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Main topics of the dissertation

In the thesis we discuss several topics connected to compensated compactness and DiPerna-
Majda measures. The thesis is divided into chapters, most of which are based on the articles
written by the author exclusively or under co-authorship.

The first chapter briefly provides an overview of the discussed topics. We discuss the main
motivations for taking on the chosen topics, as well as sketch the history of related research.

Chapter 2 is based on the joint paper written with Agnieszka Katamajska [1]. We study
geometric conditions for integrand f to define lower semicontinuous functional of the form
It(u) = [, f(u)dz, where u satisfiesthe conservation law Pu =0, P = (P;, P,, P;) and
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Of our particular interest is tetrahedral convexity condition introduced Katamajska in 2003,
in connection of the study of the quasiconvexity condition in Calculus of Variation, which is
the variant of maximum principle expressed on tetrahedrons, and the new condition which
we call tetrahedral polyconvexity. We prove that second condition is sufficient but it is not
necessary for lower semicontinuity of I, tetrahedral polyconvexity condition is non-local and
both conditions are not equivalent. Problems we discuss are strongly connected with the
rank—one conjecture of Morrey known in the multidimensional calculus of variations.

Chapter 3 is based on the author’s own papers [4,5]. In the first part, based on [5] we
present a constructive proof of the fact, that for any subset & C R™ and countable family
Z of bounded functions f : &7 — R there exists a compactification &7’ C ¢? of & such that
every function f € .% possesses a continuous extension to a function f : &’ — R. However
related to more classical theorems, our result is direct and hence applicable in Calculus of
Variations. Our construction is then used to represent limits of weakly convergent sequences
{f(u”)} via DiPerna-Majda measures methods. In particular, as our main application, we
generalise the known Representation Theorem from the Calculus of Variations. In the second
part of the chapter we focus our attention on the example of a non-supported measure given
in [4], which explains the importance of metrizability of the compactification constructed
in [5].

Chapter 4 is based on two joint works with Elvira Zappale. In the first part of the chapter,
based on [2], we get in the realm of 3D — 2D dimensional reduction problems. We prove
that, up to an extraction, it is possible to decompose a sequence (u,,), whose ‘scaled gradients’

(Vaun, E%ngun) are bounded in L*(w x (—1,1),R3*3) for a suitable Orlicz function ®, as

Up = Up+ 2y, such that v, describes the oscillations, (@ (‘Vavn, %ngn
and the ‘remainder’ z,, accounting for concentration effects, converges to zero in measure.
The second part, based on [3], is an application of the results from [2] to the optimal design
problem. In particular, as the tickness of the film tends to zero, the I' — lim of the sequence
of optimal design functionals is computed.

)) , is equi-integrable
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Notations

The following notations are used consequently throughout the dissertation.

The function f, with the domain D and target space T" will be denoted by f: D — T,
while a multifunction (in other words — set-valued function) F' will be denoted by F': D = T.

For any Banach space X and an element z € X, the norm of z in X is denoted by ||z||x.

For any subset 7" C X the convex hull of 7" will be denoted by C'H T. Analogously, the
closed convex hull of T’ will be denoted by CH T.

For any function f : R™ — R the convex envelope of f will be denoted by C'f. Similarly,
for f: R™™ — R the quasiconvex envelope will be denoted by @ f.

For any topological space X, by C'(X) we denote the space of all continuous, real-valued
functions on X. Analogously, by Cy(X) denote the space of all compactly supported, contin-
uous, real-valued functions on X.

The space of all signed measures with finite variation on X will be denoted by M(X).
The subspace of all probabilistic measures (i.e. positive and of variation equal to 1) will be
denoted by P(X).

For any measured set M, the Lebesgue space of functions v : M — X, integrable with
power p, will be denoted by LP(M, X). The corresponding Sobolev space will be denoted by
Wh?P(M, X). We will omit X in the notation in case X = R.

Similarly, the Orlicz space with the Orlicz function ® will be denoted by L*(M, X). The
corresponding Sobolev-Orlicz space will be denoted by W1* (M, X). Again, we will omit X
in the notation in case X = R.

The set of functions of bounded variation w : M — T will be denoted by BV (M, T). The
perimeter of a subset N C M will be denoted by P(N, M).



Chapter 1

An overview of the thesis

1.1 Compensated compactness

1.1.1 The historical overview

One of the most significant problems in the calculus of variations is the lower semicontinuity
of variational functionals. For open and bounded domain 2 C R"™ and the function f :
R™*™ — R, we define the functional

Ip(u) 2£ /Qf(Du)dx, (1.1)

on the proper space X (2) of mappings defined on € with values in R™. One investigates,
under what conditions the functional is sequentially lower semicontinuous with respect to the
given topology, i.e. when it satisfies the condition

u’ — u= If(u) <liminf I;(u"), (1.2)

where u¥ — wu denotes convergence in weak topology on X (£2) (shortly Isc property). Ap-
plication of Direct Methods of Calculus of Variations shows that lsc-property is one of the
sufficient conditions for existence of minimisers of the functional /¢. Usually X is a Sobolev
space, it is however also common to consider Orlicz-Sobolev or BV. Having in mind, that
physical models often introduce a convex energy f, it seems that Orlicz-Sobolev spaces are
a reasonable choice for the investigated space. This is a path we follow in Chapter 4.

In 1952 [127] Morrey proved that the lower semicontinuity of /¢, in case of X (2) consisting
of Lipschitz functions, is equivalent to quasiconvexity of the function f, i.e. the following

property

1
VO € C°(Q,R™) VA € M™" = f(A) < a / F(A+ D®)dx.
Q

Unfortunately, the quasiconvexity condition is usually very hard, or even impossible, to
verify. This was the reason to look for some other conditions, which would be more clear

8
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geometrically and easier to verify. Several of them appeared, however the equivalence between
them and quasiconvexity is obtained only in case of u depending on one variable or having
values in R. What is more, they are equivalent to standard notion of convexity in that case.

One of the main is rank-one convexity of f: for any matrix A € M™*" and any matrix
B € M™ ™ of rank one the following condition holds

function ¢ — f(A 4+ tB) is convex.

In 1952 in [127] C. B. Morrey stated the conjecture on equivalence between rank-one convexity
and quasiconvexity. The statement was disproved by Vladimir Sverdk in 1992 in paper
[146], but only in case when m > 3,n > 3. His counterexample doesn’t work in case when
n=m=2.

A certain generalization of functional (1.1) reads as

1) < [ fyds, (1.3)

where u lies in the kernel of some differential operator P of constant coefficients. For example,
in the classical case, one may consider gradients as functions lying in the kernel of curl
operator. Similarly as in the case of the classical variational questions, one asks about
conditions for lower semicontinuity of Iy, but functions u might not be only gradients.

Compensated compactness has found so far a wide spectrum of analytical and geometric
applications, and furthermore seems a successful tool in investigation of conservation laws.

Dependently on satisfying the constant rank condition (the algebraic condition given on a
constant rank of the characteristic matrix of the system Pu = 0), the functional I; defined on
ker P can posses various properties. The constant rank condition was introduced by Fonseca
and Miiller in 1999 in [63].

For P satisfying constant rank condition the geometric conditions equivalent to lower
semicontinuity has been obtained [61].

There are no known equivalent conditions in the other cases, that is when the operator
P disobeys the constant rank condition. Let us consider for example

8u1 (9u2 8u3 8%3

P=(P,PR, P = — . 1.4
( 1, 2 3) (81.2? ax17 axl ax2) ( )

We will refer to P as the operator of the type (2,3). The operator acts on functions u : Q —
R3, Q) C R? and does not satisfy the constant rank condition. There are no known conditions
equivalent to the lower semicontinuity of the functional I; on L*(Q,R?) N ker P.

The work over quasiconvexity condition is considered one of the most important in func-
tional analysis. It requires a variety of methods (like for example elliptic regularity and coer-
civity, as in [7]), benefiting often with some inequalities with optimal constants. These inves-
tigations were kept by such great mathematicians as Kari Astala [12,13], John Ball [17,18],
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Tadeusz Iwaniec [13,77,78], Jan Kristensen [109], Pablo Pedregal [135-138]. In the Pol-
ish group, however not directly but related research, is provided by Krzysztof Chetminski,
Agnieszka Kalamajska or Adam Osegkowski. The notion of quasiconvexity has also many
applications in non-linear elasticity theory.

Also the theory of compensated compactness was used in such important and hard
branches of mathematics like geometric optics, conservation laws and elasticity. What is
also vital, the theory seems to be a good tool to investigate the Morrey conjecture. Such
approaches were already made by the likes of Irene Fonseca [61,63], Francois Murat [18,130],
Jeffrey Rauch [79,80] or Luc Tartar [148-150].

It is worth mentioning, that related solved problem in the field of compensated com-
pactness due to the young authors Guido De Philippis and Filip Rindler [46] was recently
published in the most prestigious mathematical journal Annals of Mathematics.

1.1.2 A brief explanation of the contribution to the discipline

In Chapter 2, based on [90], we investigate the particular problem of sequential weak-* lower
semicontinuity of functionals described in (1.3), defined not on the whole L>(2), but only
on the kernel of the (2,3) operator. The main goal is to look for some new convexity-type
conditions on f, which would explain the lower semicontinuity of I; in some geometric way.
In particular, basing on brilliant ideas coming from [79] and developing achievements raised
in [37,84], we investigate functionals defined on the kernel of the operator P defined in (1.4),
being the prototype of compensated compactness theory for operators which do not satisfy
constant rank condition.

In Chapter 2, the condition of tetrahedral polyconvexity is proposed and its properties are
considered. The condition is geometrically clear. It is proven to be sufficient for sequential
lower semicontinuity of the functional described by (1.3), but defined on the kernel of P
(see (1.4)). Also, certain Carathéodory type theorem for tetrahedral polyconvexity is proven.
As its consequence, the locality of this condition is proven to fail, exactly as it happens for
quasiconvexity in the classical case. Introducing this condition does not succeed however in
closing the main research topic. An easy modification of a function proposed by Alibert and
Dacorogna in [7] shows that the condition is not necessary.

1.2 Control of the discontinuous integrands

The work on the control of weak convergence of bounded sequences composed with discontin-
uous functions was inspired by the construction of measures of DiPerna and Majda, proposed
in [49]. Agnieszka Katamajska proved the Representation Theorem in [86] and her work was
continued in [85,89,103].
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1.2.1 The Representation Theorem

We briefly describe the Representation Theorem 3.2.11, originally proven in [86]. Let Q be
open and bounded domain in R” and u” : 2 — R™. Moreover, assume R™ is equipped in a

certain compactification, i.e.
R™=A,U...UA;

and for every i the Borel set A; is mapped homeomorphically and densely (by ®;) into the

compact subset of RY:, denoted by vA;. Define also on R™ the density function ¢ such that

i Lot gia, € C(A;) and g;(A) > o > 0 for every A € A; N 0A;. Let for every i

Fi 25 (flg) o @7t € C(vAY), (1.5)

(i.e. (f/gi) o @', which is a continuous function on ®(A4;), is extendable into a continuous
function on vA;). Then (up to some technical details) for any bounded sequence {u”} there
exist a subsequence {u;}, measures on Q m’, m’ (with some additional properties), families
of probabilistic measures { i, }zeq on R™, {v!},cq on the remainder yA; \ ®(A;) and {7 }.cq
on 0A; N A; such that in the space of measures {f(u;(z))dxz} converges weakly-* to

k

S ([ (ot +

=1

[, o) +

[ " ﬁ<A>u;<dA>mi<dx>) |

Furthermore, the obtained measures do not depend on a choice of a function f satisfying
(1.5).

The above theorem gives us some sort of control of weak-x convergence of sequences
composed with discontinuous functions. It is worth noting that whenever we assume v”(x) —
u(x) almost everywhere, then the formula for such limits is given by the Convergence Theorem
3.2.12 (see [14]). In that case the set of cluster points of u”(x) is precisely {u(x)}. We don’t
know about more subtle investigations involving precise analysis of the support of the involved
measures.

The Young measures generated by gradients were investigated by David Kinderlehrer and
Pablo Pedregal [95-97] and then Irene Fonseca, Stefan Miiller and Pablo Pedregal in [64].
The full classification is obtained. The characterization of the measures of DiPerna and
Majda controlled by the continuous functions and generated by gradients of functions from
Sobolev space was obtained by Agnieszka Kalamajska and Martin Kruzik in [92]. To my
best knowledge, general results for control of gradients by discontinuous functions have not
been obtained so far.
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1.2.2 The problem of compatifications

The problem caused by the formulation of the Representation Theorem, which we will pay
much attention to, reads as follows. Given a subset A C R™ and a continuous function
f A — R we would like to find a metric compactification yA of A and a dense embedding
¢ : A < ~A such that the function fo ¢! : ¢(A) — R possesses a continuous extension
f :vA — R. The existence of such vA is indicated by the assumption in numerous papers
in the field, for example [85-89,92]. A verification of whether this assumption may be
satisfied seems to be not entirely taken. To be more precise — the question of whether such
compactification can be metrizable remains untaken.

Let us explain the troubles hidden deeper with a natural example. A very classic solution
to the problem of compactification seems to be the well-recognized Cech-Stone compactifica-
tion SA. Indeed, every continuous function f : A — R possesses an extension to a continuous
function f : BA — R. Unfortunately, taking a very simple A = {1 —1:n e N} C [0,1] we
are delivered a compactification 5.2/ non-metrizable, non-second countable and of cardinality
22" (see [53, Corollary 3.6.12] for details). This shows that a more specific construction is
needed to obtain a compactification with metric and visible geometric structure. The original
formulation of the Representation theorem by Katamajska [86] requires yA to be a subset of
an Euclidean space, but a careful analysis of the proof shows that this requirement can be
relaxed. Nevertheless, metrizability of yA, as well as its embedding into a locally compact
vector space (required for the Reschetnyak slicing argument [139]) are needed. There are sev-
eral approaches towards this problem, due to Gelfand and Naimark [68,69], Engelking [53] or
discussed by Keesling [93], which we will review in Section 3.5. Unfortunately, none of these
delivers a rewarding answer.

1.2.3 A brief description of the own contribution

The main purpose of the Chapter 3 is to give a complete and positive answer to the com-
pactification problem described above. We present a constructive proof of the fact, that for
any subset A C R™ and a countable family .# of bounded functions f : A — R there exists
a compactification kA C ¢? of A such that every function f € .Z possesses a continuous
extension to a function f : kA — R. However related to a number of classical theorems, our
result is direct and, in this way, new. By direct, we mean that the method of constructing the
compactification is geometrically clear and gives us a straight formula on both the shape of
kA and the dense embedding ¢ : A — kKA. Furthermore, kA is naturally embedded into the
Tychonoff’s cube in £2. Let us remind, that the Tychonoff’s cube in space 7,1 < p < +o0 is
the compact set

9$H[0,2—i]:[0,1] x[O,%]x[O,i]x....

Our construction is then used to represent limits of weakly convergent sequences { f(u")}
via methods related to DiPerna-Majda measures. In particular, as our main application, we
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generalise the aforementioned Representation Theorem from [86] to the case of the integrand
f dependent on u and x. Without the careful analysis of the compactification problem, the
study of the functionals fQ f(z,u)dz was not possible for discontinuous f.

In the final part of the chapter we present arguments showing that the standard notion
of the support of a probabilistic Borel measure is not well defined in every topological space.
We stress that the notion of the support played an essential role in the proof of Theorem
3.4.3.

Our goal is to create a ”"very inseparable” space and to show the existence of a family of
closed sets such that each of them is of full measure, but their intersection is empty. The
presented classic construction is credited to Jean Dieudonné and dates back to 1939. We
also propose certain, up to our best knowledge, new simplifications. The example is a good
illustration of what may happen, if we abandon the assumptions on regularity of yA. The
problems arise then not only in the proof of the Representation Theorem. In fact, some of
the Theorem’s statements, like inclusions of the supports, become meaningless, when the
support of a probabilistic measure may not be well defined.

1.3 An application of Young and DiPerna-Majda the-
ory

1.3.1 An overview on the commonly used methods

In the same spirit of seeking conditions related to sequential lower semicontinuity of (1.1)
as above, one of the aims of my studies is that of determining the asymptotic behaviour of
families of problems as in (1.1), arising from applications in Material Science, Elasticity, par-
ticularly related to Optimal Design, Modelling of Thin Structures. In fact, in the framework
of Elasticity, given a family of functionals {Iy, },, defined as

. 2 [ p(Dude, (1.6)

where () is the reference configuration, u is the deformation (or displacement), and f, the
stored energy density, under suitable boundary conditions and given loads, the minimal
configurations u”, if any, represent the equilibrium states.

Clearly, if there is a lack of lower semicontinuity in (1.6), these equilibria may not exist
but it is useful for applications to understand if the family of almost minimizers {u”} admits
some cluster points u, with respect to a suitable topology. Moreover, one wants to determine
which minimum problem @ solves, namely one wants to detect a suitable functional I_fy such
that

u” — u = I (u) < liminf I, (u”). (1.7)
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In principle, given certain convergences, the functional m may not even exist, or it may not
be of integral type (see [28, Theorem 4.3.2]) and not even related to any pointwise limit f of
f. (even in case f, is a constant sequence, as it is shown in [108]).

Here we would like to stress that the main role in the technical parts of the proofs of re-
lated relaxation results is played by variants of decomposition lemma, which seems to be the
mostly applied tool when dealing with the notion of equiintegrability. In all the proofs of De-
composition Lemma the classical Young Theorem is exploited (see for example [23,24,26,64]
or [104] in the Orlicz setting). The lemma has been sharpened in the literature (see [89]) with
the use of more general, DiPerna-Majda measures. Also, the control of concentration effects
was proposed in [64]. On the other hand, the key role in the formulation of the result is played
by the notion of quasiconvexity and quasiconvexifications, which were investigated in Chap-
ter 2. As energies coming from elasticity (also in the context of compensated compactness)
are very often convex, Orlicz spaces seem to be a natural habitat for such considerations.

1.3.2 The Optimal Design Problem

The model I will focus on is the following optimal design problem

w f‘lfrgz( R) {% ( Jow (X Wi+ (1= Xpe)Wa) (Vo)do — fo ) f-v da
vE )1V €);

XE(e) BV (Q2():{0,1})
+aP(E(e); Q(s))) : v=0on dw x (—¢,¢), m fQ(E) XE(e) dr = )\},
(1.8)

where

BM(IE]) = 1) < Wi(€) < B(1+ M(J€]))  VEeR™, i =1,2, for suitable 5 > ' > 0.
(1.9)
where M is an Orlicz convex function, which, for some technical reasons, satisfies the V5, and
A, conditions (see (4.6) and (4.5) respectively). E () C € (¢) is a measurable subset of (¢)
with finite perimeter. We assume that

P(E(e);Q(¢e)) 2L sup { /( ) divedr : p € CHQe); R?), |lo]lze < 1} < 00, (1.10)
E(e

and the load f € LM (Q(e); R?), where M* is the complementary (conjugate) Orlicz N-
function of M.

In order to study the asymptotic behaviour we first rescale the problem in a fixed 3D
domain and then we perform I"'—convergence with respect to the pair (deformation, design
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region). Thus one performs %—dilation in the transverse direction x3. Set

9 g w X (—1’ ]_)7EE g {(:L‘l,flfg,l‘g) €0 (ZEl,I‘Q,EfBg) < E(€)},
def def }
U(J]l,l'g,x?,) — U($17$2,€$3), f (l’l,l’Q,fL‘g) — f(x17x27€x3)7
def
XE. (21, T2, 3) = X (o) (21, T2, £23), (1.11)

where v is any admissible field for (1.8).

In the sequel we will denote x, def (21, 22), dx, def dx1dry and V, and D, will be

identified with the pair (Vq,Vs), (D1, Do), respectively.
Note that by (1.10) and by the definition of total variation,
P(E();Q(e) = [Dxee)| (2(e)) -

By the change of variables y3 Lot exs and Yy, Lot x, we have

é |Dxe@| (Qe) = ’(Daxe

Lo )| @)

where x . denotes the characteristic function of E., that in the sequel we will denote simply
by x.. Hence we are lead to a rescaled minimum problem that, up to a dilation of % can be
studied, introducing the functional in(1.12) below.

For every € > 0, let J. : L*(2;{0,1}) x LP(Q;R3) — [0, +00] be the functional defined as
follows

gDSX) ' (@) in BV(Q:{0,1}) x WH(Q;R?),
00 otherwise.

—_

Js(Xau)g _/f'de_{'a‘(DaX
Q

(1.12)

I emphasize that if the constant « is = 0 (i.e. no penalization of the interfaces) then the
asymptotic analysis will be very different, and the weak-x convergence in the sense of measures
for x’s will be replaced by a the weak-x convergence in L*° with limit § € L>°(£2;]0,1]) and
not anymore a BV function.

Such models were considered in the contexts of conductivity, chemotaxis or elasticity by
several marvellous mathematicians, including Irene Fonseca [59,60], Robert Kohn [101,119],
Pablo Pedregal [60] or Elvira Zappale [34,35,105], to name a few.

The general Orlicz growth was considered in [114-116], where the non-power growth was
considered, but still in case of a function M satisfying Ay and Vs conditions. They studied
lower weak semicontinuity of variational functionals. In [104, 105] we managed to retrieve
certain representation formula for I'-limit from [34] in similar setting, that is for energy
densities of the Orlicz growth. We believe however, that even this required conditions for
growth (namely Ay) may be still weakened.
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We stress that the notion of quasiconvexification, one of the main topics in Chapter 2,
naturally rises in the definition of the functional Jy (see (4.28)), which happens to be the
' — lim of J., as it is proven in Theorem 4.4.2.



Chapter 2

Tetrahedral polyconvexity

2.1 Introduction

One of the most challenging problems in the modern multidimensional calculus of variations
is the so-called rank-one conjecture of Morrey which reads as follows. Let us consider the
classical functional of the calculus of variations:

Iyw) = [ f(Dwys

where  C R™ u : Q@ — R™ u = (ug,...,Up),u; € WH*(Q), i = 1,...,m, Du =
(Vug,...,Vuy,) € R™™. One asks about the characterization of the space of admitted
functions f such that the functional /; is sequentially lower semicontinuous with respect to
the sequential weak-x convergence of its arguments (gradients) in L>(€2, R"*™) (to abbrevi-
ate let us call this property shortly sw * —lsc). In the paper [127] Morrey proved that I is
sw* —lsc if and only if it satisfies the following condition called the quasiconvexity condition:

1
@/Qf(A+D¢)dx > f(A), (2.1)

whenever ¢ € C3°(Q2,R™), A € R™™ is an arbitrary matrix and @ is an arbitrary cube in
R". The quasiconvexity condition seems to be impossible to be verified in practice. There-
fore it is natural to ask if there are some geometric conditions which are equivalent to the
quasiconvexity condition (2.1). It was proven by Morrey in 1952 [127] that every quasiconvex
function is convex in the directions of rank-one matrices and this property is called nowa-
days rank-one property. He conjectured (to be more precise he had expressed his doubts)
that rank-one property is equivalent to the quasiconvexity condition. Since that time this
conjecture is called rank one conjecture of Morrey. It required 40 years when this conjecture
was disproved by Sverdk [146] in cases m > 3,n > 2, while up to nowadays the conjecture is
open in the remaining cases, which reduce to m =n = 2.

17
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Many famous authors contributed further to that challenging question, like, among others,
Alibert [7], Ball [17], Murat [18], Dacorogna [41-44], Kristensen [108,109], Marcelini [120],
Morrey [127,128], Miiller [131,132], Pedregal [135,136,138] and Sverdk [138,144-146]. We
also refer to e.g. [13,36,55,72,110,133,143,153,154]. Iwaniec in [77] has pointed out the strong
relation between Morrey’s conjecture and some important open problems in the theory of
quasiconformal mappings (see also the paper by Astala [12]). Sverdk has shown in [147] that
quasiconvexity is strongly related to compactness properties of approximate solutions of the
system Du € K.

We are interested in geometric conditions which could be helpful for better understanding
the quasiconvexity condition.

For this, we consider the case m = n = 2 and the special subset in the space of gradients,
namely, denoting z = (z,y)

u(z) = §R(E-2) + 8658 2) +&T (6 - 2) = wi(z) + ua(z) + us(z), where
& = (170)7 §o = (07 1)7 &3 = (17 1)

and R,S,T : R — R are Lipschitz functions, R =r, S = s,T = t. We observe that

Du(z) — ZDui(z):r(x)lé 8}%@)[8 Hﬂ(ﬁy)“ H
~ (r(z),s(y), t(x +y)).

This way the function tilde f defined on 2 x 2 symmetric matrices can be identified with the
function f defined on R? and our original functional reduces to the simpler one

I;(v) = /Q F(on (@), valy), vala + ) dedy (2.2)

(here v; = r,v9 = s,v3 = t). Note that the function v(z,y) = (v1(z),v2(y), v3(x +vy)) belongs
to the kernel of differential operator P = (P, P, P3), i. e. Pv =0, where
v v v v

Pv = %—yl, Py = %, Pyv = % — 86’_; (2.3)
In particular this reduction step links the problem of quasiconvexity with the problem in
the compensated compactness theory (originated by the pioneering works by Murat [130]
anrd Tatar [149], see also [150]), where one investigates the sw * —lsc-property of functionals
defined on functions which lie in the kernel of the given differential operator P. In the special
case when P is the rotation operator one deals with gradients. The rather well understood
case is the case when operator P satisfies the so-called constant rank condition (we refer
to Braides, Fonseca and Leoni [25], Fonseca and Kinderlehrer [61], Fonseca and Miiller [63].
For the cases when the constant rank condition might not be satisfied we refer to [79, 80]
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and their further extensions (involving many applications), like [82,83] by Kalamajska. For
recent works in this direction we refer also to [10,140] and to references enclosed therein. We
emphasize that our operator P given by (2.3) does not satisfy constant rank condition, i.e.
it deals with the case which is less understood.

Let us skip this general approach and concentrate on the very special functional given by
(2.2) which will be called the functional of the type (2, 3). Integrands which define sw* —Isc
functional well be called (2, 3) quasiconvex.

As there are no constraints on the involved functions vy, vs,v3 in (2.2), we thought that
similarly as in the case of the classical unconstrained functional, one could expect that the
sw x —lsc property of this functional can be expressed by the purely geometric constraints.
The candidate for such geometric condition was found by first author in the paper [84]
(Theorem 3.1, see also [37,137] for the related issues). The condition has to be verified on
three dimensional oriented simplex’es (oriented tetrahedrons) by the purely geometric means.
To be more precise, in Theorem 3.1 in [84] it was shown that if f defines the functional (2.2)
with the swx —I[sc property then it necessarily must satisfy the two conditions and one of the
conditions has purely geometric interpretation. We omit the formulation of the second one,
which is not that directly geometric, and focus on first one only. It says the following. Having
given an arbitrary tetrahedron D C R? with three edges paralel to the axis and the polynomial
P; from seven dimensional space of polynomials A = span{1, z1, x3, 3, 122, T123, T2x3} such
that f = Py in every corner of D and its three neighbours (we omit their definition, such P
is defined uniquely), one has

f < Py inside D.

This property serves as the version of the maximum principle for f. We will call this condition
weak tetrahedral convexity condition.
We address the following questions:

Question A Is the weak tetrahedral convexity condition equivalent to the (2,3) quasicon-
vexity condition, i.e. lower semicontinuity of the related functional?

uestion B Are there some other simple geometric conditions which guarantee sw x —lsc
g g
property of the related functional (2.2), i.e. (2,3) quasiconvexity?

In this chapter we try to approach them. We did not succeed in answering Question A.
However, when looking for some other simple geometric conditions, we have introduced an-
other geometric condition called tetrahedral polyconvexity condition, similarly as one deals
with polyconvexity condition in the calculus of variations [17]. Trying to approach both
questions, we have shown that tetrahedral polyconvexity condition is not equivalent to (2, 3)
quasiconvexity. For this we use the tool known in the calculus of variations, namely fourth
order polynomial constructed by Alibert and Dacorogna in [7] and embedding of our special
functions v in (2.2) into the space of gradients. Main statement in this direction, where
we compared several convexity type conditions useful for understanding Question A, is for-
mulated in Theorem 2.3.3. Moreover, we have shown that weak tetrahedral polyconvexity
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condition is the non-local one, i.e. it cannot be expressed by conditions which hold in an
arbitrary small neighbourhoods of points. This is done by adapting to our setting the tech-
nique of Kristensen from [109], which is known in the calculus of variations, showing that
polyconvexity is not the local condition. The adaptation required perhaps not so automatic
modification of the Carathéodory Theorem (Theorem 2.4.4). Main statement about the
non-locality is formulated as Theorem 2.5.2.

We hope that the presented issue will contribute to the discussion of the quasiconvex-
ity condition in the calculus of variations, as well as will indicate on some new interesting
questions in pure geometry.

The chapter is based on the joint work with Agnieszka Katamajska [90]. The part delivered
solely by the author contains proofs, as well as the whole section devoted to Carathéodory
type theorem. The estimated contribution is 70%.

2.2 Preliminaries and basic notation

2.2.1 Functions of the type (2,3)

In this section we will be dealing with the following set of functions.

