipped with the normalized Lebesgue measure p. Here for each n E Z, the symbol
f(n) stands for the n-th Fourier coefficient of f, given by f = [p (O)¢du(C). Any

such f can be extended to a harmonic function P[f] on the Closed unit dlSC D, with the

use of the formula
= [ HOPEOw(O).

Here P : D x T — R is the Poisson kernel, defined by P(z,¢) = (1 —|z|?)/|z — ¢|>.
The function f belongs to the Hardy space H'(T), a closed subspace of L!(T), if the
coefficients f(n) vanish for all n < 0. In such a case the Poisson extension P[f] of f is a
holomorphic function inside the disc D, with the Taylor series expansion

= Zf(n)z”, z € D.

n>0
More generally, for 1 < p < oo, the Hardy space HP(T) is defined as H'(T) N LP(T) and
equipped with the norm || - || ge(r) = || - || 2o (r,0)-

We turn our attention to the dual space (H'(T))*. Recall that a function f € L'(T)
belongs to BMO(T), the class of functions of bounded mean oscillation, if we have

1 1
Illzar0 =sup / 16) = / F@O)du(9)| du(C) < oo,

where the supremum is taken over all intervals (arcs) I contained in T. It is well-known
that the spaces BMO allow for a number of different, but equivalent norms (or rather
seminorms, to be precise). For example, given 1 < p < oo, one can define

|/ l2s10, = sup (ﬁ / / (s M(C))l/p

(with the supremum over the same class as above , and it can be shown that || f|| a0, <
| fllBmo, < cpllfllBmo, for some constant c, dependlng only on p. These norms, with a
distinguished case p = 2, are used widely in the real harmonic analysis. In our consid-
erations below, we will use a yet different norming, which seems to be more natural in

complex analysis. Namely, from now on, we will work with the BM O seminorm

Wllowo =528 (/ 17) ]<Z>\2P<z,<>du<c>)l/2

1/2
—Szlelﬂg( 1/1°1(z) — | PLf] \) :

(14.1)
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It can be shown that the dual space (H'(T))* is equal to the analytic BMO class
ABMO(T) = HY(T) N BMO equipped with the seminorm || - || gas0. This follows from
the classical result of Fefferman [18] and an appropriate conformal mapping argument.
For the exposition of the key properties of the space ABMO and its connections to other
areas of complex analysis, we refer the reader to the survey article [21].



Chapter 2

A dual approach to Burkholder’s L? estimates

2.1. Introduction and statement of results

The purpose of this chapter is to provide a new proof of a certain important class
of sharp martingale inequalities, established by Burkholder in the eighties. To present
the result from an appropriate perspective, let us first discuss some motivation coming
from very classical questions in harmonic analysis, which were studied intensively almost a
century ago. Assume that (h,),>0 is the standard Haar system on [0, 1), i.e., the collection
of functions on [0, 1) defined by

ho = X[0,1)s hi = Xp,1/2) — X[1/2,1)5
hy = X[0,1/4) — X[1/4,1/2)> hs = X[1/2,3/4) — X[3/4,1),
hy = X[0,1/8) — X[1/8,1/4)> hs = X[1/4,3/8) — X[3/8,1/2) - - -

and so on. As proved by Schauder [44], if p € [1, 00), then the Haar system forms a basis of
LP(0,1) (with the underlying Lebesgue measure). In addition, this basis is unconditional
if p > 1: for any such p there exists a finite constant ¢, with the following property.
For any nonnegative integer n, any sequence ag, a1, as, ..., a, of real numbers and any
sequence €g, €1, €9, ..., €, of signs we have

n
E Erarhy
k=0

This remarkable property, established by Marcinkiewicz [30], plays an important role in
approximation theory and harmonic analysis. In addition, it has a natural and significant
extension in probability theory. Suppose that f = (f,)n>0 is a discrete-time martingale
and g = (gn)n>o0 is its transform by a certain predictable sequence v = (v,,),>0 bounded
in absolute value by 1. A celebrated result of Burkholder |7| asserts the following.

n

Z akhk

k=0

<c (2.1.1)

Lr p

Theorem 2.1. For any 1 < p < oo there is a finite constant C,, depending on p only,
such that for all f and g as above we have

19llze < Gl flze- (2.1.2)

It is not difficult to prove that the optimal constants in (2.1.1) and (2.1.2) are the
same. Indeed, the Haar system is a martingale difference sequence, with respect to its
natural filtration, on the probability space ([0,1),8(0,1),|-|). Therefore the sequence
(anhy)n>o also has this property, and hence setting v to be an arbitrary sequence of
deterministic signs, we see that (2.1.2) implies the validity of (2.1.1) with ¢, = C,. As for
the reverse implication, the idea is to embed a given martingale into an appropriate linear
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combination of Haar functions. More precisely, an arbitrary finite martingale difference
sequence df = (df,)N_, can be approximated in distribution by a sequence of the form
N

M : : :
(Zkann,l akhk> K for some coefficients ag, ai, as, ... and some increasing sequence

n=

0=M_ < My< M <...< My ofintegers (see Maurey [31] for the precise formulation).
Therefore, (2.1.1) implies (2.1.2), with C, = ¢,.

There is a natural and intriguing question about the optimal value of the constant
allowed in (2.1.1) and (2.1.2). This problem was solved by Burkholder [8]: it turns out
that the best choice is ¢, = C, = p* — 1, where p* = max{p,p/(p — 1)}. This beautiful
result is a starting point for numerous extensions and applications. For example, one
can consider the less restrictive case in which the sequence ag, a1, as, ... (as well as the
martingales f, g) take values in C or, more generally, in some given separable Hilbert space
H. Burkholder [8,10] proved that in this new context, the L estimates are still valid, with
unchanged constant p* — 1, which, of course, is still sharp. The situation becomes more
complicated if we allow the coefficients and the martingales to take values in a separable
Banach space B. Denote the optimal constants in (2.1.1) and (2.1.2) by ¢,(B) and C,(B),
respectively. Then the same argument as above shows that ¢,(B) = C,(B); however,
there are spaces for which this value is infinite; for example, /! and ¢* have this property.
The “well-behaved” spaces B, i.e., those for which ¢,(B) < oo, are called UMD spaces
(where the abbreviation comes from Unconditional for Martingale Differences). Roughly
speaking, such spaces form an environment to which most of important results from the
Hilbertian setting can be carried over. For example, as proved by Bourgain, Burkholder
and McConnell (see |9]), the periodic Hilbert transform is bounded on LP(T;B) for all
1 < p < o if and only if B is a UMD space.

There is another very interesting and important direction into which the inequality
(2.1.2) can be extended: one can study the boundedness of martingale transforms in other
function spaces. For example, the LP estimate fails to hold for p = 1, but we have the
corresponding weak-type estimate

lgllzree < C| fllL1,

for some finite constant C' (cf. [7]). One can ask about the optimal value of the constant
C'; actually, one can study this problem for weak-type (p,p) estimates in the full range
1 < p < co. We have the following answer, provided by Burkholder [8] (for 1 < p < 2)
and Suh [47] (for p > 2).

Theorem 2.2. Suppose that [ is a Hilbert-space-valued martingale and g is its transform
by a predictable sequence with values in [—1,1]. Then for any 1 < p < oo we have

19llLroe < CpoollfllLr,

where the optimal choice for the constant C, » satisfies

’ _{z/r(p+1> if1<p<2, (2.1.3)

S P if p>2.
We turn our attention to another extension of Theorem 2.1, which will be important for
the results discussed in this dissertation. The idea is to allow a larger class of martingale

pairs (f, g).

Definition 2.1. A martingale g is said to be differentially subordinate to f, if for any
n > 0 we have the estimate |dg,| < |df,| almost surely.
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Note that this definition makes perfect sense also in the vector setting (i.e., for f, g
taking values in some Banach space B): one only needs to interpret |df,|, |dg,| as the
corresponding norms of the differences: |df,| = |df.|s, |dgn| = |dgn|s. Next, observe that
if ¢ is the transform of f by a certain predictable sequence with values in [—1, 1], then g
is automatically differentially subordinate to f.

Burkholder [8] proved the following extension of Theorem 2.1.

Theorem 2.3. Suppose that f, g are Hilbert-space-valued martingales such that g is
differentially subordinate to f. Then for any 1 < p < oo we have

lgllze < (0" = DI fllz» (2.1.4)

and the constant p* — 1 s the best possible: it is already optimal for real-valued processes,
in the context of transforms.

It turns out that Theorem 2.2 also extends, with no change in the constants, to differ-
entially subordinate martingales. Actually, the above statements can be pushed further,
to cover the context of continuous-time local martingales. First, since stochastic integrals
are continuous-time extensions of martingale transforms, a sharp version of Theorem 2.1
combined with standard approximation arguments yields the following fact.

Theorem 2.4. Suppose that X is an arbitrary local martingale taking values in a separable
Hilbert space andY is the stochastic integral, with respect to X, of some predictable process
H taking values in [—1,1]. Then we have the sharp estimate

Yz < (" = DX

LPs 1 <p<oo.

To generalize Theorems 2.3 and 2.2 to the continuous-time context, we need an ap-
propriate version of the differential subordination.

Definition 2.2. Suppose that X, Y are continuous-time local martingales. Then Y
is differentially subordinate to X, if, almost surely, the process ([X, X]: — [Y,Y])i>0 is
nondecreasing and nonnegative as a function of .

Note that if we treat the discrete-time martingales f = (fn)n>0, ¢ = (gn)n>0 as
continuous-time processes X, Y (via the identities X; = f|;}, ¥; = g|4) for all £ > 0), then
Y is differentially subordinate to X if and only if P(|dg,| < |df,|) = 1 for all n. That is,
the above extension is consistent with the original, discrete-time differential subordination
introduced in Definition 2.1.

We have the following fact, established by Wang in [49] and Suh [47].

Theorem 2.5. Suppose that X, Y are continuous-time local martingales taking values
mn a separable Hilbert space such that Y s differentially subordinate to X. Then for any
1 < p < oo we have the estimate

1Y [ze < (p* = DI[X]|1r (2.1.5)
and the constant p* — 1 is the best possible. Furthermore, for 1 < p < oo we have
1Y | zre < Cpool| X[ 10,

where C), « s given by (2.1.3). The estimate is also sharp.

The primary goal of this chapter is to provide a new proof of the estimate (2.1.5). The
presentation below is based on the joint work [11] with Bafiuelos and Ose¢kowski.
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2.2. On the approach: Bellman function method

Now we will describe the technique, invented in [10|, which allowed Burkholder a
successful treatment of Theorem 2.3 (and which, after some minor modifications, led to
the continuous-time extension given in Theorem 2.5). The idea is to construct a certain
special function, which enjoys appropriate size and concavity conditions. Specifically,
suppose that U : H x H — R satisfies the following three requirements:

1°U(z,y) < 0if Jy| < |zf,

2° U(z,y) = [yl — (p* — 1)P[zf?,

3° (U(fn, gn))n>0 is a supermartingale for any pair (f, g) of differentially subordinate
martingales.

The existence of such a function immediately yields (2.1.4): indeed, for any nonnega-
tive integer n we have the chain of inequalities

Here the first estimate follows from the majorization condition 2°, the second is due to
the supermartingale property, while the final one is a consequence of the initial condition
1° and the observation that |go| < |fo|, by the differential subordination. Thus, we have
E|g.? < (p* — 1)PE| f,|? and it suffices to let n — oo to obtain the desired bound.

Hence, the problem reduces to the search for an appropriate function. Burkholder [10]
proved that

Ulz,y) =p (1 - ]%)p_ (Iyl = (" = DIz} (2] + [y (2.2.1)

has all the required properties. The discovery of this object requires a careful analysis of
an appropriate second-order partial differential inequality: see [10,48] for details, we will
also encounter a related argumentation below. For a slightly different approach, which
exploits a more complicated special function of three variables, consult the earlier paper
[8] by Burkholder. We would also like to point out that the above argument applies, with
no essential changes, to the continuous-time setting studied in Theorem 2.5.

There is a dual method of proving (2.1.4), developed by Nazarov, Treil and Volberg
in |33, 34|, which is also based on the construction of a certain special function. Let us
start with the case p = 2, in which the description is particularly easy. Namely, consider
the function B(z, z) = 1(|z|> + |2|?) given for (z,z) € H x H. This function satisfies the
following analogues of the above properties 1°, 2° and 3°:

19 B(z, 2) > |zz|,

2 Bz, 2) < 3| + |2,

3°” For any pair (f, h) of arbitrary H-valued martingales and any n > 1 we have

EB(f,, hy) > EB(fr_1, 1) + E|dfs||dh,|. (2.2.2)
Indeed, the first two conditions are trivial (we actually have equality in 2°°); to see that

the third requirement also holds, simply observe that by the orthogonality of martingale
differences,

1
EE(fmhn) = §E(‘fn’2 + ‘th)
1 1
= §E(|fn—1|2 + |hn—1|2) + E]E(|dfn|2 + |dhn|2)
1
> CE(|furl? - haal?) + Eldfulldhal = EB(focr, hocr) + Eldf, |
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Let us stress here that the martingales f and h appearing in 3°” are not related by any
domination principle. These three conditions immediately give (2.1.4) (for p = 2). Indeed,
fix an arbitrary pair (f,g) satisfying the differential subordination and let h be another
martingale. By 1°7, the inductive use of 3°” and finally 2°, we get that forn =0, 1, 2, ...,

n n 1
E ) [dfsl|dh| < EB(fo, ho) + E ) |dflldhi| < EB(fn, hn) < S (E|faf* + Elhn*).

k=0 k=1

Consequently, by the orthogonality of martingale differences and the differential subordi-
nation of g to f, we obtain (recall that - is the scalar product in H)

E{gn, hn) =B (dg, dhy)
k=0

n n 1
<SE) |dgelldhi] <EY  |dfy|dhs] < 5(\|an%2 + Al Z2)-
k=0 k=0

Now we make use of a standard homogenization argument: we fix a positive constant A,
apply the above inequality to the martingales f, g and h/A, multiply throughout by A
and optimize over this parameter. As the result, we obtain E(g,, h,) < ||fullzzllfnl L2,
which implies the desired bound ||g,||zz < ||f.||z2 by duality. There is a natural question
whether this approach can be extended to other values of p. This problem was studied by
Nazarov and Treil [33]. For p > 2, they introduced the following function: for ¢, n € H?,

[P f* if [¢7 < [l

— |¢IP 4

BGm) = K+l + 9200, (z/ _ 1) [P 1P > [l
p p
They showed that B satisfies appropriate versions of 1°’, 2°7 and 3°’, which yields (2.1.4),
but with a suboptimal constant. Despite its non-optimality, this special function has
found many applications in harmonic analysis and semigroup theory; see e.g. [14,16]. A
further improvement is due to Banuelos and Osekowski [5], who identified the appropriate
version of B leading to the best constant p* —1 in the full range 1 < p < co. However, this
version involves four variables, which is a significant complication. Can this approach be
simplified to produce a function on H?2, as in the above proof for the case p = 27 The
primary goal of this chapter is to answer this question in the affirmative and provide the
explicit formula for the corresponding special functions.

Actually, our approach will allow us to study the above topic in the more general,
continuous-time setting. We will prove the following statement.

Theorem 2.6. Suppose that X, Y, Z are H-valued local martingales such that Y is
differentially subordinate to X. Then for any 1 < p < oo we have the sharp inequality

1Y, Zsollor < (0" = DIX o 1 Z]] - (2.2.3)

The above estimate immediately yields (2.1.5). Indeed, by the properties of the square
bracket, the difference (Y, Z) — [V, Z] is a local martingale started at zero, so for any finite
stopping time 7 we have (up to localization)

Y7, Z0)| = [EIY, Z | < IV, Z7)cllr < (0" = DIX 2ol 27|

where Z7 is the local martingale Z stopped at time 7. This yields ||Y;|[zr < (p*—1)||X]||ze
by duality, and taking the supremum over all 7 yields the claim.
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2.3. A dual approach

The purpose of this section is to show that the existence of a certain special function
on H?, or rather R? x R, implies the validity of (2.2.3). Actually, all we need is an
appropriate function defined on the first quadrant (0,00)?. Namely, let 1 < p < oo and
K > 0 be fixed parameters. Suppose that B : (0,00)> — R is a function of class C?,
which enjoys the following properties:

1° (Initial condition) We have B(z,z) > zz.

2° (Majorization) For any z, z > 0 we have

K P P
~ 4z (2.3.1)
p p

B(z,z) <

3° (Monotonicity) For any z, z > 0 we have

By:(x, 2) < B, (z,2) B..(x,z) < B.(z,z2)

d 2.3.2
Bo(z,2)+1- = U Bo@o)|+l— 2 (232)

4° (Concavity) For any =, z > 0 and any h, k € R,
Buo(w, 2)h* 4 2B, (v, 2)hk + B..(z, 2)k* > 2|h||k|. (2.3.3)

Several observations are in order. First, we see that 1° and 2° are perfect analogues of
the conditions 1°’, 2°" appearing in the previous section. Furthermore, the requirements
3° and 4° should be treated as pointwise conditions related to 3°". Next, note that if B
satisfies 4°, then we also have

Buo(w, 2)h* — 2|B,.(w, 2)| |h||k| + B..(x, 2)k* > 2|h||k| (2.3.4)
(simply plug h := —sgn(B,.(x, z)hk)h into (2.3.3)). Consequently, we get
Buo(w, 2)h* — 2(|Bya(z, 2)| + 1)hk + B..(x, 2)k* > 0
for all h, k € R, which forces the corresponding discriminant to be nonpositive:
Boo(7,2)B.. (7, 2) > (| By (2, 2)| + 1)?, (2.3.5)

together with the inequality B,.(x,z) > 0. Actually, it is easy to see that the implications
can be reversed: the inequality (2.3.5), together with the inequality B,.(x, z) > 0, implies
the validity of (2.3.3).

We are ready to introduce the special function B, the extension of B to higher di-
mensions. Namely, given d > 2, define B : (R? x RY) \ {(z,2) : |z]|z] = 0} — R by
B(z,y) = B(|z|, |y|). As we shall see, this object will lead us to the proof of (2.2.3). In
what follows, B, and B, will denote the vectors of partial derivatives of B with respect
to the variables zy, zo, ..., ©4 and zy, 23, ..., 24, respectively. Furthermore, the symbol
D?B will stand for the Hessian matrix of B.

Lemma 2.7. If B satisfies 3 and 4°, then for any z, z € RY\ {0} and any h, k € R?
satisfying x +h # 0 and z + k # 0, we have

B(x+ h,z+ k) >B(x,2) + (B.(x, 2), h) + (B.(x, 2), k) + |h||%|. (2.3.6)
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Proof. By continuity, we may assume that x is not a multiple of A and similarly that
z is not a multiple of k. That is, x + th # 0 and z + tk # 0 for all t. Consider the
function G(t) = B(x + th, z + tk), given for ¢t € R; then the assertion is equivalent to
G(1) > G(0) + G'(0) + |h||k|. Observe that it is enough to show that G”(t) > 2|h||k|
for all ¢. Indeed, having proved this, we apply the mean value theorem to obtain G(1) —
G(0) — G'(0) = 2G"(to) for some intermediate number ¢, € (0, 1), and the claim follows.

So, fix t € R. Setting @’ = (z + th)/|x + th|, 2 = (¢ + tk)/|z + tk| and w =
(|z +th|, |z + tk|), we compute that

G"(t) = (D*B(z + th, = + th)(h, k), (h, k))

(i) ()

|h‘2 B <l’/, h>2 ’kP B <Z/> k>2
|z + th]| |z + tk|
:J1+J2+J3—|—J4,

(2.3.7)

+ B, (w) B.(w)

where
_ | B, (w)] Y AY: W)z o | By (w)] w2 k)2
Jl_—wm(w)’HBm( )@, h)? + 2B, (w) (2, h)( ,k>+—|Bm(w)|+lez( ) kY2,
_ | Ba(w) _ By (w) 2 _ () B2
2= |:|[E+th| |sz(w)|_|_1:| (|h| < 7h> )7
C[Bw)  Batw) Joa g
Js = Lz+tl~c| By (w)] +1](|k| (K,
7, Bz (w) 2 B..(w) 2

" Bo.(w)| + 1 | By (w)] + 1

Let us analyze the terms Jy, Jo, J3 and Jy. The first term is nonnegative. To see this,
note that 2B,.(w)(x', h)(z', k) > —2|B,.(w){x’, h)(Z’, k)| and hence it is enough to show
that

Bao(w){a’, h)* = 2(| Bus(w)] + D@, )| [(2', k)| + Baa(w)(2', k)* > 0.
But this estimate follows directly from (2.3.4). The terms Jo, J; are also nonnegative,
which is an immediate consequence of 3°. Finally, observe that Jy > 2|h||k|: if we rewrite
this in the equivalent form

Bm(w)’hlz - 2|Bx2(w)||h|’k’ + BZZ(w)‘kF > 2’th|>

we recognize (2.3.4) again. So, we have established the bound G”(t) > 2|h||k| for all t. O
Remark 2.1. In particular, setting t = 0 in (2.3.7), we obtain the estimate

9 By(, 2) B..(x,z) )
(D"B(x,z)(h, k), (h, k)) = Bole 1 |k, (2.3.8)

h2
- |Bzz(ac,z)|+1| "+

which will be useful later.

Here is the main result of this section, which links the special functions to the LP
estimates for differentially subordinate (local) martingales.

Theorem 2.8. If there is a function B : (0,00)? — R satisfying 1°-4°, then (2.2.3) holds,
with p* — 1 replaced by K/P.
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Proof. By standard limiting arguments, it is enough to establish the desired estimate in
the case when the processes take values in a finite- and at least two-dimensional subspace
of H. That is, we may set H = R for some d > 2. Let X = (X)i>0, Z = (Z4)i0
be arbitrary local martingales with values in R?. We may restrict ourselves to the case
| X||zr < 0o and || Z]|;» < 00, since otherwise there is nothing to prove. Furthermore, we
may and do assume that X and Z are bounded away from zero. Indeed, fix ¢ > 0 and
consider the R !-valued processes X = (X;,¢), Y = (Y;,0) and Zf = (Z,¢) for t > 0.
Then X¢ and Z¢ are bounded away from zero, and having proved the estimate

1Y%, ZJeollr < (" = DIXE (o 125 o

we obtain the desired bound (2.2.3) by letting ¢ — 0 and exploiting Lebesgue’s dominated
convergence theorem (and the identity [Y¢, Z¢| = [Y, Z])-
For any integer N, consider the stopping time Ty = inf{t > 0 : |[Y, Z]| > N}. By

properties of stochastic integrals, we see that the processes (f(ir B, (Xs , Zs ) -dX;
>0

and <f0t+ B, (X, Zs)- dZs)t>0 are local martingales. Fix an arbitrary sequence (7,)n>0

of stopping times which localizes these integrals and the processes X, Z. Fix n and set
T, = N A Ty. The application of 1t6’s formula to the process (B(X, at, Zroat) )0 yields

B(XT /\t?ZTn/\t) = IO+]1 +[2/2+[37 (239)

n

where

Iy = B(Xo, Zo),

T\t T\t
1= / By (X, Z,_)-dX, + / B.(X._, Z._) - dZ.,
0

- 0+

Tn /At
I, = / D’B(X,_, Z,_)d[X°®, Z°,,
0+

Iy = Z {B(Xs, Z) —B(X,_, Z,_ ) —B(X,_, Z,_)AX, — B.(X,_, Z,_)AZ,]|.

0<s<TpAt

Recall that AX, = X, — X,_ is the jump of X at time s. Let us analyze the behavior of
the above terms. First, by 1° and the differential subordination of Y to X, we have

Iy > | Xo||Zo| > |Yol|Zo| = 1Y, Z]o.

Next, we have EI; = 0, by the properties of stochastic integrals. To deal with I, fix
0 < sy < s <t Forany >0, let (n°)o<i<i, be a nondecreasing sequence of stopping
times with nj = so, nfe = 51 such that lim, . maxo<;<i,—1 \nfﬂ —nf| = 0. Keeping / fixed,
we apply, for each i =0, 1, 2, ..., iy, the estimate (2.3.8) with x = X,,_, 2 = Z,,_ and
h = X;Z — X;I_g, k= Z;,_, — Zf]{g. We sum the obtained i, + 1 inequalities and let £ — oo.

i+1 i+1 7
As the result, we obtain the estimate

51
/ DYB(X., . Zo )d[XC, 29,
so+

o Bxx(Xs — Zs —) o Bzz<Xs — Zs —)
Z 00— 0 d[XcaXC]s +/ 0—) 0 d[ZC7ZC]S
/so+ |BxZ(XSo—’ ZSo—)| + 1 o+ |B$Z(XSO—’ ZSo—)| + 1

o Bxx(Xs — Zs 7) o Bzz(Xs — Zs 7)
Z 00— 0 d[YC,YC]S +/ 00— 0 d[ZC, Zc]s7
/so+ | Bra(Xso—s Zsp-)| + 1 ot | Baz(Xso—s Zsp- )| +11

S0—> s
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where in the last passage we have used the differential subordination of Y to X¢ and the
inequality B,,(z,z) > 0. By the Kunita-Watanabe inequality and the estimate (2.3.5),
the latter expression is not smaller than 2 fssOlJr d[Ye, Z¢, = 2[Y, Z¢,, — 2[Y¢, Z¢,, and
hence, approximating I, by Riemann sums, we obtain Iy > 2[Y¢ Z¢|, », — 2[Y€, Z¢y =
2[Y¢, Z¢,, nt- Finally, the term I3 is handled with the use of (2.3.6): we get

L> Y AXAZ|> Y JAYIAZ|> Y (AY;,AZ).
0<s<tp At 0<s<Tp At 0<s<Tp At
Plugging all these observations into (2.3.9) gives

B(Xrunt: Zront) = [YollZol + L+ [V, 2%+ Y (AY., AZ,)
0<s<Tp At (2310)

>0 + Y, Z]: e

where the last inequality is due to (1.1.2) (and polarization). The expressions above are
integrable: by 1° and 2°, we have

K|X7'n/\t‘p + |Z7'n//\t’p/
p p
and the right-hand side is integrable, since || X||» < oo and || Z||,» < oo (see the beginning
of the proof). Furthermore, by the very definition of Ty and the differential subordination

HK Z]Tn/\t‘ S |[Y7 Z]Tn/\t7| + |AYTn/\tHAZTn/\t| S N + ‘AXTn/\tHAZTn/\t’7

O S B<XT Ats ZT /\t)

n n

IN

Y

and the latter expression is integrable by the Young’s inequality and the L? / L” -boundedness
of X and Z. Consequently, taking the expectation in (2.3.10), recalling that EI; = 0, and
applying the majorization condition 2°, we obtain

’ p’
KE‘XTn/\tP) + ]E|Z7'n/\t‘p S KHXHiP + ||ZHLp/
p P p Y
or, by a simple homogenization argument,

E[Y, Z)rune < KYPIIX 2o | Z])

E[Y, Z];n <

?

Letting n — oo, t — oo, N — 0o and using standard limit theorems, we get the desired
estimate (2.2.3) (with p* — 1 replaced by K'/P). O

As a by-product, we obtain the following interesting estimate for the total variation
of X and Z.

Remark 2.2. The above reasoning can be easily adapted to yield the estimate
E/O [A[X, 2], < K2\ X oI Z ]| o (2.3.11)

Indeed, when handling the terms I, and I3, skip all the arguments which involve the
martingale Y and the differential subordination.

2.4. Explicit special functions

In the light of the reasoning from the previous section, the inequality (2.2.3) will follow
if we construct a special function B with K = (p* — 1)P. The case p = 2 has already been
dealt with in the introduction. We consider the cases 1 < p < 2 and p > 2 separately.
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2.4.1. The case 1 <p <2
We start with the introduction of a certain auxiliary function.

Lemma 2.9. For any s > 0, there is a unique positive number ¢ = p(s) satisfying

0(8)(1 4 p(5))P~2 = pP~2s. (2.4.1)
The resulting function ¢ : [0,00) — [0, 00) is of class C* and satisfies

by p8) (1 +¢(s))
($_80+@—1M&D’ s> 0. (2.4.2)

In addition, we have o(s) > sY/®=Y for s < (p — 1)'"P and p(s) < /0P for s >
(p =1

Proof. The existence and uniqueness of ¢(s) follows at once from the fact that the function
O (u) = u(1+u)P~? satisfies ®(0) = 0 and @' (u) = (1+u)?~3(1+(p—1)u) > 0 for u > 0 and
®(u) — 00 as u — oo. The differentiability of ¢ is an immediate consequence of standard
theorems on implicit functions. To show the identity (2.4.2), it suffices to differentiate
both sides of (2.4.1) and rearrange terms. To prove the final part of the lemma, we invoke
the monotonicity property of ® described above. Namely, if s < (p — 1)!77, then we have

cp(sl/(p—l)) — 81/(19—1)(1 + s/ P=lyr=2 < 31/(p—1)((p —1)s¥/=b 4 31/(27—1))1’*2 = pP 25
and hence o(s) > s¥/®=Y_ In the case s > (p— 1)'"P, we just reverse the estimates in the
above reasoning. O

The central object, the special function B : (0,00)? — R, is defined by
p—1 4, 2—p 1
o(z'7Pz) + + =

plp—=1)  plp— Dp(z!rz)

Theorem 2.10. The function B satisfies the conditions 1°-/° listed in the previous sec-
tion.

B(x,z) = zz

Proof of 1°. This is easy: we have as + bs~! > 2+/ab, for any a, b, s > 0, so
2—p 1 2—p 2

+ > +-=—
(p—1)  plp—Delatrz) “plp—-1) p p-1

Proof of & and 4°. As before, to keep the notation short, we will set s = x!7P2. We
compute directly that

—1
B o r2) +
p p

>1. O

B.(x, 2)
=z p_1 $ 27p ! sz =1 (s
Lo M)+p@—U+p@—UM$}+ { p 7 py(s)

The second expression on the right-hand side equals

2(1+¢(s))(1 = (p— Dep(s))

sz¢'(s) o s _ s)) =
(1= (p—=1)e(s)) A+ (p — Dep(s)) pe(s)

p*(s)

9

where the last equality is due to (2.4.2). Consequently,

(2-pz z

Bl = T o e
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Next, we see that

o) = P22 (s)
Bes(2) ©*(s)
and, exploiting (2.4.2) again we have that,
_ p—2 1  sY(s)
Belrn?) = = Y ) T e Do)
_ p—2 N 1 14 ¢(s)
p—1 (—Dpls) @—Dels)(1+(p—1)p(s))
__p=2 p—2
p—1 (=114 (p—1)p(s))
__(2-p)e(s
L+ (p—1)p(s)
Finally, note that
B.(z,z2)
_ L r=t gy, 2o 1 | P=Ds oy s¢(s)
= |10 o | L O

By (2.4.2), the second term on the right-hand side equals

(1 +¢(s))((p — De(s) — 1)
pp —1)e(s) '

rs@'(s)
p(p — 1)@*(s)

(P=Dels) +D((p—1ep(s) — 1) =

This, after some straightforward manipulations, yields B, (x, z) = z¢(s). In addition, we
immediately obtain B,.(z,z) = 2> 7P¢/(s).
We are now ready to check 3° and 4°. Note that

Buo(#,2)  Bol(w,2) _ 2 {8@’(8)(1 +=De(s) 142 —p)w(S)]

Bo:(z,2)]+1 = x P21+ ) (- 1)p(s)
-2t _,
z(p—1e(s) ~

and

B::(z, 2) Bi(x,z) = {Sw/(S)(l + (= 1ep(s))

_ — — = 0.
|B..(x,2)| + 1 z z 14+ 90(8)]

Thus, 3° holds true. To check the concavity condition (2.3.3), note that B,,(z,2z) > 0
and hence it is enough to check the discriminant inequality (2.3.5). This estimate reads

s*(¢'(s))* 1+ (s) ?
©2(s) = (1 +(p— 1)<P(3)) ’

and follows from (2.4.2): actually, both sides are equal. O

Proof of 2°. Tt remains to handle the majorization property, with K = (p* — 1)? = (p —
1)7P. The claim is equivalent to

2—p s (p- 1)sp/(p—1) 1
p sels) + pp—1)° - p(p — 1)p(s) p = p(p—1)r

9
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where, as previously, s = z17Pz. Denote the left-hand side of the above estimate by L(s).
Differentiating, we see that L'(s) = B.(1,s) — s"/®=1) = ¢(s) — s~V Therefore, by the
last part of Lemma 2.9, we conclude that L attains its maximum at the point (p — 1)'7P.
It remains to check that L((p—1)'"?) = p~!(p—1)~P. This follows easily from the identity
o((p — 1)'7P) = /=1 which can be verified directly in (2.4.1). O

Remark 2.11. The function B can be extended to a continuous function on the closed

quadrant [0, 00)2. Directly from the definition of ¢, we infer that

lim @ =pP?  and lim ﬂ — p(0=2)/(p-1)

s—0 S s—o0 gl/(p=1) ’

which implies

lim B x,2) = lim Tz xlfpz
(x,2)—(0,20) ( ) (@2)—(0,20) P 90< )
—1 _ 1-p
I N i)
p (@,2)—=(0,20) (x1=P2)1/(P=1)
= p*l/(pfl)(p _ 1)25/(1071)
and
P . pl-p p
lim  B(z,2) = lim Gl SN
(z,2)—(z0,0) (2,2)—(0,0) p(p — 1)@(1; —pz) PP <p — 1)

2.4.2. The case p > 2
We proceed in a similar manner, starting with an auxiliary function.

Lemma 2.12. For any s > 0, there is a unique number ¢ = p(s) € [p — 2,00) satisfying

! _
P (1 - 5) (14 ()P %(p(s) —p+2) =s. (2.4.3)
The resulting function ¢ : [0,00) — [p — 2,00) is of class C™ and satisfies

(1+o(s))(p(s) —p+2)

(p=Ds(p(s) —p+3)
In addition, we have p(s) > s¥/®=D for s < (p — 1)P7' and p(s) < s/07P) for 5 >
(p =P

The special function B is given by

¢'(s) = s> 0. (2.4.4)

1
p(ztPz) —p+2]|

1
B(z,z) = (1 - —> xz {gp(xlpz) +
p
In the light of the previous section, the inequality (2.2.3) will follow once we show the
following.
Theorem 2.13. The function B satisfies the conditions 1°-4°.
Proof of 1°. We have s + s~ > 2 for any s > 0, so

(1—1) [¢(x1—pz)+ ! ]2(1—%)(2—0—]7—2):])—121. O

p (x'7P2) —p+2
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Proof of & and 4°. The calculation are similar to those in the case 1 < p < 2. A direct
differentiation combined with (2.4.4) yields

Bira) = (1) [0+ o] - T [ -

p —p+2 p ©(s) —p+2)?

_ (1 ) ;) . {ws) — 1 =D+ p(s)(e(s) ~p+ 1)

—p+2 p(p(s) —p+2)
_ (=12
o(s) —p+2
Therefore, )
(p—= 1) (s
Beelt2) = S o) —p 20
and, by (2.4.4),
. p=1  (p=1s¢'(s)
Bl = o o2 (o) —p 2
p—1 1+ ¢(s) p—2

“es)—p+2 (p(s)—p+2(e(s) —p+3)  ls)—p+3

Moreover, arguing as above, we check that B,(x, z) equals

(1=3) e[+ s+ (13) = [ - o S trag] =9

and hence B..(z,z) = 2*7P¢/(s). Now we can establish 3°. We have

Bx:]c(QT, Z) Bx(l', Z) _ (p _ 1>Z |:<p _ 1>S(’Dl(8)(¢(8) Pt 3> — 1:| =0
(p(s) —p+2)(L + p(s))

Beolz,2)[ +1 @ z(p(s) —p+2)

and

Boo(z,2)  Bi(w,2) _ (2-pale(s)+1)
| By (x,2)| + 1 2z (p—1)z -

To check the concavity 4°, it is enough to verify the validity of (2.3.5) (since B,.(x, z) > 0).

However, we have
2
(p— 1)8@’(8))
p(s)—p+2) 7

Bl 2Bl 2) =

1+ ¢(s)
p(s) —p+3

Proof of 2. We proceed as in the previous case. We let K = (p* — 1) = (p — 1)? and
note that the majorization is equivalent to

P —p+2 D D

2
which, by (2.4.4), is equal to ( ) = (|Bpz(z, 2)| + 1)% O

Denoting the left-hand side by L(s), we compute that L'(s) = B, (1, s) —s"/®™1) = (s) —
s'/(P=1) By the last part of Lemma 2.12, L attains its maximal value at s = (p — 1)~

which establishes the desired majorization. O]
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Remark 2.14. As in the case 1 < p < 2, one might wonder whether the function B can
be extended continuously to the whole [0, 00)?. The answer is affirmative. By (2.4.3), we
easily check that

P -pt2 L opls)
lim = and lim = 7
50 s (p—1)2-3 500 U0 (p— 1)1

which, by similar calculations to those in Remark 2.11, gives

pp73
lim B(z,z) = ———— /¢
(z,2)—(0,20) (p—1)p—2
and Ly22
lim B(z,z2) = ux’é.
(z,2)—(20,0) pp—l

2.5. On the search of the Bellman function B

Now we will sketch some informal steps which lead to the discovery of the special
functions B (and the optimal constant K = (p* — 1)?); the reasoning will be based on a
number of assumptions and guesses. A typical approach during the search for the Bellman
function is to look at the concavity condition and assume its degeneracy. This usually
gives rise to a corresponding second order partial differential equation. Next, one exploits
structural properties of a general solution of the equation and from this one aims to come
up with a reasonable candidate for the special function. We consider the cases 1 < p < 2
and p > 2 separately.

2.5.1. Thecase 1 <p <2

It is convenient to split the argumentation into a few steps.

Step 1. Additional assumptions. We will impose a few extra assumptions on the
function B. First, we guess that the partial derivative B, is nonnegative on the whole
(0,00)%. Our second assumption is that B can be extended to a function B : R*> — R
satisfying l—?(x, z) = B(«x,£2). Then, in particular, B must satisfy

B.(z,0) = 0. (2.5.1)

Step 2. The Monge-Ampére equation. In our case, the concavity is governed by the
inequality (2.3.5). Setting C'(z,z) = B(z, z) + xz and recalling the assumption B,, > 0
for x, z > 0, we see that the condition degenerates if and only if C satisfies the so-called

Monge-Ampére equation
Cooo(,2)C. (1, 2) = (Cpa(z, 2))%

From the general theory of such equations, we infer that the quadrant (0,00)% can be
foliated, i.e., split into a union of pairwise disjoint line segments along which C'is linear
and the first-order partial derivatives of C' are constant. In what follows, we will assume
that these segments have negative slope; see Figure 2.1 below.

Next, by 2°, we have

/

KzxP 2P
) +?. (2.5.2)

Clz,z) <zz+
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la%

Figure 2.1. The foliation of (0, c0)?