Definition 2.2.1 (Function of the type (2,3)). Let Q be an arbitrary open subset of R™.
Function u : Q — R? having the form

) = (1l )5 @) 1) ).

where (&;)3_, is a triple of vectors from R"™ which is pairwise independent, but dependent
as a triple, a - b stays for a standard scalar product of the vectors a,b and r, s,t are scalar
functions of one variable, will be called function of the type (2,3) defined on (2.

Justification of this notion comes from the fact that we deal with two variables (z may
be here a vector from R", however a function is dependent only on its projection to a two
dimensional plane: span {1, &, &3}) and three functions. As an example of such function we
may consider function

v(z,y) = <r(x), s(y), t(x + y)), where (7,y) € Q C R

Functions of the form v(x,y) = (r(z), s(y), t(z + y)) and Q@ C R? will be called a special
(2,3) functions.

However not defined so far, functions of that type appear in several papers in calculus of
variations as a tool to investigate quasiconvexity condition ( [37,135]).

In our considerations we will use the fact that functions of the type (2,3) can be canoni-
cally embedded into the space of symmetric gradients. Let us explain how it is done.
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For this we will use the convention:

dur Qv
oz v OTn
D/l} — . .
6’Um 8U7n
Ox1 Tt Oxn
where v = (vy,...,v,) : @ = R™ is vector-valued function and 2 C R™.

Let r,s,t : R — R be given scalar one-variable bounded functions and R, S,T be their
absolutely continuous primitives (so Lipschitz), i.e. R’ =1, 5" = s,T7" = t. Consider u :  —
R™ such that for any z € 2

u(z) =G R(E - 2) +&S(§ - 2) +&T (&3 - 2) =1 ui(2) + ua(2) + us(2).

Then we obtain
3
Du(z) =6 @&r(&1-2) + & @ &s(& - 2) + & ® &t - 2) = Y Dui(2). (2.4)
i=1

Taking n = 2 and
&1 = (170)7 S = (07 1>7 §3 = (17 1)7

we may consider the special subsets in the space of gradients:

Du = Duy + Dus + Dus, where

ui(z,y) = (R(x),0), ua(z,y) = (0,5()), us(xz,y) == (T(x+y), T(x+y)), (2.5)
Du = r(a:){é 8}+3(y){8 (1]}+t(:t—|—y)[1 }} (2.6)
~ (T(m)78(y)7t<x+y))'

In particular, function of the type (2,3) is embedded into the space of symmetric gradients.
We arrive at a following observation.

Proposition 2.2.2. Any special function of the type (2,3) may be uniquely identified with a
gradient of a certain function u : Q — R3 u = uy + uy + ug defined by (2.5) via expression
(2.6).

We will consider r,s,t € L*(R), so that R,S,T are Lipschitz. In fact, for the definition
of a function of a type (2,3) we only need to know the values on projections of ) into three
lines along &1, &, &3 respectively. Note that any Lipschitz function defined on a closed subset
may be extended to a Lipschitz function on whole R™ with no change of Lipschitz constant
by the Kirszbraun theorem (see [2] or [98] in German).
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2.2.2 Functionals of the type (2,3)

We start with recalling the definition of special functionals from [84].

Definition 2.2.3 (Functional of the type (2,3)). Let 2 be an open subset of R", & = (&),
be a triple of vectors belonging to R™ which are linearly dependent and pairwise independent.
Let

v(z) = (r (z- &), s(z- &), t(z §3)> be given function of the type (2, 3).

A functional of the form
0.6 = [ £l €5 60,11z &)

will be called a functional of the type (2,3), while a functional of the form

() = /Q F(r (@), s(y), t(x + y))dedy, where (z,y) € Q C R?

will be called the special functional of the type (2,3).

A crucial problem for us is the investigation of lower semicontinuity property of such
functionals with respect to weak-x convergence of v's in L>°(2,R3). For this we use the
following definition.

Definition 2.2.4 (weak-x lower semicontinuity, weak-+ continuity).

(i) A functional of the type (2,3) is lower semicontinuous with respect to the sequential
weak-+ convergence in L>®(Q,R?) whenever for any sequence v¥ = v (i.e. v” weak-%
converges to v in L>®(2,R?)) of the functions of the type (2,3) we have

o ey s ‘
lim inf I (0", ) > Iy (v, )
To abbreviate we will call this condition the (2,3) LSC property. Those integrands

which define functionals having the (2,3) LSC property will be referred as (2,3)
quasiconvex.

(ii) If lllr_r#gof I;(v",€) = If(v, &) whenever v¥ = v, we say that I is weakly-* continuous
with respect to the sequential weak-% convergence in L>(£2, R3) of the functions of the

type (2, 3). Integrands defining such functionals will be referred as (2,3) quasiaffine.

The weak-+ convergence of the v”’s is equivalent to convergence of functions building their
coordinates: r”,s” t” with respect to weak-x convergence in L*> on the respective projections
of set {2 onto the lines. Moreover, the limiting function v is also of the type (2, 3).
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Let us note that the non-abstract description of set of (2,3) quasiconvex functions has
not been systematically investigated.

From the following fact stated below, it follows that the lower semicontinuity of any
functional of the type (2,3) reduces to the case of = [0,1]> and & = (1,0),& = (0,1),& =

(1,1).
Fact 2.2.5 (Lemma 2.2 in [84]). Let f be a continuous function f : R?> — R. The following
conditions are equivalent.

i) For Q = [0,1)* the special functional
I;(v) = / F (@), 5(0), t(x + 1)) dudy (2.7)
Q

is lower semicontinuous with respect to weak-x convergence of r,s,t in L>(R).

i) For any domain Q@ C RY and arbitrary triple of vectors & = (&), which are pairwise
independent, but linearly dependent as a triple, the functional I(v,§) is lower semicon-
tinuous with respect to weak-* convergence of r,s,t in L= (R).

In formulation of part (i) Lemma 2.2 in [84] one dealt with a fixed cube, however an easy
translation and dilation argument shows that the statement in the lemma is equivalent to
the one above.

According to Proposition 2.2.2 an arbitrary special functional of the type (2,3) can be
uniquely identified with certain functional defined on the subset of gradients given by (2.6):

I;(v) = / F(r (@), s(y). bz + y))dedy = / F(Dus + Dus + Dug).

where the u;’s were defined in (2.5) and

R T CH IR E (e

ras ]. O 0 0 ]_ ]_ o 2% 2
flsdeﬁnedonspan{[o O}’{O 1],[1 1}}_Msym

and we use the standard notation M?** = R* to denote 2 x 2 matrices and MZx> to denote
symmetric 2 X 2 matrices.

2.2.3 Convexity-type conditions

It is not obvious whether there is a geometric interpretation of (2,3) quasiconvex functions.
To understand it better we discuss here several convexity-type conditions of geometric type
for functions f : R? — R.

For this we will start with introducing some geometric and algebraic objects we will deal
with.
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Definition 2.2.6 (Regular symplex). Let p be a point in R* and {¢;}?_; be nonzero real
numbers and (e;)3_; the standard R? basis. We will call a symplex D regular, whenever D
is the convex hull of four points: p, {p + t;e;}5_;, for some p, {t;}3_;.

Such a D is obviously a tetrahedron with vertices p, {p + t;e;};_,, having three edges
parallel to the axis.

Every regular symplex D defines a cuboid, which has eight vertices, i.e. p,{p + tie;}3_;,
{p+tie;+tje;}izj,p+ > tie;. For any vertex ¢ of that cuboid let us define the neighbours
of ¢ - that is those vertices which are linked with ¢ by a single edge.

We introduce the seven dimensional subspace of polynomials

AL span {1,r,s,t,rs,rt,st}.

Folowing [84], having given regular symplex D, we define the projection operator Pp :
C(R3) — A by choosing for any continuous function f such Ppf € A that the equality

PDf(Tv‘S?t) = f(T,S,fJ),

holds in every vertex in D and all its neighbours.

Note that vertices p, {p + t;e;}3_; and their neighbours {p + t;e; + t;e;};z; form a set
of seven points - vertices of the cuboid defined by D apart from p + Z;:l tie;. As A is
seven-dimensional and those seven points are affinely independent, Kronecker-Capelli theo-
rem shows that Ppf is uniquely defined.

We will deal with the following convexity-type conditions, which contribute to the under-
standing of (2,3) quasiconvexity condition.

Definition 2.2.7 (Convexity-type conditions). The function f : R* — R will be called
(i) tetraaffine, whenever f is a polynomial belonging to the linear space A;
(ii) weakly tetrahedrally convex, whenever the inequality
f(r,s,t) < Ppf(r,s,t)
holds for every point (r,s,t) € D and any regular symplex D.
(iii) tetrahedrally polyconvex if there exists convex function g : R® — R such that
f((z1,22,23)) = g o e((w1, %2, 73))

where e : R® — RS is an embedding given by

6((5617332,373)) = (1171,$2,5537131$2,$U1373,552133);
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(iv)

reduced polyconvex if there exists convex function g : R* — R such that

f((w1, 29, 23)) = g o i((21, T2, 3))

where i : R® — R?* is an embedding given by

i((x1, z9,23)) = <x1,x2,a:3,det { T1t+ s 3 ]) )

I3 I + I3

For any convexity type condition C a class of C—affine functions is understood as functions
f such that both f and — f satisfy C. This way we will deal with weakly tetrahedrally affine,
tetrahedrally polyaffine and reduced polyaffine functions, respectively.

The following remark is in order.

Remark 2.2.8.

(i)

(i)

Tetraaffine functions have appeared in the paper [84]. The following Proposition has
been obtained there.

Proposition 2.2.9. /84, Corollary 3.4] The function f : R3> — R is tetraaffine if and
only if it is (2,3) quasiaffine.

The weak tetrahedral convexity was one of the two conditions established in [84], which
together were called "tetrahedral convexity”. That is the motivation of adding the
word "weak” in the above definition. The following statement follows from Theorem
3.2 obtained in [84]. In the formulation we omit the second condition obtained there.

Proposition 2.2.10. If f is (2,3) quasiconvez then f is weakly tetrahedrally convez.

The notions of tetrahedral polyconvexity and reduced polyconvexity are related to the
classical notion of polyconvexity condition due to Ball [17]. In case of functions defined
on 2 X 2 matrices, function F' is called polyconvex, if there exist the convex function

G : M*? xR — R such that FF = Go F and E(X) = (X,det X) for any matrix
X e M*.

Define I : R?* — M?2*2 be the isomorphism given by

sym

. 10 0 0 1 1 o T+ X3 T3
]($17$2,$3)—(x1{0 0}—’_@[0 1]+x3[1 1])_[ T3 To + T3

Let us now define another isomorphism .J : M2*? x R — R* by

sym

r+t t _
J([ y S_i_t},x)—(r,s,t,x).
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For any symmetric matrix M and real number x we have
J(M,x) = (I""(M),z) and Jo Eo I(r,s,t) =i(r,s,t).
Therefore, when f is reduced polyconvex, we have f(r,s,t) =
goi(r,s,t)=(goJ)oEo (I(r,s,t)) =GoE(I(r,s,t)) =Fol(rs,t),

involving convex function g, where G = go J is convex and F' = G o E' is polyconvex in
the classical sense. As I was a linear isomorphism between R® and MZ2%2, f is identified
through I with the classical polyconvex function reduced to the space of symmetric

matrices.

(iv) The equality
r+t

; S+t}:rs+rt+st (2.9)

det [

shows that det ol is a tetraaffine function. It is also a reduced polyaffine function,
i.e. such function f that both f and —f are reduced polyconvex.

The following proposition characterises tetrahedrally polyconvex functions as supremas of
tetraaffine polynomials. Note that this is a similar concept to convexity (resp. polyconvexity)
- that is being a supremum of some family of affine (resp. quasiaffine) functions.

Proposition 2.2.11. Function f is tetrahedrally polyconvex if and only if it is equal to
supremum of some family of tetraaffine functions.

Proof. Let F be a family of tetraaffine functions such that

V(r,s,t) € R?, supp(r,s,t) < +oo.
pEF

Then P(r,s,t) = supp(r, s, t)
pEF

is tetrahedrally polyconvex. It’s easy to check, as the function

g(rys,t,x,y, z) = sup(ag + a1r + azs + agt + a,x + asy + agz)
pEF

(where coefficients (a;)%_, are such that (ag + ai7 + ass + ast + asrs + asrt + agst) € A) is
convex (because g is a supremum of the affine functions) and P = g o e (obvious from the
definition of ¢ and e).

For the inverse notice that the function g from the tetrahedral polyconvexity definition,
as a convex function, always needs to be supremum of affine functions (in 6 coordinates) and
thus, after embedding e, any tetrahedrally polyconvex function needs to be a supremum of
tetraaffine functions. n
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Our next statement compares the introduced convexity conditions.

Lemma 2.2.12. Let f : R* — R be the given continuous function. Then the following
implications hold:

f s reduced polyconvex(zlg f 1is tetrahedrally polyconvez (:2g f s (2,3) quasiconvex

g f is weakly tetrahedrally convex (:42 f is convex along the axis.

Moreover, the inverse implications to (1) and (4) do not hold.

In the following section we will show that the inverse implication to (2) also does not

hold.
Proof.

"W Assume there exists a convex function G : M SnyfL x R — R such that, under the notation
from Remark 2.2.8 we have

G(A,det A) = G o E(A) = F(A) and f = Fo .

We construct the projection 7 : R? x R? — M?2*2 x R by

sym

def r+t t
W([r,s,t],[x,y,z]):<[ ; S+t},x+y+z).
Function 7 is affine and 7o e(r, s,t) =

w(r,s,t,rs,rt,st) = ({T;Lt Sit],det[r;rt SitD = FEol(rs,t),

because of (2.9). Thus g := G o7 is a convex function and
goe=Gomoe=GoFEol=Fol=f,

as required for tetrahedral polyconvexity.

"4 Let f(r,s,t) = rs. To verify tetrahedral polyconvexity condition for f it is sufficient
to consider g(r,s,t,x,y,z) := x. Then ¢ is convex and g o e(r,s,t) = rs = f(r,s,t).
However f is not reduced polyconvex. We will proceed with a contradiction. Assume
there exists a convex function G : R* — R such that Go E' = f. Therefore G(r, s, t,7s+
rt+st) = rs. As G is convex, it is bounded from below by an affine function i : R* — R,

h(r,s,t,z) = hg + hir + has + hst + hyx.
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We have then for every r, s, t, that
hoE(r,s,t) = h(r,s,t,rs+rt+ st) <rs=Go E(r,s,t) = f(r,s,t).

in particular we have that h(r,0,t,rt) = hg + hyr + hst + hyrt < rs. Taking r = 0,
from arbitrariness of ¢ it follows that hg < 0,h3 = 0. Furthermore, h(r,s,0,7s) =
ho + hir + hos + hyrs < rs. Taking s = 0 shows that hy = 0. Analogously taking r = 0
shows that hy = 0. We obtain now that hg + hyrs < rs for any r,s and thus hy = 1.
So, if there exists such a function h, it is h(r, s,t,x) = hg + = for some nonpositive hy.
Thus

hoE(r,s,t)=hy+rs+rt+st <rs

for any r, s,t. Taking now however r = s = t we obtain hy + 3r* < r? which obviously
doesn’t hold for any hyg.

It’s easy to check that if {f;},c; is a family (2,3) quasiconvex functions, then sup f;
jeJ

is also (2,3) quasiconvex. From Proposition 2.2.11 any tetrahedrally polyconvex is a

supremum of some family {p,},es of tetraaffine functions. As any tetraaffine function

p; is (2,3) quasiconvex, the proof is done.
This implication is just Proposition 2.2.10.

For simplicity let us show the convexity of weakly tetrahedrally convex function f along
the axis e;. Let p; = (r1,s,t),p2 = (72, 5,t) be two point spanning the line parallel to
ey axis. Let us prescribe any regular symplex D on the segment connecting points p;.
Now we obtain f < Ppf in D, so also on the segment. As Ppf is affine along every
axis, we have shown that f is subaffine along e;.

Note that the function f(r,s,t) = rst is indeed convex along every axis. It is not
however weakly tetrahedrally convex. To prove that, take simplex D with vertices
(0,0,0),(1,0,0),(0,1,0) and (0,0, 1) and note that Ppf = 0, however p = (%, 1 1) e D

1° 401
and f(p) = & > 0. O

More precise statement holds for respective affinity conditions.

Theorem 2.2.13. Let f : R® — R be the given continuous function. Then the following
implications hold:

f s reduced polyaffine (:Q f 1s tetrahedrally polyaffine <(—i)> fis (2,3) quasiaffine

<(—i)> f is weakly tetrahedrally affine (:42 f 1s affine along the axis.

Moreover, the inverse implications to (1) and (4) do not hold.
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Remark 2.2.14. Theorem 2.2.13 shows that the classes of tetrahedrally polyaffine, (2,3)
quasiaffine and weakly tetrahedrally affine functions are the same and equal to the class of
tetraaffine functions.

Proof of Theorem 2.2.13. Implications to the right are already proven in Lemma 2.2.12. Also
the inverse to (1) is contradicted. Let us here remind that the class of (2,3) quasiaffine
functions coincide with the class of tetraaffine functions (see Proposition 2.2.9). We will
prove the following implications.

”@” Tetraaffine functions are tetrahedrally polyaffine because any p € A satisfies p =goe
for certain affine g.

”Q” We will prove that a weakly tetrahedrally affine function f must be equal to certain
tetraaffine p on every regular symplex D. This is the case indeed, because on such D we
have f < Ppf and —f < —Pp f. This however finishes the proof because two tetraaffine
functions equal on any open set are equal in every point.

4)
74" Consider f(r,s,t) = rst. It is affine in the directions of the axis and not tetraaffine. [

2.3 Tetrahedral polyconvexity < (2,3) quasiconvexity

In our analysis we are interested in functions defined on R? and the respective integrands,
which define functionals of the type (2,3). We are now to prove that the inverse implication
to (2) in Lemma 2.2.12 does not hold. For that we benefit from the well-known result
in calculus of variations due to Alibert and Dacorogna [7] (see also [13] for related results).
This is possible due to the canonical embedding of functions of the type (2, 3) into the special
subspace of gradients - see Proposition 2.2.2.

The authors of [7] have introduced the following function f7 : M**? 5 R, defined by

Jo(A) = [AP(AP — 2y det A), (2.10)

2

=a’+b* 4+ + d°.

where |A| stays for the Euclidean norm of A, i. e. ‘ [ CCL Z }

The following theorem holds.
Theorem 2.3.1 (Alibert, Dacorogna [7]). The following statements hold.
a) Function f, defined in (2.10) is conver <= || < 2\2.
b) Function f, defined in (2.10) is polyconver <= |y| <1 (see Remark 2.2.8 point (iii)).

¢) Function f, defined in (2.10) is rank-one conver (i.e. the function t — f(A + tB) is

convez for any matrix A and any rank-one matric B) <= |y| < \%
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d) There exists e > 0 such that ]ﬁ/ 18 lower semicontinuous with respect to the sequential weak-

x convergence of gradients of Lipschitz functions in L°°(£2, R?) (z e. it has the property:

when {u’} C WH®(Q,R?) is a bounded sequence and Du” = Du in L>(Q, M?*?), v’ — u
in L1(Q,R?) then liminf I; (Du”) > I (Du)) —= |y <1l+e
v—+oo Y v

Defining A(r, s,t) = [

r+t t

b et } and using identification (2.8) and (2.10) we obtain

fy(r, s, t) == fW(A(r,s,t)) =
(r* + 8%+ 487 + 2(r + 5)t) (r* + s° + 462 4+ 2(r + 5)t — 2y(rs + rt + st)).

We will investigate tetrahedral polyconvexity condition for function f, : R* — R.

Theorem 2.3.2. Function f.(r,s,t), is tetrahedrally polyconvez if and only if |y| < 1.
Proof.

2 2
<=

At first we note that f, is reduced polyconvex for |y| < 1 as we have fy = (G o F/ under
the notation of Remark 2.2.8 point (iii), where G is convex. We have then that

f,y:GoEo[:GojfloJoEo[:(GoJfl)oi::éoi,

where G is convex. As reduced polyconvexity implies tetrahedral polyconvexity (see
Lemma 2.2.12) the proof is done.

Assume on the contrary that there exists v such that |y| > 1 and f, is tetrahedrally
polyconvex. Then there exists an affine function p : R® — R,

p(ry sataxaya Z) = Do +v- (Ta Satwray)Z)a

where (v1,v2,v3,v4,05,06) € R® is a constant vector and p is such that f,(r,s,t) >
poe(r,s,t) for any r,s,t. We compute that

fy(rer,0) = (142 + = 2y(c+ ¢?)),

p(r,cr,0,cr?,0,0) = po+vir + cvor + cugr®.
This implies the inequality
(1426 + = 2y(c+ ) > po + (v1 + cva)r + cogr?,

holding for every r, ¢ € R. We obviously need a coefficient . (c) := (142¢* +c¢* —2y(c+
¢®)) to be nonegative for every c. For v > 1 we obtain that £, (1) =4 —4y < 0, for v <
—1 we get k,(—1) =4+ 4y < 0. Therefore f, cannot be tetrahedrally polyconvex. [J
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We end up with the following statement, which is the main result in this section.

Theorem 2.3.3. Let f : R® — R be the given continuous function. Then the following
implications hold:

f is reduced polyconvex(zlg f 1is tetrahedrally polyconvez (:22 fis (2,3) quasiconvex

(:32 f is weakly tetrahedrally convex (:4; f is convex along the axis.

Moreover, the inverse implications to (1),(2),(4) do not hold.

W) 2@ @ o ) . .
Proof. Implications =, =, ==, as well as ¢ and ¢ have been already established in
2

Lemma 2.2.12. For the proof of the property ¢ we have to show that there exists a (2, 3)
quasiconvex function that is not tetrahedrally polyconvex. Let v = 1+ ¢ as in point d) of
Theorem 2.3.1. Now f, is (2,3) quasiconvex due to embedding (2.6). Theorem 2.3.2 shows
however, that f, is not tetrahedrally polyconvex. ]

We address the following problem.
Open Problem 2.3.4. We do not know whether the inverse implication to (3) holds.

However the problem is open, let us note that the case is much simpler with bilinear
forms.

Fact 2.3.5. A bilinear form P is convexr along each axis if and only if P is tetrahedrally
polyconver.

Proof. Of course we only need to prove to prove the implication "=". Let x = (x1, z9,23) €
R? and P(z) = 320, a;a? + > icj tijriv; =1 Q + T be convex along the axis. As T is affine
along the axis, it follows that ) must be convex along the axis. It shows that a; > 0 for any
1 <4 < 3. Thus P is equal to the sum of tetrahedrally polyaffine form 7" and convex form Q).
It is obvious that any convex function is tetrahedrally polyconvex and thus P is tetrahedrally
polyconvex. O

2.4 Carathéodory type theorem

Our goal now is to obtain a variant of Carathéodory theorem for tetrahedrally polyconvex
functions. This statement will be needed later to discus the locality properties of tetrahedral
polyconvexity condition. For our analysis we have to define and investigate the tetrahedral
polyconvex envelope of the given function f.

Let us start by recalling the definitions of convex hulls of sets, as well as the classical
Carathéodory theorem.
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Definition 2.4.1 (Convex hull, convex envelope). For any subset X of a linear space V we
define convex hull of X as

def

CH X = ﬂ{C’ | C'is convex and X C C}.

For any function f:V — RU {400} we define convex envelope of [ as

cre sup{g(z) | g is convex and g < f}.

We use the convention that sup () = —oco.

Theorem 2.4.2 (Carathéodory Theorem, 1911, [33]). Let X be a subset of R* and f : R" —
R U {+00}. Then

i) CHX ={z eR" | 2 =1 Ny, € X, N = 1,0 €[0,1]},
i) Cf(z) =1inf {3 TN f(2) | S0 N =2, 30 N =1, A € 0,1]}
To proceed further we require the following definition.

Definition 2.4.3 (Tetrahedral polyconvex envelope). For the function f : R?* — R we define
tetrahedral polyconvex envelope via

TPEf(r,s,t) o sup{g(r, s,t) | g is tetrahedrally polyconvex and g < f}.

It is clear that if TPEf # —oo, it is then a tetrahedrally polyconvex function. This is
because at the same time TPEf(-,-,-) is a supremum of tetraaffine functions.

We are now to prove the variant of part ii) in Carathéodory theorem dealing with tetrahe-
dral polyconvex envelopes of functions. Our arguments are based on variants of Carathéodory
Theorem similar as presented in [41], Chapter 5. For readers convenience we present the proof
in detail, as it contains not so trivial arguments.

Theorem 2.4.4 (Carathéodory Theorem with tetrahedrally polyconvex envelope). Let f :
R3? — R be a given function. Then the following statements hold.

i) The function g/ : RS — R U {—o0} given by
gl (r,s,t, 2,9, 2) L inf {Z/\ f(riy siyti) | Z)\ e(ri, si, t;) = (r, 8,6, 2,9, 2)
where {\;}1_, : such that Z A =1,\ €0, 1]} )

is well defined and convex.
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ii) If f is tetrahedrally polyconvex, then
f(r.s,t) = g’ (e(r, 5,1)) for any (r,5,1) € R®.
Moreover, for any f we have

g’ oe(r,s,t) =g’ (r,s,t,rs,rt,st) = TPEY.

Proof. "Part i):”
We begin with constructing desired convex function ¢/. For integers N > 7 we define

g]’i,(r, s, t,x,y, 2) L inf Sn(r, s, t,x,y, z), where we set

N N N
Sy = {Z Nif (riysinti) | > Ne(ri, siyti) = (rs,t,2,,2), M € 0,1, A\ = 1} :
=1

i=1 i=1
We divide the proof into steps.

Step 1. We show that
CH e(R?) = R°.

Step 2. We prove that géﬁ is well defined (and thus also g}; whenever N > 7) and for any

N27wehaveg]<,:g$d:‘3fgf.

Step 3. We prove that g/ is convex.

Proof of Step 1: Assume than CH e(R?) # R®. Thus CH e(R?), as a convex set, lies in some
halfspace of the form
H={veR|a -v<p}

for some nonzero a € (R%)* = RS and real 3. Now e(R3?) C CH e(R3) C H. To show a
contradiction we will find a triple (r, s,t) such that «- (r, s, t,7s,rt, st) is not less then 5. Let
a = (o;)%_; and iy be the smallest index i such that a; # 0. Assume first that ig < 3. Let then
(7,5,1) be equal to the if* vector of the standard basis of R3. Now e(7, 5,f) = (e;,,0,0,0)
(which is the i¥* vector of the standard basis of R%) and for (r,s,t) = (%(f, 5,t)) we arrive
at ’

a-e(r s, t)=p,

which contradicts the inclusion e(R?) C H. For the case where ig = 4 take (1, s,t) = C%(1, 1,0)
(so that a and e(r, s,t) meet only in fourth place). Similar reasoning holds for 7y = 5, 6, which
finishes the proof of Step 1.
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Proof of Step 2: To begin let us note that from Carathéodory Theorem (Theorem 2.4.2)
and Step 1 we see that

CH e(R?) —{Z)\e i, Siy ti

=1

€[0,1]} =R®

”M\’

and thus ¢! is well defined, that is Sy # 0.
Now let us introduce two substeps.
Substep 2A: We prove that for N > 8 we have Sy = Ss.
Let us recall the definition of the epigraph of a function f:

epi f d:ef{(r, s,t,x) € R* | f(r,s,t) < x}

and define
é(epif) oo {(e(r,s,t),2) | f(r,s,t) <z} CR".

Note that (e(r,s,t), f(r,s,t)) € é(epif), therefore any convex combination of such points
belongs to CH é(epif).
As é(epif) C R7, from Carathéodory Theorem (Theorem 2.4.2) it follows that

8
CH é(epif) = {Z)\ e(ri, si, ti), f(ri, sisti) | A € [0, 1] Z }

It implies that Sy C Ss. Indeed, let f = Zf\il Nif(riysi,t;) € Sn(r, s, t,x,y, z) ie.

N

N
ZAie(riashti) = (T,s,t,x,y, )‘ E O 1 Z

i=1
Hence

Z)\ e(ri, iy ti), f(ri, si,t:)) € CH é(epif).

Therefore there exist {\;}5_, and {(7, 5;,%;)}>_, such that

8 N
Z e(Ti, 51, 1), [ (T3, 55, t1)) = Z)\i(e(ria sisti), [ (ris sis ti))-
= i=1

We obtain f € Sg. As sequence of sets Sy is nondecreasing, we see that for N > 8 we have
Sy = Sg. As g]]i,(r, s,t,x,y,z) =inf Sy(r, s, t, x,y, 2), we establish gN = g for any N > 8.
Substep 2B: We show that ¢/ = g%c = gg. It suffices to prove g7 < g8
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Take any v € RS = CH ¢(R?), a sequence {;}5_, satisfying a; € [0,1],3° oy = 1 and

points {(r;, s;,t;)}3_; such that
8

Z ae(rq, si, t;) = v.

i=1
From Carathéodory Theorem (Theorem 2.4.2) applied to the set {(r;, s;,t;)}5_,, there exists
a sequence {f3;}5_, satisfying 8; € [0,1], 325, B = 1 such that at least one of 3; vanishes and

8
> Bielri, siti) = v.
i=1
To finish the proof of this substep it suffices to show that
8 8
Zaif(riasiati> > Zﬁz‘f(riasz‘,tz‘)- (2.11)
i=1 i=1

We may assume that all o;s are positive, as otherwise we could take {8;}5, = {a;}}_,.
Assume that this inequality does not hold, i. e.