Note that the right-hand side enjoys the following homogeneity property: if we fix A > 0
and multiply z by AY/? and z by A/¥'| then the whole expression is multiplied by . It
seems plausible to assume that the same is true for the left-hand side: C(A\Y/?Px, A\VP'2) =
AC(z, z). Finally, if K is the optimal constant, then there should be a nonzero point
(x0, 20) at which both sides of (2.5.2) are equal; by the aforementioned homogeneity,
such point gives rise to the whole ‘equality curve’ v = {(z,2) : z = sozP~'}, where
so = zzy *. Note that by (2.5.2), the first-order partial derivatives of the functions C
and (z,2) — 2z + Ka?/p + ¥ /p/ must match at each point from 1.

Step 3. The formula for C. Pick a point (x, soz?~!) from the equality curve 7. Let I
be the line segment of the foliation passing through this point. If @ = a(x) is the slope
of this segment, we may write

C(x +d, spr” ' + ad) = C(z, spa” ) + Cp(z, 5927 1) d + C, (2, 5027 ") ad.

But C(z,s0a?™) = aP(so + K/p + s& /p'), since (z,s027~') € ~. Moreover, from the
last sentence of the previous step, we know that C.(z,sez?™!) = (K + so)aP~! and
C.(z, 5027~ 1) = 2 + (sozP )P~ = 2(1 + sg/®V). Furthermore, recall that C, is con-
stant along I and, by (2.5.1), C,(z,0) = z. Comparing the latter two expressions for

C,, we obtain that I intersects the x axis at the point (z(1 + s(l)/(p_l)),O) and hence
a = —sép_Q)/(p_l)xp_z. Putting all the above facts together and calculating a little bit, we

get the following explicit (or rather implicit) formula for C:

Iy K s iy
C(x +d, soa?™ ! — s P2/ =2y — (50 + " + ;—2) 2?4 (K — s/ =Dy -1y
It remains to guess K and sg. To this end, plug d = sé/(pfl)x to obtain

_ K s _
C(z(1+ sy ¥ 1)),0) = (; + p—O/ + Ks(l)/(p U) P

and hence, differentiating both sides with respect to z,

_ _ K s _ i
(1+sg/® 1))Cx(x(1+s(1)/(p 1)),0) :p<;+p_0/+KS(l)/(p 1)> xP L
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But C,(z(1 + sé/(p_l)),O) = Cy(z,80277') = (K + s9)xP~! (again, by the constancy of
partial derivatives along the segments of foliation). Combining the last two observations,
we get the equation

K s 1/(p—1) 1/(p-1)
P E%—F—FKSO =(1+s, V(K + s0),

or, equivalently,

Y
p—1 '

The right-hand side, considered as a function of s¢, attains its minimum (p — 1)7? at the
point (p — 1)'7P. Thus, it is natural to set K = (p —1)7? and sy = (p — 1)!7? as these
extremal values. This leads to the function B studied in the previous section, but to check
this, one has to carry out some lengthy calculations. We will give a brief sketch. The
above analysis gives the formula for C, given implicitly as

C <$ +d, (ﬁ)m - ( ’ )H d) = p(p— 1)P2® + p(p — 1)P(2 — p)aP~d.

p—1

-1 -2
Set X =z +dand Z = ( L )p — ( L )p d. One checks directly by (2.4.1) that

p—1 p—1
_ x+d—pd
o(XPZ) = .
S T
Furthermore, calculating a little bit, we get
p—1 x+d—pd 2—p 1 (z+d)(p-1)

I

C(XaZ)—XZ:XZ[ p (@+dp-1) plp-1) plp-1) z+d-—pd

and it remains to note that the right-hand side is B(X, 7).

2.5.2. The case p > 2

The reasoning is similar to that in the previous case, so we will be brief. We start
with some additional assumptions on the partial derivatives of B. As previously, we
work under the condition B,., > 0 on (0,00)% Furthermore, we impose the vanishing
requirement on one of the first-order derivatives: in contrast to the case 1 < p < 2, now
we assume that B, is zero on the z axis: B,(0,z) = 0. Next, we consider the function
C(x,z) = B(z, z) + xz and note that the degeneration of (2.3.5) can be rewritten as the
Monge-Ampére equation Cy,(z, 2)C..(7,2) = (C,.(z, 2))?. We assume that the foliation
is of the same shape as in the case 1 < p < 2; see Figure 2.1. Next we repeat, word by
word, the analysis which leads to the equality curve v and due to the assumption that
p > 2, this time it is a graph of a convez function.

Some substantial differences occur when we turn to the identification of the explicit
formula for C. As before, we fix a point (x,s0z?~!) € v, denote by « the slope of the
corresponding leaf of foliation and write

C(z +d,soz” ' + ad) = C(z, so2” 1) + Cp(x, 8927 1)d + C.(x, soz” ) ad. (2.5.3)
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Now, we have C(z,soz?™Y) = aP(so + K/p + s /p/) (because (z,s,2"~') € ~) and
Co(z, s02P~1) = (K + so)2P~ " and C,(z,s02""") = = + (sozP~ )P~ = z(1 + s(l)/(p_l)).
Now, the assumption B,(0,z) = 0 implies C,(0,z) = z. Since C, is constant along the
leaves of foliation, if we compare this to C,(x,sox?™!), we get that the line segment [
intersects the z axis at the point (0, (K + sg)z~!). Therefore, we have o = —KxP~2,
Plugging all this information into (2.5.3) gives

o

C(z +d,spz? ' — KaP™2d) = (% + 2—0/ + 50> o — (Ksg/ "™V — sg)a?d.

To guess K and sy, we compute the derivative C, along the z axis. By the above formula

for C, we have C(0, (K + sg)zP~!) = (% + Spi, + Ks(l)/(pl)) a? and hence

(K + SO)OZ(O, (K + So)l‘p_l) = L <5 + i + KS(I)/(p_l)> T.
p—1\p P

On the other hand, C, is constant along I, so C.(0, (K + so)zP™!) = C.(z, sezP™t) =
z(l + 8(1)/ ® 71)). Combining this with the previous equation yields an identity which is
equivalent to
so(p — 1)
(»-1) —p + 2 ’
The right-hand side, considered as a function of sq € (p — 2, 00), attains its minimal value
(p — 1)P at the point (p — 1)P~1. Setting K = (p — 1)?, 5o = (p — 1)P~, one can check
that the function (z, z) — C(z, z) — xz is the special function we used in the Section 2.3.
Indeed, substituting the above values of K and s; into the formula for C', we get

C (w4, (=1 = (p = 13(p— Do) 2d) = (o= D) = plp—2)((p— 1)’ 'd.

Ifweset X =x+dand Z = ((p— 1))t — (p — 1)%((p — 1)z)?~2d, we check directly
from (2.4.3) that o(X'?Z) = (pr — x — d)/(z + d) and

K=
sy

pr—x—d 1

+ )
crd e

C(X,2)-XZ = (1 - %) Xz

The right-hand side is precisely B(X, Z) and this shows that the function we discovered
coincides with that used in Section 2.3.

2.6. Applications

We take the opportunity and present two well-known applications of the probabilistic
results obtained above.

2.6.1. Littlewood-Paley estimates

Let W = (W,)>0 be a standard Brownian motion in R? and let H = (H;);>0, K =
(K})¢>0 be two predictable processes also taking values in R%. Then the stochastic integrals

t t
Xt:/ H, - dWs, Zt:/ K- dWs, t>0,
0 0
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are martingales and hence the estimate (2.3.11) yields

KHXH}EP + HZHZ;P’
2

Now, consider arbitrary sufficiently regular functions f € LP(R?) and g € L” (R%).
Let uy, u, stand for the corresponding heat extensions to the upper half-space: uy(t,z) =
P,f(z) and u,(t,x) = P,g(x), where (P;);>o is the semigroup with the kernel

pe(z,y) = (2mt) Y2 exp(—|x — y|?/2t), r,y €RY ¢t >0.

E/ [ Hl| Klds < KYP)IX 10| 2] pr < (2.6.1)
0

Then uy, u, satisfy the heat equation in the interior of the halfspace and hence for any
fixed > 0 and = € R?, the processes X% = (uy (T — t,x + W,))o<i<r, 217 = (uy(T —
t,x + Wy))o<i<r are martingales. In addition, Ito’s formula yields the representations

¢
XtT’x = us(T,x) +/ Vaour(T — s,z 4+ W) - dW,
0

t
Z]" = uy(T, x) + / Vaoug(T — s, @+ W) - dWs.
0

Thus, an application of (2.6.1) gives

T
E/ Vo (T = 5,2 + W) [Vaug (T — 5,2 + W,)|ds
0

< KE[f(z + Wr)]” n Elg(z + Wr)[”
B p Y
Integrating both sides over € R? (with respect to the Lebesgue measure) and using

Fubini’s theorem, we obtain

" | gy 9l
/ / \Vaoup(T — s, 2)||Vaug (T — s, z)|deds < LrED L/ ®9.
0 JRd p p

Hence, changing the variables s := T — s on the left, letting 7' — oo and applying a
homogenization argument, we get the Littlewood-Paley-type inequality

| [ Vgt )ldade < K2 el
0

By a simple approximation argument, this extends to general f € LP(R%) and g € L¥' (R?),
without any additional regularity assumptions. A similar reasoning, which exploits the
Poisson semigroup instead of (P;)>o and the stopped Brownian motion in [0, 00) x R?
instead of ((T"—t,x + W}))o<t<r, vields the corresponding estimate

| [ 290t 01Tt 0)ldsdt < K2 o ol e
0 R

where vy, v, denote the Poisson extensions of f and g to the upper halfspace.

Similar inequalities hold for other semigroups including those arising from nonlocal
operators. For example, consider the semigroup (F;);>¢ arising from the process of a Lévy
measure as v under the assumption in [3]. Then

/Rd /OOO y \P.f(x+1y) — Pf(x)] |Pg(z + y) — Pg(x)| v(dy)dtdz

< K| fll oo eay |9l o gy

For details on how the martingales arise in this case, see [3, pp 470-471].
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2.6.2. L? estimates for Riesz transforms

Now we will show how the estimate (2.1.5) leads to tight estimates for the vectors of
Riesz transforms. For the sake of clarity, we will present the details only in the Euclidean
setting; in the remaining cases (i.e., in the context of Lie groups and spheres) the reasoning
is analogous. We will use the notation of Section 1.3. Suppose that d is a fixed dimension
and let Rf = (Rif, Raf,...,Raf) be a vector of Riesz transforms, for f € Cg°(R?).
Recall that P[f] is the Poisson extension of f to R? x [0,00). For a fixed (x,y), consider
two processes ( = (™Y and n = n™Y, given by

T(y)At
G = PlfI((%,9) + Zr@yne) = Plf](x,y) + /O+ VPfl((z,y) + Zs) - dZs
and n = (n',n?,...,n%), where
) ' T(y)At
W= W) = [ BPU() + Z)aY.
0+

By properties of stochastic integrals, ¢ and 7 are martingales taking values in R¢. Fur-
thermore, n is differentially subordinate to (, since

T(y)At
6= Il + | VP + 2 Pas
and
d ) ) T(y)At
monle =) = /O+ IVPLf]((z,y) + Z)|?ds.

J=1

*

Consequently, Theorem 2.5 yields ||[n™¥|[» < (p* — 1)||(*¥||z», where the norm on the
right-hand side is simply equal to [|([i)l» = || f(z + Xr))[[1e- So, for any function g =
(g1, g2, - - -, 9a) € C°(R% R?) we have, by the Young’s inequality and Fubini’s theorem,

Z/ TV f(2)(a dx—Z/ A7 5 f (2, 9)g, (@ + X)) de

[ Il Xl
Rd p 4

||g||ip/(Rd)
v

< B ey +

This yields > ;_, f]Rd Thi f(@)gi(@)dz < (p* = DI f || zo@a)llgll o ey by a simple homoge-
nization argument. But g was arbitrary, so we obtain

1/2
(T f) > < (p" = DI fll o (me)-

Lr(R4)

IIM&

Letting y — oo and applying the second part of Theorem 1.2 gives the desired LP-bound
for the vectorial Riesz transform acting on smooth, compactly supported functions. The
standard density argument allows us to extend the estimate to the full LP.



Chapter 3

Sharp estimates for martingale transforms
with unbounded transforming sequences

3.1. Introduction and statement of results

The LP-estimates for martingale transforms discussed in the previous chapter con-
cerned the case in which the transforming sequence v was bounded by 1. There is a very
interesting question about strong- and weak—type estimates under the assumption that
the transforming sequence belongs to L" for some given r < oco. More specifically, the
above question is to study, for given parameters p, ¢ and r, the optimal constants C, .,
and ¢, 4, in the inequalities

19llze < Cpgrll fllzallv™]lr (3.1.1)

and

gl oee < pgrll fllzallv™ (|- (3.1.2)

A simple argument shows that the exponents must satisfy the condition % > 141

otherwise the constants are infinite. In what follows, we will assume that this condition
is satisfied with equality sign.

Here is the main result of this chapter, obtained in a joint work with A. Osekowski.
In the formulation below, ¢ is a certain special concave function on [0, 00), described
precisely in Theorem 3.7.

Theorem 3.1. Let [ be a discrete-time martingale taking values in a separable Hilbert
space H. Assume further that g is the transform of f by a predictable sequence v and
let 1 < p, q, r < oo be parameters satisfying % = 3 + % Then the estimates (3.1.1) and
(3.1.2) hold with

p—1 ifp>2,
Cpgr =19 (¢ — 1)_1 ifp<q<2,
1 otherwise
and
(pr=1/2)'7 if p>2,
’ 1/pl
() (=)
Cp,gr = = —2 (0 <qg<?2
Pyq, <T/ ( 2(q N T/) ¢( ) pr q )
1 otherwise.

The constants are the best possible even iof H = R.

There is a natural question whether the above theorem can be extended to the con-
text of differential subordination. In particular, one needs to provide an appropriate
domination principle which would generalize the operation of transforming by L"-valued
sequences. We will prove the following statement.
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Theorem 3.2. Suppose that f, g are H-valued martingales and v is a predictable sequence
such that g is differentially subordinate to v - f. Then for any parameters 1 < p,q,r < 00
satisfying ]l] = % + 1 the estimates (3.1.1) and (3.1.2) hold true.

Note that by a simple limiting argument, the above theorem yields the sharp weak—
and strong-type inequalities of Burkholder and Suh, discussed in the previous chapter.
In fact, we will establish the more general continuous-time version of Theorem 3.2.

Theorem 3.3. Suppose that X, Y are H-valued martingales and let H be a left-continuous
process such that Y is differentially subordinate to H - X. Then for any parameters
1 <p,q,r < oo satisfying % = % + % we have the sharp estimates

1Y[r < Cpgrl| X ||l H*|| - (3.1.3)

and
WYl e < cpgrll X el H|

L. (3.1.4)

We see that in the above statement we consider integrands H with left-continuous
trajectories. This is slightly more restrictive than the predictability condition which is
typically imposed in the context of stochastic integrals. The reason is that the analysis
of the behavior of H* will be based on [t6’s formula, for which this enhanced regularity
seems to be necessary.

The next section is devoted to two special estimates which serve as ‘building blocks’
in the proofs of (3.1.3) and (3.1.4). The strong-type estimate (3.1.3) is established in
Subsection 3.3.1, we also prove the sharpness of (3.1.1) there. The last two sections
contain the proof of the weak—type estimate (3.1.4) and address the sharpness of (3.1.2).

3.2. Two auxiliary inequalities

Introduce the domain D = {(z,y) € HxH : |z|+ |y| < 1} and let uy, us : HXxH — R
be two special functions, given by

u(x )_ ’y‘2—’$‘2 if(x,y)ED,
YT 12 ey gD

and

oo it (z,y) € D,
<o) {<|y\ L1 fef? it (ry) ¢ D.

The function u; was invented by Burkholder in [8] and it played the key role in the proof of
the weak—type (1,1) estimate for martingale transforms. The function wu,, first appeared
in [4] and it can be regarded as an appropriate dual to u;. See the monograph [35] for
the detailed discussion and much more on the subject.

Later on, we will need the following property of these functions. Namely, if (z,y) € D
and h, k € H satisfy |k| < |h|, then

ui(z +hy + k) <z, y) + (ue(z,y), h) + (uy(2,9), k) (3.2.1)
and similarly,

Uoo (T + P,y + k) < oo (2, y) + (Uoca (2, ), h) + (Uoy(7, ), k). (3.2.2)
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Here 14, U1y, Usoy and U, stand for the appropriate partial derivatives of u; and us.
Note that (3.2.2) is equivalent to saying that us(z + h,y + k) < 0.

Before we proceed, let us record a useful fact, proved by Wang (see Lemma 1 in [49]).
Recall that X° stands for the unique continuous local martingale part of X.

Lemma 3.4. IfY is differentially subordinate to X, then Y° is differentially subordinate
to X¢ and with probability 1 we have |Yo| < |Xo| and |AY;| < |AXy| for allt > 0. In
addition, if X, Y are orthogonal, then Y has continuous paths and X€, Y are orthogonal.

We are ready for the main result of this section. In what follows, H is the cadlag
maximal function of H, defined by H;, = inf,., H}.

Theorem 3.5. Lett > 0. Suppose that X, Y are martingales and H s a left-continuous
process such that 'Y is differentially subordinate to H - X.
(i) If Hy is bounded away from zero, then

Eu (X, Y, /H;, ) <0. (3.2.3)
(it) If HY, X, and Y, are square integrable, then
Eus (H; X, Y;) <0. (3.2.4)

Proof of (3.2.3). Introduce the stopping time 7 = inf{s > 0 : (X,,Y,/H} ) ¢ D}, with
the usual convention inf () = +o00. Let us start with the obvious identity

Eu, (Xt> Yt/HZZr) = Eu, (Xt; E/H:—i-)X{TSt} + Euy (Xt7 }/%/H:+)X{T>t}'

Note that uy(z,y) < 1 — 2|z| for all z, y € H. Therefore, using the supermartingale
property of (1 — 2|X|)s>0, we may write

Buy (X, Y/ H ) xr<y < B(1 = 2[Xe])x(r<ty
S E(1 = 21X )X reny = Bua (X7, Yo/ HE )X <ty

which combined with the preceding identity gives
]Eul(Xta }/t/H:Jr) S IEul (XT/\t7 ifﬂr/\t/Hi/\tJr)-

Hence it is enough to prove that the right-hand side is nonpositive. To this end, denote
Zs = (X, Ys/HZ,) and apply 1t6’s formula to obtain

ul(XT/\t7 K'/\t/H:/\t—i-) = [0 + Il + [2 + [3/2 + [4, (325)
where

Iy = Ul(XmYo/Hng),

TAt TNt Z B
h= [ wlzo)axos | %) gy,
0+ 0+

s

TNt Y;_ }/;_
_[2 = —/ uly(Zs—) ° WdH;ik + Z Uly(Zs—) : WAH:+7
0+ S 0<s<TAL s

TAL

TAL
I3 = / ulac;r(Zs—> : d[X7 X](s: +/ ulyy(Zs—)<H:)_2 ’ d[Y> Y]gy
0

+ 0+

L= Y [ul(zs)—ul(zs_)—<u1x(zs_),AX5>_<u1y(zs_),(Am/H:>],

0<s<TAt
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Let us make several helpful observations here. The quantity I; and the integral in I is
just the sum of all first-order terms, while the expression I3 is the sum of all second-order
terms (note that for (z,y) € D we have uy,,(z,y) = 0, so the mixed integral does not
appear in I3). The second half of I and the whole I, correspond to the jump part.

Let us study the behavior of the terms Iy through I,. By the differential subordina-
tion of Y to H - X, we have |Yy| < |Ho||Xo| < Hg,|Xo| and hence Iy < 0 (indeed, we
have uy(z,y) < 0if |y| < |z|). The stochastic integrals in I; are martingales (as processes
indexed by t), since by the definition of 7, Z_ is bounded on (0, 7]. The term I5 is nonpos-
itive: indeed, we have uy,(Z,_)-Y,_ = 2|Y,_|* > 0, the process (H7, — > o ,<, AHZJr)szo
is nondecreasing, and

TAL Y.
I, = — Zy ) ——d | H — AH!, |.
2 /0 U’ly( ) (H:)Q < s+ Z u+>

+ 0<u<s

Next, we compute that

TAL TAE

I; = —2/ d[X, X]¢ + 2/ (H:)2d[Y,Y]S <0,
0+ 0+

by the differential subordination and Lemma 3.4 above. Finally, each summand ap-

pearing in I, is nonpositive, by virtue of (3.2.1) applied to (z,y) = Z,_ and (h,k) =

(AX,, (AY;)/H?) (the estimate |k| < |h| follows by the differential subordination of Y to

H - X: see Lemma 3.4).

Putting all the above facts together, we get the desired assertion. O]
Proof of (3.2.4). Let 7 =inf{s > 0: (H}, X,,Y;) & D}. The first step is to show that
]EUOO<H;k/\t+XT/\t, YT/\L‘) S 0. (326)

To this end, we write the trivial identity
Eum(H;kAt+XTAta YT/\t)
= EUOO(Hi/\t+XT/\t7 Yr/\t)X{r>t} + ]EUOO(H:/\t—i-XT/\ty YTM)X{Tgt}-

The first summand on the right is equal to zero: by the definitions of u., and the stop-
ping time 7, the random variable under the expectation vanishes. To handle the second
summand, we apply, on the set {7 < t}, the inequality (3.2.2) with x = HXX, [ y=Y,_,
h = H*AX, and k£ = AY,. Note that |k| < |h|, by Lemma 3.4 and hence we get
Uoo (H:X;,Y;) < 0. Thus, we also have us(H;, X, Y;) <0, since ux(x,y) decreases as
|z| increases. Integrating, we get Euo (HX, X, Y;)x{r<sp < 0, which proves (3.2.6).

The next step is to establish the inequality

Buoe (Hy X, Yy) < Buoe (H yyy Xont, Yone), (3.2.7)
or equivalently,
EUOO(H;_Xt, Yi)X{‘rgt} S EUOO(H:+X7-, YT)X{Tgt}- (328)

To show this bound, note that u.(z,y) < (Jy| — 1)? — |z|? for all (x,y) € H, and hence
Buoo (H}' Xo, Vi)x(r<ny < E((1Yel = 1)* = [H Xol ) Xgr<ty-

Arguing as above, by Doob’s optional sampling theorem and the supermartingale property
of the process (1 — 2|Ys|)s>0, the estimate (3.2.8) will follow if we manage to prove that

E(Vi[? — |H;, X?) Xgrey < E(V? — [HE X ) xozry. (3:2.9)

This is done by Ito’s formula. The calculations are essentially the same as in the proof of
(3.2.3) and hence we omit the details. O



Chapter 3. Estimates for unbounded transforming sequences 37

3.3. Strong—type estimates

3.3.1. Proof of (3.1.3)

With no loss of generality, we may assume that X is bounded in L? and H* € L", since
otherwise there is nothing to prove. Furthermore, we may assume that Hy is bounded
away from zero, replacing it with |Hy| 4 € and letting € | 0 at the very end of the proof.
These assumptions imply that for each ¢ the random variables H;, X, and Y; belong to LP.
Indeed, we have ||H; X;||r» < || X||za||H*||z» by Young’s inequality, while Y is handled
with the use of Burkholder-Gundy inequality and the differential subordination:

([ oax XL)W p

* 1/2 1/2 * *
< H: X X1 e < WX X2 ol Hi e S l1X 2ol H 2
(3.3.1)

1/2
1Yille Sp 1Y Y2 <

Now we consider separately three cases.

The case p > 2. If p = 2, the claim follows from (3.3.1): all the intermediate inequal-
ities hold with the constant 1. Hence we may restrict ourselves to p strictly bigger than
2. Consider the functions U, V : H x H — R given by

Vi(z,y) = ly[" — (p — DP|zf?

and
Uz,y) =p" (0 — 1" (lyl = (0 = Dla)(|| + [y
Burkholder [10] showed that we have the majorization

U>V  onHxH. (3.3.2)

The function U has the following remarkable representation in the language of wu:
Ulag) = [ N (/A p/ )N
0

where a,, = p>P(p — 1)P(p — 2)/2 (see [4]). Therefore, by (3.2.4) and Fubini’s theorem,
EU(H, X, Y;) <0,  ¢>0. (3.3.3)
To see that Fubini’s theorem is applicable, note that

0 if ||+ |y| <1,
lz]? + [y|* if |z] + y| > 1,

which implies

/ N Huoo (/A y/ M)A S (12 + [yP) (2] + )"~ Sp |2 + [yl (3.3.4)
0

Since H}, X, and Y; belong to LP, we have the necessary integrability and (3.3.3) follows.
Thus, by (3.3.2), we conclude that EV (H; X,;,Y;) <0, or

IYillze < (p = DIHL Xol[o < (p = DIX | Lo || H |-
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Since t was arbitrary, the inequality is established.

The case p < q < 2. We may actually assume that ¢ < 2, the case ¢ = 2 follows from
a limiting argument. The reasoning goes along similar to those above, but we need some
additional effort. Let U,, V, : H x H — R be defined by

2—q

Volwy) = lyl" = (0= D72l Uplzy) = —((g — Dyl — |2} (=] + [y])7 "

qg—1
As shown by Burkholder in [10], we have
U, >V, on H x H. (3.3.5)

Furthermore, the function U, admits the representation (cf. [4])

Uy(z,y) = aq/ A g (@ /X, y/A)dA,

0

where o, = ¢*79(2 — ¢)/2. Now it is natural to try to use (3.2.3) and Fubini’s theorem
to obtain EU,(X,,Y:/H} ) < 0 for all ¢t > 0. The function U, enjoys an appropriate
boundedness: we have

>+ |y if 2| + |y < 1,
|+ ly| if ||+ |yl > 1

Jur (2, y)| < {

and hence -
| X e/ 010 S, Jal+ ol 3.36
0

So, to use Fubini’s theorem, we need to establish the L9-boundedness of the process Y/ H? .
This, in contrast to the previous situation, does not seem to follow from Burkholder-Gundy
inequality. To overcome this difficulty, we apply localization. Given an arbitrary positive
integer M, consider the stopping time

oy =inf{s > 0:|X,| + |Ys/HI| > M}.
By the differential subordination of Y to H - X, we have

Ao, /H,, )| = [AYs,, |/ H;, < [AX

M oM | ’

which implies that Y, a/Hy | < M + |AXgy al, in particular, Yo, n/HS A and

hence also Yy, n¢/Hj aey> belong to L. The stopped martingale Y7 is differentially
subordinate to H™ - XM g0 (3.2.3) and Fubini’s theorem give

EUy(Xonsnts Yousnt/ Hoo pen) <0, £ 0. (3.3.7)
Combining this estimate with (3.3.5), we get EV,(Xoy,nt, Yorne/Hy, ary) < 0 and hence

Younille < 1Yo nt/Hoynei ol Hpynes e
< (¢ = D) M Xoynill sl H pe o < (g = D)X ol H7 |-

Letting M — oo and t — oo, we get the claim, by Fatou’s lemma.

The case p < 2 < q. For this choice of p and ¢, the assertion will follow by applying
(3.1.3) twice, in the range already covered by the above considerations. Specifically, take
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s =2p/(2—p), « =r(2—p)/(2p) and write the stochastic integral H - X in the alternative

form o
/thXt:/\Ht\""HiadXt,
t

i.e., as the stochastic integral of the process |H|* with respect to the martingale H|H | *-
X. So, Y is differentially subordinate to |H|* - (H|H|™ - X), and hence (3.1.3), applied
with 1/p=1/2+1/s (then C, 2, =1, as we have shown above), gives

/S
T

Lr

Yl < |HIH]T X LI e = [[HIHT - X[ L H

The term ||H|H|™ - X||,, is again handled by (3.1.3). Namely, we have 1/2 = 1/q +
(7 —2)/(29) and Co4,(20)/(g-2) = 1, 50

e ¥l *17(q—2)/(2
[HIH™ - X | 2 < IX ol CH) ™ garam = X Lol 507222,

Putting all the above facts together, we get the desired estimate.

3.3.2. Sharpness for martingale transforms

Observe that C,,, > 1 for all p, ¢, r satisfying 1/p = 1/q + 1/r: this is easily seen
by considering the constant sequences f = g = v = 1. Therefore, the estimate (3.1.1) is
sharp for p < 2 < ¢ and from now on we may assume that p > 2 or p < ¢ < 2. Actually,
by the lemma below, we may restrict ourselves to the first possibility.

Lemma 3.6. Let C}', . denote the optimal constant in (3.1.1), restricted to real-valued
martingales. Then we have C* = C% ,  for all p,q and r satisfying 1/p=1/q+ 1/r.

g, qp'r
Proof. Let p’ = p/(p — 1) be the Holder conjugate to p. Assume that ¢ = (¢,)n>0 is an
arbitrary L”-bounded, real-valued martingale with ||¢||,» < 1 and let ¥ = (1, )n>0 be
the transform of ¢ by v. Since the martingale differences are orthogonal, we may write

Egnpn =B dgrdpr =B dfydipy, = Efyib,.
k=0 k=0

However, we have 1/¢' = 1/p' + 1/r, so

Efutn < [lfalleell¥nll e < Cf ol fallalloll o Il < Cry

Combining this with the previous identity and using the fact that ¢ was chosen arbitrarily,
we conclude that |[gnllzr < CF I fllLel|v*||z- and hence, taking the supremum over n,

we obtain that C’;fw < C’;T’,p,’r. Switching from (p, ¢) to (¢/,p’), we get the reverse bound.

The proof is complete. O

Fllzallv]r-

Thus, from now on, we assume that p > 2 and proceed to the construction of the
appropriate extremal examples. The analysis splits naturally into several steps.

Step 1. The filtered probability space. Assume that the probability space is the interval
(0,1] with its Borel subsets and the Lebesgue measure. Let @ > ¢ and § > 0 be fixed
parameters, and set () = 1 — ad. We start with defining a certain decreasing sequence
(Pn)n>0 with values in (0, 1]. Namely, for any n > 0 we put

Qn + Qn+l _ DPan + Pan+2
2 2 '

Pon = Qn and Pon+1 =
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This sequence gives rise to the filtration (F,),>0 such that for a fixed n, the o-field F, is
generated by the intervals (0, p,], (0,pn—1], (0, pn_2], ..., (0,po]. That is, the atoms of F,

are precisely (0, pul, (Pn, Pr-1], (Pu-1,Pn—2], - - (1, p0]-
Step 2. The variable f. Introduce the function (random variable) f: (0,1] — R by

= Z(l + 5)71 <X(P2n+17p2n] - X(p2n+2,p2n+1]>'
n=0

Note that f is measurable with respect to o(F, : n > 0). It is easy to check that f is
integrable, it actually belongs to L9, at least for sufficiently small §. Indeed, we compute
directly that

E‘f‘q = Z(l + 5)nq<p2n _p2n+2) = aéz |:(1 + 5)(1(1 — CL(S) ! < 00,
n=0 n=0

where the last inequality follows from the estimate a > ¢ (which guarantees that the ratio
of the geometric series is less than 1). Furthermore, note that if a is chosen close to g,

then 5
a a
limE|f|? = li =
530 /] 613(1)1—(1%—5)%1—@5) a—q

and hence

lim li = 00.
im lim || f]|z0 = oo

Step 3. On the martingale (f,)n>0 generated by f. For any nonnegative integer n, we
let f, = E(f|F.). By the very definition of f and (F,),>0, we check that

f _ 0 on (Oap2n]7
e f on (pan, 1.

Indeed, on (0, pa,] we have

f 1 /p2n f
= dz =0,
710, p2a]] o

by symmetry: for each k, the point pog.q is the middle of (pogyo, por). Similarly, we get

1-Q
——(149)" on (0,p2,s1l,
Foes = 1JFQ( ) (0, pani]
f on (p2n+171]'

To check the first formula, note that fUm"“ f = 0 (as we have seen above), so on (0, pa,11],

1 P2n+1 2 P2n+1
f2n1:—/ fde—/ fdz
+ ‘(07 p2n+1” 0 Qn _'_ Qn+1 p2n+2

2
- O+ Qi (1+6)"(Pon+1 — P2nt2)
1-Q

=130+
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Passing to the difference sequence df, we obtain that dfy, = fo = 0 and

_%(1 +0)"  on (0, p2ns1],
dfon+1 = (14 6)" on (Pan+t1, Pan),
0 on (pan, 1],
1 :L g(l +6)" on (0, pan2);
dfony2 = —(14)" —QQ on (Pant2;, Pan+1l,
0 on (p2nt1,1]

forn=0,1,2, ...
Step 4. The predictable sequence v and its properties. We introduce v = (v,)n>0 by
vg = 1 and, for n > 0,

Vant1 = —(L+8)" Xty V2nrz = (14 0)" X (0pi.
Obviously, v is predictable: we have (0,p,] € F, for each n. Furthermore, on the set
(Pnt1, Pn) we have |vo| < |vg| < Jug| < ... < |vpga| and vy40 = vpyg = ... = 0. Conse-
quently,

Z (1+9) nq/T X(p2n+2,p2n] = |f|q/T7
n=0

so ||v*||zr = ||f||q/r and hence in particular || f||z¢||v*||z- = ||f||Q/p.

Step 5. On the transform. Let g be the transform of f by v. We will compute the
explicit formula for g on each interval of the form (p,41,p,]. We start with an even n.
Directly from the above construction, we see that dfs, o = 0 on (pa,+1, p2,] and hence

Gon+2 = Gant1 = Vodfo + vidfi + ... + vaudfan + vont1dfan i
2(1 —
— (1TC§2) [1 +(1+ 5)1+q/r +... 0+ 5)(n—1)(1+q/7")] (1+4)" (+a/m)
C2(1-Q) (14o)ntre/m —1
T 1@ (4ot —1
2 1-Q 9 10
1 (14q/7) ) 4l . |
S 1+Q (140)*r—1 1+Q (L+6)He/r —1

-1+ 5)n(1+q/r)

On (p2n+2, Pant1] the calculations are similar, but slightly more complicated: we get

9ont2 = Uodfo + Uldfl + ...+ Uzn+1df2n+1 + UQn+2df2n+2

2(1-Q) | -
e Sl A 14+ o)Har 4 1 + §)(r=1(+a/7)
o 1+ + (14 9) ]
1-Q 2Q)
Z (1 4 syka/r) o 4 g rta/r) L2
2 1-Q 2 1-Q
— n(l+q/r) , 1l = .
(1+9) v Q (rormr—1 | 1+Q Troror—1
+ u(l + §)ni+a/n),

1+@Q
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Finally, note that dg,4+1 = dgni2 = ... = 0 on (pp,pn—1]. Therefore, we have that g, the
pointwise limit of (g, ),>0, can be rewritten in the form g = g™ + ¢® + ¢® where
= 2 1-Q
1) — n(l+q/r) . _
g - Z(]‘ _I_ 6) 1 |:1 + Q (1 + 5)1+q/7‘ _ 1 1 X(p2n+27p2n]’

n=0

2 1-Q
@ _ ,
9 o Z 1 + Q (1 + 5)1+q/,, _ 1X(P2n+27172n]7

n=0

5 _\~201-0Q) n(1q/r)
g9 =3 7 119

X (p2n+2,p2n+1]"
n=0

Step 6. The analysis of g). Observe that |g™M)| = | f]9/P - [ﬁ : (1-&-6;17—+‘1/T—1 — 1} and

the expression in the square brackets enjoys the following behavior:

lim |2 1-Q ~ 1| = lim 2a0 1) =%
-0 [14Q (140)He/r—1 C 550\ (2 —ad)((1 +0)++a/r — 1) S r+q

The limit ra/(r + q) — 1 can be made arbitrarily close to rq¢/(r+q) —1=p—1,if a is
chosen sufficiently close to q. Consequently,

it 19 g e _=p—1
T L P e

Now we will show that the contribution of the variables ¢ and ¢® is negligible. Note

that
@) = 2(1-Q)
(I+Q)((1+)ttar —1)

is deterministic and converges to ra/(r + ¢q) as 6 — 0. Combining this with the analysis
at the end of Step 2, we see that

g

2 2
N ) P V) PP,
A e Tl
Finally, note that [¢®®] < Z(ET_QQ)UW”, and hence
3) 3)
tim i W9 e e 9PN
alg 810 || f|9F alg 510 || flzallo*|ze

Step 7. Completion of the proof. Let us put the above facts together. We fix ¢ > 0
and take a > ¢ such that

M p-1|<
—1—(p— €.
r+q P
Then for sufficiently small § we have
1) &) (3)
N N |
[Nl zallo*] - [Nl zallo*] - 1/ Nl zallo*[| -
and hence Il
gliLe
oo > p—1—3e
1/ Nl allo*[| £

Since € was arbitrary, the sharpness follows.
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3.4. Weak-type estimates, p > 2

3.4.1. Proof of (3.1.4)

As in the case of strong-type estimates, we may and do assume that || X ||« < oo and
|H*||r < oo; we may also assume that the norms are strictly positive since otherwise,
the claim is obvious. Then H}X and Y belong to L?, as we checked in the preceding
section. Consider the functions U, V on H x H, given by

—1

Ur,y) = By /01_p N e (/X y/A)dA

and
-1

Viz,y) =p(yl = 1+1/p), — ——lal”,
where 8, = pP(p — 1)*P(p — 2)/4. It was proved in [6] that
U>V  onHxH (3.4.1)

Applying (3.2.4) and Fubini’s theorem, we get EV (H} X;,Y;) < EU(H; X;,Y;) <0 for
t > 0. Fubini’s theorem is applicable, since

1

1-p— [e'e)
[ e AN s [N A A Sy bl
0 0

as we already verified in (3.3.4). Therefore, we obtain
< pp—l * P <L - p *||P
ElY —p+ 1), < EIH;, X < T X H
Fix an arbitrary event A of positive probability. Then
1

E(plYi| - p+ )Ly < EplYi| — p+ 1)1 < | X |55,

or equivalently,
-2

—1
/ vilde < Z—j x|z, 15|, + E=pA).
A 2 p

The differential subordination of Y to H - X is preserved if we multiply X and Y by a
fixed positive constant A. Applying the above estimate to the modified triple A\X, \Y
and H, we obtain

-2

2

—1
A / kP < X I + P a),
A

Dividing both sides by A and optimizing over A (specifically, the best choice is A =
(2P(A)/pr )VPIX a1 HA (120 we get

—1\ 1/p
vilde < () X 10
A 2

This yields [|Y |||y < (pP71/2)YP|| X || La||H*|| L7, since A and t were arbitrary.