8 8
Zaif(ria 5i,t;) < Zﬁzf(% Si, ti). (2.12)

In particular the set C := {i € {1,2,...,8} | B; > «;} is nonempty, because {o;} and {f;}
are two different sequences with equal sum of coefficients. Set now

v & nin i
icC | Bi—a; )

Note that v is positive from the definition of C. Moreover, let

i dof a; + (s — Bi).

We have now
8

8 8
i=1 i=1 i=1

and from the definition of v we have \; > 0 for every 7. It follows that every A; < 1 for every
i €{1,...,8}. From the definition of v it also follows that there exists ¢ such that \; = 0 -
this is exactly index ¢ on which we obtain a minimum in the definition of 7. Furthermore,

8
Z Aie(riy si i) = (1 +7)v —yv =, and

=1
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8

(2 12)
5 Tzasza z E az Tzasz; 7(5 (ai_ﬁi)f(rzasw 7 § azf T’Z,Sz, z )
i=1

because we assumed Z(ai — Bi)f(riysi,t;) < 0 and dealt positive 7. We have shown that
when the inequality (2.11) did not hold with coefficients {5;}, it holds with coefficient {\;}.
This finishes Step 2.

Proof of Step 3: From Step 2 we already know ¢/ = g%t . We are now to show that for
A € [0,1] and any vectors v,w € RS we have inequality

A/ (0) + (1= Mg/ (w) > g/ (o + (1= Nw).

From the definition of ¢/ we have that for any e > 0 there exist (u;)7_;, (1;)7_, satisfying
pi v € 10,1, 00 e =S vy = 1and (ry, 85, )y, (73, 55, ;)1 such that

§ M’L rlasza ’L _U § Vl T’MS’L) Z —'lU, and

7 7
Mgl (0) + (1= Mg/ (w) +& > XY paf (riysints) + (1= X)) Y vif (73, 5, ).
=1

i=1

Defining new sequence as

def def

)‘ AM’L? A7-|-Z - (1 - )\)Vi7

and new points as

def def .
(ri, Siy ;) = (riy Siyti), (T7ais S7ai, trai) = (73, 8iy ti), where i =1,...,7,

we arrive at

Mg (0) + (1= A)g (w) + ¢ > Z Aif (ri; sist;), where

Z)\GT”S” D=+ (1= Nw.

Using the definition of ¢/ and the fact that ¢/ = 9{4 we get
A (1) + (1= Mg/ (w) + = = ¢/ o+ (1= Nw)

and arbitrariness of ¢ finishes the proof of Step 3 and of Part i).
"Part 11):”
At first we will show that if f is tetrahedrally polyconvex, then f = g/ oe.
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For this let us consider a convex function ¢g : R® — R such that goe = f. As g is convex we
have that for any choice of points v; € RS

7 7
Z Aig(v;) > g (Z Aﬂ%) ’
i=1 i=1

where \; € [0,1] and 3_7_, \; = 1. Taking {\;}7_, and {(r;, s;,t;)}7_, such that

7 7
Z Aie(ri, s, t;) = G(Z Ai(ri, Sz‘,tz‘)) = e(r, s,t) (2.13)
i—1 i—1

shows that

7 7
Z )\if<ri7 Si, tz) Z f (Z )\i(’f’i, Si, tl)> = f(?”, S, t) (214)
i=1 =1

Taking infimum over all possible coefficients {\;}’_, and points {(r;, s;, t;)}_, satisfying
(2.13), (2.14) and using the definition of g/ we obtain g/ (e(r,s,t)) > f(r,s,t). As we obvi-
ously have g/ (e(r, s, t)) < f(r, s, t), we obtain g/ oe = f.

To prove the second statement note that ¢/ o e is tetrahedrally polyconvex, because g’
is convex. What is left is to establish that ¢/ = TPEf. From the definition of TPEf and
tetrahedral polyconvexity of g/ oe, we have that g/ oe < TPEf, because g/ oe < f. Observe
that the following monotonicity property holds: when h < f we have ¢" < ¢/. Moreover,
from the already established first statement in this part, h — ¢" o e is a projection onto
tetrahedrally polyconvex functions. Therefore we have h = g" o e < g/ o e, whenever h < f
and h is tetrahedrally polyconvex. Taking h = T'PFE f finishes the proof. ]

We end this section with the following characterisation of tetrahedrally polyconvex func-
tions, which is the consequence of the Theorem 2.4.4.

Corollary 2.4.5. Let f : R® — R be the given function. The following conditions are
equivalent:

a) f is tetrahedrally polyconvex;

b) for any (r,s,t) € R®, any coefficients {\}_, such that Y., N = 1,
i € [0,1] and any triples of real numbers {(r;, s;i, t;)}_, such that
ZLI Nie(ri, si,t;) = e(r, s, t) the following Jensen-type inequality holds:

7
f(ra Sat) S Z)\Zf(r“ Si,ti).
=1

Proof.
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"a) = b)” We proceed exactly like in the proof of Part ii) of Theorem 2.4.4.

"a) <= b)” Having a function f satisfying b), from the definition of the ¢/ in Theorem 2.4.4, Part
i), we see that g/ oe = f (while we always have g/ o e < f and the converse inequality
follows from b)). As a function g/ is convex (see Theorem 2.4.4, Part i), Step 3) the
proof is done.

]

2.5 Non-locality of tetrahedral polyconvexity

In this section we are going to prove, that there exist no local condition for tetrahedral
polyconvexity. We proceed in a similar way to Kristensen in [109]. We begin with some
definitions, useful in the reasoning.

For f - a function of class C?(R3;R) recall the Taylor formula

Flew) = f(2) + Df (2w + 3D (2)(wsw) + plz,w),

where p(z,w) is given by

oz w) :/0 (1— 1) (Df(= + tw) (w; w) — D*f(2)(w; w)) dt.
We also define function
A(r,s) = sup{|D*f(z + w) — D*f(2)| : |2| <7, |w| < s}. (2.15)

The function A is defined in such a way that we obtain an obvious estimate, for |z| < r and
any w we have

1
[p(zw)| < A [w])w]. (2.16)
We start with the following result.

Lemma 2.5.1. Let f be any function of class C*(R* R) such that D?f(z)(w;w) > 0 for
any z,w such that |z| < r and w is parallel to one of the axis. Take any € > 0 and define

s ssup{t € (0,7) : e > A(r,t)}. Then there exists a tetrahedrally polyconvex function g
such that

9(2) = f(2) + el2] for |2] < &.

Proof. Define
fe(z) = f(2) + €|z,
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G(z) = { fo(2) for |2 <.

39

SUD|y[ <5 (fe(w) + Dfe(w)(z — w) + 1D*fe(w)(z — w; z — w)) for |z| >0

and ¢ = TPE(G). It’s now obvious that ¢ is tetrahedrally polyconvex and that g < f. for
|z| < 4. To check that g = f. for |z| < § take any z such that |z| < §. By Theorem 2.4.4 for

any o we may choose a convex combination {);z;}7_; of z such that

= Nelz)

and :
g(2) + o> Z A;G(%5).
j=1
From the definition of G it follows that

(2.17)

o)+ 0> 50 N + N5+ DEENE - )+ 5D — 5% - 2))

B2 |z5|>6

=> D>

|z1<6 |zj|>6

Applying Taylor’s formula to f.(z;) in A yields

A= N2+ D NDf2)(z — 2)

|z5]<é |z5]<0
1
+5 D OND )z — 22— 2) + Y Aip(z, 2 — 2),
|zj]<6 |2;]1<0

hence

g9(z) + o0 > Z Nip(z, zj — z)

|z1<0

0 (£ + DA - 2) + DN - 55 - ).

J

From linearity of D f(z) and the fact that z = ) A;2; we obtain

=: A+ B.

g(z) + o0 > Z Nip(z,zj — 2) + fe(2) + Z)\j <%D2f6(z)(zj — 22 — Z))

|25]<6

=) [z Z = C+ [

|z;1<6

(2.18)
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Having in mind (2.16) we have
1 2
|p(2; 2 = 2)| < SA(r |25 = 2l)l2 — 2%
Note that for |z;| < ¢

|z|<d
25— 2l < |l + o] < 20 =sup{t € (0,7) s e > A(r, )}

and therefore |z; — z| € {t € (0,r) : € > A(r,t)}. Consequently A(r,|z; —

p(z; |2z — 2|) = —5€|z; — 2|2 Tt follows that

€ €
C Z —5 Z >\j|zj — Z|2 Z —52/\]|Z] — Z|2.

|z;|<d J

We also notice that D*f(z) = D?*f(z) + 2eld and so
1
D= ZAJ- (§D2f(z)(zj — 2,2 — z)> + EZ)\j|zj —z]%
J J

Therefore |
C+D> Z)\j (§D2f(z)(zj — 2,25 — z)) + g Z)\j|zj — 2%
J J
What we need is to show that C'+ D > 0, so that from (2.18) we get

g(z)+ 0> f(2).

40

z]) < € and

Take now any bilinear symmetric form P and note that P(z —y;x —y) = P(z;z)+ P(y;y) —

2P(2;y). This shows however that
S <%D ) — 2 z>> =S (%DQf(Z)(Zj; z»)
| F 2 n (50 ) - 2JZAJ~ (30276152
_ XJ: A; <%D2 £()(5: zj)) + %D2 fj(z)(z; 2) = Df(2) (2 2)

= o (3P )) - D).
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From our assumptions P(v) = D?f(z)(v;v) is the bilinear form convex along each axis.
Therefore, from the Fact 2.3.5, it is tetrahedrally polyconvex. According to Corollary 2.4.5
and (2.17) we get the following Jensen-type inequality

Z/\j(D2f( (23 %)) Z)\Pz] >PZ)\ 2j) = D?f(2)(2; 2),

which concludes the proof. ]
We end this section with the following result.

Theorem 2.5.2. There exists a function that is not tetrahedrally polyconvexr such that its
restriction to any ball of radius one may be extended to a tetrahedrally polyconvex function.

Proof. Let h(r,s,t) = —rst : R®> — R. We note that h is not tetrahedrally polyconvex,
but convex in the direction of each axis (see Lemma 2.2.12). Take now two functions «, 3 :
[0,00) = R, a, 8 € C*(0, 00) such that

1 for t < 4,
a(t) = cos? ((t—4)Z) fort € [4,5]
0 for t > 5,
0 fort < 3,5
bty = { (t—12)* fort>3,5

We consider trunk function ¢s(t) = 0~'¢(%), where p € CP(R),0< ¢ <1, [o =10 =1
in some neighbourhood of 0 and supp ¢ C [—1,1]. Then we set as := a * @5, 55 1= 5 * @s.
It is easy to check that there exist k£ > 0, (5 € (0, %) such that the function g given by

def

9(2) = h(z)as(|z]) + kfs(|2])

is smooth and convex in the direction of each axis. It is not tetrahedrally polyconvex. To
confirm that, we use the argument from paper by Sverdk [146] and substitute the sequence
u(z,y) = (cos(2mav), cos(2myv), cos(2m(x + y)v)), Q = [0,1]>. Applying the Riemann-
Lebesgue Lemma (see [41], Theorem 1.5) we see immediately that u” — u = 0 weakly-* in
L>(Q,R3). However, a direct computation shows that

liminf 7 (u”) = 1 < Iy(u) =0, (2.19)

v—00 4

which shows that h is not (2,3) quasiconvex and consequently it is not tetrahedrally poly-
convex as well. Furthermore, we may find € > 0 such that

9:(2) = g(2) + el
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is not tetrahedrally polyconvex because of minor modification of (2.19). Take now A defined
in (2.15) for function f = g.. As g, is smooth and its third derivative has a compact support,
we get that

0? H? 1 52 ,
- = — Ow) - wdh| <
|aziazjge(z+w) aziazjge(zﬂ |/0 V@zﬁzjge(er w) - wdh]| < [|V3ge|oo|w]

and it follows that there exists a constant C' such that A(r,t) < Ct, where C is independent
on 7. In particular, € > A(r, 5) and so for any r

% < %sup{t € (0,r) : e>A(r,t)}.
We claim that for fixed 2, there exists a tetrahedrally polyconvex extension of g. from
a ball with center in zy and of radius 5. Note that the radius does not depend on z. The
existence of such extension follows from Lemma 2.5.1, when we substitute g. by a shifted
function
92(2) = gelz0 + 2),

so that we extend the function ¢ from the ball centred at 0. Defining now

£(2) % geo (2

provides the radius 1 in the extension property and finishes the proof of existence of the
function which is not tetrahedrally polyconvex, having however a tetrahedrally polyconvex
extension from any ball of radius 1. ]



Chapter 3

Compactifications in DiPerna-Majda
measure Theory

3.1 Introduction

In modern Calculus of Variations a notion of compactification of an Euclidean spaces R™
gathered a certain weight. We recall that a compactification is a dense embedding into a
compact space. One of the most natural examples is the use of so-called recession function
in relaxing functionals of linear growth, see for example [20,22,35,62]. Let us recall that for
a function f : R™ — R, by its recession function we mean
oS R o) 2L i L)
t— 400 t

The existence of the computed limits, as well as the continuity of f*, typically requires to
be assumed. In other words, R™ — the domain of the integrand f, is compactified precisely
with a unit ball by adding a sphere to R™. Furthermore, the compactification is designed in
f(w)
1+ |ul

Compactifications appear also naturally in the field of DiPerna-Majda measures [86,92,
111]. Papers dealing with DiPerna-Majda measures at most times assume directly, that
some compactification exists and more — it is metric and separable, as these properties are
often vital for further results. Of course, there also exist several papers in the field of
DiPerna-Majda measures, dealing with the aforementioned compactification by a unit ball,
for example [6,49].

The following problem appears. Given a subset &/ C R™ and a continuous function
f 9 — R we need to find a compactification 7’ of &/ and a dense embedding ¢ : &7 — &’
such that the function f o ¢~ : p(a/) — R possesses a continuous extension f : .o/’ — R. A
very natural solution to that problem seems to be the classical Cech-Stone compactification
B/ . Indeed, every continuous function f : .o/ — R possesses an extension to a continuous

such a way, that may be extended to a continuous function on a closed unit ball.

43
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function f : 8./ — R. Unfortunately, taking a very simple &/ = {1 — % :n € N} C [0, 1] we
are delivered a compactification f.o/ non-metrizable, non-second countable and of cardinality
22" (see [53, Corollary 3.6.12] for details). This shows that a more modest construction is
needed to obtain a compactification with metric and visible geometric structure. There are
several approaches towards this problem, due to Gelfand and Naimark [68,69], Engelking [53]
or discussed by Keesling [93], which we will review in Section 3.5.

All the known earlier attitudes require only that .27 is a subset of an arbitrary Tychonoff’s
space X (see Definition 3.2.2 for the details), which is not necessarily an Euclidean space.
They use abstract arguments, which do not benefit from any knowledge of special properties
of X. We present a variant of a solution to the problem stated above, as well as an easy and
constructive proof in the particular case X = R™, which is the first of our main results. The
precise formulation is given in Theorem 3.3.2. What is here also some additional quality is a
direct construction of the desired compact space, as well as of a homeomorphic embedding
.9/ — &' Inour case o/’ is proved to be a compact subset of R™*! for any single function
f.

In the next step we can consider a countable family .# of functions f : & — R and
construct a compactification &7’ C £? such that f o p~! possesses a continuous extension for
every f € %. In particular, our compact space &7’ is metric and separable, as it inherits these
properties from ¢2. Hence every measure on this set possesses a well-defined support, which
is in general not always the case (see [102]). This important feature was not guaranteed by
the classical methods, which we explain in Section 3.5. A precise and direct construction was
needed for particular applications in Calculus of Variations we had in mind.

To motivate the second of our main results, let us discuss two theorems which may cause
some interest in the field of Calculus of Variations. The first is a variant of Young (DiPerna-
Majda) Theorem for discontinuous integrands — Theorem 3.2.11 due to Kalamajska [86],
see also [85,87-89] for related results. The theorem shows a representation formula for the
weak-x limit for the sequences of compositions { f(u”)du}, where f : R™ — R is a continuous
function on every set A;,i =1,...,k. It is assumed that the sets {A;}¥_, form a partition of
R™ and every Borel set A; is compactified by some yA; C RY for some N. The representation
of the limit, given in (3.1), requires an integration of f with respect to some measure over the
remainder vA; \ ¢;(A;), where @; : A; — vA; is a homeomorphic embedding. In particular,
the Theorem requires a knowledge about the shape of the set vA;, as well as a construction
of an embedding ;. Without that we are unable to compute the aforementioned limit of
{f(u”)du}. The proof of the Representation Theorem 3.2.11 exploits a distance function on
~vA;, while one of other assertions of the statement uses a support of the certain DiPerna-
Majda measure defined on yA;. For purposes of Representation Theorem 3.2.11, we need to
know the precise shape of the compactification, construction of homeomorphic embeddings
v; and warranty that vA; are metric spaces. The classical methods are hence not helpful.

Several questions appear around the Representation Theorem from [86]. First doubt is
whether the assumption vA4; C RY decreases the class of integrands f compatible with the



CHAPTER 3. COMPACTIFICATIONS IN DIPERNA-MAJDA MEASURE THEORY 45

Representation Theorem. We remind that in Representation Theorem 3.2.11 it is required
for f to be continuously extendable to a function on vA;. In Lemma 3.3.1 we answer that
this assumption may be satisfied by any integrand f and a proper vA; and one may take
N =m+1 for A; C R™.

Another question is whether these methods let us investigate a non-studied class of func-
tionals, namely once of the type [, f(z,u(x))dz, i.e. such that the integrand depends not
only on the values of the function u(x), but also on . In this case we would look for a weak-x
limit of { f(x,u”)du}. To proceed with such tasks we require a compactification yR™ of R™ —
a target space for functions u” — such that every function i, : p — f(z,p) € R is continuously
extendable to function defined on YR™ and the space YR™ is independent of x. However, in
further analysis it is required that yR™ is metric, separable space (see [85,87-89,92]). Ar-
ranging the compactification for every function 7z, separately it too naive for that purposes.

In this chapter we present Theorem 3.4.3 — a generalisation of the Representation Theorem
3.2.11, dealing with integrands dependent on x, as well as some sufficient conditions for
integrand f = f(z,u) to admit a proper compactification. This is the second of our main
results.

Let us note that Representation Theorem is related to the classical Convergence Theorem
from Set-valued Analysis — Theorem 3.2.12 [14, Theorem 7.2.1]. The Convergence Theorem
can be used to describe in terms of inclusions the limits of f(u”(x)), where f can be possibly
discontinuous. It assumes that u” is converging almost everywhere to u and f(u”) is weakly
convergent in L*(Q). It is clear from the proof given in [14, p. 271] that some variants of
Convergence Theorem may be deduced from the Representation Theorem from [86]. For more
precise information see Remarks in [85, p. 4], [86, p. 2], [87, p. 4]. Letting u”(x) converge
strongly to u(z) in Representation Theorem gives us a variant of Convergence Theorem 3.2.12.
This way, contrary to the formulation of Convergence Theorem, we obtain a precise integral
formula instead of an inclusion. In Representation Theorem 3.2.11 only weak convergence
is needed. In Theorem 3.2.11 however we assume some special properties on integrand f,
while in Theorem 3.2.12 such assumption is not mandatory. It becomes natural to ask for a
theorem working in possibly general setting, so that both Representatrion Theorem 3.2.11 and
Convergence Theorem 3.2.12 become its special cases. Such a generalisation may contribute
to both Calculus of Variations and Set-valued Analysis. This is our desired future application
of the result.

3.2 Preliminaries

3.2.1 Notation

In the chapter we will use several notions and notations. For any subset D of a normed vector
space by conv(D) we will mean the convex hull of D and by conv(D) we will mean the closed
convex hull, that is the closure of conv(D). The function f with the domain D and values in
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T will be denoted by f : D — T. Following [14] and analogously to the previous notation the
function F' with the domain D and values in 27 (that is — subsets of T') will be denoted by
F : D = T and referred as a multifunction. The space of continuous, real-valued functions
on D will be denoted by C(D). By Cy(D) we will mean the subspace of C'(D) consisting of
compactly supported functions.

For any topological space T, by M(T) we will mean the space of finite, signed, Borel
measures defined on 7. We recall that the variation of a measure m € M(T') is a measure
on T defined for any subset S C T via

|m|(S) = sup /v(m)m(das).
{veC(T),lvI<1} J S

Let us recall that the space M(T') is a normed space with the total variation norm, that

is ||m|| = |m|(T). For any m € M(T), by the support of a measure m we will mean the

smallest closed set C' C T such that |m|(T"\ C') = 0. The support of a measure m will be

denoted by supp m. The subspace of M(T') consisting of positive, probabilistic measures will

be denoted by P(T).

Let us now recall the standard Lebesgue spaces. Let m € M(T) and p € [1,+00). We
will say that the function f : T — R belongs to LP(T, m) whenever [ (f(z))"|m|(dz) < +oc0
and that f belongs to L>(T,m), whenever there exist a value v such that |m|({x € T :
f(z) > v}) = 0. We stress that, even when m is a signed measure, the definitions of spaces
and natural norms provided by them are dependent only on the variation measure |m|, which
is a positive measure.

For every m € M(D) and any subset of an Euclidean space D we will say that the
mapping {v,} : D — M(T),z — v, is weakly-x measureable with respect to m, whenever
for every v € Co(T) the mapping D — R,z — [, v(\)r,(d)) is measureable in the usual
sense; we will write then {v,} € M(D,T,m). Whenever measures v, belong to P(D) for
almost every x, we will write {v,} € P(D,T, m); For any sequence of subsets of an Euclidean
space D,,, we recall the notions of set limits, that is

limsup D,, At ﬂ U D,, and liminf D, def U ﬂ D,,.

NeNn>N NeNn>N

3.2.2 Basic properties of compactifications

In this section we will present basic notions needed to deal with compactifications.

Definition 3.2.1. Let X be a topological space. We say that a topological space 7X is a
compactification of X, whenever vX is compact, there exists a homeomorphism ¢ : X —
©(X) € vX and ¢(X) is dense in vX.

The sets ¢(X) and X are often identified in the literature. In this thesis, however, we will
directly distinguish between them to strengthen the role of the embedding .
Let us now recall the classic definitions of Hausdorft’s and Tychonoft’s spaces.
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Definition 3.2.2. Let X be a topological space. We will say that X is a Hausdorff’s space,
whenever for any pair of points x # z’, there exist disjoint open sets U, U’ such that x € U
and ' € U'.

We will say that X is Tychonoff’s space whenever for any closed set F' C X and a point
x € X\ F there exists a continuous function f : X — R such that V,epf(y) = 0 and f(x) = 1.

It is clear that any Tychonoft’s space is Hausdorff, while the converse does not hold
(see [53, Example 1.5.6]). The classes are however equivalent in the category of compact
spaces.

Fact 3.2.3 (Theorem 3.1.9 in [53]). Let X be a compact, Hausdorff space. Then X is Ty-
chonoff’s.

Proof. First let us notice that it is sufficient to prove that for every pair of disjoint, closed
sets A, B C X there exist disjoint open sets U, V such that A C U, B C V. Indeed, from Tietz
Theorem [53, Theorem 1.5.11] follows at once, that every space satisfying the mentioned
property is Tychonoft’s.

Let us now fix a € A,b € B and from Hausdorff property let us find open, disjoint sets
Uap, Vap such that a € U,y and b € V, ;. Executing this procedure for every a € A gives

us a cover of set A by family {Ua,b}ae 4+ As A is compact, we may choose a finite subcover

and get A C Uy, p UUgyp U ... UU,, . Define now U, def arp UUgp U ... UUg, 0, Vs def

Var sNVayp N NV, 5. This way we obtain disjoint open sets Uy, V}, such that A C U, b € V.
Similarly we may execute this procedure for every b € B and choose a finite subcover,

getting B C V;,, UV, U... V;, . Keeping in mind that A C U, for any b € B, we obtain that

A C Uy, MUy, N...NUy,. Taking now U 2L Uy, N Uy, N...NU,, and V 2L U, NU, N...NU,,

finishes the proof. O

Definition 3.2.4. Let X, Y be topological spaces and f : X — Y — a continuous function.
Let vX be certain compactification of X defined via homeomorphism ¢ : X — ¢(X) C 7X.
We will say that the function f is admissible for compactification vX, whenever there exists

a continuous function f : X — Y such that f(z) = (f o 90*1> (z) for every = € p(X).

From the definition of compactification it follows that, whenever f is admissible, the
function f is uniquely determined by f. We will often refer to f as extension of f.

From now on, we will focus our interest in admissibility of real-valued functions, that is
— we take Y = R in the Definition 3.2.4. It is easily visible in that case, that a necessary
condition for admissibility of such function is its boundedness. Keeping that in mind, let us
recall the two useful notions dealing with real-valued functions.

Definition 3.2.5. Let .% be a set of continuous real-valued functions on a topological space
X. We say that .# forms a ring of continuous functions whenever the function z = 0
belongs to .# and for any f,g € % we have f+g,f-g € F.
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We will often deal with rings consisting only of bounded functions. Such a ring will be
referred as ring of bounded continuous functions.

Let us note, that the ring of continuous functions needs not to be not unital, that is —
may not possess the ‘1" element. The examples of such a non-unital ring considered most
often are continuous functions on R™ vanishing at infinity, or compactly supported. This
circumstance changes in case of the following notion.

Definition 3.2.6. Let .# be a ring of continuous functions on a Tychonoff’s space X. We
will say that the ring .% is complete whenever

(a) every constant function belongs to .,

(b) for any closed set F' C X and a point € X'\ F' there exists function f € .# such that
Vyerf(y) = 0and f(x) = 1 (in other words — .# separates closed sets from points outside
of them),

(¢) & is closed with respect to uniform convergence.

Due to condition (a), every complete ring of functions contains a constant function equal
to one — the ‘1’ element in the ring. From that and Kuratowski-Zorn Lemma one may
prove that there exist maximal ideals in the ring, which happens to be a crucial feature for
purposes of the Engelking’s statement, which we discus later. Let us focus on some properties
of compacifications and functions, which are admissible for them.

Proposition 3.2.7 (Properties of the class of admissible functions). Let X be Tychonoff’s
space and vX — its compactification. Let F be the set of all functions, which are admissible
for this compactification. Then % is a ring of bounded continuous functions. Furthermore, it
satisfies conditions (a), (¢) from the Definition 3.2.6. If X is Hausdorff’s, also (b) is satisfied.

Proof. Conditions for the ring, as well as boundedness and (a) from Definition 3.2.6 do not
reuire explanation. To prove (c), let us assume that the sequence f; converges uniformly on
X to f. We will prove that the extensions of f;’s — f; — form a Cauchy sequence in the space
of continuous functions on X with the supremum norm. Indeed, as ¢(X) is dense in (X)),
we have

sup |fu(y) = f(W)l = sup [fuly) — fr(y)] = sup | fu(z) — fi(2)]

yey(X) yEP(X) zeX
and from the uniform convergence of f;’s on X we see that for n, k large enough the right-hand
side of the above equality is bounded by ¢. We have shown that f; forms a Cauchy sequence,
and, as C((X)) is complete, this sequence has a continuous limit f. Checking that f is an
extension of f is straightforward.

For the proof of (b) let us remind that from Fact 3.2.3 it follows that vX is Tychonoff’s,

whenever it is Hausdorff. Let us consider now any closed F' C X and x € X\ F' and assume
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that 7X is a compactification of X via homeomorphism ¢ : X — yX. As ¢(F') is closed in
©(X), from the definition of inherited (so-called trace) topology it follows that there exists
a set K C X which is closed in X and its intersection with ¢(X) is precisely ¢(F'). Hence,
o(x) ¢ K. From the definition of Tychonoff’s space — there exist then a continuous function
g on 7X such that ¢ = 0 on K and g(¢(z)) = 1. Now the desired admissible function is

precisely f = gj,(x) © ¢ [

3.2.3 Engelking’s statement on compactifications

We are in position to state the Engelking’s Theorem. However based on ideas from [69,
Lemma 1], it was Engelking who formulated the statement this way.

Theorem 3.2.8 (Engelking in [53], p. 240). Let .Z be a complete ring of bounded continuous
functions on Tychonoff’s space X. Then there exists a topological space XX, which 1s a
compacification of X and satisfies

(a) every function f € F is admissible for compactification XX,
(b) every function, which is admissible for compactification XX, belongs to .7 .

Remark 3.2.9. Theorem 3.2.8 is commonly quoted and well-known. Up to our knowledge
its proof has not been written so far. In [53] it is given as an exercise. The hinted proof of
the entire statement requires introducing the topology on the set of ideals of the ring .7, it
is hence technically complicated and unnecessarily demanding if in our mind only the case
X C R™ is needed. The stronger assumption on X allows a different proof, using essentially
less advanced tools and geometrically clear, non-abstract ideas.

Some further information about the other, less direct methods of creating compactifica-
tions are given in Section 3.5.