LT ° P(A)lil/p
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3.4.2. Sharpness for martingale transforms

The calculations are quite similar to those appearing in the previous section. We
take 0 > 0, fix a positive integer N and set Q@ = 1 — (p — 1)¢é/p. Then we define the
sequence (pn)n>0 as before and consider the probability space ((0,1],8(0,1),|-]). We
consider the o-algebras Fy, Fi, ..., Fon as previously, and Foni1 = Fonio = ... is the
o-field with atoms (0, pan /2], (pan /2, pan]s (P2, P2n-1]s (P2n—1,Pan—2], - -+, (p1, o], that
is, Foni1 = Fonio = ... = 0(Fan, (0,pan/2]). Consider the function f given by the finite
sum

=

—
I

(1 + 5)71 (X(p2n+1,292n} - X(P2n+2,P2n+1]) + (1 + 5)N <X(07P2N/2} - X(p2N/27P2N])'

I
o

n
This function is measurable with respect to Fon.1 and satisfies

N-1

Elf[* = Z(l +0) ™ (pan — Pansa) + (14 6) N pay
n=0 (3.4.2)
146)1Q —Q
<(Q(1 46DV . ( :
It is easy to see that the formulas for df,, n = 0, 1, 2,..., 2N, are the same as in the

previous section. This follows from the fact that f has not been changed on (pay, 1] and
it still has a vanishing integral on (0, poy]. To complete the description of the difference
sequence, note that dfoni1 = fX(0pon) and dfonio = dfoyiz = ... = 0.

The transforming sequence v = (vy,),>0 is given by vg = 1; forn =0,1,2, ..., N —1
we put v, = —(1 —{—(5)"‘1”)((0,,)2”] and vg, 10 = (1 +5)”q/"x(0,p2n+l]; finally, for n > 2N we
set v, = (1 + )N\ (0 pon1- S0, in comparison to the formulas from the previous section,
we see that vg, v, ..., vay are the same. Consequently, we may repeat the analysis and
obtain that v* = | f|%/"; furthermore, on (0, poy/2] we have

gan+1 = Vodfo + vidfi + ... + vaniidfonia

_ 2<11T_QQ> (L4 @+ 4 (L4 IO 4 (14 9N
2(1 - Q) (1+6)N0+a/m 1 .
- <1 +Q o (1 +>6)1+q/r —p T,

Denoting the latter expression by A\, we see that

llgl o0 Igllzeee A0, pan/2]]"" (1+6)7Q—1 p
* 2 1+q/r > / = N ’
[ zallo* e = || f)1 0 £ 1197 2Q(L+0)N((1+6)7 —1)

where the last inequality is due to (3.4.2). Now we need to perform an appropriate limiting
procedure. Letting N — oo, the latter expression converges to

( 2(1- Q) +1)( (146)0Q — 1 )”P
(1+Q)((1+0)t+a/r —1) 2Q((1+46)—-1))

Now if we let § — 0, the above quantity tends to p - (2p)~/? = (pP~1/2)1/P. This yields
the desired lower bound for the weak—type constant.
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3.5. Weak-type estimates, p < 2

3.5.1. Proof of (3.1.4)

If ¢ > 2, then the estimate follows at once from the strong-type bound: we have
Y oo < (Y Nl < ([ X || 2al [ H™[| r-

The main difficulty lies in proving the weak—type inequality for 1 < p < ¢ < 2; one
easily checks that 1 < 7’ < ¢ in such a case. Fix X, Y and H as in the statement; we
may assume that || X ||z« < oo, ||H*||.r < oo and |Hp| is bounded away from zero. Then
|Y||Lr < 00, by the strong-type estimate which we have established in Section 3.3.

We will make use of Burkholder’s method: this time the definitions of the appropriate
special functions are much more involved. To avoid notational confusion, in our con-
siderations below we will use the letter o for the number " = r/(r — 1). Consider the
differential equation

a2 —a)¢/ (z) + a = qlqg — 1)a7 2 (x)*“, (3.5.1)

We have the following fact, which appears as Theorem 2.1 in [38].

Theorem 3.7. There exists a unique nondecreasing, concave solution ¢ : [0,00) — [0, 00)
of (3.5.1) satisfying $(0) > 0 and ¢'(t) — 0, ¢(t) — oo, ast — oco.

From now on, ¢ stands for the solution described in the above theorem. Let & :
[#(0),00) — [0,00) be the inverse to t — ¢+ ¢(t). We have ¢(P(t)) + ©(¢) = ¢, which in
particular yields

o(P(t) <t and ¢(P1)P'(¢) <1 (3.5.2)
for ¢ > 0. For the notational convenience, let us distinguish the constant
2 _ (03
[, _ 2000
2
and consider the auxiliary kernel
2 — .
w(y) = oD o@pig@one o aso,

We are ready for the definitions of the functions V, U : H x H — R which will lead us to
the weak—type estimate. Set

V(z,y) = (191" = Lag) , — 2]

and -
Ulz,y) = / W\ (22, y/\)dA. (3.5.3)

$(0)
One can derive the explicit formula for U, but it will not be needed in our considerations.
The only property which matters to us is the majorization of V' by U (see Lemma 3.5 in
[39]). Furthermore, by (3.5.2) we have w(A\) <oy A7 ! and hence, computing as in (3.3.6),

/ /A YA Sy el bl
#(0
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Thus by (3.2.3), Fubini’s theorem and the majorization U > V/,
EV (X, Y:/H/,) <EU(X,Y:/H[ ) <0, t > 0. (3.5.4)

Now we argue as in the case p > 2. For an arbitrary event A of positive probability, we
may write

(|Yt/ +|a Laq)1A<E(‘Yt/ +‘a La,q)+§E’Xt|qa

where the last passage is equivalent to (3.5.4). Therefore, we get
| W/ HE P < X+ Lo P(A).

The differential subordination of Y to H - X is not affected if we multiply X and Y by a
fixed positive constant \. Therefore, the above inequality gives

/’Yt/ i [TdP < XX e + A7 La gP(A),

and the optimization over A yields

l-a/q
Oé o (0% —Q
[mzar< € (—n,) ey

Consequently, recalling that « is the Holder conjugate to r, we may write

[ = ([ |Yt/H+|adP> |0

<()" (Sotea)  IXLlE LR

This is precisely the desired weak—type bound, since A and t were chosen arbitrarily.

3.5.2. Sharpness for martingale transforms

As previously, we may restrict ourselves to the case 1 < p < ¢ < 2: for ¢ > 2, the
constant is 1, which is achieved for f =g=v = 1.
Fix € > 0. Our starting point is the strong—type estimate

el < Ko g £l o,

where f is an arbitrary L?-bounded martingale and ¢ is its transform by the deterministic
sequence w, = (—1)", n = 0,1,2,.... The optimal value of the constant K,/ , was
identified in [38]: it is equal to ¢, ,, and the almost-extremal examples have the following
structure: see Figure 3.1 below to gain some intuition. Fix a small parameter 6 > 0.
The pair (f, ) starts from (¢(0)/2,(0)/2) and at the first move it goes to (0, ¢(0)) or
to (¢(0),0). Then the evolution is governed by the following rules:

-if (f, ) lies on one of the curves y = ¢(x) or y = —¢p(x), it stops ultimately;

- if we have (f,¢) = (z,0) for some x > 0, then the pair jumps, along the line of slope
1, to (z + 9,9) or onto the curve y = —¢(x);

- if we have (f,¢) = (x + 4, 9) for some x > 0, then the pair jumps, along the line of
slope —1, to (z + 20,0) or onto the curve y = ¢(x).
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(¢<o ¢<0>>_,_‘;;;~ij3\ (€ +4,9)
2 7 2 RN

N NN
N
A N Y
w e el w

/," ,""r"’/ \
@O0 =T X s
N N )

L A&

y=—¢(z)

Figure 3.1. The structure of the extremal examples. The dots e indicate the possible locations
of the pair (f,¢).

Let us gather some basic information about f and ¢, which will be needed later. First,
the martingales are unbounded, but they are both bounded in L?. Furthermore, it can
be extracted from [38| that

el

010 || f| e
Next, we make some observations concerning the behavior of the differences dfy, dfi, .. ..
We easily see that with probability 1, first several differences are positive; then there is a
negative term; and then the remaining differences are zero. Let us be more specific. We
have dfy = ¢(0)/2 > 0 and then there are two possible scenarios:

p7q7r ‘

(a) dfs = —6(0)/2 and dfs = dfs = ... = 0; then (df)* = $(0)/2 and " = ¢ = 3(0);

(b) dfy = ¢(0)/2. Then there is an integer m > 2 such that dfs = dfs = ... = df,_1 =
d >0, dfr, < 0 and dfyi1 = dfjnie = ... = 0. In this case, we have (df)* = |df,,| and
" = ol = (df)".

We define the transforming sequence v by vy = ¢(0)" ', v; = —¢(0)" " and v, =
(=1)"|@n_y|"~* for n > 2. Obviously, this sequence is predictable and we have v* =

(90*)”'_1 = ](p\rl_l. To understand the behavior of g, note that in the scenario (a),
g=0(0)"""-$(0)/2 = $(0)" " - (—$(0)/2) = $(0)" = |¢p"".
On the other hand, in the scenario (b) we have vydfy + vidfy = 0 and
g = Ugdfg + Ugdfg + ...+ vmdfm

But the sequence (v,),>0 is alternating and (|v,|)n>0 is nondecreasing, while dfs = df; =
. =dfm—1 = 6 and df,, < 0. Consequently, |g| > |vn||dfim| = v*(df)* > (1 —e)v*p* =
(1 — €)|p|”, if § is sufficiently small. Putting all these facts together, we obtain the
inequality

llgll oo = /Q 9ldP > (1—e)Elp|” = (1=e)@llp v ]ler = (1 =) (epqr =)l Fllzallo"l2r,
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provided ¢ is sufficiently small. This is precisely the desired claim, since € can be chosen
arbitrarily small.



Chapter 4

Sharp LY — L9 estimates for Hilbert and
Riesz transforms on compact Lie groups

4.1. Introduction and statement of results

The main objective of this chapter is to study the boundedness of the Hilbert and
Riesz transforms as operators from LP to L for p # q. Obviously, this problem makes
sense only if ¢ < p, since for ¢ > p the norm is infinite. Note that [|H®(| 1»r)— La®) = 00,
by a simple dilation argument; therefore, we will assume that the base space has finite
measure. That is, we will restrict ourselves to the context of Hilbert transforms on the
circle and, more generally, Riesz transforms on compact Lie groups and spheres.

To formulate our main result, we need to introduce an auxiliary object. Given 0 <
p < 00, let w, : [0,1] = [0,00) be the LP-modulus of continuity of the function u
Lln|tan Z|, u € (—2,2):

o= (L

(s —1)

—In |tan tan

™

P 1/p
ds) : (4.1.1)

We will prove the following fact. We have decided to state it in the classical, periodic set-
ting only; the more general formulation in the presence of compact Lie groups is postponed
until Section 4.4.

1
— —1In
T

ro+)

Theorem 4.1. For any 1 < g < p < oo we have the sharp estimate

’H%Tmeq,oo(T) < OpqufHLP(T)a (4-1-2)
where
e VR N Vol
fl1<p<2
Oy = L kzzo (2k + 1)+ fl<ps<?
sup (t_l/q/wp/(t)) if p> 2.
0<t<1

So, we see that if 1 < p < 2, the weak norm does not change if we vary ¢: we have
the identity C,, = ||HT”LP(']1')—>LP=°°(T). On the contrary, for p > 2 there is a nontrivial
dependence on ¢. There is a natural question whether, for p > 2, the constant can be
expressed in a more explicit form, but we believe that this is not possible.

Our approach will rest on the construction of a certain special superharmonic function
on the strip {z € C : | Re z| < 1}, which will satisfy an appropriate majorization condition:
see Section 4.2. This function, in turn, will allow us to establish a general probabilistic
estimate involving orthogonal martingales satisfying the differential subordination: see
Section 4.3 for details. In the final part of the chapter we will pass from the probabilistic
to the analytic realm. The martingale inequality will yield (4.1.2) and its extension to
the directional Riesz transforms on Lie groups and spheres, with the use of stochastic
representation of these operators established by Arcozzi [1]. The sharpness of (4.1.2) will



Chapter 4. Weak-type bounds for Riesz transforms 50

be obtained by the construction of the extremal examples; we will also apply a certain
transference argument to deduce the optimality of the constant for the d-dimensional
torus.

4.2. A special superharmonic function

In our argumentation below, we will often use the identification C ~ R? and switch
from z = x + iy to (z,y) and back; this should not lead to any confusion. Throughout,
a > 0and 1 < p < 2 are fixed parameters. Consider the planar domain D = D, =
([-1,1] x R)\ {(0,y) : |y| > a} and let H = H, be the map given by

eTra—iTrz -1 1/2
H(z) =i <—> ,  zeC. (4.2.1)

ema e—iﬂ'z
Here we use the following branch of the square root on the complex plane: (re’?)'/? =
r1/2e%/2 where r > 0 and o € (—m, ). It is easy to check that H is a conformal mapping
which sends the interior of D onto the open upper half-plane R2 := R x (0, 00). Next, let
U =UP": R — R be given by the Poisson integral

1 15} 1 em 2 — 117
U, B) = ;/Rm ( x M ema—g || T CX{|1n|t|§m/2}) dt,
where . 2 1P
' B eﬁat _
C = Cp,a = (4 smh(7m/2)) 1/]R ( ; In m - Cbp) dt.

Obviously, the function ¢/ is harmonic and satisfies the boundary behavior

p

1
- CX{\ln\aHSwa/Q} (422)

—In
T

ema? —1
era 042

lm U (e, ) =
imU(a, 5)

for a € R\ {£e*™%2 0}. Finally, let U be a function defined on the interior of D by the
formula

Ulz,y) = U(H(z,y)).

Then U is harmonic, being the composition of a harmonic function with a conformal
mapping. Furthermore, by (4.2.2), we have

lim  U(z,y) = |ulf = C

(z,y)—(£1,u)
and

lim U(z,y) =|ulf for |u| > a.
o (@,y) = [ul Jul

In other words, U is the continuous solution to the Dirichlet problem

AU =0 inside D,
U(z,y) = |y’ — Clz| for (z,y) € OD.

In particular, the function U satisfies the symmetry condition

Ulz,y) =U(|z|, |y]) for (z,y) € D (4.2.3)
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(this can be also proved directly, by performing appropriate substitutions in the integral
defining U).

The function U is of fundamental importance to our considerations. The remaining
part of this section is devoted to the study of the properties of U which will be needed
later. We start with a technical lemma.

Lemma 4.2. We have

B [t +3125° <

, 1
sooo 7 Jg (2 + B22 \ |7

™

emi? — 1
eTe — t2

p —1(_ ma —Ta
B ap) gt — 2paP—t(e™ —e )
T

Proof. We will use twice the following simple property of the Poisson integral: if f : R =+ R
is a locally integrable function satisfying lim, ,.., f(x) = M, then

L[ Bfe) o
Jim — Sy dt = M. (4.2.4)

This implies

3t2 1 7Tat2 -1 p
lim é — L | R aP | dt
Booom Jpt?2+ (2 \|7 ere — 2
] a2 1 [|P (4.2.5)
zlim3t2<—ln— —ap>.
t—00 T era — 2

Furthermore, integrating by parts and applying (4.2.4) again, we obtain

26 t4 p
— lim & [ —— —aP | dt
tim 22 [ )

1
—In
m

emit? — 1

era t2

1 1. |emt? — 1| ’
= — lim é 5 5 t3 —1In eﬂ_aﬁ —aP dt
,3—)00 T R t + ﬁ T & t
1 Tay2 _ 1 P /
:—lim{t?’(—lne— —ap)},
t—o0 T era — ¢2
which added to (4.2.5) gives
t4 3t2 2 1 7Tat2 -1 p
lim bo[LEsts S| —ar )t
Booo T Jp (124 P62)2 U1 | eme —¢2
Yy’ / - T™a —Ta
— e (| | ) 2 2 e e O
t—o0 T ere — 2 T '

In the lemma below, we establish an appropriate “smooth-fit” property at the point
(0,a).
Lemma 4.3. We have limyy, U, (0,y) = paP~!.
Proof. The equality follows from the definition of C'. Observe that U(0,y) = U(H(0,y))

and

€7ra+7ry -1 1/2
eTe — Ty

H(0,y) =i (

is purely imaginary. Consequently,

eﬂa+7ry _ 1 1/2
Uy(0,y) = Us | 0, (w) - Hy(0,y).
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. ematTy _q 1/2 .

For brevity, let us denote (W) by . Clearly, when y increases to a, then  tends

to infinity. Furthermore, we compute directly that

i T (€7I'CL+7Ty - 1)1/2 TeTe

0.) ~ F e~ 33
y( 7y) 2 (ewa _ 67ry)3/2 € 2(627ra _ 1)5 )

where the symbol ~ above means that the ratio of the expressions on both sides of it
tends to 1 as y T a. Consequently, we see that

,ﬂ.eﬂ'a

I LA 3
i U(0,9) = ey Jim Us(0,P)8

By the definition of U, we compute that U(0, 5) equals
1 8 |1
T g2+ 52|
A direct differentiation with respect to g yields

€7mt2 —1 p

. v dt — 2 [arctan(emﬂ/ﬂ) — arctan(e’m/Q/ﬁ)} .
mTa __ T

wa/2

(rctante™ /) =~ =~ + 0™
and —7a/2 —7a/2
(axctan(e ™//))' =~ = = + 057,

which implies
d

— & arctan(e™/? — arctan(e ™%/?
L farctan(e72/) — avetan(c=)] }

B 20(_671'11/2 + e*ﬂ’a/2)
= 71.52

p
dt}
Tl’at2 -1 p

Gl _ap> dt}

ema t2
p
—ap> dt:[1+12,

+0(87).

Furthermore,

1

d (1 3
@{; r2+ 02T
A1 B
_@{; Rt2+52<
1= p (]
_%/R(tuﬁ)z(_

T
1 1
[ =—— .=
e W/R(
1

11 [t 3RpR
b=gs [ (s

7

emi? — 1
ema t2

em? — 1

ema t2

1
s

where

1
—In
T

emt? — 1

ema t2

p A 20<_€Tra/2 4 e—ﬂ'a/2>
732

p
— ap) dt.

p
— ap) dt.

It remains to use the previous lemma to get the claim. O]

and
emi? — 1

era t2

Putting the above facts together, we obtain

B [ tP4+326% (|1, |em™? —1
T era — 2

. 3 _ 1 s
i Us 0,957 = Jim - | @ py
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Lemma 4.4. We have Uy(z,y) < py?~! for x € [-1,1] and y > 0.

Proof. Fix an arbitrary point (z,y) belonging to the half-strip (0,1) x R. The function
U is continuous on [0, 1] x R, so we have

U, y) — / U (1, 0)d gty (1, ).
{0,1} xR

where fi,, is the harmonic measure on {0,1} x R with respect to the point (z,y). Since
[0,1] x R is invariant with respect to vertical translations, we also have

Ulx,y+h) = / Uu, v + h)dpig,(u,v)
{0,1} xR

and hence, by Lebesgue’s dominated convergence theorem,

. Ulz,y+h)—U(z,y)

U, (2. ) = lim ) - /{ o Ul ) (0),

Since y — U,(0,y) and y — U,(1,y) are continuous, we conclude that U, extends to a
continuous function on [0, 1] x R, and hence also to a continuous function on [—1, 1] x R.
Now, consider the upper half-strip ST = ((—1,1) x (0,00)) \ {(0,y) : y > a}. The crucial
observation is that on the boundary of ST, U, coincides with the function W (z, y) = py?~*,
which is superharmonic in the interior of ST. Indeed, the equalities U,(£1,y) = py?~*
and U, (0,y) = py?~! for y > a are obvious, while U, (z,0) = 0 follows from the symmetry
condition (4.2.3). Since U, is continuous on S, we obtain U, < W on S, which completes
the proof. n

Lemma 4.5. We have Uy, > 0 in the interior of D and lim,,, U,(0+,y) = U,(0,a) = 0.