3.2.4 The Representation Theorem from [86] and the Convergence
Theorem

We begin with the Classical Young Theorem, highly inspired by [16]. We present a variant
similar to the one in [75].

Theorem 3.2.10 (The Classical Young Theorem). Let Q@ C R™ be a bounded and measureable
set with respect to certain Borel measure . Assume that K C R™ is closed and u” : €2 — R™
is a sequence of functions such that for every open U O K we have

lim [{z € Q:u(x) U} =0 and Mlirfrl sup |[{z € Q: |u’(x)| > M}| = 0.

V——+00
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Then there exists a subsequence (still denoted by {u”}) and a mapping {v,} € P(Q,R™, u)
such that suppr, C K for almost every x € ) and for every Carathéodory function f :
Q x R™ — R such that the sequence {f(-,u”(-)} is uniformly integrable we have

Flu ()= < ve, f>ZL [ f(a, Nva(d)) in LN, ).

Rm

In order to recall the Representation Theorem from [86], let us form a set of assumptions
and notations used in the sequel. We deal with the following assumptions.

(H1) Q is a open and bounded domain in R" equipped with measure p.

(H2) Sets Ay, A, ..., Ag form a partition of R™.

H3) Function ¢g : R™ — |0, +00) satisfies g; gt gia, € C(A;) and g;(\) > a > 0 for ever
|A; y
A€ A;NIA; and some «.

(H4) For every i = 1,2,...,k and some N a space vA; C RY is a compactification of A;.

(H5) .Z is the class of functions f : R™ — R such that the function f; gL fia,/gi is admissible
for compactification yA; for every 1 = 1,2, ... k.

We present the Representation Theorem due to Kalamajska [86], which will be generalised
by Theorem 3.4.3 with the help of Theorem 3.3.2.

Theorem 3.2.11. [86, Representation Theorem 3.1] Under assumptions (H1-5) let the
sequence {u”} of pu-measureable functions v’ : Q — R™ satisfy

r—-+oo

(T) limsup, p({z € Q: [u”(z)| > r}) —— 0,
(D) sup, [ g(u?)pdz) < 0.
Then there exist
(a) a subsequence of {u”}, denoted by the same expression,

(b) measures m*, m' on Q, such that m' is absolutely continuous with respect to p and
suppm® C supp p for any i =1,2,... k,

(¢) a family of probability measures {ji, }zcq defined on R™ and such that the function x — pu,

is weakly-x measureable with respect to u (to abbreviate we just denote it by {1, }recq €
P(QR™, 1)),

(d) families {v'} € P(Q,0A; N A;, ) and {v'} € P(Q,vA; \ :(A;), m")



CHAPTER 3. COMPACTIFICATIONS IN DIPERNA-MAJDA MEASURE THEORY 51

such that for every f € F the subsequence {f(u”(z))u(dx)} converges weakly—* in the space
of signed measures to the signed measure represented by

k

3 ( SOV (@Np(dz) +

i=1 int A;

[ somanmdo) +

0A;NA;

/ ﬁ-(A)y;(dA)mi(dx)) . (3.1)
YA\ i (Ai)

Moreover, {p;}zeq is the classical Young Measure generated by the sequence {u”}, as in
Theorem 3.2.10.

Now we switch our attention to the classical Convergence Theorem from [14], which plays
an important role in Set-Valued analysis.

Theorem 3.2.12. [14, Theorem 7.2.1] Letn € N and F,, : R¥ = R™ be such multifunctions,
that for every x € R* there exist an open neighbourhood V- such that |, . Fn (V') is bounded.
We denote the graph of F,, as G,. Assume further, that Q) is an open subset of R" and
z;: Q= RF y; : Q — R™ — measureable functions such that

a) x; converges to x almost everywhere;
b) y; € L*(Q,R™) is weakly convergent in L' to y;

c) for almost every w € Q and every U — open neighbourhood of 0 in R* x R™ there exist K
such that Vs g (zve(w), yr(w)) € Gy + U.

Then for almost every w € Q we have y(w) € CHF#(x(w)), where F* is such multifunction,
that its graph is equal to limsup G,,.

3.3 Compactification of an arbitrary subset of an Eu-
clidean space

3.3.1 The proof in the chosen case

In this section we present our construction of compactification of an arbitrary subset of R™
and show some of its properties. In the sequel the construction will be exploited to generalise
Representation Theorem 3.2.11.

We will use the letter o7 for an arbitrary subset of R™.

The key role in our construction is the following, simpler version of Theorem 3.3.2.
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Lemma 3.3.1 (Finitely many functions case). Let &7 be a subset of R™ and fi, fo,..., fx :
o — R be continuous and bounded functions. Then there exists a compactification ko C
R™k such that every f; can be continuously extended to f; : K/ — R.

Proof. We will divide it into steps.

Step 1 We observe that without a loss of generality we may assume, that &/ is bounded.

def ,

Indeed, we may apply diffeomorphism ¢ : & — R™, ¢(z) — T S0 that a homeo-

morphic copy of & is a subset of the open unit ball and ¢~'(y) = i It is now

1yl
sufficient to show the thesis for functions f et f o ¢! defined on the bounded copy
of &.

Step 2 Since &7 is assumed to be a bounded subset of R™, the closure of &7 is compact. We

use now the classical homeomorphism between a domain and a graph of a continuous

function. Namely, we set ¢ : & — & x RF; o(z) gt (a:,fl(x),fQ(a:), . fk(x)) and

observe that the image (/) is homeomorphic to 7.

Step 3 We define .o/ gt («7). Note that k.o is indeed compact, as &/ was a bounded set
in R™ and f; were assumed to be bounded functions. Thus the set ¢(2) is bounded
in R™** and its closure is compact. Obviously, ¢(27) is a homeomorphic copy of .27
and it is dense in ko/. We get that ko is a compactification of o7

Step 4 Now, for any i we set f; : (/) — le(x,yl,yg,...,yk) def y;. Such defined f; is
obviously continuous. Also it satisfies f; () = f o ¢!, which finishes the proof. [

The situation becomes more involved, when the given family of admissible functions is
not finite, like in Lemma 3.3.1, but countable. The following statement is one of our main
results in this chapter.

Theorem 3.3.2 (Countably many functions case). Let o/ be a bounded subset of R™ and
Ji, foo o0 @ — R be continuous and bounded, functions. Then there exists a compactification

ke C 0% such that for any index i the function f; can be continuously extended to f; : K/ —
R.

Proof. Let us assume that f; #Z 0 for any ¢. This way we obtain, that for any i,

0 < sup | f;(z)] < +o0.
xe

For simplicity, sup,c,, | fi(x)| we will denote by sup | f;|.

As previously, we may assume that <7 is bounded and thus ||z||s < M for every x € &7,
where ||z||2 stays for the standard Euclidean norm. Let us now define the embedding ¢ :
o — 12 via

def

p(x) == (z,27 (sup| i)~ fi(x), 2% (sup o) fo(2), .. 27 (sup |f5) 7 (@), ). (3.2)
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Note that the image of ¢ is a subset of the set

{(z5) € by 2 |[(x1, 22, - . . m)|]2 < M, |Tmy] <279},

which is compact by the standard argument used for Tychonoff’s cube. Of course ¢! is

continuous, as it is a projection. Obviously ¢ is bijective. What is non-trivial is the continuity
of ¢ itself.

To that end let us first note that it is enough to check continuity in ¢!. Indeed, if for any
T, — x in & we will show that ¢(z;) — ¢(z) in £, then such a convergence in ¢? also follows.
Indeed, let us take ||z||; as a Manhattan norm, that is ||(x1, z2,...)|[1 = |x1| + |x2| + .. ..
From Holder inequality, [[¢(z) — (@)l |2 < [lp(ax) — o(@) 11,1, . )l = (i) — o)1
It follows, that it is sufficient to check convergence in ¢!, where the calculations are less
involving. We remind that the assumption ||z||s < M implies by Hélder inequality in R™,
that ||z||; < M+/m, so we may still consider a bounded 7.

Our aim now is to show that for arbitrary x € &/ and a sequence x, — x we have

i | fizr) — fz‘@)’

— 0 with k£ — +o0.

For simplicity of notation let us take functions v; gt fi/sup|fi|. Such defined functions
satisfy the condition |v;| < 1 and we need to check that

Ap =53 foilx) — vian) |27 = 0 with k — +oc.
i=1
Note that |v;(z) — v;(zx)| < 2 and thus the investigated sum is no bigger than 2.
For the proof that Ay — 0 we assume on the contrary that

limsup Ay =6 > 0.

k—+o00

As ¢ is finite, let us take N such that

> 227 <4/4

i>N
and then kg such big that for ¢ < N and k& > ky we have
lvi(z) — vi(zg)| < 0/4.
Take now any k > ky. We have that

Ap = Jvilw) = (@) 27+ 3 i) = w27 < 6/4+5/4 = 6/2.

i>N
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This contradicts however the assumption on the lim sup Ay, as it holds for every k big enough.
Regarding continuity of ¢ and its aforementioned properties, we obtain that ¢ is a home-
omorphism &7 < 2. We may thus take for .7 the closure of the image of ¢ and define

def i
fi(xhyh Yz, - - ) = Sup |f2|2 Yi,
which completes the proof. ]

Remark 3.3.3. In the theorem above we chose the compactification to be a subset of the
Banach space /2, because we wanted this target space to be an infinite dimensional variant of
an Euclidean space. As the Euclidean metric is analogous to the £2 norm, the choice seems to
be natural. The proof shows however, that one may in fact take ¢! instead of #2. Furthermore,
having in mind that the canonical embedding ¢* < ¢? is a contraction on the Tychonoff’s
cube for every p € [1, +0o0], the statement would be correct for every space /7, p € [1, +0o0].

In fact, in the spirit of the classical Banach-Mazur Theorem [19], the choice of the space
¢! is very natural as well. Let us briefly remind that the Theorem proves, that any separable
Banach space is a continuous image of the space ¢*.

3.3.2 Properties of the compactification

We will follow by some observations regarding the compactification k47 described in Lemma
3.3.1 and Theorem 3.3.2.

Remark 3.3.4 (Non-minimality of the class of admissible functions). Compactification x.o/
does not satisfy any natural condition similar to point b) of Theorem 3.2.8. Indeed, let us
consider &/ = (0,27) and functions fi(x) = sinz, fo(x) = cosx. Such a set of functions
separates points of the space . Application of the construction described in Lemma 3.3.1
gives a compact space homeomorphic to the closed interval [0,27]. The function f : & —
R, f(x) = x is admissible for ko/. This function however does not belong to the complete
ring of functions generated by fi, f2, as it is immediate to see that any function in that ring
will posses equal limits in x = 0 and x = 27.

Remark 3.3.5 (Uniformly continuous functions). An easy generalisation of the previous
reasoning shows the following. Let us take any at most countable set of real-valued, bounded
functions f; on &/ — a bounded subset of R™. Let k. be the compactification generated by
these functions via method from Theorem 3.3.2. Let f : &/ — R be any uniformly continuous
and bounded function. Then f is admissible for k..

Indeed, as f is uniformly continuous on a bounded set &7, it possesses limits lim f(z)
T—T0

for every zy € </. Thus we may define f(zo,y1,s,...) 9L im f(x).
Tr—T0

It is worth noticing that this is not the case for unbounded 7. To check this, let us take
o/ = [1,4+00) and compacitfication generated by f(x) = e™® via method from Lemma 3.3.1.
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Applying Step 1. from the proof gives us the new space ¢(<) = [1,1) and (f o ¢~ !)(y) =
e~¥/(1=Iv) - Again we see that when 2 approaches infinity (and thus y approaches 1), function f
vanishes. Thus, k.27 is homeomorphic [%, 1]. Let us now investigate the function sin : & — R.
Obviously sin o¢~! does not possess a limit at 1, so it is not admissible for k.. The condition

of uniform continuity is then not sufficient for admissibility.

3.4 (Generalisation of the Representation Theorem

3.4.1 Representation Theorem for discontinuous integrand

We will construct here a certain application of Lemma 3.3.1 and Theorem 3.3.2 to the the-
ory of measures of DiPerna-Majda. We begin with generalising Representation Theorem
established in [86].

It is possibly worth noting that we have proven what was supposed to be an assumption
in Representation Theorem 3.2.11. The assumption stated that every brick A; possesses a
compactification yA4; C RY such that a continuous and bounded function f;/g; is admissi-
ble. Our elementary reasoning presented in Lemma 3.3.1 shows that for any A; C R™ and
continuous and bounded f : A, — R we have the compactification kA4; C R™*!, for which
the function f is admissible. In particular, from the embedding of kA; into an Euclidean
space it follows that the space kA; is separable and metric. Thus the support of an arbitrary
measure on kKA; exists, which is not the case in the general setting: see for example [21, page
68, Example 7.1.3 and page 73, Proposition 7.2.5 points (i) and (iii)] or [102]. Let us stress
here that a certain part of the further analysis is based on the behaviour of the support of
certain measures. Its existence is essential for the theory.

Our aim is to generalise Representation Theorem 3.2.11 to a certain class of the integrands
of the type f(z,u), in other words such one that is dependent not only of a value of a function
u, but also on particular z € 2, where the value u(x) is taken. We begin with the following
remark.

Remark 3.4.1. Let us assume that for open and bounded 2 C R" we have f : Q x R"™ — R
defined by f(z,u) = fi(z)fo(u) and f is bounded. We further assume that f; is continuous
and bounded, while f; — continuous and bounded on certain bricks A;. In this situation
we may choose any xy € ) such that fi(x¢) # 0 and apply the compactification procedure
shown in Lemma 3.3.1 for function v — f(zo, u), obtaining the compactifications kA4;. Let us
now note that the for any x the function u +— f(z,u) is admissible for this compactification.

fi(z)
Indeed, f(z,u) f(xo,u)fl(xo)

functions form an algebra and f(zg,u) is admissible.

, and the statement follows from the fact that the admissible

In fact, the above remark can be generalised. Let us then assume that for an open
and bounded €2 C R™ we have f :  x R™ — R. We further assume that f is bounded,
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continuous with respect to x and continuous with respect to v on given bricks A;. Our aim
is to construct a compactification of A; on which the function f(x,v) is continuous for every
x € . For that purpose let us first fix countable, dense subset O = {z;} in €. Let us then

take f;(u) Aot f(xi,u) and apply Theorem 3.3.2 for created sequence f;, obtaining compact
space kA; on which every function f; is admissible. Let us define then function f : 2 x kA;
in the following way. For fixed x € (2 let us choose a sequence x; € O converging to x. We

define B B
fla,u) == lim fi(u).
71— 00

Of course, such definition is in general not proper, but from the assumption of the continuity
of f with respect to x it follows that indeed f(x,u) is independent of the choice of the
sequence ;. It is however not enough to establish continuity of f on bricks A4;. This will be
satisfied under the following assumption:

sup |f(zp,u) — f(z,u)| = 0, as z, — x. (3.3)
uEA;

The assumption reads as: f(x,-) is a uniform limit of functions f(x,,-) whenever z, — x.
In particular it gives us continuity of f(z,-) for every x € Q. As a consequence, we obtain
continuity of f. Indeed, let us fix (z,u) and take (z,, u,) = (x,u). We have

[f (@) = f@n, )| < [ fla,u) = flau)| + (2, un) = flan,u)].

Now first term goes to 0 from the continuity of f(z,-), while the second vanishes thanks to
the property (3.3). Altogether, the following lemma is established.

Lemma 3.4.2. Let €2 be an open and bounded set in R™. Set Ay, As, ..., Ag to be a partition
of R™ and assume that f : Q x R™ — R is a bounded function, continuous on 2 x A;,i =
1,2,...,k and satisfying (3.3). Then, for every i there exists a compctification kA; of the set
A; such that the function f(x,-) is admissible for every x € Q. Furthermore, the extension

f:Q x KkA; is continuous.

Let us also notice that the class of functions f = f(x,u) satisfying (3.3) covers all functions
of the type f(z,u) = fi(x)fo(u) described by Remark 3.4.1. This is exactly why the following,
generalised version of the Theorem 3.2.11 uses only observations covered by the more general
Lemma 3.4.2.

Before stating the theorem, let us introduce one new assumption, that is

(H5") # is the class of functions f : Q x R™ — R such that the function f;(z,") Lot

f(x,)jaxa,/gi(-) is continuous and bounded on A; for every i = 1,2,... k, every x € Q
and satisfy (3.3), that is

sup |f(zp,u) — f(x,u)| = 0, as z, — x. (3.4)
ucA;
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Theorem 3.4.3. Assume (H1-3), (H5’) and let f € F. Then, for everyi=1,2,... k there
exist KA; — compact subsets of ly, which are compactifications of A; (with embeddings ;) and
such that f;(z,u)/g:(u) is extendable to a continuous function f : Q x kA; — R.

Take any sequence {u”} of u-measureable functions u” :  — R™ satisfying

r—-+oo

(T) limsup, p({z € Q: [u’(z)| > r}) —— 0,

(D) sup, [, 9(u”)p(dx) < co.
Then there exist

(a) a subsequence of {u”}, denoted by the same expression,

(b) measures m', m" on ), such that m' is absolutely continuous with respect to p and
suppm’ C supp j for any i =1,2,... k.

(c) a family of probability measures { i, }zcq defined on R™ and such that the function x — p,
is weakly-x measureable with respect to u (to abbreviate we just denote it by {1, }recq €

P(Q,R™ p)).
(d) families {U'} € P(Q,0A; N Ay, u) and {vi} € P(Q, kA; \ @i(A;), mb).
such that for every function f € %, which is admissible for compactification k<;, there exists

a subsequence { f(x,u”(z))u(dx)} converging weakly-x in the space of signed measures to the
signed measure represented by

k

S ([ st +

i=1
[ rensanmi) +
0A;NA;
/ fia, )\)z/;(d)\)m"(da;)) |
KA \pi(A:)
Moreover, {ji;}zeq 18 a classical Young Measure generated by the sequence {u”}, as in The-

orem 3.2.10.

We stress here, that, due to Lemma 3.3.1, Theorem 3.4.3 recovers Representation Theorem
3.2.11, whenever the integrand f does not depend on x.

Remark 3.4.4. Let us mention, that the condition (D) is trivial when u(2) < +o0 and g is
bounded. Indeed, in this case

sup / g(u")ulde) < (sup g)u(9).

v
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On the other hand, whenever g(v) — +00, as |v| — +o00, the condition (D) implies (7). To
see that, take M = sup,, [, g(u”)p(dz) and for an arbitrary e take such L, that g(v) > Me™*
whenever |v] > L. We see now that

p({r e Qifu’ ()| > L}) < p({r € Q:gu(x)) > Me™1}).
As p({z € Q: g(u”(z)) > Me™'})(Me™Y) < [, g(u”)u(dz), we see that

w({z € Q: gl(x) > Me™)) < e / u(dz) < =

Before the proof, we will formulate and prove the following Lemma. It is just a very minor
modification of [86, Lemma 3.3], but we will present the proof for reader’s convenience.

Lemma 3.4.5. Let Q) C R™ be the compact set equipped with a Radon measure i and A C R™
be Borel, compactified by metrizable YA with an embedding . Moreover, let us assume that
g € C(A) is non-negative and a sequence {u”} : Q — R™ satisfies

Sup/ g(u”)p(dr) < +oo
v J{zeQu¥(z)eA}

and generates Young measure {ji;}zcq-
Let us define a sequence of measures {L"} on Q x vA wvia the condition, that for any

F e C(Q x~A) we have
(F, L") 2L / F(x, p(u” (2))g(u” () p(dx). (3.5)
{zeQ:u? (z)€A}

Then, up to a choice of certain subsequence (without any change in notation), there exist
measures L on Q x yA, m on Q and {7} € P(Q,vA,m) such that

*

LY = L in M(Q x~A),
(F,L) = // (x, \) D, (dN)m(dx), (3.6)

suppm C  supp p.
Moreover, let m = p(x)p + my be the Radon-Nikodym decomposition of m with respect to pu.
If yA\ p(A) # 0, then v, (vA\ @(A)) = 1 for ms-almost every x, while for YA\ p(A) =
we have mg = 0.
If we further take U 29 int A and U® 2L ©(U) and assume that f € C(2 x yA) is such

that the function F(x,\) L f(x,0(N)g(N) is continuous on 2 x A, as well as satisfies (3.3)
on A, vanishes on 0 x QA and have 0 limits when the second coordinate tends to infinity,
then

inty f(z, (X)) g(A) e (dX) / f(z, N)oa(dN) (3.7)

for p-almost every x € ), where p, is a standard Young measure generated by u”.
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Proof. As we assumed vA to be metrizable, we see that C(€2 x vA) is separable and hence
from Banach-Alaouglu Theorem, measures on (£2 x vA) are weakly-x compact. This proves
the existence of measure L.

Let us now define m via the condition, that

(h,m) = / h(xz)L(dz,d\) for every h € C().
Qx~vA

Applying the classical slicing measure argument from [139], we obtain the existence of the
family of positive measures {7, },eq € L®(Q2, M(7vA),m) such that (3.6) holds.

We will check that for m-almost every x, measures 7, are probabilistic. Take any [ € C(Q).
Taking F' = [ in (3.6), we get

= [ [ ma)mn)

We see that 7, (yA)m(dz) = m(dz) as measures on €2, hence 7, are probabilistic m-almost
everywhere.

We will split the remaining part of the reasoning into two cases. At first we will deal with
the situation when vA \ p(A) # (. The alternative case will be considered separately.

Let us now assume that yA \ p(A) # 0. We consider the function D(X) = dist(\, y(A) \
©(A)), i.e. the distance from the point A € vA to the remainder of the compactification.
As vA was assumed to be metrizable, the function is well-defined, bounded and continuous.

We define h¥(z) Lt D(p(u”))g(u”) X {ze0:ur(z)eay(x). We will show, that the sequence h” is

uniformly integrable in L'(€, u). To that end, let us define A, s {A € A :dist(p(N),vA\

©(A)) < €}, set M > 0 and observe that

/ B (2)u(d) =
{zeQ:h¥ (z)>M}

W (@) () + / B (2)u(d).

/{x:h”(x)>M,uV(x)eA5} {x:h¥ (x)>M,u (x)€ A\ A}

The first term of the line below is bounded by € f{m:uu(m)eA} g(u”(x))p(dx). To deal with the
second, let us observe that ¢(A\ A.) is compact. We will show that its complement is open.
The complement of (A \ A.) equals {\ € 7A : dist(A\,7A \ A) < €} end hence it is open.
The compactness of p(A \ A.), together with the continuity of g o ¢! on ¢(A\ A.) shows
that the second term vanishes, when M is big enough.

From uniform integrability we get that there exist h € L'(€, p) such that A’y = hy in
measures. We have, however, that for arbitrary ¢ € C(Q)

[ etntan) = @0, = @D, 1) = [ whutn) = [ v / DOV (dA)in(d)
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Using Radon-Nikodym decomposition h = p(z)u + ms and setting F(x) Lt

we finally get

A D7, (d)

/Q Whp(dz) = /Q O Fpuldz) + /Q O Fii(dz).

Having in mind, that h”p = hy, we see that the second term vanishes, so F(z) = 0 for -
almost every x € ). As D is strictly positive on p(A), we get that 7,(p(A)) = 0 Mm,-almost
everywhere.

In the second case, that is when yA \ A = (), we observe that A is compact and for any

F € C(yA) the sequence h”(x) Lot F(o(u”(x))g(u”(x))X{zureay is uniformly bounded, hence

uniformly integrable. Knowing that h”u = hy we calculate again that

/Q Y () — / Y Fpulde) + / $Finy(dz) = / Yhp(dz).

We see that the second term vanishes. Plugging F' = 1, having in mind that v, are proba-
bilistic we obtain that ms = 0.

For the last part of the Lemma assume that f € C(£2 x yA) is such that F(z, \) Lt
f(z,0(N))g(A) belongs to C(2 x A) and satisfies (3.3) on A, vanishes on © x 0A and has
0 limits when the second coordinate tends to infinity. In particular, the function F' can be
extended to a function defined on the whole R™ and vanishing in the infinity. This lets us
apply the classical Young Theorem 3.2.10 to see that

Pla,u(x)) —~ F(x) 2L / Fla V() = [ o)ai(d) in L0, p),
m int
We have then Fu = (f,0,)m = (f, Uz)p(x)p + (f, Ux)ms. As f vanishes on A \ p(A), from
the already proved parts of the lemma it follows that (f, 7, )m,s = 0. O]

Proof of the Theorem 3.4.3. The existence of appropriate spaces xA; follows readily from
Theorem 3.3.2 and Lemma 3.4.2. The remaining part of the proof is a slight modification of
the proof of [86, Theorem 3.1], but we will present it for completeness.

Using additivity of the integral, we may assume that f vanishes on every brick except for
one A;, which will be referred as A. For F(z,A) 2= f(z, »~1(\))/g(v1(\)) and u”(z) € A
we see that

fla, () = (f/9)9 = F(x, o(u”(z))g(u”(x)).

Hence, from Lemma 3.4.5, we get

fla,w(@))p(do) = [ F(z, \)Pa(dA)in(do) =

KA

/A F (2, \)U.(d\)p(x)p(dz) + ) F(z, \)o,(d\)ms(dz).
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By Lemma 3.4.5 we know, that the second term is in fact an integral over KA\ ¢(A). Splitting
the first integral into two pieces and applying (3.7), we get

Fla,u (@)n(da) = [ Fla N (dN)a(de) +

int A

/ Fla, N (d\)p(a)p(dz) + / Fla, N (d\)ina(dz) = a + b+ c.
kA\p(int A) kA\p(A)

Noting that kA \ p(int A) = (kA \ ¢(A)) U p(0A N A) lets us write

btc— /¢ o PN ldn) + / ooy e @) = d e

Consider a function h(z) Lt Uz (KA \ p(A)) and set Lt {z € Q: h(x) # 0}. Choose

any y € kA \ ¢(A). Let us define measures m 2 b and v, by the condition, that for any
G € C(kA\ p(A)) we have

[ 1/n(x) [, o) GN)T(dA) - for z € 0,
(Gve) = { G(y) e for x & V.

Notice that
e= / F(z, \)vy(d\)m(dx).
rA\p(A)

To deal with d, we introduce a function
def -1 ~
w@) 2L [ gl Opman),
P(BANA)

Choose an arbitrary a € 0A N A, set Q" 2L {z € Q:0,(p(0AN A)) > 0} and define v, by
the condition, that for any G € C(0A N A) we have

[ Yw(z) f@ A G197 (N) e (dX) - for € Q,
(G 72) = { G(a) oAy for x & Q'

and see that now

i= [ S @e@p@u)
0ANA

Setting m <L w(x)p(z)p finishes the proof. O
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3.4.2 Examples

For the first application we deal with the following, very simple situation.

Example 3.4.6 (Discontinuity on a hyperplane). Let us take an open and bounded set
2 C R" equipped with Lebesgue measure .£", functions v = (ug, ug,...,Up) : & — R™
and f(z,u) = a1(2)X(—000)(u1) + a2(x)x g0y (u1) + as(2)X(0,+00)(u1), Where a; are arbitrary
continuous and bounded functions on ).

Let us set H 2% {u € R™ : u; = 0} and analogously H™ St {u € R™ : w3 > 0},
H*g{ueRm:u1<0}.

We take bricks Ay = H ,Ay, = H,A; = H™', and set functions ¢g; = 1,7 = 1,2,3.
We will explain that the function f satisfies the assumptions of Theorem 3.4.3. Indeed,
condition (H5’) is satisfied. Let us take f; def fia, for i = 1,2, 3. Every function f;/g; = a; is
continuous on 2 x A;. Furthermore, we easily see that for any sequence x,, € 2, x,, — = we
have fi(x,,u) = a;(z,) — a;(x) = fi(x,u). As functions a; are independent of u, the above
convergence is the uniform convergence of functions dependent on u, which is exactly what
was required in condition (3.3).

Let us know explain the shape of kA;’s in this situation. For brick A; we start by a

def

homeomorphism ¢ : u — = v, which maps H~ into an open semiball, i.e. B~ =

1+ ju
{fveR™: v <1lu < 0}+|Ol|11“ function f; : @ x H™, fi(z,u) = a1(x) is now formally
transformed to f2: Q x B~, f2(x,v) Lt filz, 071 (v)) = ay(2).

We take any countable and dense subset O = {x1,z,...,} of Q and use procedure
described in Lemma 3.4.2. Since then we obtain a sequence of functions f;(v) o (x;,v) =
ai(z;) and use Theorem 3.3.2 to construct £A;. The embedding ¢ : B~ — {5 defined in (3.2)

for such f/s reads as
o) = (v,275,272,27% ).

As we see, the image of ¢ is actually a semiball B~ C R™ naturally embedded in /5 via

r— (z,0,0,...) and then shifted by a vector (0,...,0,271, 272273 ). Its closure — kA; —
——

is then a closure of B~ shifted in the same way. It is homeomorphic (and, up to an equivalent

disturbance of metric in ¢y, isometric) with B~ = {v € R™ : |v| < 1,v; < 0}. For simplicity

we may thus take kA, = B~.

The construction of kA3 is perfectly analogous. We leave to the reader to check that
kA3 = Bt = {v € R™ : |v| < 1,v; > 0}. A very similar reasoning also shows that x4, =
B ={veR™: |v| <1,v; =0}, ie. it is a closed unit ball of dimension (m — 1).

Having xkA;’s constructed, we may take any tight (i.e. satisfying condition (T') in Theorem
3.4.3) sequence u” : © — R™ and from the Theorem 3.4.3 it follows that the measure
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f(z,u”)ZL"™ converges weakly-x to a measure described by

a:(z) / pb(dv)dz + ar () / v (dv)ym! (dz) +

OB—\B~

as(x dv dzr) + as z/i dv)m?(dx
(@) [ o) + <>/{UEM oy PR +
as(z) /H+ o (dv)dx + az(x) /aB+\B+ v, (dv)m?(dx),

where measures pl, p2, 72, m?, vl mt, v2, m? v3 m3 are like in Theorem 3.4.3.

y X y X y X

Example 3.4.7 (Single brick case). Let us assume that f : Q x R™ is continuous and
bounded, satisfying (3.3). In this situation we deal with one brick A; = R™ and obtain that,
under assumptions of Theorem 3.4.3, there exist a subsequence of the sequence f(z,u")dx
converging weakly-x to

flaNisldNdz + [ fa A dm(do)

R™ KRM\R™

retrieving the classic DiPerna-Majda Theorem from [49, Theorem 1].

Now we move to the more involving reasoning, which generalises [86, Theorem 4.2] to the
situation of the integrand dependent on x, which was not considered so far.

Example 3.4.8 (Finitely many points of discontinuity). Let us take open and bounded
0 C R", equipped with an arbitrary Borel measure p and an arbitrary bounded function
f:Q xR™— R such that f is continuous with respect to z. We further require that

feCc(@x R™\{P,P,,...,P}))

and satisfies there (3.3). Our aim is to derive a representation formulae for the weak-* limit
of f(z,u").

First let us note that, as the number of points F; is finite, we may find such a radius r > 0
that balls centred in P;’s and of radius r are disjoint. For such a fixed r, let us define the
set Ay 2L {u € R™ : dist(u, P;) > r/2 for every i}. Now the stets Ay, B(P;,r),i =1,2,...,k
form an open covering of R, to which we may find a subordinate covering of unity — ;. Now,
in spite of deriving representation formulae for an arbitrary f, we will work with ¢;f = f, —
a function supported on Q x Ag or Q x B(F;,r) for one particular i = 1,2,..., k.

Let us begin with the case where f is supported on €2 x Ag. In this situation it is enough
to deal with the previous example, as we may extend function f by 0 to the whole domain
Q\R™.

In the latter case we may decompose R™ into three bricks, that is Ay = R™ \ B(P;,r),
Ay = B(P;,r)\{P;}, A3 = {P;}, where radius r is precisely the same as before. Note that in
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this case, from the construction of the unit partition ¢;, we have f =0 on €2 x Ay, as well as
f =0 on the sufficiently small neighbourhood of 2 x dB(P;,r).

This observations show that the representation formulae will meet a null ingredient when
dealing with the brick A;. Also if we use hemoeomorphism 3 : Ay — R Lot B(0,r+1)\B(0,1)

we see that the function f QX R — R,f(x,v) def

glvenbyﬁ:ur—>u—Pi+

i
f(x, 7 (v)) vanishes on B(r + 1,0).

Since then, the limit measure given by Theorem 3.4.3 will have a form M = M, + My+ M3,
where M; = 0, M3 = f(z, P;)mdz and

o= [ feom@ntin) + [ fa o (dom(do),
As R\p(R)

and if we divide the remainder set kR \ ¢(R) into parts
Ry == {(vi,v2,...) € b2 (v1,...,v) € OB(0, 1)},
R, def {(v1,v9,...) €Ly (v, .., vm) € OB(0, 7 + 1)}

we may write

My, = [ flz,v)u.(dv)p(dz)+ | f(z,v)v.(dv)m(dz).

AQ Rl
Altogether, we get that

M = A [z, v) pa(dv)p(de) + i f(z,v)v(dv)m(dz) + f(x, P;)mdx.

Moreover, as the sequence {f(x,u”)} is bounded, we see that the measures m,m are
absolutely continuous with respect to p. This results in

M = A f (@, 0)pe (dv) plde) + ; [, v)va(dv)p(x)p(de) + f(z, P)q(x)p(dr).

If we take now any function A = h(v) continuous on R™, supported in B(P;,r) and f =1
in the neighbourhood of P;, we see that it is admissible for compactifications xkA; and its
extension is constantly equal to 1 on R;. Hence we have

by [ (ho)a(de) + pla) + ale) (),
Pir)\{P;}
On the other hand, the Young Theorem 3.2.10 yields
p(dr) = / V) g (dv) p(dx).
B(FP;,r)

Since then, we see that p(x) = [, h P, V)i, (dv) and, in general,

- /P S pld)
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3.5 The information about the existing methods

Engelking Theorem

In the book by Engleking [53], chapter 3.12.22(e), page 240, there is given an exercise leading
to the formulation of Theorem [53]. The exercise shows that for every complete ring of
continuous, bounded functions .# on a Tychonoff’s space X there exists a compactification
¥X such that the class of admissible functions is precisely .%. The solution of the exercise
is however not given. The statement is well-known and broadly quoted in papers dealing
with DiPerna-Majda measures theory. The proof hinted by Engelking requires introducing
topology on the set of ideals of the ring of continuous real valued functions defined on a space
X, which is meant to be compactified. From the proof it does not follow whether the resulting
compact set can be embedded into any well-understood Banach space. On the other hand,
the set X is only assumed to be Tychonoff regular, which, in some cases, is unnecessarily
general for applications.

The idea of the hinted proof is to define space XX as the set of all maximal ideals in the
ring .. We introduce there the topology by defining its basis. For that purpose for any
f € #, we define Uy — the set of all ideals m in the ring .# such that f ¢ m. The basis for
topology of XX is now precisely the family {Us} ez

Such construction gives us a valuable information — whenever a ring .% is separable (as
a space of continuous functions with topology of uniform convergence), we may extract from
the family {Uy} e# a countable basis of topology. Precisely, we take a dense set {f;}ien C #
and notice that the family {Uy, };eny forms a countable basis of topology in ¥X.

Existence of a countable basis of topology, the so-called second-countablity of the space,
is equivalent to metrizability in the class of Hausdorff compact spaces. To see that second-
countability implies metrizability we need first to recall [53, Theorem 2.3.23]. The Theorem
says that any second-countable Tychonoft’s space (so, by fact 3.2.3, in particular any compact
Hausdorff space) may be homeomorphically embedded into Tychonoff’s cube of countable
weight, that is [0,1] x [0,1] x .... This space is however homeomorphic to [—1, 1] x [}, 1] x
[;—21, 2%] X ... C /%, which is metric. After all, any second-countable Hausdorff compact space
is homeomorophic to a subspace of a metric space, hence it is metric.

To see that any metric compact space K is second-countable, it is enough to take, for
fixed n, a particular cover of K — {B(z,1/n)}.ex — and choose a finite subcover U,,. Now
the the family of open sets chosen in at least one of the subcovers U, that is | J, .y U, forms
a countable basis of topology.

Therefore we see that whenever the ring .# is separable, the space ¥X is metrizable and
may be described as a compact subset of Banach space ¢2. This fact gives us an informa-
tion on the topological structure of that space. Nevertheless, the sketched reasoning is not
constructive, as we cannot precisely determine the image of the embedding of XX into ¢2.
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The Gelfand-Naimark Theorem

Another source of knowledge about compactifications, which seems very natural for specialists
in analysis, but is not mentioned in the literature around Calculus of Variations, is the
classical Gelfand-Naimark Theorem, see [69, Theorem 1]. The most useful for our purposes
variant of the theorem reads as follows [11, Theorem 1.1.1]: Every commutative C* algebra
A with “17 is isometric to the C* algebra of continuous, complez-valued functions on some
compact space P 4.

The compact set @4 is precisely identified as a subset of the dual space to A consisting
of such non-zero linear functionals ¢ : A — C that are also multiplicative (the so-called
characters). The topology of ® 4 is an inherited weak-x topology from the dual space to A.

Let us explain how the statement of the Gelfand-Naimark Theorem contributes to un-
derstanding of the problem of compactifications. Take any locally compact and Hausdorff
space X. Let us choose any A — a complete ring (see Definition 3.2.6) of bounded, real-valued
functions on X. Obviously, A forms a C* algebra with the identity x operation. The space
® 4 is then a compactification of X and the space of continuous functions C($4) = A. The
last equality can be understood in the following manner. The set of continuous functions
on X, which can be continuously extended to continuous functions on &4, is precisely A.
Surprisingly, a careful analysis, see the proof of [69, Lemma 1 and III on p. 1] and [68, Satz
2], shows that the space ®, is homeomorphic to the Engelking’s compactification of X. In-
deed, assigning to every character its kernel is a homeomorphism between ® 4 and ¥XX. Let
us however note that the set ®4 is identified with a certain subset of the dual space to A,
which is a Banach space.

In general case, the compactness of &, holds only for weak-+ topology of the dual of A.
Nevertheless, ® 4 happens to be compact in strong, and hence metric, topology whenever A
is a countably generated algebra. Furthermore, every continuous function on ® 4 with weak-*
topology is automatically continuous in strong topology (the converse is false). It follows that
in case when A is countably generated, ®, with metric topology is a compactification of X
such that every function from A possesses a continuous extension to a function on ®4. The
existence of such metric compactification was not visible from the Engelking’s construction.
Unfortunately, the shape of ® 4 is hard to determine.

The embedding into a long product due to Keesling

The last idea we would like to consider, and seems to be a little noticed, is presented by
Keesling in [93]. The author explains there a construction of the compactification analogous
to the one by Engelking in more geometric fashion. Let us brief this construction here.
Take the set # of functions on X (an arbitrary Tychonoff’s space), which are expected
to be extendable to continuous functions on compactification. We then use an embedding

i Q= Jlen R, i2) Lot (f(x)){feg}. The compactification is then the closure of the
image of 7. It is worth explaining here that injectivity of ¢ is guaranteed by the structure
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of the set .%, while compactness follows from boundedness of every single function f € %
and Tychonoft’s Theorem. However the construction is essentially less demanding for non-
specialists, the problem of metrizability remains untaken.

3.6 An example of a non-supported measure

Apart from its applications, the construction presented in the Theorem 3.3.2 shows several
regularity properties of the abstract compactification k.o of an arbitrary ./ used in Theorem
3.4.3. Much effort is taken to guarantee the metrizability of k.oZ. One may wonder whether
the result wouldn’t hold unbothered if we relaxed our expectations in this direction. Of course
the first answer is that the proof of Lemma 3.4.5 exploits the advantages of metrizability.
This could be however overridden by some other, more abstract assumption on the regularity
of ko, which could possibly be more general than metrizability. This would possibly let us
use compactifications constructed in the shape described by Keesling (see section 3.5 in the
previous chapter).

The purpose of this section is to present a supercalifragilisticexpialidocious example due
to Dieudonne [48], showing that measures defined on non-metrizable topological spaces, es-
pecially non-second countable ones, happen to deny some essential properties of the Borel
measures known from the Euclidean space.

It is worth stressing that the richness of the Cech-Stone compactification forces us to
look very carefully on spaces much less intuitive than subsets of an Euclidean space. In fact,
even the set of natural numbers possesses a Cech-Stone compactification of cardinality 2°
and weight (in other words — the minimal cardinality of the basis of topology) ¢ [53, Corol-
lary 3.6.12], which gives a brief of how involved is the space. Furthermore, the Parovi¢enko
Theorem [134] states that every compact Hausdorff space of weight no bigger than X; is a
continuous image of the remainder SN\ N. Analogous statement to the Parovicenko Theorem
holds for the real half-line [0,400) as well [51, Theorem 1]. This shows that even for easy
subsets of Euclidean space, there exists a compact subset of their Cech-Stone compactifica-
tion, which can be mapped onto w;. This, in the spirit of the example presented below, may
be found disturbing.

3.6.1 Introduction

Let us consider an arbitrary Borel measure defined on a topological space. Intuitively, one
would expect such a measure to possess a support, where by the support it is meant the
smallest closed set of full measure. For example, let © be a Lebesgue measure on a cube
[0,1]? in a plane. Then the support of yu is the entire cube, because otherwise one would
need some non-empty open set of a zero measure. However, it appears that measures not
possessing a support do exist.
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The purpose of this section is to present the construction of the so-called Dieudonné
measure — a Borel measure possessing no support, as well as giving a simplified, up to our
best knowledge unknown so far, example. The measure possessing no support was found by
Jean Dieudonné in 1939 (see [48]). It appears that his ingenious and enlightening example
is not difficult to explain to a non-specialist. For his construction, Dieudonné used tools
that were already known in the very beginning of the XX century, introduced by Gerhard
Hessenberg in 1906 (see [73]). By now the notions given by Hessenberg have become classical
tools in set theory. The Dieudonné discovery ignited several deep investigation topics that
have resulted in completely new discoveries, not only in measure theory, but also in set
theory. This example has contributed to the understanding of the concept of a measureable
cardinal number given by Ulam in [151]. A great development of measure theory on abstract
topological spaces was made since then by, among others, Alexandroff [3-5], Rohlin [142]
and Marczewski [121-123]. The most notable development was the notion of T-additivity
of measures and its detailed study in series of papers by Alexandroff [3-5], which are being
considered as a milestone in the field of abstract measure theory. This seems to be widely
inspired by the construction given by Dieudonné.

However, the construction may be found in a variety of places after Dieudonné’s paper,
as for example in [21, Example 7.1.3], the existing presentations are hard to follow for non-
specialists in set theory or abstract analysis. Perhaps this is the reason why this beautiful
construction is not as commonly known as it deserves to be. It was the author’s aim to
present a possibly self-contained proof, which would be widely accessible for non-specialists.
We also present another example of a non-supported measure, which is based on Dieudonné’s
ideas, but the new construction allows to simplify it. Contrary to the classical examples,
the measure we present is not finite. On the other hand, the construction is essentially
simpler. To our best knowledge, infinite measures constructed on ordinal numbers have
not been considered to far. The analysis of supports of Borel measures is visible in recent
papers dealing with DiPerna-Majda measures, which are modern tools in the Calculus of
Variations [85,92,113], seem influential in PDEs [6,40] and applied mathematics, like the
analysis of microstructures [112] or fluid mechanics [49].

Especially in [85], dealing with DiPerna-Majda measures, one may observe that the prob-
lem of the existence of the support of a measure seems to be an important topic for formulating
essential assumptions on the main theorem. It was puzzling to the author if a violation of this
assumption could lead to a construction experiencing similar phenomena. Such consideration
could possibly weaken the standard assumptions in the field. This led to the surprising idea
of connecting Calculus of Variations — in fact very applicable for engineering — with very
abstract measure theory. It appears that these theories meet when looking for conditions
guaranteeing the existence of the support of a Borel measure.

The section begins with recalling some introductory information about the notions we deal
with. Throughout the process, we introduce measure-theoretic and set-theoretic notions and
prove needed properties. In the last part, the desired example comes easily as a consequence
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of presented considerations, as well as the new simplification is given. Although the section
is intended to be self-contained, some technical details are left to the reader to figure out.
Even then, we refer to some outer sources where the facts are directly established.

3.6.2 Auxiliary measure- and set-theoretic definitions
Classical measure-theoretic notions

We start by recalling some measure-theoretic definitions and begin studying measures pos-
sessing support in a wide class of spaces, containing most classical examples.

Definition 3.6.1 (Measure, see Definition 1.3.2 in [21]). Let € be any set and F — any
o-field of subsets of Q2. By a measure on Q (measuring elements of F) we mean a function

p: F — [0, 400]

which vanishes on ) and for any countable family of subsets {A; };en of F such that i # j =

A;NA; =0, we have
M(UAz‘) = ZM(AZ)

Definition 3.6.2 (Support of a measure, just above Proposition 7.2.9 in [21]). By a support

of measure p we mean a closed set C' Lot supp p such that

i) @\ C)=0;
ii) if Cy is closed and p(2\ Cy) =0, then C' C (.

We may thus interpret support as the smallest closed set which has a p-“almost empty”
complement. In particular, if a support exists, it must be equal to the intersection of all
closed sets whose complements have the measure 0.

The question on the existence of a support of measure p is very simple in typical situations
- for example every Borel measure defined on a metric, separable space possesses a support.
Even more generally, the following proposition holds.

Proposition 3.6.3. Let 2 be a topological space with a countable basis of topology and p be
a Borel measure. Then the support of the measure i is well-defined.

Proof. Let us take a family € of all closed subsets C' of 2 such that p(Q2\ C') = 0. We show
that the following equality holds

G L ﬂ C = supp p.
Cce%
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It is clear that & is closed. It is also convenient, that if C' is closed and p(2\ C) = 0, then
S C C, because C' € %. From that point we know that it is the smallest closed set in the
family ¢ U {&}.

It remains to check, however, that u(2\ &) =0, i.e. & € €. To that end, let us denote

the countable basis of topology on 2 as % Lot {U;}ien- Notice then, that for any closed

C C Q the set 2\ C is open and thus it may be written as a sum of some sets U; € % . For
every closed C C (2 let us define

def

1(0) & {ieN: U, CQ\CY}

In this way, for every closed C' C €) we have

o\c= | U

i€I(C)

Notice that for every C' € € and every i € I(C') we have pu(U;) = 0. Hence we have

o\e=Jac=J | = U U

Cev Ce?icl(C) {ieN: o i€I(C)}

The set {i € N: Jeey i € I(C)} is of course countable, because it is a subset of N. Thus
2\ G is a countable union of sets of measure 0 and thus it is of measure 0. O

Remark 3.6.4. Note that any metric separable space has a countable basis of topology. For
the proof it is enough to take balls centred in the dense countable subset with rational radii.
On the other hand, any space with a countable basis of topology is separable — for the proof
one takes a single point from every open set of the countable basis.

Remark 3.6.5. The proposition above, shown for example in [21, Proposition 7.2.2 (iv)], is
a special case of some deeper theorems, such as [21, Proposition 7.2.9].

Ordinal numbers

We move to recalling the definition of ordinal numbers and some basic facts about them. We
will apply them to create a certain ”very inseparable” topological space where our desired
non-supported measure will lie. Let us also recall that by a well-ordered set we mean a set
with such a relation of ordering, where every subset possesses its smallest element.

We begin with defining ordinal numbers in a non-standard, but very compact manner.
The interested reader is welcome to compare this notion with [129, Excersices 12.2-12.4].

Definition 3.6.6 (Ordinal numbers). We define ordinal numbers by the procedure of trans-
finite induction. Take

(i) 0= 0;
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(ii) for any ordinal number o we define o + 1 4L U {a};

(iii) for any set of ordinals {oy}ier, where T is any set of indices, we define the ordinal

def
number sup{a; }er == User -

Remark 3.6.7. It is worth noting that simultaneously we have « € a + 1 and a« C o + 1.

Example 3.6.8. Having 0 = () already defined, note that step (ii) gives us

1=0U {0} = {0} = {0}.

We then have
2= 10 {1} = {0} U {{0}} = {0.{0}} = {0.1}.

Following this procedure we obtain the set of natural numbers (understood as the set of all
finite ordinal numbers), having in mind that for any natural number n we have

n+1=1{0,1,2,...,n}.

Note now that this is the moment when, for every already defined ordinal number n, the
ordinal number n 4 1 is also defined and thus we may not use step (ii) for defining new
ordinal numbers. Applying step (iii) to the set of natural numbers defined in this way we get
the first infinite ordinal number

wo=Jn={J{0.1,2,....n—1} ={0,1,2,.. },

neN neN

which is a supremum of all natural numbers. After that, step (ii) defines the ordinal number
wo+1 = {0,1,2,...,wo}. Continuing analogously, we will get the ordinal number wy +
n={0,1,...,wo,wp + 1,... wo+ (n— 1)} and then applying step (iii) one gets wy + wy =
{0,1,...,wo,wo + 1,... }. We will denote this number as 2 X wy.

Proceeding further, we will then obtain 2 X wg +mn = {0,1,...wo,wo + 1,...,2 X wp,2 X
wo+1,...,wo+(n—1)} and applying step (iii) again, 3 X wp. Similarly, we will obtain ordinal
numbers 4 X wp, 5 X wy and, as the supremum of numbers n X wy, arrive at wy X wy.

From the definition it follows that every ordinal number « is defined as a set consisting of
all ordinal numbers previously defined. Furthermore, for any two ordinal numbers o # § we
confirm that exactly one of the relations a C 3,5 C a holds. Note also that « € f <—= o C

£. We may thus define ordering a < 3 &L e B. Any ordinal number v is a well-ordered
set with such ordering, which seems visible, but is quite demanding from the technical side.
Also, for any well-ordered set T' (with order <) there exists precisely one ordinal number ¥
(with order <) and bijection ¢ : T — ¥ such that t; <ty <= ¢(t;) < ¢(t2). The interested
reader could find many details for example in [129, Chapter 12]. In particular, a precise proof
of the well-ordering of ordinal numbers is given in [129, Theorem 12.15].
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Definition 3.6.9 (Successor, compare to 12.2 in [129]). The number « is called a successor
(of f3), if there exists an ordinal number 5 such that §+ 1 = .

Successors are precisely the numbers which (as sets) possess the largest element. Other
numbers, i. e. those not possessing its biggest element, are called 1imit numbers.

Example 3.6.10. Every non-zero natural number n is, of course, a successor because n =
(n — 1) + 1. On the other hand, wy is a limit number. For every n # 0, however, wy + n is a
successor and 2 X wy is again a limit number.

We continue with defining certain symbols. By wy we will mean the first non-empty limit

ordinal number, as in Example 3.6.8.

By w; we will mean the first ordinal number which is non-bijective (as a set) with wy.

Then by the transfinite induction let us set w, to be the first ordinal number which is non-
bijective with wg for every 5 < a.

It is probably worth explaining how the transfinite induction works in the particular
situation of defining numbers w,. The induction is made with respect to the indices. The
first point is then to define number wy and this is done with natural numbers, i.e. the number
wp coincides with the first infinite ordinal number. Then, having defined wg we may define a
number wg; as the first ordinal number non-bijective with wg. What is left to explain is the
limit step. Having defined wgs for every number 8 < a we may define number w, as the first
ordinal number which is non-bijective with any of numbers wg.

It is not visible at the first glance that the procedure of defining ordinal numbers w,, does
not stop, i.e. one may wonder if there exists some 'untouchable’ ordinal number § such that
there exists no ws. The following observation shows that this is not the case.

Proposition 3.6.11 (Existence of ordinal numbers, 12.29 in [129]). For any ordinal number
« there exists the ordinal number w,.

Proof. Zermelo’s Theorem [129, Theorem 8.9] states that any set may be well-ordered. Let
us also recall Cantor’s Theorem [129, Theorem 2.21], stating that the set P(7T") of all subsets
of a set T" has more elements than the set 7" itself (in the sense that there exists no bijection
between these sets, while obviously there exists a one-to-one function from 7' to P(T) —
namely ¢ — {t}).

Suppose then that there exists an ordinal number « such that w, does not exist. From
the procedure of the transfinite induction it follows that for any S > a the number ws also
does not exist.

We may assume then that every ordinal number v, such that there exists w.,, is bounded
from above by «a, hence these numbers v form an ordinal number which is a subset of «.. Let us
call this number I'. Note that I' € I', so specifically there exists no wr. Take I'" = sup, . w,.
Then the set P(I"”) has more elements than any of the sets w,. Via Zermelo’s Theorem this
set may be well-ordered, so there exists an ordinal number bijective to P(I"). It follows that
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there exists an ordinal number which has more elements than any of the numbers w, for
vel.

We will show that there exists a number wr, which provides a contradiction. Indeed, we
have shown that there exists an ordinal number (let’s call it ) which has more elements than
w, for any v € I'. Note now that ¢ € ¥+1. The set of those elements of ¥+ 1, which have more
elements than w, for any v € I' is thus non-empty and hence possesses its smallest element.
From the very definition, this element is precisely wr, thus wr exists — a contradiction.  [J

Definition 3.6.12 (Cardinal numbers, 12.26 in [129]). The class of such ordinals « that there
exists an ordinal number 3 such that a = ws will be called the class of cardinal numbers.
We will say that a set T' is of cardinality x whenever x is such a cardinal number that 7' is
bijective with x and denote |T'| = k.

Note that any cardinal number is a limit ordinal number. This is because of the bijection
between numbers o and a + 1, which holds whenever « is infinite.

Having the notion of the cardinality of a set, it is necessary to mention the classical
and deep Hessenberg Theorem, which is attributed to the German mathematician Gerhard
Hessenberg and dates back to 1906. The first proof of the result was presented by Hessenberg
in [73]. To find a proof in English in any outer source, the author recommends [129, Lemma
9.15]. We will present the proof only in the case of a countable set T', because this is the
only case we will use and the proof is significantly simpler.

Theorem 3.6.13 (Hessenberg in [73], 1906). Let T' be an infinite set. Then |T'| =|T x T).

Proof — only in case of T countable. First we prove that whenever sets T,T" satisfy |T| =
|T'|, then also |T' x T| = |T" x T’|. For that it is enough to check that whenever ¢ : T — T"
is a bijection, sois ¢ : T x T — T' x T’ defined via ¢[(t,15)] = <¢(t1),¢(t2)>, which is
standard.

It follows that it is sufficient to check that |[N| = |[Nx N|, as by the assumption there exists
a bijection ¢ : N — T. This is done by a standard diagonal procedure, which is presented
below for completeness.

Let us define the ordering < on the set N x N as follows. We say (n,m) < (n/,m’)
whenever either n +m < n’ +m/ or n +m = n’ +m’ and n < n'. It is obvious that < is a
well-ordering of N x N and thus, there exists an ordinal number a and bijection ¢ : NxN — «
such that (n,m) < (n/,m') <= ¥[(n,m)] < Y[(n',m')]. Of course the set N x N is infinite,

nevertheless for any pair (n,m) there exist less than é(n +m + 1)? (so finitely many) pairs

(n/,m’) such that (n’,m’) < (n,m). Note that if wy € «, then there exist infinitely many
B € a =[N x N| such that 5 < wy. Hence wy ¢ [N x N and « is either finite or equal to
wp. As the first option is not the case, we see that N x N is bijective with wg, which completes
the proof of [N| = |N x NJ.

[
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Remark 3.6.14. In particular from the Hessenberg Theorem it is simple to deduce, that
whenever sets T; are countable, then | J,.7; also is. Hence, w; is not a supremum of any
countable family of its elements. We will use this fact in the sequel.

Let us skip to the ordinal topology, that is to the way we define the topology on ordinal
sets. For that purpose we reformulate [21, Example 6.1.21] to a form more accurate for our
purposes.

Definition 3.6.15 (Ordinal topology, compare to 12.24 in [129]). We say that subset C' of
the ordinal «v is closed in «, if for any set T and the choice of elements ¢; € C, where t € T,
the ordinal number ¢ defined via
def
cC — U Ct

teT

belongs to C', whenever it belongs to a.

Example 3.6.16. It follows straightforwardly from the definition of ordinal topology, that
for any v < o the set C, = {8 € a: B > v} is closed in «a. It is also unbounded in the
following sense: there is no such 6 < a (or equivalently 6 € «) such that € C,, = f < 6. In
the sequel we will often refer to these two properties, namely to closeness and unboundedness.
In the literature, closed and unbounded sets are often called clubs.

Definition 3.6.17 (Bounded and unbounded sets). Let a be an ordinal number. We say
that the set T' C « is bounded in «, whenever there exists 7 € « such that for each t € T
the inequality ¢ < 7 holds.

Remark 3.6.18. Notice that for any limit number « and its unbounded subset C (for
example C' = «) the sum of the elements of C' is precisely o and thus does not belong to « as
its element. This is the reason for the “whenever it belongs to o” condition in the definition
of ordinal topology and actually the only case when it is used.

Remark 3.6.19. Such defined topology is somehow comparable to the typical ”trace topol-
ogy” of a subspace of a certain topological space. Note, however, that the interval [0, 1)
is not closed in R (here we consider R with standard metric topology), but closed in the
trace topology inherited from the interval (—1,1). The same way the set .# of all countable
ordinals is closed and unbounded in w; (because it actually coincides with wy) but in w; + 1
it is neither closed nor unbounded (because its supremum — w; — belongs to w; + 1 and does
not belong to .4).

The ordinal wy can be homeomorphically embedded into [0, 1] via 0 — 0 and for n > 1
n—1-— HLH This homeomorphism (onto the image) preserves order. It is worth observing
that every point in wy is open, so we experience no problems with continuity. Similarly, one
defines a map wy + 1 = wo U {wo} — [0,1] vian — 1 — n%l, wo +— 1. Intuitively, such
defined function is continuous because the supremum of n’s is mapped into the supremum of

(1- 7).
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Further set-theoretical tools

The next proposition establishes an important feature of clubs, that is closed and unbounded
sets. It will be crucial for the construction of the desired measure.

Proposition 3.6.20 (Compare to Lemma 3.4 in [76]). Let € be a countable family whose
elements are closed and unbounded sets in wy. Then the set (\oey C is closed and unbounded
m wy.