Proof. Fix arbitrary (x,y), (z,y + ) € D, where 6 € (0,a) is a small positive number.
Consider the auxiliary domain D, s = ((—1,1) x R)\ {(0,v) : v > a—6 or v < —a}. Since
D, s and its translation 6 + D, s are contained in the interior of D, we may write

U = [ U o)dns ()
ODg.s

and
U,(2,y+6) = / U, (v + 8)duls (u, v),
8'Da75
SO

oy ) = Ular) = | (Uyfa0-+8) = Uy, 0))dpZs . 0)
Da,§

But the integrand is nonnegative. Indeed, if v = +1, or u = 0 and |v + ], |v| > a,
then Uy(u,v + 6) — U,(u,v) = plv + 0[Pt sgn(v + ) — plv|P~tsgn(v) > 0. If u = 0 and
v+06 > a > v, then v > 0 (here we use the assumption ¢ < a) and by the previous lemma,

U, (u, v+ 8) — Uy(u,v) > plv+ 6P P sgn(v + 6) — plv[P~ sgn(v) > 0. (4.2.6)

Finally, if v+ > —a > v, then by the symmetry of U we have U, (u,v + 9) — U, (u,v) =
Uy(u, —v) — Uy(u,—v — §) > 0, by (4.2.6). Consequently, we have shown that for each
€ [—1, 1], the function U,(z, -) is nondecreasing, which yields the first part of the claim.
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To handle the second part, note that U, = —U,, < 0 in the interior of D. Furthermore,
by the symmetry condition (4.2.3), we have U,(0,y) = 0 for |y| < a. These two facts
imply U(z,y) < U(0,y) for all x € [-1,1] and y € (—a,a), which, by the continuity of
U, is also true for y = a. This gives U,(0+, a) < 0; to see that both sides are equal, note
that if U(-,a) had a concave cusp at = 0, then we would have lim,4, U,(0,y) = oo, by
elementary facts about harmonic functions. This proves that U,(0,a) = 0.

Next, we will show that the function y — U,(0+,y) is nonincreasing on [a, 00). Pick
y' >y > a. By the previous lemma we may write, for any x € (0, 1),

U(.Z’, y,) B U(O7 y/)

_ U(xv y/) B U(Z’, y) + U((L‘,y) B U(()?y) + U(an) B U(O7y/)
_ JY psds + Uz, y) — U0,) + 7 — (/)P

U(z,y) —U(0,y) '

T .

Hence, letting = | 0 gives the desired monotonicity U,(0+,y") < U,(0,y); in particular,
this shows that the limit lim,|, U,(0+,y) exists and is at most zero. However, if we had
limy, U,(0+,y) = M < 0, then we would have U,(0+,y) < M for all y > a and the
estimate U,, < 0 would imply that

U(z,y) <U0,y) + U, (0+,y)x < y* + Mz

for all y > a and = € (0,1). Letting y | a, we would obtain U,(0+,a) < M, a contradic-
tion. L]

Remark 4.1. The second half of the above lemma can be computed directly. Let us briefly
outline the proof. We start from the observation that if x | 0, then

H@@~<%ﬁﬁt;i@fﬂ&%i%)~wﬁ%

for § = (%)U2 — 00. A direct differentiation shows that both the real and the
imaginary parts of H,(z,a) are equal and behave like 3, up to a universal multiplicative
constant. Consequently, it is enough to show that

T (04,(5,5) + Uy (6, 5)5° = 0. (127)
For simplicity, denote g(t) = ‘%ln ‘iﬁ:}”p — aP and note that K = lim; . t?g(t) is

finite. Some tedious, but rather straightforward computations reveal that

U(B.B) +U,(B,8) = %/R (8 _;()B:/fyiz;gi_ 8)

C ewa/Q 6—7ra/2

_ - - /824- (6_ ewa/z)g + 62_{_ (ﬁ_efna/g)z

g(t)dt

e—7ra,/2 67m/2

+ /82 + (/8_|_677ra/2)2 o BZ + (5+€ﬂa/2)2

L t* — 25" Cl, .9 ..  Ta B
=+ [ g+ ot G o)
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and hence, by the very definition of C, the limit in (4.2.7) equals

oo 2 9p2 1
pu (((6 s g a0

B — 4533 + 103°t* . B 8t33
=lim g(t)dt —lim —
00 T Jr ((B—t)2+52)2 =oo 7 Jr ((B —1)* + 5?)
As for the I, the calculations are simple and similar to Lemma 4.2. The substitution
t = Bs yields

29( )dt = ]1 — Ig.

Y e e U / A gt a
52 — 48 + 10

It is not difficult to see that we can pull the limit inside the integral, obtaining I; =
K[, (Suﬂds = 4K . Next, we rewrite the expression I, in the form

1—s)2+41)2
I, = lim A 86
P Jy (B 1)+ B2)?

If we bound the integral away from the singularity point 0, then we perform calculations
similar to those above, obtaining

[t%g(t)] dt.

B 84° 2
T oo W=t e O]
~ Jim L 8 2
= R\[—e/B.e/p) S((1 —8)% +1)? (B 'g(s8)] ds

1 SK
pvw/ (1—sp2+12"

Near the singularity point, it is enough to notice that t%g(t) = O(t?) (as t — 0), so
‘ 5 5 853
lim —
s ) (G~ 17+ P
Hence, subtracting I; from I, we obtain that the limit in (4.2.7) equals 4K — 4K = 0.

The following statement is the main result of the section.

[t°g(t)] dt = 0.

Theorem 4.6. The function U is a superharmonic majorant of the function V : D — R
gwen by V(z,y) = [y|’ — Clz].

Proof. To show the superharmonicity, fix an arbitrary ball K C [—1, 1] xR of center (x,y)
and radius 7. Let W = (W W®) be a two-dimensional Brownian motion started at
(x,y) and stopped upon reaching the boundary of K. The function U is of class C? on
(0,1) X R, of class C' on [0,1] x R and satisfies (4.2.3), so [t6’s formula gives

1
UWs) = UL W) = U(W3" | We) + 1+ S Do, (4.2.8)

where

t t
L= [ QWO W)W+ [ O, (w0Lw)awe,
0 0
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and ,
12:/ AU (WD |, WP)ds.
0

Note that d|[W®|, = sgn(W AW + de,, where ¢ is the local time of W) at zero.

Since the local time is a monotone process which increases on the set {t : Wt(l) =0} and
U.(0+,y) <0 for all y, we have

t t t
JUawOLwenaw ol = (oWl W) senvaw i+ [0, w ),

0 0 0

t
< [ UQWOL W) s,
0
But the latter integral, as well as the second integral in I;, has zero expectation: this
follows at once from the properties of stochastic integrals. Finally, I5 vanishes, since U is
harmonic inside [0, 1] x R. Thus, taking the expectation in (4.2.8), we obtain EU(W;) <
U(|WO(1)\, WO(Q)) = U(xz,y). Letting t — oo yields the superharmonicity, since the random
variable W, is uniformly distributed at the boundary of K.

Concerning the majorization U(x,y) > V(x,y), let us first show it for x € {0,1} and
y > 0. Wehave U(1,y) = V(1,y) for all y, and U(0,y) = V(0,y) for |y| > a. The estimate
U(0,y) > V(0,y), for y € [0, a], follows at once from the equality U,(0,a) = V,(0,a) (see
Lemma 4.3) and the estimate U,(0,y) < py?~! proved in Lemma 4.4. Now we extend
the majorization to x € {0,1} and y € R, using the symmetry of U and V. Since U is
harmonic on [0, 1] x R and V' is subharmonic on this strip, we deduce the estimate U > V/
on [0,1] x R; finally, using the symmetry with respect to the variable x, we obtain the
majorization on the full range. [

4.3. Martingale inequalities

Now we will exploit the function U constructed in the previous section to obtain an
appropriate stochastic version of (4.1.2). For the sake of convenience, we have decided to
split the contents into two separate parts.

4.3.1. Inequalities in the classical context

Let us introduce necessary tools; assume that X, Y are two adapted real-valued cadlag
martingales. Here is our main probabilistic result, which can be regarded as the dual to
(4.1.2) in the range 1 < p < 2. Recall the function w, defined in (4.1.1).

Theorem 4.7. Assume that X, Y are orthogonal martingales such that'Y is differentially
subordinate to X, || X||oo <1 and Yo = 0. Then for any 1 < p < 2 we have the estimate

1Y l|e < wp (| X 21) (4.3.1)

The inequality is sharp in the following sense: for any T € [0, 1] there is a pair X, Y as
above with || X |2 =T and ||Y||zr = wy(T).

Proof. Fix a parameter a > 0; its value will be specified in a moment. The reasoning rests
on Itd’s formula, applied to the composition of U with the two-dimensional martingale
(X,Y). However, since U is not of class C?, we need an additional mollification argument
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to guarantee the regularity. Let g : R?* — [0,00) be a C™ radial function, supported on
the unit ball and satisfying [, g = 1. For any 6 > 0 define U =U%:[-1,1] xR =R
by the convolution

U%(z,7) :/ U((1—=6)x+ du, (1 —0)y + 0v)g(u,v)dudv.
[_171}2
This function is superharmonic and inherits the convexity with respect to the variable y.
Furthermore, directly by the definition of U°, we have
U°(x,0) < U((1 = 68)x,0) < U(0,0). (4.3.2)

Indeed, the first inequality holds since U is superharmonic and g is radial, while the second
passage follows from (4.2.3) and the concavity of U(-,0). Finally, by the majorization
property established in Theorem 4.6, we easily check that

Ul (z,y) > (1= 0)|y| — " = C(1 —0)|z| — Cb. (4.3.3)

Now fix a stopping time (it will be specified in a moment) and apply It6’s formula to
U%(Xont, Yone). As the result, we obtain

1
UP(Xopis Yon) = To+ I + 51 + I, (4.3.4)

where
Iy = U’(Xo, Yo),

TAt TNt
Il - / Uf(Xs—7Ys)dX§ +/ US(XS—7Y9)d§/Su
0

- 0+

TAt TAL
& :/ Una(Xom, Vo)X, X2 + / UB,(Xo, Yod[Y, Y],
0+ 0+
L= Y [U%XS,YS)—Ué(XS,,}g)_Ug(XSﬂmAXS'
0<s<TAL

Here in I the summand 2foT+/\t US,(X,—,Y,)d[X, Y], is not present, since X© and Y are
orthogonal, by Lemma 3.4. This lemma implies also that the martingale Y has continuous
paths, so we write Y instead of Y,_ under the integrals, and we do not have the jump
term US(XS_,YS)AYS in I.

Let us study the properties of Iy-13. First, by the assumption Yy = 0 and the estimate
(4.3.2), we have Iy = U°(X,,0) < U(0,0). By the general theory of stochastic integrals,

both processes
t t
( / Ui(Xs_,dez) , ( / U;(Xs_,Ys)dYS)
0+ >0 0+ >0

are local martingales. Let (7,),>0 be some localizing sequence for them and put 7 = 7,
for some n. Then the two integrals in I; have zero expectation. Next, the differential
subordination of Y to X implies d[Y,Y] < d[X, X]¢ (again, see Lemma 3.4), so the
estimate Ugy > 0 gives

TN
I g/ AU’ (X,_,Y,)d[X, X]¢ <0,
0+
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since U° is superharmonic. Finally, each summand in I3 is nonpositive: this follows at
once from the mean-value theorem and the fact that US, < —U] < 0. Therefore, taking
the expectation of both sides of (4.3.4) and using all the above observations, we obtain
EU° (X at, Yone) < U(0,0). Combining this with (4.3.3), we get

E|(1 = 0)[Yrn| = 0[P < U(0,0) + C(1 = §)E[Xrpe| + CO.

Now we let 7 = 7, — o0 and ¢ — oo. Since X is bounded, both X and Y converge
pointwise and in L? to some terminal variables, say, X, and Y,.. Therefore, we obtain

E[(1 —0)|Ys| = 6P <U(0,0) + C(1 — 0)E|Xo| + Co
and letting 6 — 0 gives
ElY,[P <U(0,0) + CE| X
It is high time to specify a: we plug a = 21n (tan (¥ (E[X| +1))), obtaining

U(0,0) =(0,1)

p

1 eri? — 1

1 1 C

:—/ 5 — dt——[arctane”/z—arctane_m/ﬂ
T Jgt?+1 |7 ere — 2 ™
1 1 1 mag2 1P

:—/ P P dt — CE| X .
T Jpt?+ 1w ere — 2

Hence,
1 1|1 Jem? -1 1 (™1 |e™tan®s —1||"
E|Yoo]”§—/2 “In | dt:—/ “n | ds,

T Jpt?+ 1|7 ere — 2 TJ rpo|T €™ — tan? s

But by the definition of a, we have e™/? = tan (% (E|Xs| + 1)), so

e™tan’s — 1 e™2tans —1 e™2tans+ 1

em — tan? s em™/2 —tans  e™/2 +tans

= tan (%(E|XOO\ +1)+ 3) - tan (%(E[XOJ +1)— s) :

The latter expression, considered as a function of s, is m-periodic. Therefore, plugging it
above and substituting s := s + 7 in the integral, we get

1 /2
E|Y, [P < _/ ‘qf (3 n gE|XOO|> ¥y <s - %E|XOO|> (p ds,

T J_n/2

where W(u) = 2 In|tanu|. By a simple change of variables in the latter expression, we
obtain E|Yx|? < (w,(E[Xw|))". This is the desired estimate (4.3.1), since ||Vl =
(E|Y5|P)'/?, by the L?-boundedness of Y.

The sharpness will follow from the results of the next section. See Remark 4.2 below.

]

4.3.2. Inequalities for martingales on manifolds

Now we will extend the above results to the context of manifolds. We will use the
notation introduced and discussed in Section 1.1 above. Here is an appropriate version of
Theorem 4.7.



Chapter 4. Weak-type bounds for Riesz transforms 59

Theorem 4.8. Let I be a bounded, continuous, T* M -valued process above B. Assume
that A is a martingale transformer satisfying the conditions || Al| <1 and (A(w)&,€) =0
forallt >0, weQand & € Tgt(w)M. Then we have the estimate

JA* Il < wpllicl), 1<p<2. (4.3.5)

Proof. This is a simple application of Theorem 4.7, we only need to verify the differential
subordination and orthogonality for the martingales A * I and || A||Ix. Pick ¢t > 0, w € Q
and let x = By(w) € M. Suppose that ey, es, ..., €, is an orthonormal basis for T, M, the
tangent space to M at x. Then we have

n

Trace (AK(w) @ AKy(w)) = Z (AK(w) ® AK(w)) (ex, ex)

k=1

=Y | < AKw), e > |* = |AK ()2,
k=1

where < -, - >: TXM x T, M — R is the duality bracket. Consequently, the identity (1.1.4)
gives that for any 0 < s < ¢,

t
[Ax I, Ax Iy — [A* Iic, Ax Ix]s = / Trace(AK, @ AK,)du

+
t

- / K, [2du
s+

t
< AR / Kl du

+
= [[|A[l 1k, [|All Ixc)e — (| AllIxc, | Al Zxc]s-

which is the desired differential subordination. The proof of the orthogonality is analogous:
one shows that Trace(AK:(w) ® Ki(w)) = 0 for all ¢t and w, which yields d[Ax I, ||Al|Ix] =
0, directly from (1.1.4). O

4.4. Inequalities for Riesz transforms

4.4.1. Riesz transforms on Lie groups

The next step of our analysis is to apply the above martingale inequalities to obtain
weak-type bounds for directional Riesz transforms in the context of compact Lie groups.
In particular, if the group is equal to T, then we get the sharp weak-type estimate (4.1.2)
for the periodic Hilbert transform; the specification to the group G = T¢ will yield the
estimates for the directional Riesz transforms on the torus.

Theorem 4.9. For any 1 < ¢ < p < 0o and any j we have
| Rl Lr(c)—ra=@) < Cpg- (4.4.1)

Proof. If 1 < p < 2, then ||R;||zr(¢)»ra=@) < | Rjllirc)—rr=@) < Cpgq, where the last
estimate was established in [6]. Hence, it is enough to show the claim for p > 2. Fix a
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function f € C*°(G) bounded by 1 and consider the martingale transformer A’; obviously,
we have ||A7|| = 1. By the inequality (4.3.5), we get

IA7 * Lap || 1o (o) < wor (IHarll 1)),

which by Jensen’s inequality and Theorem 1.3 implies

1B fll oy < wpr (Il 22c))- (4.4.2)

By a standard approximation, this result continues to hold if we skip the regularity and
assume only that f is a function bounded by 1.

To deduce the assertion, we need an appropriate duality argument. Consider the
decomposition of L*(G) = @, Hi into eigenspaces for Ag, provided by Peter-Weyl
theorem [45]. Thus, Hy, C C°(G) and Agf = —puf for f € Hy, where 0 < pg < g < ...
is the sequence of eigenvalues of —Ag. Fix f = fozl fr, with fr € Hg, k=1,2, ..., N,
and put ¢ = xgR;f/|R;f| (¢ = xg if the denominator is zero) for any subset E in G.
Let g = > .2, gx be the decomposition of g, with g, € H; for each k. The metric on
G is bi-invariant, so A commutes with all X, and hence fG R; frgmdx = 0 for k # m.
Therefore, integrating by parts, we get

| IRs@lds = [ @) gla)da

= Z/ R, fi(x) gp(x) de

/ka ) gr(x

=3 [ o) Bygu(a)da /f e

Now we apply Hoélder’s inequality and (4.4.2) (with g), to obtain

[EIij(x)!dx < Al 1R9ll v ) < 1 lle@ww (l9llLre)-

Since ||lg|lz1(q) = |E| = [, xedz, the volume measure of E, we get

wy (|E])
|E|1/q /’Rf Jldo < |%|1/q 1£lr () < Cpall fllzrc

The proof is complete. O

In particular, if we set G = T, then there is a unique Riesz transform: the periodic
Hilbert transform, and hence the above theorem yields (4.1.2). Similarly, one can apply
the above result to the Lie group T?, the d-dimensional torus, and obtain the estimate
||| Lo (ray—s paco(ray < Cpq for all j € {1, 2, ..., d}.
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4.4.2. Sharpness on the circle and the torus

61

Proof of |H"||or)—racc(r) > Cpg, the case p < 2. Consider the conformal map F : D —

[—1,1] x R, given by

21 1z — 1
F(z):—zlog {zz ] + 1.
T z—1

Then F' maps the unit circle onto the boundary {—1, 1} x R. We easily check the following

explicit formulas on T:
p(e") :==Re F(e") = —X{u<r/2) + X{lt1>7/2)

and
. 4 2
Hp(e") =Im F(e") = Z1n
7r

1+sint
cost |

Set f = —|HTp[P""2H"p. Since ¢ takes values in {—1,1}, we have

T L/ T __/ T :/ T, 1p’
% leLq,oo(qr) Z () T% fedp = TfH edpu T\/H o|P dp.

However, we compute that

T2
el ey = |

—In|——
T

1+sint

|2 log t]|" \p
- Ccost / t2+1

P+l o0 |60 t]P 2p’+1 00 P’
== ogtl” gy _ 2 Sl
'+t fo 2+ 1 o+l o e+ 1

op'+2 oo s ek 9P +2 e )
= s E s = E
P+l P +1 Qk + 1)p (2) o 1)P'+1

k=0 k:O

=0y
Combining this with the preceding estimate, we obtain

1A A ey = 1y - [N = ol F Loy

Hence the constant C,, in (4.1.2) cannot be improved.