Proof. As the intersection of closed sets is always closed, it is sufficient to prove the un-
boundedness. Take then any v < w;. Let us also enumerate sets C' by natural numbers, so
that € = {C;}ien. We will construct by induction a particular sequence {¢;};en of ordinals
smaller then w;. Let & = 7. Assuming now that for a certain ¢ that &; is well defined, let us
define ordinal numbers ¥; ; for any j € N. For that purpose we take any v, ; € C; such that
¥;; > &. It is possible for every j, as every C; is unbounded in w;. Let

iv1 = supv; ;.
jeN
Now, by Remark 3.6.14, &, 1 € w; because it is a supremum of a countable family of elements
of wy. Therefore, the sequence {¢; }ien is properly defined.
Let us take 6 = sup¢&; and note again that § € w;. Observe that for any fixed j one has
& < Ui; < &iq1, and hence 0 is also a supremum of elements of C;. As a result, and from the
closeness of C;, we obtain that 6 € C; for every j. Thus ¢ belongs to the intersection of Cj.

In particular, the intersection of C}s possesses an element bigger than . As v was arbitrary,
the unboundedness is established. [

Now we are ready to define the o-field of measurable sets for the Dieudonné measure. Let
us take

% 2L {A C w; | there exists a closed and unbounded set C' in w; such that either

CCAorCCAY.

We will now make some observations regarding the family 4, using Remark 3.6.14 and
Proposition 3.6.20.

Corollary 3.6.21. The following conditions hold
i) B is a o — field. Furthermore, every Borel set belongs to 2.
i) Sets
def

Py = {A C wy|there ezists a closed and unbounded set C in wy st. C C A},

By A {A C wy|there exists a closed and unbounded set C' in wy st. C' C AC}

are disjoint.



CHAPTER 3. COMPACTIFICATIONS IN DIPERNA-MAJDA MEASURE THEORY 76

i) If for every i € N the set A; € By, then J,on Ai € Ps.

Proof. First, let us note that whenever C', C5 are closed and unbounded, the set C1NC}5 is also
closed and unbounded, so in particular is non-empty. On the other hand, if C; C A, Cy C AL,
then C7; N Cy is empty. Thus, A is an element of at most one of sets %;, %5. This finishes
the proof of part ii).

Obviously () C w; and w; is closed and unbounded, so taking C' = w; in the definition of
2 shows that both () and w; of them belong to 2.

From Proposition 3.6.20 it readily follows, that whenever for every i € N one has C; C A;,
then (N C; is closed and unbounded and () C; C () A;. In addition, whenever A; is such that

C
C, C A[IJ and A; € £ for any i, then C7 C AE C (ﬂAZ> . We have shown then that a

countable intersection of sets from % belongs to A.
Finally — whenever A is an element of particular 4;, the set AL is an element of the

other one. In fact this is straightforward because (AE)E = A. We have established that the
complements of sets from A belong to & and thus, in view of the two previous paragraphs,
proved that 4 is a o-field.

It is left for us to observe that any closed set K is either unbounded (and thus belong
to A, because K C K) or bounded by some v < wj. In the latter case note that the set
C,={f €a: >~} is closed and unbounded, so there exists a closed and unbounded set
C such that C C K°. Since then every closed set belongs to %. Knowing that 2 is a o-field,
we conclude that any Borel set belongs to % and establish point i).

Point iii) is already established throughout the proof of ii), but it seems necessary for the
sequel and thus we will formulate and prove it separately. Take closed and unbounded sets
C}; such that C; C AE . From Proposition 3.6.20 it follows that [ C; is closed and unbounded.

C
Thus one gets (C; € (AL = (UAZ> : O

Remark 3.6.22. It is worth to stress, that whenever C' is a closed and unbounded set, it
obviously belongs to %;.

3.6.3 An example of a Borel measure with no support

Let us now construct the non-supported measure on the topological space w;. For any S C w,
such that S € £ we define measure

| 1 whenever S € %
2(5) = { 0 whenever S € %,.

Proposition 3.6.23. With such defined & we have

i) 9 is a Borel measure on §;
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ii) for every element 3 € S there exists a closed set Cg of measure 1 such that 8 ¢ Cg. In
particular, the intersection of all closed sets with complements of measure 0 is empty.

Proof.

i) First let us check that the measure is properly defined. As sets %, and %, are disjoint,
every set has been assigned with precisely one measure. The measure of empty set is 0,
so we need to check additivity on at most countable families of disjoint sets. As Corollary
3.6.21 part iii) shows, a countable sum of sets with a measure 0 has a measure 0. On
the other hand, from Proposition 3.6.20 we see that any at most countable family of sets
of measure 1 has a non-empty intersection (even of measure 1), hence the sets are not
disjoint. It easily follows then, that Z is a well-defined measure. From 3.6.21 part i) it
follows that this measure is Borel.

ii) Indeed, for any g take Cs = {y € Q | v > 8} as in Example 3.6.16. Every set Cj is
closed and unbounded, thus of measure 1. Its complement is hence of measure 0. As

B & Cp, in particular 8 & [, cq, Co- Arbitrariness of § shows that () cq, Ca = 0.
[

The Dieudonné example is in fact an inspiration for plenty of other, just slightly more
involving, examples. Let us mention that a technical modification of Proposition 3.6.20 reads
as follows.

Proposition 3.6.24. Let a be any non-zero, non-limit ordinal number and € — a countable
family whose elements are closed and unbounded sets in w,. Then the set (oo C is closed
and unbounded n w,.

This statement may still be improved by the use of the notion of cofinality, however we do
not intend to introduce it. Proposition 3.6.24 shows in fact, that whenever « is a non-limit
ordinal number, a variant of Dieudonné measure may by found on w,. Namely, we define

%, 2L {A C w, | there exists a closed and unbounded set C' in w, such that C' C A},

7 {A C w, | there exists a closed and unbounded set C' in w, such that ' C A%}

and set
1 whenever S € %y;

Da(5) = { 0 whenever S € %,.

In our closing remarks we intend to present one more, slightly easier example. To be
more precise — one without any of the tools described in subsection 3.6.2. The notion of
a measureable number, which was introduced by Ulam in [151], dealt with probabilistic
measures. This is probably the reason why such examples as the one below were hardly
ever considered. Despite making an effort, the author has not found such a simplification
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of Dieudonné construction in the existing literature. Let us define a simplified Dieudonné
measure on wj via
400 if it unbounded in w;

¢9(5) = { 0 otherwise.

To check that &£ is a measure it is sufficient to note that set S is bounded in w; if and only
if it is at most countable. As we have proven, the countable union of countable sets stays
countable, hence a countable sum of sets of & Z-measure 0 is still of measure 0. On the other
hand, a support of this measure does not exist, as the identical reasoning has shown in case
of Z-measure.

We have presented this example to show that the Dieudonné construction may be simpli-
fied. It is, however, vital to observe, that the +o0o substitution in the definition is necessary.
To see it, let us take two unbounded sets. Let A be the set of all limit ordinal numbers in w;
and B be defined via B 2= {a+1:a € A}. Of course A consists only of limit numbers, while
B — only of successors. In particular, they are disjoint. It shows that having any real number
R instead of +o0 in the definition of &% would lead to an improper definition. Realizing
this allows us once again appreciate the elegance of the construction given in [48].



Chapter 4

Thin structures in Orlicz-Sobolev
spaces

4.1 Introduction

In the study of thin structures, i.e. when the structure’s size along one or more dimensions
is much smaller than along the others, say of order ¢ << 1, rigorous analysis via dimensional
reduction proves to be an useful tool to deduce properties of thin domains starting from
thicker models. In this analysis, one deals with sequences of functions defined on cylindri-
cal sets, which are ‘thin’ (¢ sized) in some dimensions. In the 3D setting, thin films are
modelled as w x (—¢,¢) with w C R? being a bounded open set. In order to perform an
asymptotic analysis as € — 0, with the aim of deducing a theory settled in w, functions are
usually rescaled to an e-independent reference configuration, so that a new sequence (u.)
is constructed, satisfying, in the standard Sobolev setting, some 'degenerate’ bounds of the
form

1
/ (|Vaug|p + —|V3ug|p) dr < C < 400 (4.1)
wx(—1,1) ep

if the sequence of unscaled gradients (Vw,) satisfied some corresponding L? bound on the
unscaled domain w x (—¢,¢).

Above and in the sequel V, represents the gradient with respect to the unscaled coordi-
nates (denoted by z,) and V3 represents the gradient with respect to the ‘thin’ coordinate
direction denoted by x3. In particular, Q :=w x (—1,1) = {(z4, 23) : (Ta,cx3) € w X (—¢,6)}
and w,(x,,ex3) At Ue(To, T3).

Bocea and Fonseca in [23] (see also Braides and Zeppieri in [26] for any dimension) proved
an equi-integrability Lemma for scaled gradients satisfying a bound as (4.1). Indeed they
generalized the Fonseca, Mueller and Pedregal’s result (see [64, Lemma 1.2]) which allows
to substitute a sequence (u,), whose gradients (Vu,) are bounded in LP, by a sequence
(vn) with (]Vv,|?) equi-integrable, such that the two sequences are equal except on a set of

79
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vanishing measure. The purpose of such a result is due to the fact that when applying the
direct methods of the Calculus of Variations, or some I'-convergence argument, it is very
convenient to replace a given sequence with one having better regularity and integrability
properties.

In this chapter of the thesis we extend Braides and Fonseca results, namely [23, Theorem
1.1, Corollary 1.2], to the Orlicz-Sobolev setting. See Section 4.2 for details and proper-
ties about Orlicz spaces L? and Orlicz-Sobolev ones W1?®. Indeed, via Young measures
techniques, we prove the following Theorem.

Theorem 4.1.1. Let w C R? be a bounded open set with Lipschitz boundary and 4
wx (=1,1). Let ® : [0,4+00) — [0,+00) be an Orlicz function satisfying conditions Ay and
Vs (see (4.5) and (4.6) respectively). Let (u,) C WHP(Q;R3). Assume that (¢,,) is a sequence
of numbers converging to 0, such that

sup/(q)(lvaun, ivgunmda: = C < +o0. (4.2)
Q

n

Then there exists a (non-relabelled) subsequence (u,) and a sequence (v,) C WL®(Q;R3)
such that

(1) sequence (O(|V vy, évgvnl)) is equi-integrable,
(ii) v, — up in WHP(Q;R3), where ug is the weak limit of (u,) in WH®(Q;R3),
(111) {z € Q:u, # v, or Vu, # Vu,}| = 0, as n — 400,

(“)) Un|dwx(—1,1) = Uo.

We stress that the above result holds for any sequence of scaled gradients appearing in
any dimensional reduction problem, besides the proof is presented for the total number of
dimensions N = 3 and the number of fixed-size dimensions K = 2.

Having in mind the equilibrium problems related to membranes, where the total energy
of the thin film under a deformation w, : w x (—¢,¢) — R? is given by

Blw) 2 [ W [ ) e,

wX(—¢,)

with f© € LY(w x (—¢,¢),R3) — an appropriate dead loading body force density (we refer
to [114] for the asymptotic analysis of the above energy), it is important to prove the existence
of an ‘attaining’ sequence for the limit density, which is ®-equi-integrable. Indeed, the
following result holds. We stress that it is a natural generalisation of [24, Remark 3.3], but
formulated for Orlicz spaces instead of classical Lebesgue. It is worth observing that the
result deals with the notion of quasiconvexification, which was one of the investigated points
in Chapter 2.
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Theorem 4.1.2. Let Q and ® be as in Theorem 4.1.1. Let ug € WH®(w,R3) be an affine
mapping with gradient & € R3*? and let W : R3*3 — R be a continuous function satisfying

BO(IEN) —c <W(E) < BO(|€]) +C for every € € R, (4.3)

for suitable constant 0 < 5 < ', ¢,C > 0.

For any matriz £ € R¥? and a vector z € R? let (£|z) be a 3 x 3 matriz, whose first
and second column ale columns from the matriz £, while the third column of (§|z) coincides
with z. Given any sequence (g,,) of positive real numbers converging to zero, there exist a

subsequence (not relabelled) of (g,), and a sequence of functions (u.,) C WhHP(Q,R3) such
that

(1) lim ﬁ Jo W (Vauen, iV3u5n> dr = QW (&), where W (&) = min,ecps W (&|2) and

n——+oo

QW denotes the quasiconvex envelope of W, namely

o) - int 1007 [ Wes Vesleanin)  (44)

PEW, > (Q

for any cube @, C w,
(ii) ngrfoo ||uan - UOHLCP(Q;W) =0,
(iti) Uep |gwx (—1,1) — Yo~

(iv) ® ()vaugn, LV,

> 15 equi-integrable.

It is worth to observe that such a result can be seen as a counterpart of the characterization
of the Young measures generated by scaled gradients in the Orlicz-Sobolev setting. Indeed,
formula (i) is entirely analogous to one proposed in [96] (the formula just before (1.16)).

The proof of Theorem 4.1.1 develops first by proving a Decomposition Lemma for stan-
dard gradients (see Theorem 4.3.2) which relies on properties of maximal functions, and
exploits the Fundamental Theorem of Young measures (see Theorem 4.2.6). Then the proof
of Theorem 4.1.1 follows as a consequence making use of the fine homogenization technique
introduced in [26]. These are the subject of Section 4.3, while all the preliminary results,
together with properties of Hardy maximal operator are contained in Section 4.2.

4.2 Notations and Preliminaries

We will use the following notations:

* |A] denotes the Lebesgue measure of a set A C RY for N > 2, or an Euclidean norm
of the vector or matrix A, it will be clear from the context;
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* the symbol dx will also be used to denote integration with respect to the Lebesgue
measure £V, while the symbol dx, will be used to denote integration with respect to
the Lebesgue measure £?;

* the symbol V,u denotes the derivatives with respect to z, def (x1,22) of a given field
Uu;

x a matrix £ € R332 will be often written as (&,,&;) where &, stands for the first two
columns and &3 represents the third;

* a sequence (f,) is said to be ®-equi-integrable whenever the sequence (®(|f,])) is equi-
integrable.

* (' represents a generic positive constant that may change from line to line;

We say that ® : [0,4+00) — [0,+00) is an Orlicz function whenever it is continuous,
strictly increasing, convex, vanishes only at 0 and llmt_>0+ <I>( )/t = 0;1limy, 100 P(8)/t = +00.
This statement is equivalent to demanding that ®(¢ fo s)ds for some right-continuous,
non-decreasing ¢ s.t. ¢(t) =0 <= t =0 and hmHJroo o(t) = +oo.

We say that & satisfies Ay (denoted by ® € Ay) condition whenever

there exists C' > 0 and t > ty such that ®(2t) < C®(t) for all t > . (4.5)

Orlicz functions ® possess the complementary Orlicz function W(s) AL d*(s), where the

latter denotes the standard Fenchel’s conjugate of ®, i.e.

U(s) &t sup{st — ®(¢t)}, s>0,

>0

and, it results that U(s fo 7)dT, where ¢! stands for right inverse function of ¢.
Clearly U* = (q)*) =
If U € Ay then (see [106, Theorem 4.2]) its conjugate ¢ satisfies

there exists C' > 0 and ¢y > 0 such that ®(t) < 1/(2C)®(Ct) for any t > t,. (4.6)

The condition (4.6) is often referred to as V5 condition, i.e. € V.

Given two Orlicz functions ® and ®;, we say that ® dominates ®; near infinity (®; < ®
or ® > @, in symbols) if there exists C' > 1 and ¢, > 0 such that ®,(t) < ®(Ct) for all t > t.
We say that Orlicz functions ®, ®; are equivalent whenever ® < &; < P.

Remark 4.2.1. In the literature, often a different formulation of the definition of dominance
is considered. Namely, it is being stated that ® dominates ®;, whenever there exist C' > 1,
D > 0 and tg > 0 such that ®1(t) < D®(Ct) for all t > to. This notion is however equivalent
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to the notion of dominance introduced by us. To see that, first observe that one of the
implications is trivial and it is enogh to take D = 1. For the other implication it is sufficient
to prove that for every Orlicz function ® and any constants C, D there exists a constant C’
such that

L(t) 2L DO (Ct) < R(t) 2L d(C't).

Indeed, let us observe that L(0) = R(0) = 0 and, as both functions are absolutely continuous,
t
L(t) = / DC¢o(Ct)ds
0
t
R(t) = / C'o(C't)ds,
0
where by ¢ we mean the pointwise derivative, defined almost everywhere. Taking now

C' > Cmax(1,D)

ensures that C" > DC', while the fact that ¢ is increasing shows that ¢(C’t) > ¢(Ct). Putting
that together, we obtain that R(t) > L(t).

For an arbitrary set of positive Lebesgue measure £ C RY we define the Orlicz class
Le(E) of functions u on E as functions satisfying inequality

[Ecp(yupdx < 400

In general the class Lg(E) is not a linear space, and the Orlicz space L®(F) is defined as
the linear hull of Lg(E). It is easy to check that (see [106, Theorem 8.2]) Orlicz class Lo (E)
coincides with its Orlicz space L*(E) if and only if ® € A,.

Orlicz spaces are equipped with Luxemburg norm, namely

[E B(|ul k) < 1 (4.7)

[ul| e gy = ]1€I>118

and are complete (see [106, Theorems 9.2 and 9.5]).
The following properties hold.

Lemma 4.2.2. Let ® be an Orlicz function satisfying Ay condition (4.5) and let E be a
bounded open set in RYN. Then

(i) C=(E) is dense in L*(E);

(ii) L®(E) is separable and it is reflexive when ® satisfies (4.6);
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(iii) the dual of L*(E) is identified with LY (E), (¥ = ®*) and the dual norm on L¥(E) is

equivalent to || - || v ;

(iv) given u € L*(E) and v € LY(E), then u-v € LY(E) and the following generalized
Holder inequality holds
/ u - vdx
E

(v) for every v € L*(E) the linear functional L, on LY (E) defined as

< 4lullze - llvllpe;

Lv(u)ﬁ/Eu(a:)v(x)da:

belongs to the dual of LY (E) with ||v||pe < ||Lo|lpe sy < 20|z

(vi) given ® and ®, the continuous embedding L*(E) — L*(E) holds iff ® = & near
infinity;
(vii) in particular, in view of (vi), we have L*(E) — LY(E) — L} (E) < D'(E);

(viii) the product of d identical copies of L*(E), (L®(E))4 4o L2*(E) x -+ x L®(E) endowed
. def d . . . .
with the norm ||v||(peppe == D iy |[VillLe(r)y is an Orlicz space, i.e. the norm is

equivalent to the L®(L4E) norm, where Ul stays for sum of disjoint copies of the set.

Proof. The point (i) is Theorem 1 in [70]. The separability stated in point (ii), is proven
in [106, point 4 at page 85], while the reflexivity under the condition V5 and point (iii) are
stated in [106, Theorem 14.2]. The point (iv) follows from [106, Theorem 9.3] and formula
(9.24) therein. The same formula, together with [106, Theorem 9.5] gives (v). The point (vi)
coincides with [106, Theorem 8.1] and (vii) immediately follows from (vi). The proof of the
point (viii) is standard. O

The proofs of chosen facts stated above are presented in Section 4.6.

Sobolev-Orlicz spaces W1 ®(E) are defined via
Wh(E) 2L fu € D/(E) : u € L®(E),Vu € (L*(E))V}

and endowed with the norm

def
HuHWM’(E) B HUHW(E) + Hqu(L‘I’(E))N-

Identifying the elements of WH®(E) with the couples (u, Vu), we see them as a closed sub-
space of L*(E)™™" thus W' (E) is a Banach space.
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The Sobolev-Orlicz space W1®(E;R?), d € N is defined as the Banach space of R¢ valued
functions u € L?(E;R?) with distributional derivative Vu € L®(E;RN*4) equipped with

the norm ot
”UHWL‘P(E;Rd) = HUHUI’(E;Rd) + HVUHUP(E;RNW)’

where the meaning of the norm || - || e (g is easily understood from (viii) in Lemma 4.2.2.
On the other hand, all the other properties in Lemma 4.2.2 extend with obvious meaning to
the vectorial setting.

Remark 4.2.3. As shown in [70, Theorem 1], whenever ® € Ay, smooth functions are dense
in the space W1*(E) and thus W1®(E) is separable. Without the assumption of ® € A,
separability is not valid.

If E has Lipschitz boundary, then the embedding
Wt (E;RY) — L?(E;RY) (4.8)

is compact (see [1] and [67, Theorems 2.2 and Proposition 2.1}).
For Sobolev-Orlicz space VVO1 ’(I)(E ), where E has a Lipschitz boundary, we have a Poicaré
inequality (see [50, Theorem 3.4 (a)])

[ul|pe k) < C||Vul|eg) for some constant C'= C(E, ®) > 0

and if ® € Ay, there exists a linear continuous trace operator Tr : WH*(E) — L®(9F) [91,
Theorem 3.13].
Let M be a (centred) Hardy maximal operator, i.e. for any f € L} (E)N L*(E) let

My s Bl [ )y (49)

The following result, an easy corollary from [94, Theorem 1], will be exploited in the
sequel.

Proposition 4.2.4 (Weak estimate for Hardy maximal operator). Let ® be an Orlicz function
satisfying (4.5) and (4.6). For any f € L*(E) there exists a constant C = C(E,®) such
that o
MF >0} < 5o [ @(ls)de, (4.10)
(1) Jk

for every t > 0.

The proof of the Proposition is presented with Theorem 4.6.5

We quote the Fundamental Theorem on Young measures, which will be invoked in the
proof of our main results. We refer to the classical presentation in [16]. Our formulation is
however kept in the spirit of the one given in [118]. For details regarding Young measures
generated by gradients we refer to [95,97].

We start by recalling a classical definition, which can be found for example in [141, 14(8)
and Definition 14.27].
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Definition 4.2.5. Let f : ExRY — RU{+o00} be a mapping. By the epigraphical mapping
of f we will mean the multifunction Sy : E = RY x R defined by

Sp(z) == {(¢,0) RV xR f(x,€) < a}.

We will say, that an integrand f is normal, whenever the mapping Sy is closed-valued and
measureable.

Theorem 4.2.6. Let E C RY be a measurable set of finite measure and let (z,,) be a sequence
of measurable functions, z, : E — R™. Then there exists a subsequence (z,,) and a weak-x
measurable map v : E — M(R™) such that the following hold:

(i) v >0, Vol m(ray = fga dve < 1 for a.e. x € E;

(ii) one has (i’) ||ve|lm = 1 for a.e. © € E if and only if the so-called tightness condition
is satisfied, i.e.

. —
Rgglmsgpl{lznk| > R} =0

(111) if K C R™ is a compact subset and dist(z,,, ) — 0 in measure, then suppr, C K for
a.e. v €L,

() if (i’) holds, then in (iii) one may replace "if " with “if and only if ’;

(v) if f: E xRY — R is a normal integrand, bounded from below, then

1imiﬂf/Ef($>an($))d$Z/E » f(z,y)dv,(y)dx

n—-+oo

(vi) if (i’) holds and if f: Ex R™ — R is Carathéodory and bounded from below, then

im_ [ S a)de= [ [ s

n—-+o0o

if and only if (f(x,zn,(x))) is equi-integrable. In this case

fl@,2n,(2) = [ flz,y)dve(y) in L'(E).

R4

The map v : E — M(R™) is called the Young measure generated by (zy, ).
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4.3 Proofs of the Theorems 4.1.1 and 4.1.2

This section is devoted to the proof of our main result.

We start by proving a Lemma which generalizes the result of Fonseca and Leoni [118,
Lemma 8.13] to the Orlicz setting. The Lemma is needed to achieve a good control of the
behaviour of truncations of the functions from the Orlicz space.

Lemma 4.3.1. Let ® be an Orlicz function satisfying (4.5) and (4.6). Let E C RYN be a
Lebesgue measurable set of finite measure and let (u,) be a uniformly bounded sequence in
L®(E;R™). For any r define the standard truncature operators 7, : R — R as

def { t,  whenever |t| <, (411)

7:(t) = r‘—; otherwise.

Then there exist a (non-relabeled) subsequence (u,) and an increasing sequence of numbers
rn — +00 such that 1, ou, are ®—equi-integrable and the set |{x € E : 7., ou, # u,}| — 0.

Proof. By (i) in Theorem 4.2.6, we may assume that (u,) generates the Young measure v,.
The uniform boundedness of the sequence (u,,), together with (iii) therein, guarantees that

/ / O(|z])dv,(z)dr < +o0.
E m
So we have

lim lim [ ®(|7 o u,|)dz = lim // (|7 (2)|) dva(z dx—// (|z])dv.(z)
r—+oon—oo Jp r—+o00 m m

where the first equality relies on (vi) of Theorem 4.2.6, and the second one on Lebesgue
Monotone Convergence theorem. Take r,, such that

lim ®(|Trnoun|)dm://@(|z|)duz(z)dx
n—-+4o0o E EJR

As r,, — 400 and (u,) is bounded, one has
{x € E: 7., ou, # u,}| — 0.

Thus, we can conclude that (7,, o u,) generates the same Young measure as (u,) (see [118,
Corollary 8.7]).
Finally (vi) in Theorem 4.2.6 ensures ®—equi-integrability of (7., o u,). O

Now we prove a Decomposition Lemma for gradients. In the sequel we will extend this
result to the scaled ones.
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Theorem 4.3.2. Let E C RY be a bounded open set with Lipschitz boundary. Let ® be
an Orlicz function satisfying Ay and Vo conditions (see (4.5) and (4.6) respectively), and
let (u,) C WH2(E;RY) be a sequence of functions converging to ug weakly in WH®(E;R?).
Then there exists a subsequence (un,) and a sequence (vy) C WH(RN:RY) such that (v)
converges to ug weakly in WH®(E;R?),

H{z € E : vg(x) # up, () or Vuy, (z) # Vup(x)} — 0 as k — +o0
and (P(|Vug|)) is equi-integrable.

Proof. Since

sup ||un||W1’q’(E;]Rd) <C
n

and ¢ € A,, we have

n

sup {/E(cp(yuny) + <I>(|Vun\))dx} <c

It follows from the continuity of the maximal operator (see [66, Theorem 2.1] for the original
source or Theorem 4.6.8 in the Section 4.6), that

n

sup{ [ oMl + [V hste < c.

where M((|u,| + |Vu,|)xg) is the maximal function of (|u,| + |Vu,|)xg. By Lemma 4.3.1,
there exists an increasing sequence t,, — +oo such that (@ (|7, o (M((|un| + [Vun|)xr))|)) is
equi-integrable, where 7;, is defined in (4.11).

Define
A, Z Atz € B M((Jun] + [V xs)| > ta}- (4.12)

By [118, Theorem 4.32], there exists (v,) C WH(RY;RY) such that
[vn|lwiee < Cty, (4.13)

where C depends on E and N, and such that v, = u,, almost everywhere in the sense of £V
on E '\ A, and by (4.10)

C

Ané—/q)un+Vund:c.
Al < g [ @l + V)

In order to show that (®(|Vv,|)) is equi-integrable we observe that for LV a.e. z in E\ A,
(Vo] = [Vun| < M((Jun| + [Vun|)xe) = |71, © M((Jun| + [Vua|)x2)|
while if x € A,, then

|Vou,| < Ct, < C|r, o M((Jun| + [Vun|)xe)|-
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It remains to prove the weak convergence of (v,) to uy in WH®(E;R?). To this end, first
we observe that (4.13) and (4.10) ensure

fE |Un|+|vvn| fE\A |un|+|VUN| dx"’fA |Un|—|—|an|)
< fE\A (|un] + |Vuy|)dx + ®(Ct,)| A,|

< C [ O(|un| + |Vuy|)dx

Next the reflexivity of WL®(E;R?) under (4.5),(4.6) (see Lemma 4.2.2) and the Banach-
Alaoglu-Bourbaki theorem ensure that, up to the choice of a non-relabelled subsequence,
v, — v in WH®(E;RY). Thus, since |[{z € E : v, # u, or Vu, # v,}| = 0 as n — +o00 we
can conclude, via the compact imbedding (see (4.8)) that vy = ug LV~ a.e. in E. O

Proof of Theorem 4.1.1. The proof of the claims (i) and (iii) follows line by line as in [26,

Theorem 3.1]. Namely, we define ,, et U (21, T, “—f") (so it is a shifted and scaled version
of u,, and it is defined on w x (0,&,)) and observe that

n

sup/ O(|Vu,|)de = C, where C is exactly like in (4.2).
(0,en)

We now extend w,, by reflection to w X (—&,,&,) and then produce its periodic extension, ,
tow x (—1,1).

For such constructed sequence 1, one can obtain the uniform bound of its norm in
W®(w x (=1,1)) as in [26, formula (3.6)]. Thus, we apply Theorem 4.3.2 and obtain a se-
quence (0,,) with (V0,,) ®-equi-integrable. The use of de la Vallée Poussin Criterion (see [118,
Theorem 2.29]) and the ingenious computation due to Braides and Zeppieri (see [26, formula
(3.7)]) gives us the sequence (v,,) satisfying claim (i) and (iii).