]

Proof of HHTHLP(THMW(T) > Chpq, the case p > 2. Fix an arbitrary parameter 7" belong-
ing to (0,1] and set @ = 21In (tan M) > 0. Recall the set D introduced at the

4

beginning of Section 4.2. Let G be a conformal mapping which sends the unit disc D
onto the set D and satisfies G(0) = 0. Finally, put ¢ = ReG|r, E = {¢ # 0} and

—|H P 2HTp. Note that ¢ € {0,+1}, which gives

/IHTfIduZ /HTfsoduz —/fHTg&dpe:/IH%lp'du'
E T T T

To evaluate the latter integral, we apply appropriate conformal changes of variables. First,

note that

/‘HTQOV)/CLM:/ \U]p/du(07o)(u,v).
T oD
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Next, recall the mapping H defined in (4.2.1). It sends D onto the upper halfplane Ri
and 0 to . Since 7r(1d—4:t2) is the harmonic measure on OR? with respect to ¢, the latter
integral equals

b4 ,

Ta42
TN at = (we()"

t2 — ema

_ ;oo dt 1 1 1
| ey S =1 [ )
oR?. T(1+12) 7 Jgl4+t |7

(To see the last equality, repeat the calculations from the proof of Theorem 4.7.) A similar
reasoning reveals that

4
w(E) = / lpldp = — arctane™/? —1 =T.
- 7r

Putting all the above facts together, we obtain

175l o

T T (T) T

1 oy = e [ 1AM = D
> T~V wy (T)|f | ooy

Taking the supremum over all T, we see that the constant in (4.1.2) is indeed the best
possible. O

Remark 4.2. The calculations above show that the constants in (4.3.1) and (4.3.5) are also
optimal. Indeed, for any T € (0, 1], we have constructed above a function ¢ : T — [—1,1]
for which [|H ¢l ) = wy(T) and [|@]|z1ry = T this shows the sharpness, since the
probabilistic inequalities are stronger. The boundary case T" = 0, not covered by the
above reasoning, is trivial (equality is attained for functions/martingales equal to zero).

Sharpness on the torus. If G = T is the d-dimensional torus, endowed with the standard,
Riemannian product metric, then the constant C, , is also optimal in (4.4.1), as we show
now. Our starting observation is that for any j = 1, 2, ..., d, the Riesz transform R; is
the Fourier multiplier with the symbol i¢;/|¢|, ¢ € Z%\ {0}: that is, we have

Rj((i“)):l?ﬁew

for all ¢ as above. We will apply a transference argument. Fix j and consider the operator
K mapping a function f: T ~ (—m, 7] — R to a function K f : T¢ ~ (-7, 7]¢ — R, given
by K f(0) = f(6;). We easily check that

KoH'=R;0K. (4.4.3)

Next, pick an arbitrary set £ € T with pu(F) > 0 and an arbitrary function f € LP(T, u)
of norm one. Then we also have ||Kf||Lp(Td#Td) = 1, by a straightforward application of
Fubini’s theorem. Suppose further that ¢ is a function supported on F, taking values £1
there. Then K is supported on K(E) = {# € T¢ : §; € F} and also takes values +1
there. Consequently, by (4.4.3), we obtain

fK(E |R; (K f)|dpra de (K f)K @ dprpa
pra (K (E)VE ||K90||Lq (T4 pura)

_ S K ) Kedppa _ [p M fodp
1Kol o (7 ) 1ol £o (v,
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Therefore, if we put ¢ = sgn(H" f)xg (with the convention sgn(0) = 1), then we obtain
the estimate
fK | R; (K f)|dpira - S 17T fldp
MTd(K(E))l/q o p(E)Ve

This gives the desired estimate || R; || zo(ra)zace(ray = [|H || Lo ()= Lace(T)- O

(4.4.4)

4.4.3. Inequalities for Riesz transforms on spheres

Now we proceed to the weak-type bounds for Riesz transforms on the Euclidean unit
sphere. We start with the analogue of the inequality (4.3.5).

Theorem 4.10. Suppose that 1 < p < 2. Then for any f : S 1 — [~1,1] and for
R e {R¢,, R}, we have

IRf || osa-1) < wp (I1flse-ry) - (4.4.5)

Proof. Let W be the standard Brownian motion in R? and let 7 denote its exit time from
the unit ball. The conditional Jensen inequality yields

[ |RFa)Pds =B [T, VP < B[ Ay 5 P
gd—1

Consider two martingales:

TAL
n = Alm * = </ Alm<Ws)deF(Ws> . dWs>
0

>0

¢ = F( Mz( /vaﬁdﬂws)-dvvs)

t>0

Then the martingale 7 is differentially subordinate to ¢, since

- s /

k¢ {lm

ds

(%k

is nonnegative and nondecreasing as a function of ¢. Moreover, the martingales are or-
thogonal, since (A;,z,z) = 0 for all x € R Therefore, by the martingale inequality
(4.3.1), we obtain

IR f o1y < [ A * Fll o < wp (I1F(W2)][11) -

This finishes the proof, since W, is uniformly distributed on the sphere. O

Observe that from Green’s formula and the properties of the Laplace-Beltrami operator
(cf. [45,46]), the adjoint of both cylindrical and ball directional Riesz transform R is equal
to —R. This allows us to repeat, word by word, the reasoning of the proof of the weak-type
estimate for the Hilbert transform, obtaining

Theorem 4.11. For 1 < ¢ <p<oo and R € {R;,, R} }, we have
R e i) < Crall ) (1.46)

There is a natural question whether the estimates (4.4.5) and (4.4.6) are sharp. We
have been unable to answer it; no transference arguments seem to work here.



Chapter 5

Sharp analytic version of Fefferman’s
inequality

5.1. Introduction and statement of results

The purpose of this chapter is to study a quantitative version of the H' — BM O duality
in the holomorphic context. More specifically, we will be interested in the estimate related
to the inclusion H(T) N BMO C (H'(T))*. This inclusion implies that there is a finite
constant C' > 0 such that for all f € H'(T) and g € ABMO(T) satisfying [, gdpu = 0, we
have

< Cllf e mllgll Brroc).- (5.1.1)

Our main result identlﬁes the optimal constant in this inequality.

Theorem 5.1. The least constant allowed in (5.1.1) is equal to C = v/e? + 1 = 2.896387 ... ..
The constant s already the best possible in the weaker estimate

Re ( / T ) < VETT S s lgll o (5.1.2)

Following the main theme of this dissertation, we will study the appropriate martingale
analogue of the above result. Suppose that W is a planar Brownian motion started at
zero and stopped upon reaching the boundary of the unit disc D. For a square-integrable
function g on T, introduce the associated sharp maximal function on T by

#(6) = [sup (PlaPI0v) - 1PLlo)?) ™ | w .

We will establish the following fact.
Theorem 5.2. For any f € H'(T) and any g € H*(T), we have the sharp estimate
1, 1
/ ‘VP[f](z) : VP[g](z)‘ . ;ln mdz <ve2+ 1Hfg#||L1(T), (5.1.3)
D
where V = 0, is the complex deriwative with respect to the variable z.

It should be emphasized that (5.1.3) also applies to functions g with an unbounded
g%, i.e., for functions outside the class ABMO. Comparing the above estimate to (5.1.1),
we see that the left-hand side is increased and the right-hand side is decreased. Indeed,
L1n ﬁ is the Green function for the disc, so we have

/D‘VP[f](z)-VP[g](z) —ln—dz>

/vp [](z)-%ln%dz
|
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Furthermore, we have ||g%|| (1) < ||g]| samocr) and hence Hfg#HLl(T) < | fllzrmllgllBarocr)-
Thus, the above result generalizes Theorem 5.1 in two directions.

The chapter is organized as follows. The next section is devoted to the lower bound for
the optimal constant in (5.1.2). Using the theory of analytic envelopes [41], we introduce
a certain abstract plurisuperharmonic function associated with (5.1.2) and exploit its
properties to show that the optimal constant in the estimate is at least v/e2 + 1. The
analysis presented there leads us to a related, explicit special function, which is the main
tool in the proof of (5.1.3), presented in Section 5.3.

5.2. On the lower bound for the constant

Throughout this section, we assume that C' is a fixed positive constant such that for
any f € H'(T) and any g € ABMO(T) with ||g||pmorry < 1 and [, gdp = 0, we have

Re/ Fadu < C| fll i emy- (5.2.1)
T

Our goal is to show that C > v/e? + 1. One could try to provide appropriate examples,
but these seem to have quite a complicated structure. Hence, we have decided to use a
different approach and apply the theory of the so-called disc envelopes, a topic of complex
analysis developed intensively during the last thirty years (see e.g. [28,32,41]). As a
by-product, we will obtain some additional insight into certain special functions which
will be used in the proof of (5.1.3).

We start with the necessary background and notation. Suppose that X is a Banach
space and D is a domain in X. A lower semicontinuous function G on D is called plurisu-
perharmonic, if for any x € D and w € X there is r > 0 such that

27

G(r) > 1 / G(x + e“tw)df

2w Jo
for all t € (0,7). An analytic disc in D is a holomorphic mapping p of D, the closure of
D, into the domain D. The collection of all analytic discs in D is denoted by A(D). For
a given x € D, the symbol A, (D) denotes the subclass of A(D) which consists of all p
satisfying p(0) = z. A classical theorem of Poletsky [41] asserts that for a given lower
semicontinuous function H : D — R, the associated disc envelope
2m
B(x) = sup L H(p(e))d#, z €D,

peAL(D) 2T Jo
is plurisuperharmonic.

In our considerations below, we will apply the above result with X = C3 and D =
{(21,29,23) € Cx C x C : |2)? < Rezz < |29+ 1}. We will also use the following
notation: for p = (u,v,w) € A(D), we will write (f, g, h) = p|r. The above special choice
of D is linked with the BMO property, as we explain in a simple lemma below.

Lemma 5.3. If p = (u,v,w) € A(D), then g = v|r belongs to the class ABMO(T) and
gl Broery < 1.

Proof. Obviously, g € H'(T), so it is enough to establish the estimate for the BAM O norm.
By the very definition of D, we see that |v|> < Rew on D. Hence in particular, setting
h = w|r, we get that for any z € D,

PllgP](z) < PReh](z) = Rew(z) < [o(z)* + 1= [Plg)(=)[ +1. O
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Next, consider the continuous function H : D — R given by H(z1, 22, 23) = Re(Z122) —
C'|z1|. By the aforementioned result of Poletsky, the associated disc envelope

B(Zl, 29, 23)

1 27 )
= sup {— H(p(ew))d@ D pE A(ZLZQ’Z?))('D)}

2 Jo

:wm{gi[hhmGW%mw»—cu@%ﬂw:peA%@manwﬁ%mzpm}

is plurisuperharmonic on D. In the sequence of lemmas below, we will study the key
properties of this object. We start with the following homogeneity-type condition.

Lemma 5.4. There exists a function ¢ : [—1,0] — [0, C] such that
B(Zl, 29, Zg) = Re(leQ) — ‘Zl|()0(‘22’2 — Re 23). (522)

Proof. First, note that B depends on z3 through Re z3, that is, we have B(z1, 29, 23) =
B(z1, 22, 2%) if Rezs = Rezj. This follows at once from the definition of B and the
fact that neither A, ., ..)(D) nor H(z, 22, 23) depends on Imz;. Next, we show the
identity (5.2.2) for zo = 0. To this end, fix an arbitrary A € C\ {0} and note that if
(U, v, W) € Az 0,2) (D), then (Au, Av/|A|, w) € Az ,0,24) (D), s0

m
B |/\| 21
o J,

B 0,) 2 o [ [Re(RT(e) - g(e) /1) = CIAIF(e) e

| Re(f(e”)g(e")) = C1f ()] | a6.
Taking the supremum over all (u, v, w) € A, 0,2,)(D) on the right, we obtain
B(Az1,0, 23) > |A|B(21,0, 23) for all 2, zs.

But we actually have equality here, which can be seen by applying the estimate to
slightly different parameters. Indeed, we have B(A7'(A\z1),0,23) > |A7'B(Az1,0, 23),
or B(Az1,0,23) < |A|B(z1,0, 23). Therefore, we have

B(21,0, z3) = [\ B(Az1, 0, 23) for all zy, zs. (5.2.3)

Now, if z; # 0, we put A = 2, !, obtaining B(z1,0, 23) = |21|B(1,0, 23) = |21|B(1,0, Re 23),
so the claim holds with ¢(s) = —B(1,0, —s). If z; = 0, then we let A — oo in (5.2.3) and
get the equality B(z1,0, z3) = 0; hence the claim is true also in this case.

For z, # 0, we observe the following translation condition: if (u,v,w) € A, 2, 25)(D),
then (u,v —n,w — 207 + [N)?) € Az 20—n,25—2505+n2) (D) for any n € C. Indeed, (u,v —
n,w — 2vf + |n|?) is holomorphic, equal to (21, 22 — 1, 23 — 2297 + |n|?) at zero and

lv—n]* = Re (w — 20+ |n|*) = |[v* = Rew € [0,1]
on . Consequently, by the definition of B,

B(z1, 20 — 1, 23 — 2291 + n)
27

> = [ [Re(Fe) g(e”) — ) — C|5(e) ] a0

— 27 J

= —Re(z1n) + % /027r [Re(f_(eie)g(eie)) _ C‘f(eie)‘]d&
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which gives B(z1,20 — 1,23 — 2297 + [n|*) > —Re(z1n) + B(z1, 22, 23), by taking the
supremum over all (u,v,w) € A, 2,2 (D). Again, as previously, the estimate can be
reversed, by applying it to 2y 1= 21, 20 := 20 — 1), 23 := 23 — 227 + |n|? and n = —7.
Therefore, taking n = 25, we obtain

B(z1, 22, 23) = Re(z122) + B(21,0, 23 — \22]2) = Re(z129) — |z1|<,0(|zz|2 — Re z3),

which completes the proof of (5.2.2).

It remains to handle the range of ¢. Since (5.2.1) holds, we have B(z1,0,23) < 0
for all z; € C and z3 € C with Rezg € [0,1]. This implies ¢ > 0, directly by (5.2.2).
Furthermore, since the constant triple (1,0, z3) belongs to A1 o..,)(D), the very definition
of B implies —p(— Re z3) = B(1,0, 23) > —C and hence sup ¢ < C. O

The next step is to translate the plurisuperharmonicity of B into a differential inequal-
ity for . However, since B (and hence also ¢) need not be a priori sufficiently smooth, we
will perform an additional mollification argument. Suppose that v : R — [0,00) is a C*
function, supported on the interval [—1, 1] and satisfying [, v = 1. Given ¢ € (0,1/2),
define ¢ : [—1, —26] — R by the convolution

ofs) = /[ [Pl 0+ dup )

Clearly, ¢ takes values in the interval [0, C], since so does . In addition, it is straight-
forward to check that the modified function
B(Zl, 29, 23) = Re(leg) - |Zl|¢(|22|2 — Re Zg),

given on Ds = {(z1,29,23) : |22 + 20 < Rezz < |2]? + 1}, inherits the plurisuperhar-
monicity from B. We will interpret this condition in the language of ¢.

Lemma 5.5. We have ((5))?
((b(S) ~ o0 )¢’(s) > 1. (5.2.4)

Proof. The function B is of class C? on D \ {(0, 22, 23)} and plurisuperharmonic, so

3
Z B o (21, 22, 23) W0 <0
k:

for all (21, 29, 23) € D, 21 # 0, and all (wy,wy, w3) € C3. This is equivalent to

Re(wywsy) — ﬂj)lwlf (b‘/(l‘> Re <21w1 <2’2@D2 B %))

~al (o

where s = |23|> — Rezz. To obtain the claim, we will now specify the values of the
parameters z; and wy,. Assume that |z;| = 1 and that the argument of z; is chosen so that
Re(Ziwy (20w — B)) = —|Z1w1 (202 — B )| = —|w1||Zows — %], Second, suppose that the
argument of wq satisfies Re(w;ws) = |wy||wsy]. Then the above estimate yields

(5.2.5)

zzwg——‘ + ¢'(s)|ws |2> <0,

|w1|2

4

o(s) + |w| ZoWo — —‘ ¢"(s)

ZoWe — —‘ ¢ \w2]2(b’( ) —

w1 |ws| —
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Note that we must have ¢'(s) > 0; otherwise, the above inequality would be violated with
w3 = 2Zwe and sufficiently large |wsy|. Consequently, the second derivative ¢”(s) is also
positive (in particular, non-zero), since for ¢”(s) < 0 the above estimate does not hold for
small |wy], |ws| and large |ws|. This enables us to rewrite the above bound in the form

o~ 4 ()~ ) ey - (M) e, ) 1) <0

With an appropriate choice of the parameter ws, the last term on the left vanishes. It
is easy to see that the sum of the remaining three terms is nonpositive (for all possible
values of |wq| and |ws]|) if and only if the assertion holds. O

Remark 5.1. The above reasoning shows that a stronger version of (5.2.5) holds, in which
the term Re(wyws) is replaced with |wyws.

We are ready for the proof of the main result of this section.

Theorem 5.6. We have C' > ve2 + 1.
Proof. Since ¢ > 0 and ¢” > 0, the estimate (5.2.4) is equivalent to

<¢ _ ;)/ <0 (5.2.6)

¢ 2

Furthermore, again by (5.2.4) (and the estimate ¢’ > 0 we established earlier), we have
1 1

¢¢' > 1, which implies (% — W) > W Consequently, we get that the limit

(o)
“‘&fw@ 2 ()

) exists and is strictly positive. Next, the trivial estimate

Ps) _ ols) 1

2 T d(s) 2d(s)*

combined with the monotonicity of ¢, implies that for any ¢t € (—1, —24),

PO - o S
2 sy—1 2

> a. (5.2.7)

Coming back to (5.2.6), we see that for ¢ as above we have - 5 <, or

20(¢'(t))* — 20(t)¢/ (1) + 1 > 0.

Let us solve this quadratic inequality (with respect to ¢'(¢)). The discriminant is equal
to 4(¢%(t) — 2«), which is nonnegative, by (5.2.7). Therefore, we obtain that either

Qb,(t) < ¢<t) Y ¢2(t) — 2 or ¢/(t) > ¢(t) t v ¢2(t) B 26(‘ (528)

2¢ 2x

The first possibility cannot hold: we would have

o) - VFO =20 o)
2 POV O

o)/ (t) < o(t) -
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a contradiction. Therefore, we have proved that the second inequality in (5.2.8) holds.
This is equivalent to saying that (F(¢))’ > 1, where

B 2adr _r(r—+/r? = 2a) 5
F(r) = / - d + alog(r + Vi? —2a). (5.2.9)

By the very definition, F' is increasing and hence we may write

F(C) 2 F(¢(~20)) > lim F(g(s)) +1 - 26 > F(V2a) +1 - 20,

which is equivalent to

C? — 20— C/C? -2 C C?
a i alog [ —— /1) >1-2

2 V2o 2a
The parameter 0 was chosen arbitrarily and we may now send it to zero. Dividing both
sides by C?/2 and substituting s = 2a/C? (which belongs to (0,1): we have v2a <
»(—1/2) < C), we obtain

2 1 /1
— < 1-s5s—+1-— 1 — -—1].
c2 S S s+sog<\/§+ 5 )

Let us compute the maximum of the right-hand side over s € (0,1): a direct differentiation
2e
e2+1
2/C? < 2/(e* + 1), which is the desired lower bound. O

2
shows that the biggest value is attained for so = ( > . Plugging this above, we get

Assuming equalities in appropriate places in the proof of the above theorem, we come
up with a special function which will be of key importance in the next section. Specifically,
suppose that C' = ve2 + 1 and set a = C%s5/2 = 2¢?/(e* + 1). There exists a continuous
function ¢ : [—1,0] — [0, C] satisfying the differential equation (F(¢(s)))’ = 1 for s €
(—=1,0) (the function F is given by (5.2.9)) and the initial condition ¥(—1) = /20
Indeed, F is a function on [v/2a, 00) which increases from F(v2a) = a + talog(2a) to
F(00) = 00, and therefore v given explicitly by

Y(s) = F! (s +1+a+ %alog(Qa)) (5.2.10)

has all the required properties. It is easy to see that this definition allows to extend ¢ to
some neighborhood of zero (actually, the formula makes perfect sense for s € [—1,00));
on contrary, one cannot go below —1. Note that 1(0) = ve? + 1.