The presentation of the aforementioned computation held in [26] is less clear then in our
case. That is because we deal with the fixed dimension x = (x1, 2, 23) and only the third
dimension is scaled. Braides and Zeppieri worked with = = (z,, 5) and z, € R"* x5 € R".
Taking the number of scaled dimensions k£ = 1, as in our case, doesn’t change the proof,
but significantly simplifies the notation and makes the presentation simpler to read. For this
reason we present it with details. A reader familiar with Braides’ and Zeppieri’s paper is
invited to skip this part of the proof and move instantly to the proof of the claim (iv) below.

We are at the point, when the use of Theorem 4.3.2 gave us the sequence (0,) such that
O (|V1,]) (or equivalently ®(|V,0,|) + ®(|Vs0y,|)) is equi-integrable on w x (—1,1) and

L3 (({0n # Gy or Vi, # Vi,}) N (wx (=1,1))) — 0.

De la Vallée Poussin Criterion guarantees, that there exists a positive Borel function f : R —
R such that

t
lim /) = 400 and sup/ F(@(|Vabn|) + @(|V30,])) < +oc.
(=11

t—+oco n
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Let |r]| be the integer part of the real number r, i.e. the biggest integer not exceeding r.

Obviously, |1/e,]e, < 1 and hence positivity of f and monotonicity of £ yield

/L;x(— [1/en])en,[1/en]en)

wx(—1,1)

and

L ({0 # Gy or Vi, # Vi,}) N (w x (—[1/en]en, [1/enlen))) <
L3 ({00 # Gy or Vi, # Vi,}) N (wx (—1,1))).

Let us set the notation
M B[ (@ Vi) + (1))
wx(—1,1)
my 2= L3(({0n # @ or Vi, # Vi, }) N (w x (—1,1)))

and remind that
sup M,, < +o0; m, — 0.
[1/en] =1
Having in mind, that (—|1/e,]en, [1/en]en) = U (ien + (0,,)) we see that
i=—[1/en]

[1/en]—1
/ F((Vatn]) + (Vi) < M,
i:_l_l/snj wx(ianr(O,en))
[1/en]—1
ST L3(({n # i or Vi # Vi }) 0 (ign + (0,€0))) < M.
i=—|1/en]

F@(Vatnl) + B(Vata)) < [ F(@(Vaal) + B(Vatu]).

(4.14)

(4.15)

(4.16)

Now, for fixed n,, let us consider only intervals (ie,, + (0,&,)) with ¢ being an even integer,

def

i.e. i = 2h for some h € £, — ZN[-1/2|1/e,],1/2(|1/e,] — 1)]. What is worth mentioning
now is that on such intervals the extended function 4, coincides with its ‘'mother function’

uy,, shifted by the vector (0,0, 2he,,).

Of course, positivity of f, together with monotonicity of .#3, let us immediately conclude

from (4.15) and (4.16) that

Z/ F((Vatn]) + & Vi) < M,
hes, wX (2hen+(0,en))

ST L3 (({on # i or Vi, # Vig}) N (2hey + (0,2,))) < .

he gy

(4.17)

(4.18)
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We claim that for at least |1/2#.7,| indices h € .%,, we have
L oo FOTainl) + @0500D) < Gh = 12602 1) M (419
wX (2hen+(0,en,

To check the claim, let us set .#/ Lot {h € 4, : (4.19) does not hold } and assume that
HI! > (# 5, — [1/2(#H,)] +1). We easily compute, that

>/ F@(Tainl) + 2(V35,) >
he.g, Y wx(2hen+(0.en))

>/ F@(Vat,D) + (s, ) >
wX (2hen+(0,en))

he.7),

#jé(#jn - U/Q(#jn)J + 1)Mna

which contradicts (4.17). An easy computation shows, that #.7, = 2|1/2(1/e, — 1)] + 2,
hence for sufficiently large n one has

BT — |1)24.9,) +1 > 1/(4e,).

That, together with (4.19) gives us that for at least |1/2#.%, | indices h € .#,, we have
/ F((Vain]) + B Vait)) < 4e, M, (4.20)
wX (2hen+(0,en))

for n large enough. An averaging procedure shows that, among the indices satisfying (4.20)
we can find one that satisfies
L3(({Bn # 11 or Vi, # Vi }) N (2he, + (0,6,))) <
|1/24 5] tm,, < deym,. (4.21)
Let us take an index satisfying (4.20) and (4.21) simultaneously and name it h*. To simplify
the notation, with no loss of generality, we assume that h* = 0. We focus our attention on

the new function z, — the restriction of the function o, to the chosen piece of €2, that is
w %X 2h*e, + (0,&,). We will construct the function o,, from z, by unscaling. Let us set

() 2L 2 (21, 22, (en(z3 + 1)/2).

The function v, € WH?(w x (—1,1); R™) By virtue of (4.20) we have

/ ( )f(<I>(|Va17n|) + B(1/£,|V30,])) < 4M,
wx(—1,1
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and de la Vallée Poussin Criterion yields equi-integrability of ®(|V,0,]) + ®(1/e,|V30y|).
This shows that the sequence v, satisfies claim (i) of the Theorem 4.1.1. By (4.21) we deduce

L2 (({On # Gy or VO, # Vi,}) N (2he, + (0,£,))) < 4m;.

Having in mind (4.14), we get claim (iii). Up to an extraction of a subsequence one may
immediately deduce claim (ii).
To get (iv) we argue as in [23, Corollary 1.2]. We define sets

Wj &0 {z € w:dist(z,0w) < 1/5} (4.22)

and cut-off functions 6; € C§°(w,[0,1]), equal to 1 on w \ w;, vanishing in a neighborhood

of Ow, and such that |V6;| < Cj for some constant C'. We set then v, ; 4L o + 0;v,. Via
compact imbedding (see (4.8)) and the diagonal argument we may find such a function n(j)
that
1
[[on()5 = ol Lo @me) = 0 and [[vng) sl Lo @me) < a

To obtain (iv), it suffices to define v, Lt Un(j),;- 1t remains to deduce (i)-(iii) for this latter
sequence. To prove (iii) we just observe that

{z € Q:u; #vj or Vu; # Vu;}|
<Nz € Q:u; #vj or Vu; # Vot + [{x € Q:0; # v, or Vu; # Vo, },

and the claim follows from the control of the latter two sets. For (i), it suffices to exploit the
definition of u; and the ®-equi-integrability of v;, (see also [23, formula (4.8)]). Up to the
extraction of the subsequence we deduce (ii). O

Proof of Theorem 4.1.2. 1t can be deduced from [23, Corollary 1.2]. We sketch the main
points for the reader’s convenience. First let us observe that from density of smooth functions
and properties of quasiconvex envelope and definition of W it can be easily proven that

1 1 —
inf —/ W(Vau, =Viu)dr = QW (Vuy). (4.23)
€2 Jq €

57U|8w><(71,1)51t0

Now let us assume that w is a square (—c/2, ¢/2)?. Let (wy, L,) be the infimizing sequence
of the left-hand side in (4.23). We may thus assume that, up to a reflection and then

a periodic extension, functions (w, — ug) are already defined on R? x (—1,1). We define

Wy, () def gLy (w, — uo)((stn)*lma, lL‘3) and observe that

lim lim w,; = 0 weakly in W"®(Q;R?)

n—00 j—00

and
1 1 —
lim lim —/ W(Vauo + Va’u}n’j, E:—ngmj) = QW(VU())
Q J

n—00 j—00 |Q|
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By a diagonal procedure and (4.8) we may choose j(n) such that (denoting wy, j,) as @, and
Ei(n) 88 &), limw, = 0 strongly in L*(Q), and

lim —/ W(Vaug + Vi, ngn)dx = QW (V).

The latter equality, together with (4.2) gives us bound on the norm of @, in WH®(Q;RR3).
Up to an extraction of the subsequence (not relabelled) we may still assume that @, — 0 in
Whe(Q;R3).

Applying Theorem 4.1.1 we obtain a sequence (v,,) satisfying (ii), (iii) and (iv). The point
(i) follows from triangle inequality, ®-equi-integrability of (v,), point (iii) of the Theorem
4.1.1 and the fact that |w;| — 0 (see (4.22)).

To generalize the result to w with Lipschitz boundary, the standard, but technically
involving glueing procedure is used. For the detailed presentation we refer to the second step
of the proof of [23, Corollary 1.2]. O

4.4 The I'-convergence of energies in thin structures
setting

Optimal design problems, devoted to find the minimal energy configurations of a mixture of
two conductive (or elastic) materials, have requested much attention in the past years starting
with the pioneering papers [101]. It is well known that, given a container 2 and prescribing
only the volume fraction of the material where it is expected to have a certain conductivity,
an optimal configuration might not exist. To overcome this difficulty, Ambrosio and Buttazzo
in [8] imposed a perimeter penalization on the interface of the two materials. In [34, formula
(2)] the same perimeter term has been added in order to deal with the model proposed in [59]
and [24] in the framework of thin structures in the non-linear elasticity setting.

Here we are considering an analogous problem, where the continuous energy densities
W; : R¥>3 = R, i = 1,2, do not satisfy growth conditions of order p but are of the type

BR(F]) —1) < Wi(F) < B'(1+ ©(|F])) (4.24)

for every F' € R3*3 and ® — an Orlicz function (see section 4.2) with 0 < 8 < 3. We refer
to [114,115] for related results in the framework of dimensional reduction problems casted in
the Orlicz-Sobolev setting.

Let € > 0 and consider Q(g) := w x (—¢,¢), where w is a bounded domain of R?, with
Lipschitz boundary. Assume that Q(¢) is clamped on its lateral boundary, and suppose that
Q(e) is filled with two materials of respective energy densities W, i = 1,2 as above, satisfying
(4.24).
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We study the following problem of minimization with respect to the couple (v, E(e))

v € WHR(0(E); R { /Q@K"E(”Wl + (L= xm)Wa)(V0) = f - olde

Xe() € BV (€(e);{0,1}) (4.25)

+LP(B(E) 20 < vlonna= Oy [ e do =2}

where F (¢) C (e) is a measurable set with finite perimeter (see Section 4.6 for more
details) and f € L? (Q(e); R?), where ®* is the Legandre conjugate of ® (see section 4.2)
and A € (0,1) is the volume fraction.

In order to study the asymptotic behaviour of (4.25) we first rescale the problem in a fixed
3D domain and then we perform I'-convergence (see Definition 4.6.21) with respect to the
pair (deformation, design region) as in [34]. We introduce a curious reader to see Section4.6
for more details. The definition of this notion reads as follows.

Definition 4.4.1 (I'-convergence). Let X be a topological space and F, : X — R be a

sequence of functionals. We will say that FF =T" — lirf F,,, whenever for every x € X the
n—-—+0oo

following two conditions hold.
(LB) for any x,, — = we have liminf F,,(z,) > F(x);
(UB) there exists such z,, — x that limsup F,,(z,) < F(x).

In the literature, the conditions (LB) and (UB) are often referred as 'the lower bound’ and
‘the upper bound’ respectively. The natural generalisation of the Definition to the families
of functionals is given in Definition 4.6.22.

We refer to [28-31,45] for I'-convergence theory. A very brief view of the essential theorems
is given in Section 4.6. We consider a %—dilation in the transverse direction z3. Set () :=
wx(=1,1),

E. g {(l'oml'?)) € ($a75$3) er (8)}’ u (ﬁa,l’g) g v (l’a,gl’g),

Pl . (4.26)
f (o, 13) 2= F (o, 623),  Xb. (Ta, T3) = XE(e) (Tar £23)

where v is any admissible field for (4.25).

In the sequel we will denote dz,, def dridzs and V, and D, will be identified with the
pair (V1,Vsy) (Dy, Dy), respectively.
By the definition of total variation, P (E (¢);Q(g)) = ‘DXE(5)| (©(¢)), and the change of
variables in (4.26) ensures that % }DXE(s)’ (Qe)) = ‘(Daxs, %Dgxg)‘ (Q2), where xp. denotes
the characteristic function of FE., that in the sequel we will indicate simply by y.. We refer
to [9] for sets of finite perimeter and BV functions.
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For every € > 0, let J. : LY(€;{0,1}) x L*(2; R3) — [0, +00] be the functional defined as
follows

fﬂ XWl + (1 - )W2> (Vau |%V3U) dr — fo - udx
aer ) +|(Dax|1Dsx) [(Q) in BV(9;{0,1}) x WhP(Q;R?),

J(x,u) (4.27)
+00 otherwise.
Analogously, consider the functional Jy : L*(€2;{0,1}) x L®(;R?) — [0, +00] as
2 [ QV(x,Vau)dr, — f [, f - udzodxs
o ) 2IDxI@), i BV (w 013 x W (o RY), (4.28)
—+00 otherwise,
where V' : {0,1} x R3*3 — [0, +0c0) is given by
V(d, F) 2L dWy(F) + (1 — d)Wa(F), (4.29)
with W, and W, satisfying (4.24), V : {0, 1} x R**2 — [0, +-00) is given by
V (d,F) 2L aW, (F) + (1 — d) W, (F), (4.30)

with W;(F) 2 inf,eps W; (Fle),F € R¥2 i =1,2, and QV stands for the quasiconvexifica-

tion of V in the second variable (compare with (2.1)). Namely, for every (d, F') € {0, 1} x R3*2

def

QV (d,F) = inf {//V (d, F 4+ Vap(za)) dz : 0 € C° (Q'; R3)} : (4.31)

where Q' C R? denotes the unit cube.
We will prove that problems (4.25) I'-converge, as ¢ — 01, to the problem

uewol%lf { /QV X, Vou)dz, — / /f udz + 2| Dx|(w )}

X € BV (w {0 1})
ﬁ fw xdzr, = %/\

In fact, the above convergence relies on the following theorem that will be proven in
Section 4.5. We underline that the strategy of the proof is similar to the analogous result
n [34], but it requires to introduce ad hoc tools in the Orlicz-Sobolev setting. It is worth
observing that the result deals with the notion of quasiconvexification, which was one of the
investigated points in Chapter 2.
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Theorem 4.4.2 (The I'-convergence result). Let Q@ = w x (—1,1) be a bounded open set,
w C R? open and bounded with Lipschitz boundary and let W; : Q — [0,+00), i = 1,2, be
continuous functions satisfying (4.24). Let (J.) be the family of functionals defined in (4.27).
Then (J.) T-converges, with respect to the strong topology of L'(€;{0,1}) x L*(Q;R3), to Jo
in (4.28), as e — 07.

Indeed, for what concerns the volume constraint and the boundary conditions, it is enough
to observe that the strong convergence in L'(£2;{0,1}) x L*(Q;R3) (and, by compactness
arguments, weak-+-BV (€2;{0,1})x weak-W1?(Q;R?)), of the rescaled sequence (x.,u.) of
almost minimizers of (4.25) to (x,u) € BV (w;{0,1}) x Wy'*(w;R?), guarantees that the

volume fraction )

1
X de:—/xada::)\
\<Q<s>|/g<€> PETTI0] Jq

is kept in the limit. The continuity of the trace operator [91, Theorem| entails that u €
Wy'®(w;R3).

4.5 Proof of the ['-convergence result
The following result, whose proof is immediate, will be exploited in the sequel.
Proposition 4.5.1. Let V be as in (4.30). Then V is continuous and satisfies
B(R(|F])—1) <V (x.,F) < B(1+2(|F]), (4.32)
where ' and 3 are the constants in (4.24) . Moreover,
V(. F) = VX, F)| <28[x = x| (1+ (| F])).
Furthermore, the function QV in (4.31) is continuous and satisfies (4.32), and
QV(LF) - QV((, F)| < Cly’ — xI(1 + B(F))). (433)

We will also use the following, classical integral representation theorem due to Buttazzo
and Dal Maso ( [28, Theorem 4.3.2] or [45, Theorem 20.1]).

Theorem 4.5.2 (The Integral Representation Theorem). Let A be a set of all open subsets of
w C R™ and ® be an Orlicz function satysfying the Ay condition (4.5). Let G : L®(w) x A —
[0, 400] be an increasing functional satisfying the following properties:

(i) G(u,A) = G(v, A) whenever u=wv, a.e. on w,

(i1) G(u,-) is the restriction of a finite non-negative Radon measure on A(w),



CHAPTER 4. THIN STRUCTURES IN ORLICZ-SOBOLEV SPACES 97

(iii) there exist b € R and a € L}, (w) such that

loc

0<G(u,A) < /A (a(z) + b®(|Du(z)]))dx

for every u € Wh®(w) and every A € A,
(iv) G(u+c,A) = G(u, A) for any c € R,
(v) G is lower semicontinuous.
Then there ezists a Borel function W : w x R" — [0, +00) such that

(i) for every u € L*(w) and for every A € A such that uj4 € I/Vl}f we have

G(u,A):/AW(m,Du(a:))dx,

(i1) for almost every x € w, the function W (x,-) is convex on R",
(iii) for almost every x € w we have
0 < W(z,¢) < a(x) +b2(8)
for every € € R".

However the Theorem is stated in the original sources for Sobolev spaces, result holds
without any substantial modifications in our Sobolev-Orlicz setting. In particular, all the cru-
cial steps (like "Zig-Zag’ lemma or the passage through affine and piecewise affine functions)
can be repeated word by word. Also, wee emphasize that the approximation of functions in
Sobolev-Orlicz spaces (with Orlicz function ® € A,) by piecewise constant functions holds
as originally stated in [52, Proposition 2.8].

We start by motivating the choice of the topology in Theorem 4.4.2. We claim that energy
bounded sequences (Y., u.) € BV (Q; {0,1}) x WH®(Q; R3), admissible for the rescaled version
of (4.25), i.e. such that there exists C' > 0 :

‘/[(Xewl + (1= xa)W2) (Vaue, 1V3u.) — f - uldz + | (Daxe, 1 Dsx.) | (Q)’ <C, (4.34)
Q
with u. clamped on dw x (—1,1) and ﬁ Jo Xedz = X, are compact in space L'(€;{0,1}) x

L?(Q;R3) and with limit in BV (w; {0,1}) x Wh®(w; R3). Indeed, let (x.,u.) be a sequence
such that (4.34) holds, then there exists C’ € R* such that

1
e < €, Hgvgua <o

1
(P tonc)|@<c s

L®



CHAPTER 4. THIN STRUCTURES IN ORLICZ-SOBOLEV SPACES 98

Then, standard arguments in dimensional reduction (i.e. the application of [117, Lemma 3]),
entail that every cluster point u € W1®(Q; R3) of the sequence (u.) is such that Viu = 0,
and so u can be identified with a function (still denoted in the same way, cf. [124, Theorem
1 in Section 1.1.3]) u € W'*(w; R3). Analogous considerations hold for the limit of y.. Thus
there exists a subsequence, not relabelled, (., u.) such that u. — u in WH®(Q; R?), and a
measurable set E C Q such that xy. = yg and Dsxg = 0. Hence, there exists £/ C w, with

|DxE|(©2) = 2[Dxp|(w), (4.36)

where £ = E' x (—1,1). In the sequel we will identify the set £ with the set £’ and denote
X g by x. We stress that the doubling coefficient in (4.36) comes from the fact that 2 = wx I,
where the length of the interval I equals 2.

We observe that Theorem 4.4.2 still holds without the coercivity assumption (4.24), pro-
vided the admissible sequences satisfy (4.35).

Proof of Theorem 4.4.2. For every € > 0, let J. be the functional in (4.27). Let us remind
that, as ® satisfies the A, condition (4.5), Proposition 4.2.2 point (ii) shows that L*(Q2,R3)
is separable. Consequently, the metric space L'(€2;{0,1}) x L*(2;R?) is separable. That
ensures that for each sequence (g) there exists a subsequence, still denoted by (), such that
[ — lim._,o+ J. with respect to the strong topology of L*(€2;{0,1}) x L*(Q2; R3) exists.

For every (y,u) € L'(Q;{0,1})x L*(Q;R3), let J (x, u) be this [-limit. By Urysohn property,
it suffices to prove that any sequence (J.) admits a further subsequence whose I'-limit, J(x, u),
coincides with Jo(x,u) in (4.28).

It is easily seen that

J(x,u) = +oo for every (y,u) € (L'(£2;{0,1}) x L*(Q;R*)\ (BV (w; {0, 1}) x Wh?(w; R?)).

Indeed, if this is not the case, from the condition J(y,u) < 400, we would get the existence
of a sequence (x.,u.) converging to (x,u) such that J.(x.,u.) < +oo and this would imply
(x,u) € BV (w; {0,1}) x Wh®(w; R?) — a contradiction.

The remaining part of the proof is divided into two steps. First we show the lower bound,
then we prove the upper bound (compare with Definition 4.6.21).

Lower bound: We claim that for every (x,u) € BV (w; {0,1}) x Wh®(w; R3)

SO0 u) = Jo(x,u) = 2 fw QV (X (2a) , Vau (o)) dzo
- fj1 fw f(Ta,x3) u(4) drodrs (4.37)
+2[Dx| (W),

where the terms of the right-hand side of the inequality can be referred as bulk term, forces
and perimeter respectively.

To prove the claim, let (y.,u.) C LY(Q;{0,1}) x L®(;R?) be a sequence converging
to (x,u) € BV (w;{0,1}) x Wh®(w;R3). For the forces, the strong convergence in L,
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together with continuity of the linear term with respect to strong topology, show the claim,
i.e. show that lim igf — fQ fu.dr > — f_ll fw f (2o, x3) u(24) drodrs, so that the forces term
e—0

of the original family of functionals is bounded from below by the forces term of our limit
candidate.

For the perimeter, the lower bound for the proper terms follows by the lower semiconti-
nuity of the total variation (see Proposition 4.6.25 or [9, Remark 3.5]), i.e. x. — x strongly
in L' = liminf ||Dx.|| > [|Dx||, and an analogous reasoning to (4.36). Namely,

1 @ (2)
liminf (Dol = Dyx)| () = liminf [(Daxel Doxo)| () =

e—0t -

(DX D) |(2) 22 |(Dax[0)](2) £ 2Dy |(w),

where (1) follows by £ < 1, (2) by the lower semicontinuity of the total variation, (3) by the
fact that x € BV (w,;{0,1}) (so that D3y = 0) and (4) by Q@ = w x (—1,1).

For what concerns the bulk energy, by Theorem 4.1.1, there exist (w.) and (A.), such that
Ae C Q, w, converges in L*(Q;R?) to u € WH®(w; R?), the scaled gradients (Vaw,, 1 Vzw:)
are ®-equi-integrable, A. C 2 and u. = w,. in A, and |2\ A;| — 0 as e — 07. Denoting the
bulk energy density of J. by V as in (4.29), one obtains

1 1)
lim inf/ % (Xs7 (Vaug—vgug)) dr >
e—0Tt Q 9
1
lim inf/ 1% (Xa <Vaw€, —ngs)) dx
e—0t A, £

1 (2
—ﬁlimsup/ (1+ @(‘(Vawg, -Vsw.)|))dz >
e=0t  JO\A. €

1 3)
lim inf/ \% (Xa’ <Vaw€, —nga)) dx >
e—0t o) 9

_ 4)
liminf/V(Xg,Vawa)dx >
Q

e—0t

lim inf / QV (xe, Vaw,) dz, (4.38)
e—=0t  Jq
where the inequality (1) follows by (4.24), (2) by ®-equiintegrability of w. and |Q\ A.| — 0,
while (3) and (4) are straightforward consequences of the definitions of the densities V' and
QV, given in (4.30) and (4.31) respectively.

Observe that, by (4.33), for a.e. x € Q.

/Q OV (ve, Vo) — OV (v, Vauw,) | dz < C/Q e — x| (1 + (| Vo)) da.
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Thus, the ®-equi-integrability of (V,w, |%V3w€) ensures that, as e — 0", x. can be replaced
by x in the right-hand side of (4.38).

From [70, Theorem 1] it follows that smooth functions are dense in W®(E) providing ®
satisfies (4.6) and the argument exploited in [117, Proposition 6] ensures that QV (x(z4), )
is quasiconvex also in R3*3. Thus, by the growth condition of QV,(4.32), and [58, Theorem
3.1] the functional v € Wh*(Q; R?) — [, QV (x(24), Vav(z))dz is sequentially weakly lower
semicontinuous with respect to Wl ®-weak topology (and, by (4.8), strongly in L?). Hence,

lim inf/ QV (x, Vaw.)dxr > 2/ QV (x, Vau)dz,.
e—0t Q w

By the superadditivity of the liminf and an arbitrary choice of (., u:) = (x,u) we achieve
the claim.

Upper bound: To prove the claim, that is that for every (x,u) € BV (w;{0,1}) x
Wh®(w;R3), we have J(x,u) < Jo(x,u), let us start by observing that for every y €

BV(w;{0,1}),
J(x,u) < lim inf J.(x, ue) for every u, — u in L*(Q;R?).
e—0
Having y fixed, we observe that the perimeter term (see (4.37)) in J. coincides with the

perimeter term of Jy. Thus, we can reduce to study the asymptotic behaviour with respect
to the W1®-weak convergence of

/ (XW1 (Vaug, %Vgug) + (1 — )W, (Vaug, évgua)) dx — / f-u.dz. (4.39)
Q Q

Since x is fixed, we can rewrite xWi(-) + (1 — x)Wa(:) as a new function with explicit
dependence on x,,.

Denoting

W (o, F) 2= V(x(2a), F),

it results that W is a Carathéodory function satisfying a growth condition of the type (4.24),
ie. $O(|F|) —C < W(za, F) < C(1+ ®(|F]|)) for a suitable constant C' € R, for a.e.
T € w and for all F' € R3*3,

Next, we argue as in [24, Theorem 2.5] and [15, Lemma 2.5]. Let A(w) be the set of all open
subsets A C w. We define the sequence of functionals (G.), where G, : L®(;R?) x A(w) —
[0, +00) is given by

(2, (Vau, 1V3u)) do — fo(71,1) frudr if ue WHP(Q;R3),

otherwise,

GS(U,A) :{ fo(—l,l)W
+00
and we claim that

1
lim sup G, (u,w) < /E(ma,vau)dxa —/ /f-udxadmg,
w —1Jw

e—0t
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where W : w x R3*? is defined by

W (2o, F) 2L

nf {% fo(—l,I) W<x0<’ F+ Va(p(yom y3)7 /\v?)(p(yom y3))dyady3 : (440)
p € Wy(Q % (=1,1)), =0 0n 9Q' x (—1,1),\ > 0}.

To this end, we observe that there exists a subsequence of (G.) which I'-converges to some
lower semicontinuous functional (for example take one converging to I' — lim inf), which will

be referred to as G, i.e.

@EF— lim G..

e—0t+

With straightforward modifications to the long and technical argument of [24, Step 3.
and Step 4. Theorem 2.5] (which can be adapted to W? setting) one proves that for every
u € Wh®(w,R3), the set function G(u,-) : A(w) — R satisfies

(i) G(u,A) = G(v; A) whenever u = v, a.e. on R?,

(ii) G(u,-) is the restriction of a finite non-negative Radon measure on A(w),
(iii) G(u, A) <28 [, (14 @(|Dyul))dx

(iv) Glu+c; A) = G(u, A) — f_ll [ [ - cdzg for any ¢ € R?.

This proves that the bulk term of the functional G staisfies the assumptions of The Integral
Representation Theorem 4.5.2. The ex1stence of an energy density W : w x R¥*? — R such
that G(u, A) = [, W(z, Vau)dz, — f J4 [ - udz, is thus guaranteed. Finally, applying [15,
Lemma 2. 5] whose proof can be repeated word by word in Sobolev-Orlicz setting instead
of the classical Sobolev case, entails that W(wa,ﬁ) < W(x,, F), for ae. z, € w and every
F € R3*2 where W is the density in (4.40).

Next, we introduce for every F € R¥2, W (za, F) 2L infeps W (za, (F|c)), and denote by
QW the quasiconvexification of W with respect to the second variable, according to (4.31).

Finally, applying Theorem 4.1.2 point (i), we get that for a.e. z, € w and every F €
R3*2 we have W (x4, F) < QW (24, F), while the inverse inequality follows straight from the
definitions of these densities. As a result, we see that for a.e. z, € w and every F € R**? we
get W(zy, F) = QW (24, F)

The proof is concluded with observing that by (4.30) and the definitions of W; below, we
have

W (2o, F) = X(2)WA(F) + (1 — x(2))Wa(F) = V(x(z2), F)

and QW (z4, F) = QV (x(4), F) for every (x4, F) € w x R3*2,
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4.6 Some additional information on the tools used

In this section we give a brief remainder of the tools used in the chapter. We also sketch the
chosen proofs of some used facts from the Orlicz spaces theory. The tools described in the
first subsection, dealing with Orlicz spaces, played an essential role in the proof of Theorem
4.1.1. The second subsection is devoted to the Theory of the I'-convergence, which is the
main notion used in Theorem 4.4.2. The third section is a brief presentation of the theory of
BV spaces and sets of finite perimeter. These theories were exploited in the definition of the
functionals J. (4.27) and Jy (4.28), as well as in describing the topology hidden behind the
notion of the I'-convergence presented in Theorem 4.4.2.

4.6.1 Selected facts about Orlicz spaces

We begin with the following, easy fact, connecting the inequalities on Orlicz functions with
inequalities on their conjugates.

Theorem 4.6.1. [100, Theorem 2.1] Let &, ®y be Orlicz functions and WV, Wy — their conju-
gate functions respectively. Suppose that, for t > to, we have ®(t) < ®1(t). Then, tor s > s,
we have Uq(s) < W(s).

Proof. Assume now that ¢q,1; are the right derivatives of ®; and W, respectively. Take
S0 = ¢1(tp). From monotonicity, it follows that ¢ (s) > to whenever ¢;(tg) < s. Having in
mind that

Y1(s)s = @1(¥n(s)) + Vils),
we also see that by the Young inequality
P1(s)s < D(hy(s)) + ¥(s).

In the result,
D1 (41(s)) + Wis) < D(¥u(s)) + W(s)
and since ®(11(s)) < P1(¢1(s)), ¥i(s) < U(s) follows. O

Now we present another fact, which lets us rescale the Orlicz function and compute the
conjugate after the rescaling.

Lemma 4.6.2. Let ®, ¥ be conjugate Orlicz functions and ¢, — their densities respectively.
Set () Lt A®(bt). Then, the conjugate function to @y is

U (s) 2L A\I/(Aib). (4.41)
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Proof. Let us assume that ¥y is the conjugate to ®; and prove the equality (4.41). The right
derivative of ®; is

¢1(t) = Abp(bt)

and hence the right derivative of W, is its right inverse, i.e.
1 S
= 39()-

Since then, we compute

U (s) :/08¢1(0)da: %/Osw(Aib)da:A/oz" (o) do,

which shows (4.41). O

The two above statements were required to prove the relation between the classical Ag
and Vq conditions ((4.5) and (4.6) respectively).

Theorem 4.6.3. [106, Theorem 4.2] Let ® and ¥ be the conjugate Orlicz functions. Then
O satisfies (4.5) if and only if U satisfies (4.6).

Proof. First, let as assume that U satisfies (4.6), i.e.
there exists C' > 0 and so > 0 such that U(s) < 1/(2C)¥(C's) for any s > s.

Let us take then
Uy (s) = 1/(2C)¥(Cs),

so that the (4.6) condition is rewritten in the form W(s) < W;(s) for s > s¢. In the virtue of
Theorem 4.6.1, ®4(t) < ®(¢) follows for sufficiently big ¢, where ®; is the conjugate function
to U;. By Lemma 4.6.2 we may calculate that ®,(¢) = 1/(2C)®(2¢t). Hence, for sufficiently
big t, we get ®(2t) < 2C®(t) and condition (4.5) is established.

The inverse implication is proven in the analogous way. ]

Another variant of the Ay condition (4.5) is given in the following result.

Theorem 4.6.4. [106, Theorem 4.1] Let ® be an Orlicz function and ¢ be its density. Then
O satisfies (4.5) if and only if the inequality

to(t)

(1)

holds for sufficiently big t and some finite a.
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to(t)
o(1)

Proof. Assume first, that < « for t >ty and some «. Then

21 21
4(7) dr < / Ldr = aln2.
i O(7) e T
Hence In ®(2t) — In®(t) < aln2 and consequently ®(2t) < 2*®(t), which shows that (4.5)
holds.
On the other hand, under (4.5), we have
2 2

Co(t) > ¢(2t) = (1)dr > (T)dr > to(t),

0 t

where the last inequality follows from the fact that ¢ is non-decreasing. This shows that

to(t)
——<C
o)
and finishes the proof.
O

Next, we will focus on the properties of the Hardy maximal operator. As it was already
seen, the Hardy maximal operator is an essential tool in the proof of the Decomposition
Lemma. For that reason, we want to present some of its properties more carefully and in a
self-contained way.

The definition of the Hardy maximal operator, which was already given in (4.9), reads as
follows. Let f: E — R be a scalar function, F C R"™ and B(x,r) be a ball in R", centred at
x and of the radius r.

M () L sup | B, 1)) / F()ldy.
r B(z,r)NE

Theorem 4.6.5. Let ® be an Orlicz function satisfying (4.5). For any f € L*(E) there
exists a constant C' = C’(E, <I>) such that

Mf > )] < %/Ewndax,

for every t > 0.

We present a very simplified and well-known proof. In the original [105] paper the proof
based on the reasoning held in [94]. It is worth mentioning that Kerman and Torchinsky dealt
with weighted setting and for that reason, the requirement of (4.6) appeared. In isotropic
setting, however, the result is well-known and straightforward.

Before the proof, we will recall the classical Five Covering Lemma, which will be soon
used. The result was obtained by Giuseppe Vitali in [152] and hence is often referred in
literature as Vitali Covering Lemma. For the proof in English, we recommend [54, Theorem
1 in Section 1.5].
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Theorem 4.6.6 (The Five Covering Lemma). Let X be a separable metric space and F be a
family of open balls with bounded diameter. Then F has a countable subfamily F' consisting

of disjoint balls such that
UBc 5B

BeF BeF!
where 5B 1s B with 5 times radius.

We are ready to prove Theorem 4.6.5

Proof of Theorem 4.6.5. Consider the set of points x such that M f > t. For every such point
x there exists a ball B, centred at x, such that

B [ Iflde >t
B

From monotonicity and convexity of ®, with the help of Jensen inequality, we obtain that

B [ @iz o157 [ (fia) > o)

In particular, for any ball B, like above, we have

o(lf1)

By the Five Covering Lemma, from the family of all such balls we exclude a countable
subfamily of disjoint balls B;, such that

UsB; 2 B..
J

Since then,

oMy > < 3B = Bl <5Y [ @qﬁ'({)”dx.

J
[

It is worth to observe that the result holds with the same proof in the vectorial case.
Our aim now is to characterise Orlicz spaces, for which the Hardy maximal operator is
continuous. For that result we will exploit the following, straightforward fact.

Fact 4.6.7. Let ® be the Orlicz function and let U be its conjugate Orlicz function. Let ¢,
be their densities respectively. Then U satifies (4.5) if and only if
def . tO(1)

=gy
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The above fact is well known. The proof of this result is straightforward, but quite
computational and technical. We refer to [106, Theorem 4.3] or [66, Proposition 1.4]. The
interpretation of the constant ( is very instructing. We invite the curious reader to see [57]
for details.

We are ready to prove the classical result due to Diego Gallardo [66]. A similar result,
but dealing with different domain and target Orlicz spaces for the operator M, was obtained
by Kita [99,100]. It seems hat Kita didn’t know the Gallardo’s paper. The statement of the
main Theorems is essentially broader and the technique of the proof is significantly different.

We follow the idea of the proof due to Gallardo. The proof given in [66] is quite hard to
follow. Several non-obvious computational steps are left to the reader and the whole structure
of the proof is not clear. Our presentation was intended to require less concentration from the
reader. For a clear presentation of the result in Lebesgue spaces we recommend [47, Theorem

7.19).

Theorem 4.6.8. [66, Theorem 2.1] Let E be a measurable subset of R™. The Hardy mazimal
operatror M : L*(E) — L®(R") satisfies

M fllze@ny < DI fllLe )
if and only if ® satisfies (4.6).
Proof. In order to prove the claim, we will use the following, technical condition.

(x) For every f in L®(E) there exist positive constants A and B such that
/ B(BMf)dx < A/ (| f|)dz.
n E

The proof will be divided into three steps. In Step 1, we prove that the (x) condition
implies the continuity of the Maximal Operator. In Step 2, we show that the continuity of
the Maximal Operator implies that ® satisfies the Vy condition (4.6). In Step 3, it is proven
that the condition (4.6) implies that the (x) condition holds.

Step 1. We prove that the (%) condition implies that for every f € L*(E) we have
(M fllre@ny < Cllfllzor)- Indeed, as f € L*(E), for some X\ we have A\f € Lo(E) (let
us remind that Le¢ stays for the Orlicz class, which is not a linear space under violation of
(4.5)). Since then, from (x) we get that ABMf € Lg(R™), and hence BMf € L*(R").
Furthermore, from (x) applied to f/||f||,e(g) and the definition of the Luxemburg norm

M 1 f
/n q)<max(1,BA)HfHL@(E))dx < Amax(1, A) /Ecb(m»ix <1

This shows that

M fllzeny < B~ max(L, A)|[f]]ze(m)-
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Step 2. We show that whenever

M [fllze@ny < DI|f||reE)

holds, the function ® needs to satisfy (4.6). Let us then take ¥ — the conjugate function to

® and remind that ¢ satisfying (4.6) is equivalent to W satisfying (4.5).

We use the standard notation B(z,r) for a ball centred at x and of radius r. Let «, be
the measure of the unit ball. For any pair (v,s), v > 0,s > 1 we consider balls S(v,s) =

B(0, (a,08) %), L(v) = B(0, (a,v) ).
For any point x outside S(v, s) we see that S(v,s) C B(x,2|x|) and hence

Mysion (@) > 1S (v, 5)]

> — = (2"a,us|z]) T
| B(x,2z|)|

Let us take

g g \Ijil(v)XL(v) € LIPGRn)a

where U~ stays for the inverse function to ¥. We observe that

[ wlghde = vlL) = 1.

This shows, that |[|g||p#rn) < 1. Hence, we compute

HMXS(v,s) \ ’Lf(R") > ‘1’71(?}) Mxs,s)dT

L(v)
> (2"anvs)_1\1f_1(v)/ lz|"dx = (2"avs) P (v) In s,
L(v)\S(v,s)
where || - ||ze is the operator norm for Orlicz space, i.e.

def
1 Flle 22 sup / fg.

llgllw<1

We remind that the operator norm is equivalent to the Luxemburg norm.
Having in mind, that

||XS(v,s)| L2(R") = (US)_l‘I’_l(W%

from the continuity of Hardy operator it follows that
27" (v)Ins < DU (vs).

Taking In s = 2" D gives
20 (v) < U (v D).
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Taking now ¢t = ¥~1(v) and putting ¥ on both sides shows that
U(2t) < ve? P = w(t)e? P,

which proves that U satisfies (4.5).

Step 3. What is left to do is to show that whenever W satisfies (4.6), the (x) condition
is satisfied. For that, let us first notice that the weak estimate established previously holds
also for ®(t) = ¢t. Having that in mind, let us observe that the following properties hold.

(i) [{z € R": Mf(x) > A} < OX [, |f]da
(i) [IMfllw@) < 1 llewe)
(it}) [M(f + g)| < (IMS] + [Ma]),

where the constant C' comes from Theorem 4.6.5.
Let us now set f gt I'X{zeE:|f(z)|>r}- We claim that

o : Mf(z) > 20} < |[{z : MfA(z) > N} (4.42)
To prove the claim, let y € {z : M f(x) > 2\}. Hence,

111

2A < Mf(y) < Mfy)+M(f — ) (),

but (f — fA)(x) < X for every z € E and, from (ii), also M(f — f*)(z) < X for a.e.
x € E. This shows that Mf*(y) > s and hence y € {x : Mf*x) > A}. All in all,
{x: Mf(z) > 2} C{z: Mf>z) > A}, which proves the claim.
We have then
+oo (4.42) [+ A
/n M) = i dNH{z: Mf(z) > AHdA < SR : MfA ) > THdA

0
|f ()]
(<)20 T 50 / A ()|de dA = 20 / It / A1) N, (4.43)

where ¢ is the density of ®.
With the integration by parts, we discover that for every positive s

/S AL o(N)dN = 571 D(s) + / AT2D(N)dA. (4.44)

Under the assumption (4.6) on ®, we remind that from the Fact 4.6.7 it follows that there
exists 0 > 1 such that for any positive s

BP(s) < sp(s).
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After rewriting it to the form

B8 é(s)
5 S

we may integrate both sides from A to 1, getting
—BInA <In (®(1)) — In (®(N))

and consequently
(N
®(s)

Ao~

for every A € (0,1). Since, then
d(N) < @(1)N°.

Multiplying the above by A\72, we get that the second ingredient of the right hand side in
(4.44) is finite and
/ ML) AN < =D 51 (s).
0 p—1
Plugging it to (4.43) with s = f(z) we show that

B

what finishes the proof. N

4.6.2 I'-convergence and its application to the thin structures set-
ting

In the study of thin structures, i.e. when the studied domain is much smaller in one or some
directions than in the others, say of order ¢ << 1, rigorous analysis via dimensional reduction
proves to be a useful tool to deduce properties of thin domains starting from thicker models.
In this analysis one deals with sequences of functions defined on cylindrical sets with some
"thin” (e sized) dimension. In the 3D setting, thin films are modelled as w x (—¢,¢) with
w C R? a bounded open set.

The standard way to deal with such problems is to search for I'-limit with respect to the
scaling factor. The essential feature of I'-limits is that every functional, which is the I' — lim
of any sequence of functionals, is always lower semicontinuous. In particular, if F' is not lower
semicontinuous, then I' — lim F' # F.

The purpose of this section is to briefly present the notion of I'-convergence and explain
the way we use it to deal with our optimal design problem.

To abbreviate, the compact topological space R U {—o00, 400} (the real line with both
ends, a two-point compactification of R) will be referred as R. The classic definition, as
in [45, Definition 4.1}, reads as follows.
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Definition 4.6.9. [I-convergence] Let X be a topological space and F, : X — R be func-
tionals. Let % (z) be the family of all open neighbourhood of a point # € X. The I'-lower
limit and the I'-upper limit are defined respectively as

(LL) (' = liminf F,,)(z) 4L sup liminf inf F.(y);

Ue“//(a:) n—-+oo yGU

(UL) (I" = limsup F},)(x) 4L sup limsup inf F.(y).
Uet (z) n—+oo YEU
The function F : X — R is referred as the I' — lim F},, whenever it coincides with both
I' — liminf F}, and I" — lim sup F,,.

The notion of the I'-convergence gives us a very good control on the behaviour of the
minimizers of the functionals. We will present a few of essential facts showing how the
information about the minimizers of F,, is transferred to I' — lim F;, and its own minimizers.
Some of the proofs are quite technical and so we omit them. We invite the curious reader to
look for more details in [45, Chapter 7].

From now on we assume that X is a topological space and K C X.

Definition 4.6.10. The set K is called countably compact, whenever every sequence z,, € K
possesses a cluster point in K.

Proposition 4.6.11. [/5, Proposition 7.2] Let K be a countably compact subset of X. Then

min(I' — liminf F,)(z) < liminf inf F),(x).

rzeK n—+oo xeK

Proof. Since I'=lim inf F}, is lower semicontinuous and K is countably compact, I'—lim inf F,
attains its minimum on K. Let us take a sequence (ny) such that

liminf inf F,(z) = lim inf F, (2)

n——+oo reK n—+oo reK

and a sequence (yx) € K such that
lim inf F,, (z) = lim F, (yx).

n—+oo z€K n—+o0o
Let y € K be a cluster point of the sequence yi. For every U € % (y) and every m there
exists k > m such that y, € U and hence
inf F,, (z) < F,, (yx)-

zeU

Since then,

liminf inf F,(x) < liminf inf F,, (z) < lim F, (yx) =

n—+oo xel n——+oo xelU n—+00

lim inf F,, (z) = liminf inf F,(z).

n——+oo xe K n——+oo reK
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Taking supremum over U € % (y) in the above inequality, we arrive with

(T — liminf F,)(y) < liminf inf F,(x),

n—+oo zeK

while min(I" — liminf F},)(z) < (I' — liminf F,,)(y), because y € K. O

rzeK

Proposition 4.6.12. [/5, Theorem 7.4] Assume there exist a countably compact set K C X
such that for every n € N
inf F,(z) = inf F,(z).

zeK zeX
Then I' — liminf F,, attains its minimum on X and

min(I" — liminf F,,)(x) = liminf inf F,(z).

zeX n——+oo reX

If, in addition, F,, I'-converges to F, then

min F(z) = lim inf F,(x).
rzeX n—+oo z€X

Proof. From the Definition 4.6.9 point (LL) it follows, that

inf (I' — liminf F,,)(z) > liminf inf F,(z).

reX n——+oo reX

Having in mind the previous Proposition, we see that

inf (I' — liminf F,,)(z) < min(T" — liminf F,,)(z) < liminf inf F,(z),

zeX zeK n—4o0o zeX

hence
inf (I' — liminf F,,)(z) = mi}r(l(F — liminf F,)(z) = liminf inf F),(x).
S

zeX n—+oo xeX
In case when the sequence F;, ['-converges, we see that the above equality, together with

inf (I" — liminf F,)(z) > limsup in}fg F.(z),

rzeX n—+oo ZE
finish the proof. O

Definition 4.6.13 (Coercivity & Equicoercivity). We say that the functional F : X — R
is coercive, whenever for every ¢t € R there exist closed and countably compact set K; such
that {z € X: F(z) <t} C K,.

We say that the sequence of functionals F, : X — R is equicoercive, whenever for every
t € R there exist closed and countably compact set K; such that for every n, {x € X : F,,(z) <
t} C K,.
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Proposition 4.6.14. [/5, Theorem 7.8] Assume that the sequence of functionals F,, : X — R
15 equicoercive. Then I' — liminf F,, and " — lim sup F}, are coercive and

min(I" — liminf F,,)(x) = liminf inf F,(z).

zeX n——+oo reX

Moreover, in F,, T'-converges to F, then

min F(z) = lim inf F,(x).
rzeX n—+oo zeX

Definition 4.6.15 (s-minimizer). Let F' : X — R be a functional and let ¢ > 0. We say
that a point x. € X is an e-minimizer of I, whenever

—1
F < inf F’ —).
(ze) < max (:i«lgx (x) + ¢, . )
In opposition to a minimizer, an e-minimizer always exists. Let us also note that if

in;ng(m) > —oo and ¢ is sufficiently small, we can use just inf,ex F'(z) + ¢ instead of
Te
—1

max (infyex F(z) + ¢, ?)

Proposition 4.6.16. [45, Corollary 7.17] Let F, : X — R be a sequence of functionals.
For everyn € N let x,, be an e,-minimizer of F,,, where £, is a sequence of non-negative real
numbers converging to 0. If x,, — x in X, then x is a minimizer of both I' — liminf F,, and
I' — limsup F,, and

(I' = liminf F,,)(z) = liminf F,,(z,); (I' —limsup F,,)(z) = limsup F,(z,).

n—+400 n—+oo

Proposition 4.6.17. [/5, Corollary 7.20] Let F,, : X — R be a sequence of functionals and
F —its ' —lim. For every n € N let x,, be an €,-minimizer of F,,, where ¢, is a sequence of
non-negative real numbers converging to 0. If x is a cluster point of x,, then x is a minimizer
of F' and

F(z) = limsup F,,(z,).

n—+400

If furthermore x, — x in X, then

F(z)= lim F,(x,).
n—-+0o00
Proposition 4.6.18. [45, Corollary 7.24] Let F, : X — R be an equicoercive sequence of
functionals and F — its I' — lim. Assume F possesses an unique minimizer xo. For every
n € N let x,, be an e,-minimizer of F,,, where €, 1s a sequence of non-negative real numbers
converging to 0. Then x, — xy and F,(x,) — F(xo).
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Now we focus our attention on translating the topologically involved definition of I'-
convergence into the language of converging sequences. For that purpose we introduce the
so-called first axiom of countability of a space X. The definition reads as follows.

Definition 4.6.19 (The first axiom of countability). Let X be a topological space. Let % ()
be the set of all open neighbourhoods of x. We will say that X satisfies the first axiom of
countability, whenever for every = € X there exist a sequence of neighbourhoods U,, € % (x)
such that for every U € % (x) there exists ¢ € N such that U; C U.

Proposition 4.6.20. [/5, Proposition 8. 1] Assume that X satisfies the first axiom of count-
ability. Assume that F,, : X — R is a sequence of functionals. Then F = (I' — liminf F,) if
and only if the following two conditions hold.

(a) For every x € X and every x, — x we have

F(z) <liminf F,(x,).

n—-4o00

(b) For every x € X there exists x,, — x such that

F(x) > liminf F,(x,).

n—-+o0o

Analogously, F' = (I' — limsup F,) if and only if the following two conditions hold.

(c) For every x € X and every x, — x we have

F(z) < limsup F,(z,,).

n—-+o0o

(d) For every x € X there exists x,, — x such that

F(x) > limsup F,(z,).

n—-+oo

Under the assumption of the first axiom of countability, having in mind the above Propo-

sition, we see that the definition given below is equivalent to the classic one, i.e. Definition
4.6.9.

Definition 4.6.21 (I'-convergence in spaces satisfying the first axiom of countability). Let
X be a topological space satisfying the first axiom of countability and F,, : X — R be a

sequence of functionals. We will say that FF =T — lilil F,, whenever for every x € X the
n—-+0oo

following two conditions hold.

(LB) for any x,, — = we have liminf F,,(z,) > F(x);
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(UB) there exists such z,, — x that limsup F,,(z,) < F(x).

In the literature, the conditions (LB) and (UB) are often referred as 'the lower bound’
and 'the upper bound’ respectively. We naturally extend this definition to the families of
functionals.

Definition 4.6.22. Given a family of functionals F, : X — R, we say that (F}.) I'-converges
to the functional F', as r — oo, if for every (r,) — +00 the sequence (F,. ) I'-converges to F.

Let us close this part of the section with a very useful fact, describing the possibility to
use the sequential variant of I'-convergence in the case of Banach spaces with weak topology.

Proposition 4.6.23. [/5, Proposition 8.7] Assume that X is a Banach space and its dual X*
15 separable. Then there exists a metric d on X such that the topology induced by d coincides
with the weak topology on every norm-bounded subset of X.

The above Proposition shows that every norm-bounded set in X with the weak topology
is in fact a metric space. Every metric space satisfies the first axiom of countability (for any
point z it is sufficient to take balls with positive, rational radia, centred at z). Since then,
the Definitions 4.6.9 and 4.6.21 are equivalent on them. Having in mind, that every weakly
convergent sequence in Banach space is norm-bounded, the aforementioned equivalence in
fact holds on the whole Banach spaces with weak topology, because the sequences z, — x
from the Definition 4.6.21 belong to a fixed norm-bounded set in X.

We remind that an easy variant of Banach-Alaoglu Theorem guarantees that the weak
compactness of closed balls in X is provided by separability of X*. As an easy example of
the space L'([0,1]) shows, the assumption of separability of X* is not negligible.

What is left to explain is how the notion of I'-convergence is used in the thin structures
setting. This is in fact non-trivial because performing the I'-convergence directly is impossi-
ble. The visible obstacle is that X in the definition of the I' —lim is a fixed topological space,
while we want to perform it with respect to the topology of LY (2()). Our topological space
depends on the parameter of convergence (), which is not permitted in the I'-convergence.
To fix this problem, a certain scaling operation is required.

Instead of working with functions v(z,,x3) defined Q(e) = w X (—¢,+¢), we will use

scaling u(xq, 3) Lt v(xq, ex3), where u is now defined on Q(1) = Q.

4.6.3 The BV spaces and sets of finite perimeter

We present the chosen definitions and facts about BV spaces. We follow the classical pre-
sentation given in [9, Chapter 3]. The presented theory is classical and hence we omit the
proofs. Each of them can be found in [9].

In what below, 2 C R™ is open and of finite measure, that is Z"(2) < +oo. The real-
valued function ¢ belongs to C!(€2), which means that it is at least once differentiable and
supported in a compact subset of 2.

We begin with the definition of the space BV ().
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Definition 4.6.24. Let u € L'(). We say that u is a function of a bounded variation,
whenever there exist finite, R"-valued Radon measures Diu, Dou, . .., D,u such that

9¢
/Quaxl dr = — /Q ¢CZDZU V¢EC§(Q)'

The set of all functions of bounded variations will be called the BV space and denoted BV (£2).

As it is easily seen, it contains W'(Q) and the inclusion is strict. To see that, it

is sufficient to take 2 = (—1,2) and u = x(o,1). We introduce the norm on BV(Q) as

l|u||Bv (@) Lt |[ul| 1) + | Du|(€2), where by ||(A) we mean the variation of the measure, i.e.

sup{/Q div ¢dp : ¢ € CH(Q), ¢ < 1}.

Such defined BV () is a Banach space.
We introduce an essential property of the variation of the measure |Du|.

Proposition 4.6.25 (Remark 3.5 in [9]). . The mapping L'(Q) > u — |Du|(Q) is lower
semicontinuous with respect to the strong topology of L'(Q).

In other words, the above Proposition shows that whenever u; — w in L'(), then
liminf; | Du;|(€2) > |Dul| ().

The fact below shows however that the norm topology in BV () is too strict for some
statements to hold.

Theorem 4.6.26 (Theorem 3.9 in [9]). Let u € LY(Q). Then u € BV (Q) if and only if there
exists a sequence ¢; € CH(Q) such that

1
}; "8 and v L sup/ |Vo;ldr < +oo.
Jj JQ

Furthermore, the least possible V' in the formula above is |Dul|(€2).

Knowing that the smooth functions are dense in Sobolev spaces, it is visible that the
above Theorem may not be naturally sharpened. To be more precise, one cannot expect that
the gradients of ¢; will converge strongly in L'(Q2) to Du because Du needs not to be an
element of L'(€2). However, the following Proposition explains that some weaker notion of
convergence appears.

Proposition 4.6.27 (Proposition 3.13 in [9]). Assume that the sequence u; € BV(Q) is

1
norm-bounded in BV (Q2) and u; "8 e BV(Q) Then Du; = Du in the space M(Q).

The two facts above show that another notion of convergence is worth considering.
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Definition 4.6.28. Let u;,u € BV(f2). We say that u; converges BV -weakly—* to u,

1
whenever u; " and Du; = Du in M(Q).
Now we would like to distinguish a certain class of domains (2.

Definition 4.6.29. We say that (2 is an extension domain, whenever there exists an oper-
ator T': BV (Q) — BV(R") such that

(i) Tu =0 on R™\ Q for every u € BV (Q);
(i) |DTu|(092) = 0 for every u € BV ();
(iii) for every p € [1,+oo] the operator T, restricted to WP(£2), induces a linear map

T:Wh(Q) — WP (R").

A typical example of an extension domain is € with Lipschitz boundary (see [9, Proposi-
tion 3.21]). For extension domains, several natural facts hold.
Theorem 4.6.30 (Theorem 3.23 in [9]). Every norm-bounded sequence u; in BV () admits

1
a subsequence (still denoted by w;) such that u; Lig) u for some u € L*(Q).
If Q is an extension domain, we may take u € BV (Q) and u; converges BV -weakly-x.

1
We introduce the notation ug def @ Jo, u(z)dz and present a typical Poincaré inequality

for BV spaces.

Theorem 4.6.31 (Theorem 3.44 in [9]). Let Q be a connected extension domain. Then, there
exists a constant C' such that

/ = ug| < C|Dul().
Q
As usual, from the Poicaré inequality, one may deduce an embedding Theorem.

Theorem 4.6.32 (Corollary 3.49 in [9]). Let p € [1, Ll] Let Q2 be a connected extension
n R—
domain. Then every norm-bounded subset of the space BV () is a bounded subset of LP(S2).
Furthermore, if p < Ll’ the closed and norm-bounded subsets of BV (Q2) are compact in
n —_—
LP(92).
Let us now focus our attention on the particular case of characteristic functions. We

assume that E is a measureable subset of R". We present a natural definition of a set of
finite perimeter.
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Definition 4.6.33. For any open domain €2 C R" we define the perimeter of E in {2 as

P(E,Q) == |Dyz|().

We say that the set F is of finite perimeter in (2, whenever P(FE, () is finite.

When dealing with the sets of finite perimeter, we will use the notion of convergence in

measure. Namely, for any two sets A, B we define AAB 2= (A\ B)U (B \ A) and say that

E; — E in measure if and only if |[E;AE| — 0. Of course, such a convergence is equivalent
to the strong convergence of xp, in L'(R").

We close the Chapter with the essential result due to Federer [56, Theorem 4.5.11]. Before
we state the Theorem, let us introduce few definitions dealing with a concept of a boundary
of a measureable set E. As usual, the closure of E will be denoted by E and a ball centred
at « and of radius r will be denoted by B(x,r).

Definition 4.6.34. Let E be a set of finite perimeter in 2. The reduced boundary of L,
denoted by FFE, is defined as the collection of all z € 2 N E such that
def .. Dxp(B(z,¢))
=1
ve(®) = B DB )

exists in R™ and satisfies |vg(z)| = 1.
The function vg : FE — 0B(0, 1) will be called the generalised inner normal to E.
For ¢t € [0,1] and x € R™ we say that the point x is of density ¢ in FE, whenever
B E
BN E|
0t |B(x,¢)|
The set of such points will be denoted by E*.
We define the essential boundary of E as 9*E <L R" \ (E°U E").

t.

Let us set one more notation, namely the k-dimensional Hausdorff measure will be denoted
by H*. Now we are ready to formulate the classical Federer Theorem [56, Theorem 4.5.11].

Theorem 4.6.35 (Theorem 4.5.11 in [56]). . Let E be a set of finite perimeter in Q. Then
FENQCEYCoE
and
H' Y (Q\ (FEUEUE")) =0.

At the end, we present a partial statement of the Federer Theorem, just dealing with the
part of our applications, i.e. we restrict our attention to the topological boundary.
Corollary 4.6.36 (Proposition 3.62 in [9]). . Let E be open and H" *(OF) < +oo. Then E
has a finite perimeter and |Dxg| = f(:c)H%fEl, where the latter stays for the measure H" !
cut to OF and f(x) < 1 almost everywhere in the sense of H%}l. Moreover, whenever E has

a Lipschitz boundary, we have f(x) =1 a.e. in the sense of H%}l.
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