We conclude the above analysis by observing that

o V) + VI 2

v'(s) = ol

so Y'(s) > 0, 9"(s) > 0 and (Y(s) — (¢'(s))?/¢"(s)) ¢'(s) = 1. If we revert the reasoning
from the proof of Lemma 5.5, we see that (5.2.5) holds, with ¢ replaced by v (actually, a
stronger estimate mentioned in Remark 5.1 is valid). This in particular implies that the
function b(z1, 22, 23) = Re(Z122) —|21|¥(|22|* —Re 23), defined on D, is plurisuperharmonic.
This allows for a quick proof of (5.1.2). Although we will prove the stronger estimate
(5.1.3) later, we take the opportunity to discuss here the former inequality, for which the
argument is purely analytic.
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Proof of (5.1.2). Pick any f € H'(T) and ¢ € ABMO(T) with [, gdu = 0 satisfying
l9llBrvo) < 1. Let h € HY(T) be given by h = ag+ 23", .o a.(", where > - a,(" is
the Fourier expansion of |g|?. Observe that Re h = [g|?: this follows at once from the fact
that a,, = @, for all n (since |g|? is real-valued). Hence, the BMO condition implies that
the holomorphic function (P[f], Plg], P[h]) takes values in D. Therefore, the composition
b(P[f], Plg], P|h]) is well-defined and gives a superharmonic function on D, so

Ab(f(C),g(C),h(C))d#(C) < b(P[f1(0), P[g](0), P[R](0)). (5.2.11)

Now, since Re h = |g|?, the left-hand side is equal to

[ {re (700(0) - 1£0) -¢(0)}du(0
= e [ FI0(©)(©) ) - VEF Tl

It remains to note that P[g](0) = [, gdu = 0, which implies that the right hand side of
(5.2.11) is equal to b(P[f](0), P[g](0), P[h}(0)) = —[P[f](0)|¢:(— Re P[h](0)) < 0. O

The estimate (5.1.3) will require more effort, in particular we will need some machinery
from the stochastic analysis. This will be done in the next section.

5.3. Proof of (5.1.3)

We start with the introduction of some basic notions for complex martingales. To
avoid confusion, we have decided not to present them in Chapter 1 and postponed the
definitions until now. For a pair X = (X})i>0, Y = (Y)i>0 of continuous-path martingales
taking values in C, the total variation is defined, as previously, by

on

t
/ \d[X,Y | = hmsupz ‘ Xigo—n Xt(kq)-z—n)(ytk-z—n - Y;(kfl)-Q—") )
0

n— o0

and we let [7 [d[X, Y]] = sup,sg fg |d[X,Y]s|]. The key difference, in comparison to the
previous chapters, lies in the definition of the square bracket. Namely, for complex-valued
martingales it is customary to put

X,Y] = [ReXHImX,ReYHImY}
- ([ReX, ReY] — [Im X, ImY]> + z’([ReX, Im Y] + [Im X, ReY]),

where the square brackets in the last line are the usual quadratic variations of real-valued
martingales. Now, a martingale X is called analytic (or conformal), if we have d[X, X| =
0, that is, the square bracket [ X, X] is constant. This can be extended to the vector setting:
a martingale (X', X2 ... X™) with values in C" is called analytic, if for any 2, 29, ...,
2, € C, the linear combination 2, X'+ 2, X?+.. .+ 2,X" is a conformal martingale in C. Tt
is easy to check that this is the case if and only if d[X7, X*] = 0 for any j, k € {1,2,...,n}.
For example, a planar Brownian motion is a conformal martingale; more generally, analytic
martingales arise naturally as compositions of holomorphic functions (of one or several
variables) with a planar Brownian motion. See Chapter 5 in [43] for more on the subject.

We are ready for the proof of our main estimate.



Chapter 5. Analytic Fefferman’s inequality 71

Proof of (5.1.3). For the sake of clarity, we split the reasoning into four steps.

Step 1. Notation. Let W = (W,);>0 be a planar Brownian motion, started at zero and
stopped upon reaching the boundary of the unit circle. Pick f € H*(T) and g € H*(T).
In the proof of (5.1.3), we may assume that [ fdu # 0, by adding a small ¢ > 0
to f if necessary, and letting ¢ — 0 at the very end. Let h € H'(T) be given by
h=ao+2>,.0an(", where >, a,(" is the Fourier expansion of |g|*. As we proved at
the end of the previous section, we have Re h = |g|*.

Consider the three-dimensional process (X, Y, Z), defined by

Xy =P[fIWy), Yi=Plg[W), Z =Ph(W,), t=0.

It is easy to see that it is an analytic continuous-path martingale: any linear combination
of X, Y, Z can be written in the form G(W) for some analytic function G on the unit
disc. The triple (X,Y,Z) takes values in the set {(21, 29, 23) : Re z3 > |29|%}, since

Re Z, = Re P[h](W;) = Pllg]*](Wy) > [Plg](W)* = [Vi]*.

By the well-known properties of analytic martingales (see [43], p. 191), with probability 1
the process X does not visit the origin in finite time. So if we define, for a given ¢ € (0, 1),
the stopping time 7(¢) = inf{t : |X;| ¢ [g,e7!] or |V;] > &7}, then 7(¢) = 00 as e — 0.
We introduce an additional nondecreasing process U; = (maxo<s<:(Re Zs — |Y;]2))1/2,
t > 0, which will be responsible for the control over the sharp maximal function of
g. Note that we may assume that the process U is strictly positive. Indeed, we have
Uy > Uy = Re Zy — |Yo|? = PJ|g]?](0) — | P[g](0)]* > 0, unless g is constant a.e. on T (in
which case the estimate is trivial).

Step 2. A Bellman function and the application of Ito’s formula. Let ¢ : [—1,00) —
[0, 00) be the special function given in (5.2.10). Take an arbitrary £ > 1 and put

|22|2 — R623>

Ku?

b(u, 21, 22, 23) = u|z1 ¥ (

for all 4 > 0 and all (z1, 29, 23) such that Re 23 — |23|> < u?. This function is of class C?,
unless z; = 0; the role of the parameter x in the above definition is to bound the argument
of v away from —1 (in which a singularity of 1 arises). Hence we may apply Ito’s formula
to the composition of b with the stopped quadruple ¢ = (U™, X7 y7() 77E))  We
obtain

b(&) =1+ I + I, (5.3.1)

where

Io=b(&), ©— /0 VhE) - dé, I = /0 D2b(E)dE.€]..

Here we have used the shortened notation: [I;, I, are simply the sums of all first- and
second-order terms, respectively. That is,

t ¢ . .
L= / b (€,)dUTE) 4 / b (€)AXTE) 4 / be (6)AXTO) 4 / €Y o
0 0 0 ;

and

t t t
b= / b2, (§S)d[Xa X]g(s) + / bz12 (§S)d[Xa Y};(E) +/ bz12 (£S)d[X= Z]E(e) +o
0 0 0
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Note that in the definition of I, there are no derivatives with respect to u, which is due to
the fact that U is a nondecreasing (and hence finite-variation) process. Furthermore, only
the mixed (‘conjugate-nonconjugate’) derivatives appear in I5: the remaining integrals
are zero, because (X, Y, Z) is analytic - the appropriate square brackets are constant.

Step 3. The analysis of Iy, I; and I. First, note that we have I, > 0, since v takes
values in [0, 00). The integral
t
| buteauze
0

in I, is also nonnegative. To see this, note that Us ©) increases only on the set

[s: max(ReZ, — [Y,P) = Re Z, - Vi’ }.

0<r<s

and on this set we have b,(&) = ]X§(6)|(2/1(—/£_1) + 2¢/(=£71)) > 0. The remaining
stochastic integrals appearing in I; are L?-bounded martingales of expectation zero: by
the definition of 7(¢), the stopped processes X™(*), Y™(®) and Z7) are bounded, and X7(®)
is bounded away from zero. The main difﬁculty lies in the understanding of the term
I,. We will make use of the estimate mentioned in Remark 5.1. It implies that for any
(21, 22, 23) with z; # 0 and Re 23 — |20]? < v?, and all wy, wy, ws € C, we have
3
Z bz, (u, 21, 20, 23)Wjwe > |wiwsl.
k=1

Fix 0 < sy < 51 < t. For any ¢ > 0, let (nf)o<i<i, be a nondecreasing sequence of stopping

times with 7§ = so, 7{, = s1 such that lim,_,. maxo<i<i,—1 |75, —n}| = 0. Keeping ¢ fixed,

we apply, for each i = 0, 1, 2, ..., i, — 1, the above estimate with u = UL\, 2, = XT(E)

20 =Ye® 2o =719 and wy = X7 — X7 w, = Y7TE v = 27 77 We
Mit+1 m; Mi+1 ; Mi+1 771

sum the obtained 7, inequalities and let ¢/ — oo, arriving at

D%@mmaﬁ—m¢gz/“wmeMﬂJ

S0

By the It6’s formula again, we have
t t
X = Xy +/ VP[fl(W,)dWs, Y=Y, +/ VP|g|(W,)dWs,
0 0
and hence

$1 T(e)As1
/ [d[X7E) yTE ]|—/ |VP[f](W,) - VP[g](W,)|ds.

7(g)Aso

If we approximate the integral I; by Riemann sums and use the above bound, we get
T(e)AE
I 2/ |VP[f)(W,) - VP[g)(W,)|ds.
0

Step 4. The completion of the proof. Plugging all these observations into (5.3.1) and
taking expectation of both sides, we obtain

T(e)At
Eb(¢,) > E/O |VP[f1(W;) - VP[g](W,)|ds.
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By the definition of b, we have

Eb(ft) =E

e e Y"’(E) 2 _ Re Z"'(E)
Ut()|Xt()|¢(’ e t

H(U;(S))Q

But ¢ < ve2 + 1 on [~1,0] and |X] | < E(|Xo||[Frpnt), since X is L'-bounded martin-

gale; furthermore, we have U] ¥ < U, = sup,>q (P[lg*l(Ws)—|Plg](Wy)] )1/2. Therefore,
we get

T(e)At
E/ |VP[f1(W,) - VP[g)(W,)|ds
0

<Ve?2 + E(\X Us)
= VT TE| [PV [sup (PL0V.) - PV

:\/eQ—i-UEUP Weo ‘g#(WOO)].
Letting ¢ — 0 and t — oo we obtain, by Lebesgue’s monotone convergence theorem,

B[ [VPLAIOV) - VPGVolds < VEF IE[|PLA0V)lo* (7))

Since W, is uniformly distributed on the unit circle, the expectation on the right-hand
side equals || fg#| z1(r). Furthermore, exploiting the formula for the Green function on
the disc, we see that the expression on the left is precisely

||

/D VPLI) - VPll(:)] o d

This completes the proof. O



Bibliography

[1] N. Arcozzi, Riesz transforms on compact Lie groups, spheres and Gauss space, Ark. Mat. 36 (1998),
201-231.

[2] N. Arcozzi and X. Li, Riesz transforms on spheres, Math. Res. Lett. 4 (1997), 401-412.

[3] R. Badiuelos, K. Bogdan and T. Luks, Hardy-Stein identities and square functions for semigroups,
J. London Math. Soc. 94 (2016), 462-478.

[4] A. Baernstein IT and S. J. Montgomery-Smith, Some conjectures about integral means of Of and Of,
Complex analysis and differential equations (Uppsala, 1997), Acta Univ. Upsaliensis Skr. Uppsala
Univ. C Organ. Hist., vol. 64, Uppsala Univ., Uppsala, 1999, 92-109.

[5] R. Bafiuelos, A. Osekowski, On the Bellman function of Nazarov, Treil and Volberg, Math. Z. 278
(2014), 385-399.

[6] R. Banuelos, A. Osekowski, Sharp martingale inequalities and applications to Riesz transforms on
manifolds, Lie groups and Gauss space, J. Funct. Anal. 269 (2015), 1652-1713.

[7] D. L. Burkholder, Martingale transforms, Ann. Math. Statist. 37 (1966), 1494-1504.

[8] D. L. Burkholder, Boundary value problems and sharp inequalities for martingale transforms, Ann.
Probab. 12 (1984), 647-702.

[9] D. L. Burkholder, Martingales and Fourier analysis in Banach spaces, Probability and Analysis
(Varenna, 1985) Lecture Notes in Math. 1206, Springer, Berlin (1986), pp. 61-108.

[10] D. L. Burkholder, Explorations in martingale theory and its applications, Ecole d’Ete de Probabilités
de Saint-Flour XIX—1989, 1-66, Lecture Notes in Math., 1464, Springer, Berlin, 1991.

[11] R. Banuelos, T. Gatazka, A. Osekowski, A dual approach to Burkholder’s Lp estimates, to appear in
Bulletin of the London Mathematical Society.

[12] A. P. Calderén and A. Zygmund, On singular integrals, Amer. J. Math. 78 (1956), 289-309.

[13] B. Davis, On the weak type (1,1) inequality for conjugate functions, Proc. Amer. Math. Soc. 44
(1974), 307-311.

[14] A. Carbonaro and O. Dragicevi¢, Functional calculus for generators of symmetric contraction semi-
groups, Duke Math. J. 166 (2017), 937-974.

[15] C. Dellacherie and P.-A. Meyer, Probabilities and potential B: Theory of martingales, North Holland,
Amsterdam, 1982.

[16] O. Dragicevi¢ and A. Volberg, Bellman functions and dimensionless estimates of Littlewood-Paley
type, J. Op. Theory 56 (2006), 167-198.

[17] R. J. Elliott, Stochastic calculus and applications. Applications of Mathematics (New York), 18.
Springer-Verlag, New York, 1982.

[18] C. Fefferman, Characterization of bounded mean oscillation, Bull. Amer. Math. Soc. 77 (1971),
587-588.

[19] T. W. Gamelin, Uniform Algebras and Jensen Measures, London Math. Soc. Lecture Notes Series,
Vol. 32, Cambridge Univ. Press, Cambridge/New York, 1978.

[20] R. F. Gundy, Some Topics in Probability and Analysis, Am. Math. Soc. 70, Providence, Rhode
Island, 1986.

[21] D. Girela, Analytic functions of bounded mean oscillation. Complex function spaces (Mekrijérvi,
1999), 61-170, Univ. Joensuu Dept. Math. Rep. Ser., 4, Univ. Joensuu, Joensuu, 2001.

[22] R. K. Getoor and M. J. Sharpe, Conformal martingales, Invent. Math. 16 (1972), 271-308.

[23] L. Grafakos, Classical Fourier analysis. Second edition. Graduate Texts in Mathematics, 249.
Springer, New York, 2008.

[24] R.F. Gundy and N. Th. Varopoulos, Les transformations de Riesz et les integrales stochastiques, C.
R. Acad. Sci. Paris Ser. A-B 289 (1979), A13-A16.

[25] T. Iwaniec and G. Martin, The Beurling-Ahlfors transform in R™ and related singular integrals, J.
Reine Angew. Math. 473, 25-57.



BIBLIOGRAPHY 1)

[26] P. Janakiraman, Best weak-type (p,p) constants, 1 < p < 2 for orthogonal harmonic functions and
martingales, lllinois J. Math. 48 No. 3 (2004), 909-921.

[27] A. N. Kolmogorov, Sur les fonctions harmoniques conjugées et les séries de Fourier, Fund. Math. 7
(1925), 24-29.

[28] F. Larusson and E. A. Poletsky, Plurisubharmonic subextensions as envelopes of disc functionals,
Michigan Math. J. 62 (2013), no. 3, 551-565.

[29] J. M. Lee, Manifolds and differential geometry. Graduate Studies in Mathematics, 107. American
Mathematical Society, Providence, RI, 2009.

[30] J. Marcinkiewicz, Quelques théoremes sur les séries orthogonales, Ann. Soc. Polon. Math. 16 (1937),
84-96.

[31] B. Maurey, Syst’eme de Haar, Seminaire Maurey-Schwartz (1974-1975), Ecole Polytechnique, Paris.

[32] B. S. Magntsson, Extremal w-plurisubharmonic functions as envelopes of disc functionals, Ark. Mat.
49 (2011), no. 2, 383-399.

[33] F. L. Nazarov and S. R. Treil, The hunt for a Bellman function: applications to estimates for singular
integral operators and to other classical problems of harmonic analysis, St. Petersburg Math. J. 8
(1997), 721-824.

[34] F. L. Nazarov, S. R. Treil and A. Volberg, The Bellman functions and two-weight inequalities for
Haar multipliers, J. Amer. Math. Soc., 12 (1999), 909-928.

[35] A. Osekowski, Survey article: Bellman function method and sharp inequalities for martingales, Rocky
Mountain J. Math. 43 (2013), 1759-1823.

[36] A. Osekowski, Sharp weak type inequalities for differentially subordinated martingales, Bernoulli 15,
Vol. 3 (2009), 871-897.

[37] A. Osekowski, Sharp inequalities for Riesz transforms, Studia Math. 222 (2014), 1-18.

[38] A. Osekowski, Sharp moment inequalities for differentially subordinated martingales, Studia Math.
201 (2010), 103-131.

[39] A. Osekowski, Sharp localized inequalities for Fourier multipliers, Canadian J. Math. 66 (2014),
1358-1381.

[40] S. K. Pichorides, On the best values of the constants in the theorems of M. Riesz, Zygmund and
Kolmogorov, Studia Math. 44 (1972), 165-179.

[41] E. A. Poletsky, Plurisubharmonic functions as solutions of variational problems. Several complex
variables and complex geometry, Part 1 (Santa Cruz, CA, 1989), 163-171, Proc. Sympos. Pure
Math., 52, Part 1, Amer. Math. Soc., Providence, RI, 1991.

[42] M. Riesz, Sur les fonctions conjugées, Math. Z. 27 (1927), 218-244.

[43] D. Revuz and M. Yor, Continuous martingales and Brownian motion, wvolume 298 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences/]. Springer-Verlag, Berlin, third edition, 1999.

[44] J. Schauder, Eine Eigenschaft des Haarschen Orthogonalsystems, Math. Z. 28 (1928), 317-320.

[45] E. M. Stein, Topics in Harmonic Analysis Related to the Littlewood-Paley Theory, Princeton Uni-
versity Press, Princeton, 1970.

[46] E. M. Stein, Singular integrals and Differentiability Properties of Functions, Princeton University
Press, Princeton, 1970.

[47] Y. Suh, A sharp weak type (p,p) inequality (p > 2) for martingale transforms and other subordinate
martingales, Trans. Amer. Math. Soc. 357 (2005), 1545-1564.

[48] V. Vasyunin and A. Volberg, Burkholder’s function via Monge-Ampere equation, Illinois J. Math. 54
(2010), no. 4, 1393-1428.

[49] G. Wang, Differential subordination and strong differential subordination for continuous time mar-
tingales and related sharp inequalities, Ann. Probab. 23 (1995), 522-551.



